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�á¥ à áá¬ âà¨¢ ¥¬ë¥ ¬®¦¥áâ¢  ¡ã¤ãâ ¯®¤¬®¦¥áâ¢ ¬¨ ¬®¦¥áâ¢   âãà «ìëå ç¨á¥«
! = f0; 1; 2; : : : g. �®¤ à¥è¥âª®© ¬®¦¥áâ¢ ¯®¨¬ ¥âáï ª« áá ¬®¦¥áâ¢ D � P(!) = fA j A � !g,
§ ¬ªãâë© ®â®á¨â¥«ì® ®¯¥à æ¨© ®¡ê¥¤¨¥¨ï ¨ ¯¥à¥á¥ç¥¨ï. �¥è¥âª®© ¬®¦¥áâ¢ á  ¨¬¥ì-
è¨¬ (á  ¨¡®«ìè¨¬) í«¥¬¥â®¬  §®¢¥¬ à¥è¥âªã ¬®¦¥áâ¢ D, ¥á«¨ ; 2 D (¨«¨ ! 2 D á®®â¢¥â-
áâ¢¥®).

�®¤  «£¥¡à®© ¬®¦¥áâ¢ ¯®¨¬ ¥âáï à¥è¥âª  ¬®¦¥áâ¢ á  ¨¬¥ìè¨¬ ¨  ¨¡®«ìè¨¬ í«¥-
¬¥â ¬¨, § ¬ªãâ ï ®â®á¨â¥«ì® ®¯¥à æ¨¨ â¥®à¥â¨ª®-¬®¦¥áâ¢¥®© à §®áâ¨. �®¯®«¥¨¥
¬®¦¥áâ¢  A ¡ã¤¥¬ ®¡®§ ç âì A = ! �A.

� ¤ ®© à ¡®â¥ ¨§ãç îâáï ¤¢¥ á¢®¤¨¬®áâ¨,  §ë¢ ¥¬ë¥ â¥®à¥â¨ª®-¬®¦¥áâ¢¥ë¬¨ á¢®¤¨-
¬®áâï¬¨ ¯® à¥è¥âª¥ ¬®¦¥áâ¢. �§¢¥áâë à §«¨çë¥ á¢®¤¨¬®áâ¨,  ¯à¨¬¥à, âìîà¨£®¢ ï á¢®-
¤¨¬®áâì, 1-á¢®¤¨¬®áâì, m-á¢®¤¨¬®áâì ¨ ¤à. ([1]{[3]). �§ãç¥¨¥ íâ¨å á¢®¤¨¬®áâ¥©  ¯à ¢«¥®  
¨§ãç¥¨¥  «£®à¨â¬¨ç¥áª®© á«®¦®áâ¨ à §«¨çëå áâàãªâãà. �§ãç ¥¬ë¥ ¢ ¤ ®© áâ âì¥ á¢®¤¨-
¬®áâ¨ ®â®¡à ¦ îâ â¥®à¥â¨ª®-¬®¦¥áâ¢¥ãî á«®¦®áâì, ¯®íâ®¬ã íâ¨ á¢®¤¨¬®áâ¨  §ë¢ îâáï
â¥®à¥â¨ª®-¬®¦¥áâ¢¥ë¬¨ (¯® à¥è¥âª¥ ¬®¦¥áâ¢ D) ¨ ®¡®§ ç îâáï ª ª �D

SET-1 ¨ �
D

SET-2.

1. �¥®à¥¬ë ® ®à¬ «ì®© ä®à¬¥

�ãáâìD|à¥è¥âª  ¬®¦¥áâ¢, â®£¤   §®¢¥¬ äãªæ¨î� : Dn ! D â¥®à¥â¨ª®-¬®¦¥áâ¢¥®©
¯® ª« ááã ¬®¦¥áâ¢ D, ¥á«¨ ®  «¨¡® á®¢¯ ¤ ¥â á ®¤®© ¨§ á«¥¤ãîé¨å: �1(X;Y ) = X [ Y ,
�2(X;Y ) = X \ Y ¨«¨ �n;m

3 (X1; : : : ;Xn) = Xm (1 � m � n), «¨¡® ¬®¦¥â ¡ëâì ¯®«ãç¥  ¨§ ¨å
¯à¨¬¥¥¨¥¬ ª®¥ç®£® ç¨á«  à § ®¯¥à æ¨¨ áã¯¥à¯®§¨æ¨¨.

�¯à¥¤¥«¥¨¥ 1. �ãáâì D | à¥è¥âª  ¬®¦¥áâ¢, â®£¤  ¡ã¤¥¬ £®¢®à¨âì, çâ® ¬®¦¥áâ¢® B
SET-1-á¢®¤¨âáï (SET-2-á¢®¤¨âáï) ª ¬®¦¥áâ¢ã A ¯® ª« ááã ¬®¦¥áâ¢ D ¨ ¡ã¤¥¬ ¯¨á âì

A �D

SET-1 B (A �D

SET-2 B);

¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; : : : ; Rn 2 D ¨ â ª ï â¥®à¥â¨ª®-¬®¦¥áâ¢¥ ï äãªæ¨ï
� : Dn+1 ! D (� : Dn+2 ! D), çâ® A = �(B;R1; : : : ; Rn) (¨«¨ A = �(B;B;R1; : : : ; Rn) á®®â¢¥â-
áâ¢¥®).

�á«¨ A �D

SET-1 B (A �D

SET-2 B) ¥ ¢¥à®, â® £®¢®à¨¬, çâ® B ¥ SET-1-á¢®¤¨âáï ª A (B ¥
SET-2-á¢®¤¨âáï ª A), ¨ ¯¨è¥¬ A 6�D

SET-1 B (A 6�D

SET-2 B).
�«ï 1 � i � 2 ¢¢¥¤¥¬ ®¡®§ ç¥¨¥ A <D

SET-i B, ¥á«¨ A �D

SET-i B ¨ B 6�D

SET-i A.
�ã¤¥¬ â ª¦¥ ¯¨á âì A �D

SET-i B, ¥á«¨ A �D

SET-i B ¨ B �D

SET-i A.

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨á-
á«¥¤®¢ ¨© (£à â ò 02-01-00169) ¨ �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï ¨  ãª¨ �®áá¨©áª®© �¥¤¥à æ¨¨ (£à â
òE02-1.0-177).
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�¥£ª® ¢¨¤¥âì, çâ® ¢¢¥¤¥ë¥ ®â®è¥¨ï �D

SET-i à¥ä«¥ªá¨¢ë ¨ âà §¨â¨¢ë,   ®â®è¥¨ï
�D

SET-i ï¢«ïîâáï ®â®è¥¨ï¬¨ íª¢¨¢ «¥â®áâ¨. �« ááë íª¢¨¢ «¥â®áâ¨ ¡ã¤¥¬ ®¡®§ ç âì
[A]DSET-i = fB � ! j B �D

SET-i Ag, £¤¥ 1 � i � 2. �ãáâì R 2 D, â®£¤  ª« áá [R]DSET-i |  ¨¬¥ìè¨©
í«¥¬¥â ¯® SET-i-á¢®¤¨¬®áâ¨, ¯à¨ç¥¬ [R]DSET-1 = D. �¥£ª® ¢¨¤¥âì, çâ® [R]DSET-2 |  ¨¬¥ìè ï
¯® ¢ª«îç¥¨î  «£¥¡à  ¬®¦¥áâ¢, á®¤¥à¦ é ï D. �«¥¤®¢ â¥«ì®, ¥á«¨ D |  «£¥¡à  ¬®¦¥áâ¢,
â® [R]DSET-2 = D.

�á«¨ A �D

SET-1 B, â® ®ç¥¢¨¤® A �D

SET-2 B. �ç¥¢¨¤® â ª¦¥, çâ® A �D

SET-2 A ¤«ï «î¡®£®
A � !.

�¥¬¬  1. �á«¨ D |  «£¥¡à  ¬®¦¥áâ¢, â® A �D

SET-1 B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

A �D

SET-1 B.

�®ª § â¥«ìáâ¢®. ()). �á«¨A = �(B;R1; : : : ; Rn), £¤¥R1; : : : ; Rn 2 D, â® A = �0(B;R1; : : : ; Rn),
£¤¥ ä®à¬ã«  �0 ¯®«ãç ¥âáï ¨§ ä®à¬ã«ë � § ¬¥®© ®¯¥à æ¨¨ [   \,   \   [. � ¬¥â¨¬, çâ®
R1; : : : ; Rn 2 D, â. ª. D {  «£¥¡à  ¬®¦¥áâ¢.

((). � «®£¨ç®.

�¯à¥¤¥«¥¨ï â¥®à¥â¨ª®-¬®¦¥áâ¢¥ëå á¢®¤¨¬®áâ¥© ¥ã¤®¡ë ¤«ï ¤ «ì¥©è¨å ¤¥©áâ¢¨© á
¨¬¨, ¯®íâ®¬ã ¥®¡å®¤¨¬ë ªà¨â¥à¨¨ ¤«ï íâ¨å á¢®¤¨¬®áâ¥©, â ª  §ë¢ ¥¬ë¥ ®à¬ «ìë¥ ä®à-
¬ë. � «¥¥ ¢ â¥®à¥¬ å 1 ¨ 2 ãáâ ®¢¨¬ ªà¨â¥à¨¨ ¤«ï â¥®à¥â¨ª®-¬®¦¥áâ¢¥ëå SET-1- ¨ SET-2-
á¢®¤¨¬®áâ¥©.

�¥®à¥¬  1 (® ®à¬ «ì®© ä®à¬¥ ¤«ï SET-1-á¢®¤¨¬®áâ¨). �«ï à¥è¥âª¨ ¬®¦¥áâ¢ D ¨ ¤«ï

«î¡ëå ¬®¦¥áâ¢ A ¨ B ¢ë¯®«¥® A �D

SET-1 B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ â ª¨¥

¬®¦¥áâ¢  R1; R2 2 D, çâ® R1 � R2 ¨ á¯à ¢¥¤«¨¢® ®¤® ¨§ á«¥¤ãîé¨å ¯à¥¤áâ ¢«¥¨©:
1) A = B,
2) A = B \R1,

3) A = B [R1,

4) A = (B [R1) \R2 = (B \R2) [R1.

�à¨¢¥¤¥¬ á ç «  «¥¬¬ã 2, á¯à ¢¥¤«¨¢®áâì ª®â®à®© ¯à®¢¥àï¥âáï ¥¯®áà¥¤áâ¢¥®.

�¥¬¬  2. �«ï «î¡ëå ¬®¦¥áâ¢ R1 � R2, R3 � R4 ¨ B ¨¬¥¥¬

1) ((B [R1) \R2) [ ((B [R3) \R4) = (B [ (R1 [R3)) \ (R2 [R4),
2) ((B [R1) \R2) \ ((B [R3) \R4) = (B [ (R1 \R3)) \ (R2 \R4).
�à®¬¥ â®£®, R1 [R3 � R2 [R4 ¨ R1 \R3 � R2 \R4.

� ¬¥ç ¨¥ 1. �à¥¤áâ ¢¨¬ â¥®à¥¬ã 1 ¢ á«¥¤ãîé¥© ¡®«¥¥ ã¤®¡®© § ¯¨á¨.
�ãáâì D | à¥è¥âª  ¬®¦¥áâ¢. �®£¤  ¤«ï «î¡ëå ¬®¦¥áâ¢ A ¨ B ¢ë¯®«¥® A �D

SET-1 B
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1 2 D [ f;g ¨ R2 2 D [ f!g, çâ®
R1 � R2 ¨ A = (B [R1) \R2.

�â¬¥â¨¬ â ª¦¥, çâ® ¥á«¨ R1 � R2, â® (B [R1) \R2 = (B \R2) [R1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. ()). �ãáâì A �D

SET-1 B, â®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢ 
R1; : : : ; Rn 2 D ¨ â ª ï â¥®à¥â¨ª®-¬®¦¥áâ¢¥ ï äãªæ¨ï �, çâ® A = �(B;R1; : : : ; Rn). �î-
¡ ï â¥®à¥â¨ª®-¬®¦¥áâ¢¥ ï äãªæ¨ï à¥ «¨§ã¥âáï ¥ª®â®à®© ª®¥ç®© § ¯¨áìî á¯¥æ¨ «ìëå
á¨¬¢®«®¢ | ¡ §¨áëå ä®à¬ã« �1, �2, �

n+1;m
3 (1 � m � n + 1) ¨ á¯¥æ¨ «ì®£® á¨¬¢®« , ª®-

â®àë© á¢ï§ë¢ ¥â ¡ §¨áë¥ ä®à¬ã«ë ®¯¥à æ¨¥© áã¯¥à¯®§¨æ¨¨. � ä¨ªá¨àã¥¬ â ªãî § ¯¨áì ¤«ï
äãªæ¨¨ �.

�¢¥¤¥¬ ¯®ïâ¨¥ ¤«¨ë § ¯¨á¨ ¬®¦¥áâ¢  B ¢ § ¯¨á¨ â¥®à¥â¨ª®-¬®¦¥áâ¢¥®© äãªæ¨¨ �.
�âã ¤«¨ã ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ Ln�(B) ª ª ç¨á«® ¢áâà¥ç îé¨åáï ¢ § ¯¨á¨ äãªæ¨¨ � á¨¬-
¢®«®¢ �n+1;1

3 . � «¥¥ ¡ã¤¥¬ ¢¥áâ¨ ¨¤ãªæ¨î ¯® Ln�(B).
I) �ãáâì Ln�(B) = 0, â®£¤  A = �(B;R1; : : : ; Rn) = e�(R1; : : : ; Rn), £¤¥ â¥®à¥â¨ª®-¬®¦¥áâ¢¥-

 ï äãªæ¨¨ e� ¯®«®áâìî á®¢¯ ¤ ¥â á �, â. ª. ¢ ¤ ®¬ á«ãç ¥ ä®à¬ «ìë© ¯ à ¬¥âà B ¬®¦®
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®¯ãáâ¨âì. �«¥¤®¢ â¥«ì®, A 2 D, â. ª. D ï¢«ï¥âáï à¥è¥âª®© ¬®¦¥áâ¢. �®£¤  A = (B [R) \R ¨
R � R, £¤¥ R = A 2 D.

II) �á«¨ Ln�(B) = 1, â® «¨¡® A = �(B;R1; : : : ; Rn) = �0

1(B;R1; : : : ; Rn) [ �00

1(B;R1; : : : ; Rn),
«¨¡® A = �(B;R1; : : : ; Rn) = �0

1(B;R1; : : : ; Rn) \ �00

1(B;R1; : : : ; Rn), «¨¡® A = �(B;R1; : : : ; Rn) =
�n+1;i
3 (B;R1; : : : ; Rn), 1 � i � n + 1 (¢ ¯®á«¥¤¥¬ á«ãç ¥ â¥®à¥¬  ¤®ª §  ), £¤¥ Ln�0

1
(B) +

Ln�00
1
(B) = 1. � á¨«ã ª®¬¬ãâ â¨¢®áâ¨ ®¯¥à æ¨© ®¡ê¥¤¨¥¨ï ¨ ¯¥à¥á¥ç¥¨ï, ¡¥§ ®£à ¨ç¥¨ï

®¡é®áâ¨ ¬®¦¥¬ ¯à¥¤¯®«®¦¨âì, çâ® Ln�0
1
(B) = 1 ¨ Ln�00

1
(B) = 0. �®£¤  ¯® á«ãç î I) ¨¬¥¥¬

�00

1(B;R1; : : : ; Rn) 2 D.
� «®£¨ç®, �0

1(B;R1; : : : ; Rn) = �0

2(B;R1; : : : ; Rn)��00

2 (B;R1; : : : ; Rn), £¤¥ � ®§ ç ¥â [ ¨«¨ \,
Ln�0

2
(B) = 1 ¨ Ln�00

2
(B) = 0. � â ª ¤ «¥¥, ¯®ª  ¢ë¯®«ï¥âáï �0

n = �n+1;i
3 ¤«ï ¥ª®â®à®£® i 2

f1; : : : ; n + 1g (â ª®¥ ç¨á«® áãé¥áâ¢ã¥â, â. ª. § ¯¨áì ¤«ï � ª®¥ç ). � ª¨¬ ®¡à §®¬, ¯®«ãç¨¬
¯à¥¤áâ ¢«¥¨¥ ¬®¦¥áâ¢  A (¯à¨ s = 0 â¥®à¥¬  ¤®ª §  )

A = (: : : ((B�1R0

1)�2R
0

2) : : : �sR
0

s); £¤¥ �i 2 f[;\g ¨ R0

i 2 D; 1 � i � s: (1)

� ¬¥â¨¬, çâ® B = (B [ ;) \ ! ¨ R0

i = (B [ R0

i) \ R0

i (1 � i � s). �¥®¤®ªà â® ¯à¨¬¥ïï
«¥¬¬ã 2, ¨§ (1) ¯®«ãç¨¬ A = (B [ P1) \ P2, £¤¥ P1 2 D [ f;g, P2 2 D [ f!g ¨ P1 � P2.

III) �ãáâì Ln�(B) = k > 1 ¨ ¤«ï «î¡®© ä®à¬ã«ë �0(B;R1; : : : ; Rn) ¯à¨ Ln�0(B) < k áãé¥áâ¢ã-
îâ â ª¨¥ ¬®¦¥áâ¢  R0 2 D [f;g, R00 2 D [f!g, çâ® R0 � R00 ¨ �0(B;R1; : : : ; Rn) = (B [R0)\R00.

� ª ¦¥, ª ª ¨ ¢ ¯. II), ¯®«ãç¨¬ ä®à¬ã«ã (á«ãç © s = 0 ®ç¥¢¨¤¥)

A = (: : : (�0(B;R1; : : : ; Rn)�1R0

1)�2 : : : )�sR
0

s; (2)

£¤¥ �i 2 f[;\g, R0

i 2 D (1 � i � s), �0(B;R1; : : : ; Rn) = �0

1(B;R1; : : : ; Rn) [ �0

2(B;R1; : : : ; Rn) ¨«¨
�0(B;R1; : : : ; Rn) = �0

1(B;R1; : : : ; Rn) \ �0

2(B;R1; : : : ; Rn), £¤¥ Ln�0
1
(B) 6= 0 ¨ Ln�0

2
(B) 6= 0 (â. ¥.

Ln�0
1
(B) < k ¨ Ln�0

2
(B) < k).

�à¨¬¥¨¬ ¨¤ãªæ¨î ª �0

1 ¨ �
0

2. �®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  P1; P3 2 D[f;g ¨ P2; P4 2
D[f!g, çâ® P1 � P2 ¨ P3 � P4, �0

1(B;R1; : : : ; Rn) = (B[P1)\P2 ¨ �0

2(B;R1; : : : ; Rn) = (B[P3)\P4.
�® «¥¬¬¥ 2 ¨¬¥¥¬ �0(B;R1; : : : ; Rn) = (B[P 0)\P 00, £¤¥ P 0 2 D[f;g, P 00 2 D[f!g ¨ P 0 � P 00.
� «®£¨ç® ¯. II) ¯® «¥¬¬¥ 2 ¨§ (2) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ â ª¨å ¬®¦¥áâ¢ eR1 2 D [ f;g ¨

eR2 2 D [ f!g, çâ® eR1 � eR2 ¨ A = (B [ eR1) \ eR2.
((). �ç¥¢¨¤® ¯® ®¯à¥¤¥«¥¨î SET-1-á¢®¤¨¬®áâ¨.

�§ § ¬¥ç ¨ï 1 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 1. �«ï à¥è¥âª¨ ¬®¦¥áâ¢ D á  ¨¬¥ìè¨¬ ¨«¨ á  ¨¡®«ìè¨¬ í«¥¬¥â®¬ ¨ ¤«ï
«î¡ëå ¬®¦¥áâ¢ A ¨ B ¢ë¯®«¥® A �D

SET-1 B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ â ª¨¥
¬®¦¥áâ¢  R1; R2 2 D, çâ® R1 � R2 ¨ á¯à ¢¥¤«¨¢® ®¤® ¨§ á«¥¤ãîé¨å ¯à¥¤áâ ¢«¥¨©:

1�) A = B [ R1 (¥á«¨ D á  ¨¬¥ìè¨¬ í«¥¬¥â®¬) ¨«¨ A = B \ R1 (¥á«¨ D á  ¨¡®«ìè¨¬
í«¥¬¥â®¬ á®®â¢¥âáâ¢¥®),

2�) A = (B [R1) \R2 = (B \R2) [R1.
�á«¨ ;; ! 2 D, â® á«ãç © 1�) ¬®¦® ®¯ãáâ¨âì.

�¥®à¥¬  2 (® ®à¬ «ì®© ä®à¬¥ ¤«ï SET-2-á¢®¤¨¬®áâ¨). �«ï à¥è¥âª¨ ¬®¦¥áâ¢ D ¨ ¤«ï

«î¡ëå ¬®¦¥áâ¢ A ¨ B ¢ë¯®«¥® A �D

SET-2 B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  «¨¡® A �D

SET-1 B,
«¨¡® A �D

SET-1 B, «¨¡® áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1, R2 2 D, çâ® A = (B[R1)\ (B[R2).

�«¥¤ãîé¨¥ ¤¢¥ «¥¬¬ë ¤®ª §ë¢ îâáï ¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®©.

�¥¬¬  3. �«ï «î¡ëå ¬®¦¥áâ¢ R1 � R2 ¨ B á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

(B [R1) \R2 = (B [R1) \ (B [R2):

�¥¬¬  4. �«ï «î¡ëå ¬®¦¥áâ¢ R1, R2, R3, R4 ¨ B ¨¬¥¥¬

1) ((B [R1) \ (B [R2)) [ ((B [R3) \ (B [R4)) = (B [ (R1 [R3)) \ (B [ (R2 [R4)),
2) ((B [R1) \ (B [R2)) \ ((B [R3) \ (B [R4)) = (B [ (R1 \R3) \ (B [ (R2 \R4))).
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� ¬¥ç ¨¥ 2. � á¨«ã «¥¬¬ë 3   «®£¨ç® § ¬¥ç ¨î 1 § ¯¨è¥¬ â¥®à¥¬ã 2 ® ®à¬ «ì®©
ä®à¬¥ ¤«ï SET-2-á¢®¤¨¬®áâ¨ ¢ á«¥¤ãîé¥¬ ¢¨¤¥.

�ãáâì D | à¥è¥âª  ¬®¦¥áâ¢. �®£¤  ¤«ï «î¡ëå ¬®¦¥áâ¢ A ¨ B ¢ë¯®«¥® A �D

SET-2 B
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; R2 2 D [ f;; !g, çâ®

A = (B [R1) \ (B [R2):

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. ()). �ãáâì A �D

SET-2 B, â®£¤  áãé¥áâ¢ãîâ â ª ï â¥®à¥â¨ª®-
¬®¦¥áâ¢¥ ï äãªæ¨ï � ¨ â ª¨¥ ¬®¦¥áâ¢  R1; : : : ; Rn 2 D, çâ® A = �(B;B;R1; : : : ; Rn).

� «®£¨ç® â®¬ã, ª ª íâ® ¤¥« «®áì ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¢¢¥¤¥¬ ¯®ïâ¨¥ ¤«¨ë
§ ¯¨á¨ ¬®¦¥áâ¢  B ¢ § ¯¨á¨ â¥®à¥â¨ª®-¬®¦¥áâ¢¥®© äãªæ¨¨ �, ª®â®àãî ¡ã¤¥¬ ®¡®§ ç âì
ç¥à¥§ Ln�(B) ª ª ç¨á«® ¢áâà¥ç îé¨åáï ¢ § ¯¨á¨ äãªæ¨¨ � á¨¬¢®«®¢ �n+1;2

3 . � «¥¥ ¡ã¤¥¬ ¢¥áâ¨
¨¤ãªæ¨î ¯® Ln�(B).

I) �ãáâì Ln�(B) = 0, â®£¤  A = �(B;B;R1; : : : ; Rn) = e�(B;R1; : : : ; Rn), â. ¥. A �D

SET-1 B.
II) �á«¨ Ln�(B) = 1, â®   «®£¨ç® à ááã¦¤¥¨ï¬, ¯à®¢¥¤¥ë¬ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥-

¬ë 1, ¬®¦® ®¡®á®¢ âì ¯à¥¤áâ ¢«¥¨¥

A = (: : : (B�1Q1)�2 : : : )�sQs; (3)

£¤¥ �i 2 f[;\g ¨ LnQi
(B) = 0, 1 � i � s. � ª ª ª LnQi

(B) = 0, â® ¨§ â¥®à¥¬ë 1 ¨¬¥¥¬

Qi = (B [ P i
1) \ P

i
2 ; £¤¥ P i

1; P
i
2 2 D [ f;; !g ¨ P

i
1 � P i

2 (1 � i � s):

� ª ª ª B = (B[!)\(B[;) ¨ Qi = (B[P i
1)\(B[P

i
2) ¤«ï «î¡®£® i 2 f1; : : : ; sg (á¬. «¥¬¬ã 3),

â® ¨§ «¥¬¬ë 4 ¨ (3) á«¥¤ã¥â, çâ® A = (B [ P 0) \ (B [ P 00), £¤¥ P 0; P 00 2 D [ f;; !g.
III) �ãáâì Ln�(B) = k > 1 ¨ ¤«ï «î¡®© ä®à¬ã«ë �0(B;B;R1; : : : ; Rn), £¤¥ Ln�0(B) < k,

áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R0; R00 2 D [ f;; !g, çâ® �0(B;B;R1; : : : ; Rn) = (B [R0) \ (B [R00).
� ª ¦¥, ª ª ¨ ¢ ¯. II), ¯®«ãç¨¬ ä®à¬ã«ã

A = (: : : (�0(B;B;R1; : : : ; Rn)�1Q1)�2 : : : )�sQs; (4)

£¤¥ �i 2 f[;\g, Qi = (B [ P i
1) \ P i

2, P
i
1 ; P

i
2 2 D [ f;; !g, P i

1 � P i
2, 1 � i � s, ¯à¨ç¥¬

�0(B;B;R1; : : : ; Rn) = �0

1(B;B;R1; : : : ; Rn)��0

2(B;B;R1; : : : ; Rn), £¤¥ � 2 f[;\g, Ln�0
1
(B) < k ¨

Ln�0
2
(B) < k.
�à¨¬¥¨¬ ¨¤ãªæ¨î ª �0

1 ¨ �
0

2. �®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  P1; P2; P3; P4 2 D[f;; !g,
çâ® �0

1(B;B;R1; : : : ; Rn) = (B [ P1) \ (B [ P2) ¨ �0

2(B;B;R1; : : : ; Rn) = (B [ P3) \ (B [ P4). �®£¤ 
¯® «¥¬¬¥ 4 áãé¥áâ¢ãîâ â ª¨¥ T1; T2 2 D [ f;; !g, çâ® �0(B;B;R1; : : : ; Rn) = (B [ T1) \ (B [ T2).

� «¥¥, â ª ¦¥, ª ª ¨ ¢ ¯. II), á®£« á® «¥¬¬ ¬ 3 ¨ 4 ¨§ (4) á«¥¤ã¥â A = (B [ T 0) \ (B [ T 00),
£¤¥ T 0; T 00 2 D [ f;; !g.

((). �ç¥¢¨¤® ¯® ®¯à¥¤¥«¥¨î SET-2-á¢®¤¨¬®áâ¨.

� á¨«ã § ¬¥ç ¨ï 2 áà §ã ¯®«ãç ¥âáï

�«¥¤áâ¢¨¥ 2. �«ï à¥è¥âª¨ ¬®¦¥áâ¢ D á  ¨¬¥ìè¨¬ ¨  ¨¡®«ìè¨¬ í«¥¬¥â ¬¨ ¨ ¤«ï «î-
¡ëå ¬®¦¥áâ¢ A ¨ B ¢ë¯®«¥® A �D

SET-2 B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ ¬®¦¥áâ¢ 
R1; R2 2 D â ª¨¥, çâ® A = (B [R1) \ (B [R2).

2. � áâë¥ á«ãç ¨ ¨ â¥®à¥¬ë ® ¯®çâ¨ ®à¬ «ì®© ä®à¬¥

� ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ ¡ë«¨ ¤®ª § ë â¥®à¥¬ë 1 ¨ 2, â¥®à¥¬ë ® ®à¬ «ìëå ä®à¬ å ¤«ï
SET-1- ¨ SET-2-á¢®¤¨¬®áâ¥©. �¤ ª® ¢ â ª¨å ç áâëå á«ãç ïå, ª ª A \B = ;, A � B ¨ B � A,
á¢®¤¨¬®áâ¨ A �D

SET-1 B ¨ A �D

SET-2 B (D | ¥ª®â®à ï à¥è¥âª  ¬®¦¥áâ¢) ¯® ¯à¥¤«®¦¥¨ï¬ 1 ¨
2 ¬®¦® § ¯¨á âì ¢ ¥é¥ ¡®«¥¥ ¯à®áâ®¬ ¢¨¤¥.
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�à¥¤«®¦¥¨¥ 1. �á«¨ D | à¥è¥âª  ¬®¦¥áâ¢ ¨ A \B 2 D, â®
1) A �D

SET-1 B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A 2 D;
2) A �D

SET-2 B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A �D

SET-1 B.

�®ª § â¥«ìáâ¢®. 1) �ç¥¢¨¤®, ¥á«¨ A 2 D, â® A �D

SET-1 B. �ãáâì â¥¯¥àì A �D

SET-1 B, â®£¤ 
¯® â¥®à¥¬¥ 1 áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1 2 D [ f;g ¨ R2 2 D [ f!g, çâ® R1 � R2 ¨

A = (B [R1) \R2:

�¬¥¥¬ A = (A[R1)\A = (A[R1)\ (B [R1)\R2 = ((A \B)[R1)\R2 2 D, â. ª. A\B 2 D.
2) �ç¥¢¨¤®, ¥á«¨ A �D

SET-1 B, â® A �D

SET-2 B. �ãáâì â¥¯¥àì A �SET-2 B, â®£¤  ¯® â¥®à¥¬¥ 2
áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; R2 2 D[f;; !g, çâ® A = (B[R1)\(B[R2) = (B\R2)[(B\R1) =
R0 [ (B \R1), £¤¥ R0 = B \R2 = A \B 2 D. �«¥¤®¢ â¥«ì®, A �D

SET-1 B.

�à¥¤«®¦¥¨¥ 2. �ãáâì D | à¥è¥âª  ¬®¦¥áâ¢. �á«¨ A � B, â®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï
íª¢¨¢ «¥âë:

1) A �D

SET-1 B,
2) A �D

SET-2 B,
3) áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® R 2 D, çâ® A = B ¨«¨ A = B \R,
4) áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® R 2 D [ f!g, çâ® A = B \R.

� ª¦¥ íª¢¨¢ «¥âë ãá«®¢¨ï :
10) B �D

SET-1 A,
20) B �D

SET-2 A,
30) áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® R 2 D, çâ® A = B ¨«¨ A = B [R,
40) áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® R 2 D [ f;g, çâ® A = B [R.

�®ª § â¥«ìáâ¢®. 1)) 2), 3), 4) ¨ 4)) 1) ®ç¥¢¨¤ë. �®ª ¦¥¬ 2)) 4).
�ãáâì A �D

SET-2 B, â®£¤  ¯® â¥®à¥¬¥ 2 áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; R2 2 D [ f;; !g, çâ®
A = (B [ R1) \ (B [ R2). � ª ª ª A � B, â® A = A \ B = B \R2. � ¬¥â¨¬, çâ® ¥á«¨ R2 = ;, â®
R2 = ; = A \B 2 D.

�â®à ï ç áâì ¯à¥¤«®¦¥¨ï ¤®ª §ë¢ ¥âáï   «®£¨ç®.

�«¥¤áâ¢¨¥ 3. �ãáâì D | à¥è¥âª  ¬®¦¥áâ¢ á  ¨¡®«ìè¨¬ (á  ¨¬¥ìè¨¬) í«¥¬¥â®¬.
�á«¨ A � B, â® íª¢¨¢ «¥âë ãá«®¢¨ï:

1) A �D

SET-1 B (B �D

SET-1 A),
2) A �D

SET-2 B (B �D

SET-2 A),
3) áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® R 2 D, çâ® A = B \R (A = B [R).

� ¬¥â¨¬, çâ® ¨§ ¯à¥¤«®¦¥¨ï 2 â ª¦¥ á«¥¤ã¥â, çâ® â¥®à¥¬ë ® ®à¬ «ì®© ä®à¬¥ ¤«ï SET-1-
¨ SET-2-á¢®¤¨¬®áâ¥© ã«ãçè¨âì ¥«ì§ï, â. ¥. ¥«ì§ï â ª¨¬ ®¡à §®¬ ¬®¦¥áâ¢® A ¢ëà §¨âì ç¥à¥§
¬®¦¥áâ¢® B ¨ ç¥à¥§ ¥ª®â®à®¥ ¬®¦¥áâ¢® R 2 D á ¯®¬®éìî ®¯¥à æ¨© ®¡ê¥¤¨¥¨ï ¨ ¯¥à¥á¥-
ç¥¨ï.

�®¦® ¯à¥¤¯®«®¦¨âì,  ¯à¨¬¥à, çâ® A �D

SET-1 B \ R ¨«¨ A �D

SET-1 B [ R ¤«ï ¥ª®â®à®£®
R 2 D. � «¥¥ ¢ á«¥¤áâ¢¨¨ 4 ¯®ª ¦¥¬, çâ®  è¥ ¯à¥¤¯®«®¦¥¨¥ ¢¥à®.

�¥®à¥¬  3 (® ¯®çâ¨ ®à¬ «ì®© ä®à¬¥ ¤«ï SET-1-á¢®¤¨¬®áâ¨). �ãáâì D |  «£¥¡à  ¬®-

¦¥áâ¢, â®£¤  ¥á«¨ ¤«ï «î¡ëå ¬®¦¥áâ¢ A ¨ B1; : : : ; Bn ¢ë¯®«¥® A �D

SET-1 Bi, £¤¥ 1 � i � n,
â® áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; R2 2 D, çâ® ¤«ï «î¡®£® i 2 f1; : : : ; ng A0 = Bi \ R1,

A00 = Bi [R2 ¨ A �D

SET-1 A
0, A �D

SET-1 A
00.

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï «î¡®£® i 2 f1; : : : ; ng ¢ë¯®«¥® A �D

SET-1 Bi, â®£¤  ¯® â¥®à¥-
¬¥ 1 áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  Ri

1; R
i
2 2 D, £¤¥ 1 � i � n, çâ® A = (Bi[R

i
1)\R

i
2 = (Bi\R

i
2)[R

i
1

¨ Ri
1 � Ri

2.
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� ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® i 2 f1; : : : ; ng ¨¬¥¥¬ Ri
1 � A � Ri

2. �ãáâì P1 = [n
i=1R

i
1 2 D

¨ P2 = \n
i=1R

i
2 2 D, â®£¤  P1 � A � P2 ¨ á®£« á® á«¥¤áâ¢¨î 3 A0 = A \ P1 �

D

SET-1 A ¨
A00 = A [ P2 �

D

SET-1 A.
�«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® i 2 f1; : : : ; ng ¢ë¯®«¥® A0 = A \ P 1 = (Bi [ Ri

1) \ Ri
2 \ R

1

1 \

� � � \ R
n

1 = Bi \ Ri
2 \ R

1

1 \ � � � \ R
n

1 = T i, £¤¥ T i = Ri
2 \ R

1

1 \ � � � \ R
n

1 2 D, 1 � i � n. �¬¥¥¬
A0 = Bi \ T

1 \ � � � \ T n = Bi \ T , £¤¥ T = \n
i=1T

i 2 D.
� «®£¨ç®, áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® T 0 2 D, çâ® A00 = A [ T 0.

�«¥¤áâ¢¨¥ 4. �ãáâì D |  «£¥¡à  ¬®¦¥áâ¢. �«ï «î¡ëå ¬®¦¥áâ¢ A ¨ B ¢ë¯®«¥®
A �D

SET-1 B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; R2 2 D, çâ® A �D

SET-1

B \R1 ¨ A �D

SET-1 B [R2.

�®ª § â¥«ìáâ¢® ()) á«¥¤ã¥â ¨§ â¥®à¥¬ë 3 ¯à¨ n = 1.
((). �ç¥¢¨¤®.

�à¥¤«®¦¥¨¥ 3. �ãáâì D ï¢«ï¥âáï  «£¥¡à®© ¬®¦¥áâ¢ ¨ A � B, â®£¤  íª¢¨¢ «¥âë

ãá«®¢¨ï :
1) A �D

SET-1 B;
2) A �D

SET-2 B;
3) B �A 2 D.

�®ª § â¥«ìáâ¢®. 1) ) 3), 2) ) 3). �á«¨ A �D

SET-i B, â® A �D

SET-i B ¨ B �D

SET-i A, £¤¥
i 2 f1; 2g. � ª ª ª A � B, â® ¯® ¯à¥¤«®¦¥¨î 3 áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; R2 2 D, çâ®
A = B \R1 ¨ B = A [R2.

�¬¥¥¬ B �A = B \A = B \ (A [R2) \A = B \R2 \A = B \R2 \ (B [R1) = (R2 \R1) 2 D,
â. ª. D |  «£¥¡à  ¬®¦¥áâ¢.

3) ) 1). �ãáâì B � A 2 D, â®£¤  B = A [ (B � A) ¨ A = B \ B �A, â. ª. B �A 2 D.
�«¥¤®¢ â¥«ì®, B �D

SET-1 A ¨ A �D

SET-1 B. � ª¨¬ ®¡à §®¬, A �D

SET-1 B.
1)) 2) ®ç¥¢¨¤®.

�à¥¤«®¦¥¨¥ 4 (® ¯®çâ¨ ®à¬ «ì®© ä®à¬¥ ¤«ï SET-2-á¢®¤¨¬®áâ¨). �à¥¤¯®«®¦¨¬, çâ®

D |  «£¥¡à  ¬®¦¥áâ¢. �á«¨ A �D

SET-2 B, â® áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; R2 2 D,
çâ® R1 \R2 = ; ¨ A �D

SET-1 (B [R1) \ (B [R2).

�®ª § â¥«ìáâ¢®. �ãáâì A �D

SET-2 B, â®£¤  ¯® â¥®à¥¬¥ 2 áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢ 
P1; P2 2 D, çâ® A = (B [ P1) \ (B [ P2) = (B \ P2) [ (B \ P1).

�ãáâì P = P1 \ P2 6= ; ¨ A0 = A� P , â®£¤  P � A ¨ A = A0 [ P , â. ¥. A �D

SET-1 A
0. �®«¥¥ â®£®,

A0 = A \ P (P 2 D, â. ª. D |  «£¥¡à  ¬®¦¥áâ¢), â. ¥. A0 �D

SET-1 A. � ª¨¬ ®¡à §®¬, A �D

SET-1 A
0,

£¤¥ A0 = A\P = ((B \P2)[ (B \P1))\P = (B\R2)[ (B \R1) = (B [R1)\ (B [R2), R1 = P1\P ,
R2 = P2 \ P ¨ R1 \R2 = ;.

3. �¥àå¨¥ ¨ ¨¦¨¥ £à ¨

� íâ®¬ à §¤¥«¥ ¯®«ãç¨¬ â®çë¥ ¢¥àå¨¥ ¨ ¨¦¨¥ £à ¨ ¤«ï SET-1- ¨ SET-2-á¢®¤¨¬®áâ¥©.
� â¥®à¥¬¥ 4 ®¯¨è¥¬ ¢á¥  ç «ìë¥ á¥£¬¥âë ¯® SET-1-á¢®¤¨¬®áâ¨.

�¥¬¬  5. �á«¨ B �D

SET-i A ¨ C �D

SET-i A, â® (B [ C) �D

SET-i A ¨ (B \ C) �D

SET-i A, £¤¥ D |

à¥è¥âª  ¬®¦¥áâ¢ ¨ 1 � i � 2.

�®ª § â¥«ìáâ¢®. �ãáâì B �D

SET-1 A ¨ C �D

SET-1 A, â®£¤  B = �0(A;R1
1; : : : ; R

1
s) ¨ C =

�00(A;R2
1; : : : ; R

2
t ). �«¥¤®¢ â¥«ì®,

B [ C = �(A;R1

1; : : : ; R
1

s ; R
2

1; : : : ; R
2

t ) = �0(A;R1

1; : : : ; R
1

s) [ �
00(A;R2

1; : : : ; R
2

t ):

�á¥ ®áâ «ìë¥ á«ãç ¨ «¥¬¬ë ¤®ª §ë¢ îâáï   «®£¨ç®.
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�«¥¤áâ¢¨¥ 5. �á«¨ B �D

SET-i B[C (¨«¨ B �D

SET-i B\C) ¨ C �D

SET-i B[C (¨«¨ C �D

SET-i B\C),
â® áãé¥áâ¢ã¥â â®ç ï ¢¥àåïï £à ì [B]DSET-i_[C]

D

SET-i ¤«ï SET-i-á¢®¤¨¬®áâ¨ ¨ [B]
D

SET-i_[C]
D

SET-i =
[B [C]DSET-i (¨«¨ [B]

D

SET-i _ [C]
D

SET-i = [B \C]DSET-i á®®â¢¥âáâ¢¥®), £¤¥ D | à¥è¥âª  ¬®¦¥áâ¢ ¨
1 � i � 2.

�à¥¤«®¦¥¨¥ 5. �á«¨ A �D

SET-1 B ¨ A �D

SET-1 C, â® A �D

SET-1 (B [ C) ¨ A �D

SET-1 (B \ C),
£¤¥ D | à¥è¥âª  ¬®¦¥áâ¢.

�®ª § â¥«ìáâ¢®. �á«¨ A �D

SET-1 B ¨ A �D

SET-1 C, â® ¯® â¥®à¥¬¥ 1 áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥-
áâ¢  R1; R3 2 D[f;g ¨ R2; R4 2 D[f!g, çâ® R1 � R2, R3 � R4, A = (B[R1)\R2 = (B\R2)[R1 ¨
A = (C[R3)\R4 = (C\R4)[R3. �«¥¤®¢ â¥«ì®, R1; R3; B\R2; B\R4 � A � R2; R4; B[R1; C[R3.

�¬¥¥¬A = A[A = (B\R2)[R1[(C\R4)[R3 = (B[C[R1[R3)\(B[R4)\(R2[C)\(R2[R4) =
(B [ C [ R1 [ R3) \ ((B \ R2) [ R4) \ ((C \ R4) [ R2) = (B [ C [ R1 [ R3) \ R4 \ R2, ¯à¨ç¥¬
R1[R3 2 D[f;g ¨ R2\R4 2 D[f!g. �«¥¤®¢ â¥«ì®, A �D

SET-1 (B[C). � «®£¨ç® ¤®ª §ë¢ ¥âáï,
çâ® A �D

SET-1 (B \ C).

�«¥¤áâ¢¨¥ 6. �ãáâì D | à¥è¥âª  ¬®¦¥áâ¢. �á«¨ B [ C �D

SET-1 B (¨«¨ B \ C �D

SET-1 B)
¨ B [ C �D

SET-1 C (¨«¨ B \ C �D

SET-1 C), â® áãé¥áâ¢ã¥â â®ç ï ¨¦ïï £à ì [B]DSET-1 ^ [C]
D

SET-1

¤«ï SET-1-á¢®¤¨¬®áâ¨ ¨ [B]DSET-1 ^ [C]
D

SET-1 = [B [ C]DSET-1 (¨«¨ [B]DSET-1 ^ [C]
D

SET-1 = [B \ C]DSET-1
á®®â¢¥âáâ¢¥®).

�¥®à¥¬  4. �ãáâì D | à¥è¥âª  ¬®¦¥áâ¢. �®£¤  ¤«ï «î¡®£® ¬®¦¥áâ¢  A  ç «ìë©

á¥£¬¥â [�D

SET-1 A] = f[B]DSET-1 j B �D

SET-1 Ag ï¢«ï¥âáï ¤¨áâà¨¡ãâ¨¢®© à¥è¥âª®© á  ¨¬¥ì-

è¨¬ ¨  ¨¡®«ìè¨¬ í«¥¬¥â ¬¨ ®â®á¨â¥«ì® ¢§ïâ¨ï â®çëå ¢¥àå¨å ¨ ¨¦¨å £à ¥©,

¯à¨ç¥¬ ¥á«¨ D |  «£¥¡à  ¬®¦¥áâ¢, â® [�D

SET-1 A] ï¢«ï¥âáï ¡ã«¥¢®©  «£¥¡à®©.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, [;]DSET-1 ¨ [A]
D

SET-1 ï¢«ïîâáï  ¨¬¥ìè¨¬ ¨  ¨¡®«ìè¨¬ í«¥¬¥-
â ¬¨ á®®â¢¥âáâ¢¥®. � ¯. 1 ¤®ª ¦¥¬, çâ® ¤«ï «î¡ëå ¤¢ãå í«¥¬¥â®¢ ¨§ [�D

SET-1 A] áãé¥áâ¢ãîâ
â®çë¥ ¢¥àåïï ¨ ¨¦ïï £à ¨. � ¯. 2 ¯à®¢¥à¨¬ ¢ë¯®«¥¨¥ ãá«®¢¨ï ¤¨áâà¨¡ãâ¨¢®áâ¨. � á«ã-
ç ¥, ª®£¤  D ï¢«ï¥âáï  «£¥¡à®© ¬®¦¥áâ¢, ¢ ¯. 3 ¤«ï «î¡®£® í«¥¬¥â  ãª ¦¥¬ ¥£® ¤®¯®«¥¨¥.

1) �á«¨ A0

1 �
D

SET-1 A ¨ A0

2 �
D

SET-1 A, â® ¯® â¥®à¥¬¥ 3 áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  A1 �
D

SET-1 A
0

1

¨ A2 �
D

SET-1 A
0

2, çâ® A1 = A [R1 ¨ A2 = A [R2.
�ãáâì C1 = A1 [ A2 = A [ R1 [ R2, â®£¤  C1 = A1 [ R2 ¨, á«¥¤®¢ â¥«ì®, C1 �

D

SET-1 A1.
� «®£¨ç® ¨¬¥¥¬ C1 �

D

SET-1 A2. �®£¤  ¨§ á«¥¤áâ¢¨ï 6 ¯®«ãç¨¬ [C1]DSET-1 = [A1]DSET-1 ^ [A2]DSET-1.
�ãáâì C2 = A1 \ A2 = A [ (R1 \ R2), â®£¤  A1 = C2 [ R1 ¨, á«¥¤®¢ â¥«ì®, A1 �

D

SET-1 C2.
� «®£¨ç®, A2 �

D

SET-1 C2. �®£¤  ¨§ á«¥¤áâ¢¨ï 5 ¡ã¤¥¬ ¨¬¥âì [C2]DSET-1 = [A1]DSET-1 _ [A2]DSET-1.
2) �á«¨ A0

1; A
0

2; A
0

3 �
D

SET-1 A, â® ¯® â¥®à¥¬¥ 3 áãé¥áâ¢ãîâ â ª¨¥ R1; R2; R3 2 D, çâ® Ai =
A \Ri �

D

SET-1 A
0

i ¤«ï «î¡®£® i 2 f1; 2; 3g. �®£« á® ¯. 1 íâ®© â¥®à¥¬ë ¯®«ãç ¥¬

([A1]DSET-1 _ [A2]DSET-1) ^ [A3]DSET-1 = [A1 \A2]DSET-1 ^ [A3]DSET-1 =

= [(A1 \A2) [A3]DSET-1 = [(A1 [A3) \ (A2 [A3)]DSET-1 = [A1 [A3]DSET-1 _ [A2 [A3]DSET-1 =

= ([A1]DSET-1 ^ [A3]DSET-1) _ ([A2]DSET-1 ^ [A3]DSET-1):

� «®£¨ç® ¨¬¥¥¬ ([A1]DSET-1 ^ [A2]DSET-1) _[A3]DSET-1 = ([A1]DSET-1 _ [A3]DSET-1) ^([A2]DSET-1 _
[A3]DSET-1).

3) �à¥¤¯®«®¦¨¬, çâ® D |  «£¥¡à  ¬®¦¥áâ¢. �á«¨ A0

0 �
D

SET-1 A, â® ¯® â¥®à¥¬¥ 3 áãé¥áâ¢ã¥â
â ª®© R 2 D, çâ® A [R = A0 �D

SET-1 A
0

0. �ãáâì A
00 = A [R, â®£¤  A00 �D

SET-1 A, â. ª. R 2 D.
�®áª®«ìªã A0 [A00 = ! ¨ A0 \A00 = A, â® ¢¢¨¤ã ¯. 1 íâ®© â¥®à¥¬ë ¨¬¥¥¬ [A0]DSET-1 ^ [A

00]DSET-1 =
[!]DSET-1 = [;]DSET-1 ¨ [A0]DSET-1 _ [A00]DSET-1 = [A]DSET-1. � ª¨¬ ®¡à §®¬, í«¥¬¥â [A00]DSET-1 ï¢«ï¥âáï
¤®¯®«¥¨¥¬ í«¥¬¥â  [A0]DSET-1 = [A0

0]
D

SET-1.
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4. �¨¨¬ «ìë¥ í«¥¬¥âë

� ¤ ®¬ à §¤¥«¥ ®¯¨è¥¬ ¢á¥ ª®¥çë¥  ç «ìë¥ á¥£¬¥âë ¯® SET-1-á¢®¤¨¬®áâ¨ (â¥®à¥-
¬  7), ¤ ¤¨¬ ªà¨â¥à¨© ¯«®â®áâ¨ (â¥®à¥¬  6),   â ª¦¥ ¢ â¥®à¥¬¥ 5 ¯à¨¢¥¤¥¬ ªà¨â¥à¨© ¬¨¨-
¬ «ì®áâ¨ ¤«ï SET-1- ¨ SET-2-á¢®¤¨¬®áâ¥©.

�¯à¥¤¥«¥¨¥ 2. �ãáâì D | à¥è¥âª  ¬®¦¥áâ¢, â®£¤  ¬®¦¥áâ¢® A =2 D  §ë¢ ¥âáï D-¬¨-
¨¬ «ìë¬, ¥á«¨ ¥ áãé¥áâ¢ã¥â â ª®£® ¬®¦¥áâ¢  B =2 D, çâ® B <D

SET-1 A.

�¥®à¥¬  5 (ªà¨â¥à¨© ¬¨¨¬ «ì®áâ¨). �«ï  «£¥¡àë ¬®¦¥áâ¢ D ¨ A =2 D á«¥¤ãîé¨¥ ãá«®-

¢¨ï íª¢¨¢ «¥âë:
1) A ï¢«ï¥âáï D-¬¨¨¬ «ìë¬;
2) ¤«ï «î¡®£® ¬®¦¥áâ¢  B �D

SET-2 A «¨¡® B 2 D, «¨¡® B �D

SET-2 A;
3) ¤«ï «î¡®£® ¬®¦¥áâ¢  R 2 D «¨¡® A \R 2 D, «¨¡® A \R 2 D;
4) ¤«ï «î¡®£® ¬®¦¥áâ¢  R 2 D «¨¡® A \R 2 D, «¨¡® A \R 2 D.

�®ª § â¥«ìáâ¢®. 1) ) 3). �ãáâì A ï¢«ï¥âáï D-¬¨¨¬ «ìë¬ ¨ áãé¥áâ¢ã¥â â ª®¥ ¬®-
¦¥áâ¢® R 2 D, çâ® A \ R =2 D ¨ A \ R =2 D, â®£¤  ¤«ï ¬®¦¥áâ¢  B = A \ R =2 D ¨¬¥¥¬
; <D

SET-1 B �D

SET-1 A (; 2 D, â. ª. D |  «£¥¡à  ¬®¦¥áâ¢).
�®áª®«ìªã A � B = A \ (A [ R) = A \ R =2 D ¨ B � A, â® ¯® ¯à¥¤«®¦¥¨î 3 ¨¬¥¥¬

; <D

SET-1 B <D

SET-1 A, çâ® ¯à®â¨¢®à¥ç¨â D-¬¨¨¬ «ì®áâ¨ ¬®¦¥áâ¢  A.
2)) 3) ¨ 1)) 4)   «®£¨ç®.
3)))1. �à¥¤¯®«®¦¨¬, çâ® ¤«ï «î¡®£® ¬®¦¥áâ¢  R 2 D ¢ë¯®«¥® A\R 2 D ¨«¨ A\R 2 D.

�ãáâì ¤«ï ¥ª®â®à®£® ¬®¦¥áâ¢  A0 ¢ë¯®«¥® A0 �D

SET-1 A, â®£¤  ¯® â¥®à¥¬¥ 3 áãé¥áâ¢ã¥â â ª®¥
¬®¦¥áâ¢® R 2 D, çâ® A0 �D

SET-1 A \R.
�á«¨ A \R 2 D, â® A0 �D

SET-1 ;. �á«¨ ¦¥ R
0 = A \R 2 D, â® A = (A \R) [ (A \R) = A0 [R0,

â. ¥. A0 �D

SET-1 A. �«¥¤®¢ â¥«ì®, ¬®¦¥áâ¢® A ï¢«ï¥âáï D-¬¨¨¬ «ìë¬.
4)) 1)   «®£¨ç® 3)) 1).
� ª¨¬ ®¡à §®¬, ãáâ ®¢«¥  íª¢¨¢ «¥â®áâì 1), 3) ¨ 4),   â ª¦¥ ¨¬¥¥¬ 2)) 3). �«ï § ¢¥à-

è¥¨ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¯®ª § âì 1)) 2).
1) ) 2). �á«¨ A ï¢«ï¥âáï D-¬¨¨¬ «ìë¬, â® ¢ á¨«ã íª¢¨¢ «¥â®áâ¨ 1), 3) ¨ 4) A â ª¦¥

D-¬¨¨¬ «ì®. �ãáâì A0 �D

SET-2 A, â®£¤  ¯® â¥®à¥¬¥ 2 áãé¥áâ¢ãîâ â ª¨¥ R1; R2 2 D, çâ®

A0 = (A \R1) [ (A \R2) = (A [R2) \ (A [R1):

� ª ª ª A D-¬¨¨¬ «ì®, â® ¤«ï ¬®¦¥áâ¢  B = A \ R2 ¢ë¯®«¥® «¨¡® a) B 2 D, «¨¡®
b) A �SET-1 B.

a) �®£¤  A0 = (A\R1)[ (A\R2) = (A\R1)[B. �«¥¤®¢ â¥«ì®, A0 �SET-1 A. �® ®¯à¥¤¥«¥¨î
D-¬¨¨¬ «ì®áâ¨ ¬®¦¥áâ¢  A ¨¬¥¥¬ A0 2 D ¨«¨ A0 �SET-1 A. �«¥¤®¢ â¥«ì®, A0 �SET-2 A.

b) �®£¤  ¯® ¯à¥¤«®¦¥¨î 2 ¨¬¥¥¬ A = (A\R2)[R0, £¤¥ R0 2 D. �ç¥¢¨¤®, A[R2 = R
0

[R2.
�«¥¤®¢ â¥«ì®, A0 = (A [R2) \ (A [R1) = (R

0

[R2) \ (A [R1). � ª¨¬ ®¡à §®¬, A0 �SET-1 A. �®
®¯à¥¤¥«¥¨î D-¬¨¨¬ «ì®áâ¨ ¬®¦¥áâ¢  A, ¨¬¥¥¬ A0 2 D ¨«¨ A0 �SET-2 A.

�¥®à¥¬  6 (ªà¨â¥à¨© ¯«®â®áâ¨). �ãáâì D |  «£¥¡à  ¬®¦¥áâ¢, D � T � P(!) ¨ T |

à¥è¥âª  ¬®¦¥áâ¢, â®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1) eT = T =�D

SET-1

ï¢«ï¥âáï ¯«®âë¬ ç áâ¨ç®-ã¯®àï¤®ç¥ë¬ ¬®¦¥áâ¢®¬, â. ¥. ¤«ï «î-

¡ëå â ª¨å A;B 2 T , çâ® A <D

SET-1 B, áãé¥áâ¢ã¥â â ª®© C 2 T , çâ®

A <D

SET-1 C <D

SET-1 B;

2) T ¥ á®¤¥à¦¨â D-¬¨¨¬ «ìëå ¬®¦¥áâ¢;
3) ¤«ï «î¡®£® ¬®¦¥áâ¢  A 2 T �D áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® R 2 D, çâ® A\R =2 D

¨ A \R =2 D;
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4) ¤«ï «î¡®£® ¬®¦¥áâ¢  A 2 T �D áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® R 2 D, çâ® A\R =2 D
¨ A \R =2 D.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 5 ¨¬¥¥¬ 2) , 3) , 4). �ç¥¢¨¤®, ¥á«¨ à¥è¥âª  eT ¯«®â ,
â® T ¥ á®¤¥à¦¨â D-¬¨¨¬ «ìëå ¬®¦¥áâ¢. � ª¨¬ ®¡à §®¬, ®áâ «®áì ¤®ª § âì 3)) 1).

�ãáâì A;B 2 T | â ª¨¥ ¬®¦¥áâ¢ , çâ® A <D

SET-1 B, â®£¤  ¯® á«¥¤áâ¢¨î 3 áãé¥áâ¢ã¥â â ª®¥
¬®¦¥áâ¢® R 2 D, çâ® A �D

SET-1 B \ R = A0. � ª ª ª A0 � B, â® ¯® ¯à¥¤«®¦¥¨î 3 ¨¬¥¥¬
B �A0 =2 D, £¤¥ B �A0 = B \ (B [R) = B \R.

�® ãá«®¢¨î áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢® R0 2 D, çâ® B \R\R0 =2 D ¨ B \R\R
0

=2 D. �ãáâì
C = B \ (R [R

0

) 2 eT , â®£¤  C �D

SET-1 B. � ª ª ª C \R = B \R = A0, â® A �D

SET-1 C.
�¬¥¥¬ C � A = B \ (R [ R

0

) \ (B [R) = B \ (R [R
0

) \ R = B \R \R
0

=2 D. �«¥¤®¢ â¥«ì®,
¯® ¯à¥¤«®¦¥¨î 3 C 6�D

SET-1 A, â. ¥. A <D

SET-1 C.
� «®£¨ç®, ¨¬¥¥¬ B � C = B \ (B [ (R1 \ R0)) = B \ R1 \ R0 =2 D. �«¥¤®¢ â¥«ì®, ¯®

¯à¥¤«®¦¥¨î 3 C <D

SET-1 B. � ª¨¬ ®¡à §®¬, eT ¯«®â .

�«¥¤áâ¢¨¥ 7. �ãáâì D |  «£¥¡à  ¬®¦¥áâ¢, D � T � P(!) ¨ T | à¥è¥âª  ¬®¦¥áâ¢,
eT = T =�D

SET-1

ï¢«ï¥âáï ¯«®âë¬ ç áâ¨ç®-ã¯®àï¤®ç¥ë¬ ¬®¦¥áâ¢®¬, â. ¥. ¢ë¯®«¥® å®âï ¡ë

®¤® ¨§ ãá«®¢¨© â¥®à¥¬ë 6. �®£¤  �1-â¥®à¨ï eT à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® D 6= T (¨ ç¥ | ®ç¥¢¨¤®). �ãáâì eT | ¯«®â®¥
ç áâ¨ç®-ã¯®àï¤®ç¥®¥ ¬®¦¥áâ¢® ¨ áãé¥áâ¢ã¥â ¥ª®â®à®¥ ¬®¦¥áâ¢® A 2 T �D, â®£¤  ¯® â¥®-
à¥¬¥ 4  ç «ìë© á¥£¬¥â [�D

SET-1 A] ï¢«ï¥âáï ¡¥§ â®¬®© (â. ª. eT ¯«®â ) ¡ã«¥¢®©  «£¥¡à®©. � -
ª¨¬ ®¡à §®¬, ¢  ç «ìë© á¥£¬¥â [�D

SET-1 A] ¢«®¦¨¬® «î¡®¥ ª®¥ç®¥ ç áâ¨ç®-ã¯®àï¤®ç¥®¥
¬®¦¥áâ¢®.

�¥¯¥àì, çâ®¡ë ¯à®¢¥à¨âì, ¢¥à® «¨ ¥ª®â®à®¥ �1-¯à¥¤«®¦¥¨¥ ¢ eT , ¤®áâ â®ç® ¯à®¢¥à¨âì
ã¤®¢«¥â¢®àï¥â «¨ íâ® ¯à¥¤«®¦¥¨¥  ªá¨®¬ ¬ ç áâ¨ç®£® ¯®àï¤ª .

� «¥¥, ®¯¨è¥¬ ¢á¥ ª®¥çë¥  ç «ìë¥ á¥£¬¥âë ¯® SET-1-á¢®¤¨¬®áâ¨ ¯®  «£¥¡à¥ ¬®-
¦¥áâ¢ D. �§ â¥®à¥¬ë 4 á«¥¤ã¥â, çâ® «î¡®© ª®¥çë©  ç «ìë© á¥£¬¥â ï¢«ï¥âáï ª®¥ç®©
¡ã«¥¢®©  «£¥¡à®©. �®¥çë¥ ¡ã«¥¢ë  «£¥¡àë ¯®«®áâìî å à ªâ¥à¨§ãîâáï á â®ç®áâìî ¤® ¨§®-
¬®àä¨§¬  ç¨á«®¬ á¢®¨å  â®¬®¢ [4]. �¡®§ ç¨¬ ç¥à¥§ Bn ª®¥çãî ¡ã«¥¢ã  «£¥¡àã á n  â®¬ -
¬¨. � ¯à¨¬¥à,  ç «ìë© á¥£¬¥â D-¬¨¨¬ «ì®£® ¬®¦¥áâ¢  ï¢«ï¥âáï âà¨¢¨ «ì®© (¤¢ãåí«¥-
¬¥â®©) ¡ã«¥¢®©  «£¥¡à®© B1.

�ã¤¥¬ £®¢®à¨âì, çâ® ¬®¦¥áâ¢® A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn, n � 1, ¥á«¨ ¥ áãé¥áâ¢ã¥â
â ª¨å ¬®¦¥áâ¢ R1; : : : ; Rn 2 D, çâ® A \R1 =2 D, A \ R1 \R2 =2 D, A \ R1 \R2 \R3 =2 D; : : : ; A \
R1 \ � � � \Rn�1 \Rn =2 D ¨ A \R1 \ � � � \Rn�1 \Rn =2 D.

� ¯à¨¬¥à, ¯à¨ n = 1 ¬®¦¥áâ¢® A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î P1, ¥á«¨ ¥ áãé¥áâ¢ã¥â â ª®£®
¬®¦¥áâ¢  R 2 D, çâ® A\R =2 D ¨ A\R =2 D. � ª¨¬ ®¡à §®¬, â®«ìª® D-¬¨¨¬ «ìë¥ ¬®¦¥áâ¢ 
ã¤®¢«¥â¢®àïîâ ãá«®¢¨î P1.

�«ï ã¤®¡áâ¢  áª ¦¥¬, çâ® ¨ª ª®¥ ¬®¦¥áâ¢® ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î P0. �¥£ª® ¢¨¤¥âì,
çâ® ¥á«¨ ¬®¦¥áâ¢® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn, â® ®® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn+1.

�¯à¥¤¥«¥¨¥ 3. �®¦¥áâ¢® A =2 D  §ë¢ ¥âáï D-n-¬¨¨¬ «ìë¬ (n � 1), ¥á«¨ ®® ã¤®-
¢«¥â¢®àï¥â ãá«®¢¨î Pn, ® ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn�1.

�¬¥¥¬, çâ® ¬®¦¥áâ¢® D-¬¨¨¬ «ì® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®® D-1-¬¨¨¬ «ì®.

�¥®à¥¬  7. �ãáâì D |  «£¥¡à  ¬®¦¥áâ¢ ¨ A =2 D. �®¦¥áâ¢® A D-n-¬¨¨¬ «ì®
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   ç «ìë© á¥£¬¥â [�D

SET-1 A] ï¢«ï¥âáï ª®¥ç®© ¡ã«¥¢®©  «£¥¡à®©

â¨¯  Bn.

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¯® ¨¤ãªæ¨¨. �à¨ n = 1 ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ â¥®à¥¬ë 5.
�à¥¤¯®«®¦¨¬, çâ® ¤«ï «î¡®£® k � n â¥®à¥¬  á¯à ¢¥¤«¨¢ , ¤®ª ¦¥¬ ¥¥ ¤«ï k = n+ 1.
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((). �ãáâì [�D

SET-1 A] | ª®¥ç ï ¡ã«¥¢   «£¥¡à  â¨¯  Bn+1 (n � 1), â®£¤  A ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î Pn+1, â. ª. ¨ ç¥ áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; : : : ; Rn+1 2 D, çâ® A\R1 =2 D; : : : ; A\
R1\ � � � \Rn\Rn+1 =2 D ¨ A\R1\ � � � \Rn \Rn+1 =2 D. �«¥¤®¢ â¥«ì®, ¢ á¨«ã ¯à¥¤«®¦¥¨© 2 ¨ 3
¨¬¥¥¬ ; <D

SET-1 (A\R1\� � �\Rn\Rn+1) <D

SET-1 (A\R1\� � �Rn) <D

SET-1 � � � <
D

SET-1 (A\R1\R2) <D

SET-1

(A \R1) <D

SET-1 A, â®£¤  [�
D

SET-1 A] ¥ ï¢«ï¥âáï Bn+1, ¯à®â¨¢®à¥ç¨¥.
�ãáâì A\R1 =2 D ï¢«ï¥âáïD-¬¨¨¬ «ìë¬¬®¦¥áâ¢®¬ ¤«ï ¥ª®â®à®£® R1 2 D ¨A0 = A\R1,

â®£¤  [�D

SET-1 A
0] ï¢«ï¥âáï ª®¥ç®© ¡ã«¥¢®©  «£¥¡à®© â¨¯  Bn. �«¥¤®¢ â¥«ì®, ¯® ¯à¥¤¯®«®¦¥-

¨î ¨¤ãªæ¨¨ A0 ï¢«ï¥âáï D-n-¬¨¨¬ «ìë¬,   ¨¬¥®, ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn�1. �®-
íâ®¬ã áãé¥áâ¢ãîâ â ª¨¥ R2; : : : ; Rn 2 D, çâ® A \R1 \R2 =2 D; : : : ; A \R1 \ � � � \Rn =2 D. � ª ª ª
A \ R1 =2 D, â® A ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn. � ª¨¬ ®¡à §®¬, A ï¢«ï¥âáï D-n+1-¬¨¨¬ «ì-
ë¬.

()). �ãáâì ¬®¦¥áâ¢® A D-n+1-¬¨¨¬ «ì®, â®£¤  A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn+1 ¨ ¥
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn. � ª¨¬ ®¡à §®¬, ¨¬¥¥¬

9R1; : : : ; Rn 2 D : A \R1 =2 D; A \R1 \R2 =2 D; : : : ; A \R1 \ � � � \Rn =2 D: (5)

�ãáâì A0 = A \ R1, £¤¥ R1 ¨§ (5), â®£¤  ¨§ ä®à¬ã«ë (5) á«¥¤ã¥â, çâ® A0 ¥ ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î Pn�1. � ª ª ª A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn+1, â® A0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Pn. � ª¨¬
®¡à §®¬, ¬®¦¥áâ¢® A0 ï¢«ï¥âáï D-n-¬¨¨¬ «ìë¬. �®£¤  ¯® ¯à¥¤¯®«®¦¥¨î ¨¤ãªæ¨¨ ¨¬¥¥¬,
çâ® [�D

SET-1 A
0] | ª®¥ç ï ¡ã«¥¢   «£¥¡à  â¨¯  Bn.

�áâ «®áì ¤®ª § âì, çâ® [A00]DSET-1 ï¢«ï¥âáï  â®¬®¬, â. ¥. ¬®¦¥áâ¢® A
00 ï¢«ï¥âáï D-¬¨¨¬ «ì-

ë¬, £¤¥ A00 = A \ R1, â. ª. [A]DSET-1 = [A0]DSET-1 _ [A
00]DSET-1 ¨, á«¥¤®¢ â¥«ì®, [A �D

SET-1] ï¢«ï¥âáï
ª®¥ç®© ¡ã«¥¢®©  «£¥¡à®© â¨¯  Bn+1.

�ãáâì A00 ¥ ï¢«ï¥âáï D-¬¨¨¬ «ìë¬, â®£¤  ¯® â¥®à¥¬¥ 5 áãé¥áâ¢ã¥â â ª®¥ ¬®¦¥áâ¢®
R0 2 D, çâ® A \ R1 \ R0 =2 D ¨ A \ R1 \ R0 =2 D. �ãáâì R0

1 = R1 \ R0 2 D, R0

2 = R1 2 D,
R0

3 = R2 2 D; : : : ; R
0

n+1 = Rn 2 D, £¤¥ R1; : : : ; Rn ¨§ ä®à¬ã«ë (5), â®£¤  A\R0

1 = A\R1 \R0 =2 D,

A\R
0

1\R
0

2 = A\ (R1[R0)\R1 = A\R0\R1 =2 D. �¬¥¥¬ R
0

1\R
0

2 = R1. �«¥¤®¢ â¥«ì®, á®£« á®
(5) ¨¬¥¥¬ A\R

0

1\R
0

2\R
0

3 = A\R1\R2 =2 D; : : : ; A\R
0

1\� � �\R
0

n\R
0

n+1 = A\R1\� � �\Rn�1\Rn =2 D

¨ A \ R
0

1 \ � � � \ R
0

n+1 = A \ R1 \ � � � \ Rn =2 D. � ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢® A ¥ ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î Pn+1. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. �

� áá¬®âà¨¬ ãá«®¢¨¥ P3. � ®¯à¥¤¥«¥¨¨ íâ®£® ãá«®¢¨ï ¯à¨áãâáâ¢ãîâ âà¨ ¬®¦¥áâ¢  R1, R2

¨ R3 ¨§ D. �®ª ¦¥¬, çâ® íâ® ãá«®¢¨¥ íª¢¨¢ «¥â® ¤àã£®¬ã, ¢ ª®â®à®¬ ¯à¨áãâáâ¢ãîâ â®«ìª®
¤¢  ¬®¦¥áâ¢  ¨§ D. � å®¦¤¥¨¥ â ª®£® ®¢®£® ãá«®¢¨ï ¯®§¢®«ï¥â ¡®«¥¥ ¯à®áâ® ¢ ª®ªà¥âëå
á«ãç ïå ¯à®¢¥à¨âì, ¢ë¯®«ï¥âáï íâ® ãá«®¢¨¥ ¨«¨ ¥â.

�®ª ¦¥¬, çâ® ¬®¦¥áâ¢® A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î P3 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥ áãé¥-
áâ¢ã¥â â ª¨å ¬®¦¥áâ¢ R1; R2 2 D, çâ® A \ R1 \ R2 =2 D, A \ R1 \ R2 =2 D, A \ R1 \ R2 =2 D ¨
A \R1 \R2 =2 D.

()). �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ â ª¨¥ ¬®¦¥áâ¢  R1; R2 2 D, çâ® A \ R1 \ R2 =2 D,
A \ R1 \ R2 =2 D, A \ R1 \ R2 =2 D ¨ A \ R1 \ R2 =2 D. �ãáâì R0

1 = R1 \ R2 2 D, R0

2 = R1 2 D ¨
R0

3 = R2 2 D, â®£¤  A\R0

1 = A\R1 \R2 =2 D, A\R
0

1 \R
0

2 = A\ (R1 [R2)\R1 = A\R1 \R2 =2 D,
A \ R

0

1 \ R
0

2 \ R0

3 = A \ R1 \ R2 =2 D ¨ A \ R
0

1 \ R
0

2 \ R
0

3 = A \ R1 \ R2 =2 D. � ª¨¬ ®¡à §®¬,
¬®¦¥áâ¢® A ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î P3. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

((). �à¥¤¯®«®¦¨¬, çâ® ¬®¦¥áâ¢® A ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î P3, â. ¥. áãé¥áâ¢ãîâ â ª¨¥
¬®¦¥áâ¢  R1; R2; R3 2 D, çâ® A\R1 =2 D, A\R1\R2 =2 D, A\R1\R2\R3 =2 D ¨A\R1\R2\R3 =2 D.
�ãáâì R0

1 = R1 [ (R3 \ R2) 2 D ¨ R0

2 = R1 [ R2 2 D, â®£¤  A \ R0

1 \ R0

2 = A \ R1 =2 D,
A\R

0

1\R
0

2 = A\R1\R2 =2 D, A\R0

1\R
0

2 = A\R1\R2\R3 =2 D ¨ A\R
0

1\R
0

2 = A\R1\R2\R3 =2 D.
�®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

�á¯®«ì§ãï à ááã¦¤¥¨ï, ®¯¨á ë¥ ¢ëè¥ ¤«ï ãá«®¢¨ï P3, ®¯¨è¥¬ ¢á¥ ãá«®¢¨ï P2n�1. �ãáâì
ç¨á«® n ä¨ªá¨à®¢ ®, â®£¤  ¤«ï «î¡®£® k 2 f0; : : : ; 2n � 1g á®¯®áâ ¢¨¬ â ªãî áâà®ªã � = �(k) =
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�n : : : �1 ¤«¨ë n, á®áâ®ïéãî â®«ìª® ¨§ 0 ¨ 1 (â. ¥. �i = 0 ¨«¨ = 1 ¤«ï 1 � i � n), çâ® k =
nP
i=1

�i �2i�1.

� ª¨¬ ®¡à §®¬, çâ®¡ë ¯®«ãç¨âì �,  ¤® § ¯¨á âì ç¨á«® k ¢ ¤¢®¨ç®© á¨áâ¥¬¥ áç¨á«¥¨ï, § â¥¬
¤®¡ ¢¨âì á«¥¢  ¥®¡å®¤¨¬®¥ ç¨á«® ã«¥©, çâ®¡ë ¤«¨  � áâ «  à ¢®© n.

�ãáâì R1; : : : ; Rn 2 D, â®£¤  ®¯à¥¤¥«¨¬ ¬®¦¥áâ¢  Rk
j 2 D á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì Rk

j =
Rj , ¥á«¨ �j = 0, ¨ Rk

j = Rj , ¥á«¨ �j = 1, ¤«ï 1 � j � n,   �(k) = �n : : : �1.

�¥®à¥¬  8. �ãáâì D |  «£¥¡à  ¬®¦¥áâ¢ ¨ A =2 D. �®¦¥áâ¢® A ã¤®¢«¥â¢®àï¥â ãá«®-

¢¨î P2n�1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥ áãé¥áâ¢ã¥â â ª¨å ¬®¦¥áâ¢ R1; : : : ; Rn 2 D, çâ®
A \Rk

1 \ � � � \R
k
n =2 D ¤«ï «î¡®£® k 2 f0; : : : ; 2n � 1g.
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