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�áá«¥¤®¢ ¨¥ ¯¥à¥®á  â¥¯«  á ¯®¬®éìî ¯à¥¤áâ ¢«¥¨ï ¯«®â®áâ¨ â¥¯«®¢®£® ¯®â®ª  W ¢
¢¨¤¥ ¯à®¨§¢¥¤¥¨ï £à ¤¨¥â  â¥¬¯¥à âãàë T   ª®íää¨æ¨¥â â¥¯«®¯à®¢®¤®áâ¨ K� (§ ª® �ã-
àì¥)

W = �K� grad T (1)

¥ ¢á¥£¤  ¯à¨¬¥¨¬®. �® ®£à ¨ç¥® âà¥¡®¢ ¨¥¬ ¬ «®áâ¨ ¤«¨ë ¨ ¢à¥¬¥¨ á¢®¡®¤®£® ¯à®¡¥-
£  ç áâ¨æ ¯® áà ¢¥¨î á å à ªâ¥àë¬¨ ¯à®áâà áâ¢¥®-¢à¥¬¥ë¬¨ ¬ áèâ ¡ ¬¨ ¨§¬¥¥¨ï
â¥¬¯¥à âãàë.

� àï¤ã á (1) ¨§¢¥áâ® £¨¯¥à¡®«¨ç¥áª®¥ ãà ¢¥¨¥ â¥¯«®¯à®¢®¤®áâ¨ ¢¨¤ 

W = �K� gradT � � @W
@t

; (2)

£¤¥ ¢ ¯à ¢ãî ç áâì ¢å®¤¨â ¯à®¨§¢®¤ ï ®â W ¯® ¢à¥¬¥¨, � | ¢à¥¬ï à¥« ªá æ¨¨ ¯«®â®áâ¨
¯®â®ª  â¥¯« . �à¨ ¯®áâ®ïëå § ç¥¨ïå ¯ à ¬¥âà®¢ K� ¨ � ¬®¤¥«ì (2) è¨à®ª® ¨á¯®«ì§ã¥âáï
á ¤ ¢¨å ¢à¥¬¥ ¢® ¬®£¨å ®¡« áâïå ä¨§¨ª¨ (á¬.,  ¯à., [1]{[3]). � à ¡®â å [4]{[6] (á¬. â ª¦¥
¡¨¡«¨®£à ä¨î ¢ ¨å)   «¨§ ¯à®æ¥áá®¢ â¥¯«®¯¥à¥®á  á ãç¥â®¬ à¥« ªá æ¨¨ â¥¯«®¢®£® ¯®â®ª 
¯à®¢®¤¨âáï ¢ ¢ëá®ª®â¥¬¯¥à âãàëå áà¥¤ å á ãç¥â®¬ ¥«¨¥©®© § ¢¨á¨¬®áâ¨ ª®íää¨æ¨¥â®¢
K� ¨ � ®â â¥à¬®¤¨ ¬¨ç¥áª¨å ¢¥«¨ç¨.

� ¤ ®© áâ âì¥ ¯¥à¥®á â¥¯«  á ¯®¬®éìî ¯à¥¤áâ ¢«¥¨ï ¯®â®ª  â¥¯«  ¢ ¢¨¤¥ (2) ¨áá«¥¤ã¥âáï
á ãç¥â®¬ ¢ áà¥¤¥ ®¡ê¥¬ëå ¨áâ®ç¨ª®¢ ¨«¨ áâ®ª®¢ í¥à£¨¨.

�¤¨¬ ¨§ ®â«¨ç¨â¥«ìëå á¢®©áâ¢ ®¯¨á ¨ï â¥¯«®¯¥à¥®á  á ¨á¯®«ì§®¢ ¨¥¬ £¨¯¥à¡®«¨ç¥-
áª®© ¬®¤¥«¨ (2) ï¢«ï¥âáï  «¨ç¨¥ à §àë¢ëå à¥è¥¨©. �¥¬¯¥à âãà  ¨ ¯«®â®áâì ¯®â®ª   
äà®â¥ â¥¬¯¥à âãà®© ¢®«ë ¨¬¥îâ á¨«ìë© à §àë¢.

�ç¥â ¢«¨ï¨ï ®¡ê¥¬ëå ¨áâ®ç¨ª®¢ ¨«¨ áâ®ª®¢ í¥à£¨¨ ¢®á¨â ®¯à¥¤¥«¥ãî á¯¥æ¨ä¨ªã  
å à ªâ¥à à á¯à¥¤¥«¥¨ï ¨áª®¬ëå ¢¥«¨ç¨.

1. � áá¬®âà¨¬ ¯¥à¥®á â¥¯«  ¢ ¥¯®¤¢¨¦®© áà¥¤¥ ¢ ¯à¨¡«¨¦¥¨¨ ¯«®áª®© á¨¬¬¥âà¨¨. �ãáâì
� | ¯«®â®áâì áà¥¤ë. �ë¡¥à¥¬ §  ¯à®áâà áâ¢¥ãî ª®®à¤¨ âã ¯¥à¥¬¥ãî m = �x. �®®â¢¥â-
áâ¢ãîé¥¥ ãà ¢¥¨¥ í¥à£¨¨ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

Cv

@T

@t
= �@W

@m
+Q; (3)

£¤¥ Cv = const | â¥¯«®¥¬ª®áâì áà¥¤ë, Q| «¨¡® ®¡ê¥¬ë© ¨áâ®ç¨ª (Q > 0), «¨¡® áâ®ª (Q < 0)
í¥à£¨¨. �§¬¥¥¨¥ ¯«®â®áâ¨ ¯®â®ª  â¥¯«  ®¯¨áë¢ ¥âáï ãà ¢¥¨¥¬

W = �K @T

@m
� � @W

@t
; K = K��: (4)

� ®¡é¥¬ á«ãç ¥ ¯ à ¬¥âàë K, � ¨ Q ï¢«ïîâáï äãªæ¨ï¬¨ â¥¬¯¥à âãàë, ¢¨¤ ª®â®àëå ¡ã¤¥â
à áá¬®âà¥ ¯à¨ ª®ªà¥â®¬ à¥è¥¨¨ § ¤ ç¨. �à¨ � � 0 à¥è¥¨¥ á¨áâ¥¬ë (3),(4) ï¢«ï¥âáï ¥-
¯à¥àë¢ë¬. �à¨ � 6= 0 äãªæ¨¨ T ¨ W ¨¬¥îâ á¨«ìë© à §àë¢.
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�«ï ¯®«ãç¥¨ï ãá«®¢¨©, ª®â®àë¬ ¤®«¦® ã¤®¢«¥â¢®àïâì ¨áª®¬®¥ à¥è¥¨¥ ¯à¨ ¯¥à¥å®¤¥
ç¥à¥§ á¨«ìë© à §àë¢ ¯à¨ ¯à®¨§¢®«ìëå ¢ëà ¦¥¨ïå äãªæ¨© � ¨ K, ãà ¢¥¨¥ (4) ¬®¦®
¯à¥¤áâ ¢¨âì,  ¯à¨¬¥à, ¢ ¢¨¤¥

@T

@m
= � @

@t

�
�

K
W

�
� W

K
+W

@

@t

�
�

K

�
: (5)

�à®¨â¥£à¨àã¥¬ ãà ¢¥¨ï (3) ¨ (5) ¯® ¬ «®©, á¦¨¬ îé¥©áï ¤® ã«¥¢®£® ®¡ê¥¬  ®¡« áâ¨ ¨§¬¥-
¥¨ï ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå (m; t), ¢ª«îç îé¥© ¢ á¥¡ï «¨¨î à §àë¢ . �¡®§ ç¨¬ ¨¤¥ªá®¬
\2" § ç¥¨ï §  äà®â®¬ à §àë¢ , ¨¤¥ªá®¬ \1" | § ç¥¨ï ¢¯¥à¥¤¨ à §àë¢ . �®®â¢¥âáâ¢ãî-
é¨¥  «£¥¡à ¨ç¥áª¨¥ á®®â®è¥¨ï (  «®£ ãá«®¢¨© �î£®¨® ¢ £ §®¢®© ¤¨ ¬¨ª¥) ¡ã¤ãâ ¨¬¥âì
¢¨¤

Cv(T2 � T1)D = �(W1 �W2); (6)

T1 � T2 = �
�
�2
K2

W2 � �1
K1

W1

�
D; (7)

£¤¥ D { \¬ áá®¢ ï" áª®à®áâì äà®â  à §àë¢ .
�â¬¥â¨¬, çâ® ¯à¨ � � 0 ¨§ (6), (7)  ¢â®¬ â¨ç¥áª¨ ¯®«ãç¨¬ ¥¯à¥àë¢®áâì ¨áª®¬ëå äãªæ¨©

  äà®â¥ ¢®«ë T2 = T1, W2 =W1.
�ä®à¬ã«¨àã¥¬ ª®ªà¥âãî § ¤ çã. �à¥¤¯®«®¦¨¬, çâ® ¯à¨ £à ¨ç®¬ ãá«®¢¨¨ ¢¨¤ 

T (0; t) = T�(t) (8)

¢ ¥¯®¤¢¨¦®© áà¥¤¥ à á¯à®áâà ï¥âáï ª« áá¨ç¥áª ï ¡¥£ãé ï ¢®« , â. ¥. ¨áª®¬ë¥ äãªæ¨¨
§ ¢¨áïâ ®â m ¨ t ¢ ª®¬¡¨ æ¨¨

F (m; t) = eF (y); y = Dt�m; (9)

£¤¥ D = const | áª®à®áâì ¡¥£ãé¥© ¢®«ë. �ãáâì ¯à¨ t = 0 ¨ ¢ á«ãç ¥ t > 0 ¢¯¥à¥¤¨ äà®â 
¢®«ë ¢ë¯®«ïîâáï ãá«®¢¨ï

T � 0; W � 0: (10)

�á¯®«ì§ãï § ¬¥ã ¯¥à¥¬¥ëå (9) ¨ ®¯ãáª ï â¨«ì¤ã ã ¨áª®¬ëå äãªæ¨©, á¨áâ¥¬ã ãà ¢¥¨©
(3), (4) § ¯¨è¥¬ ¢ ¢¨¤¥

CvD
dT

dy
� dW

dy
= Q; (11)

�D
dW

dy
�KdT

dy
+W = 0: (12)

� ª ª ª á¨áâ¥¬  ãà ¢¥¨© (11), (12) ¤®¯ãáª ¥â ¨¢ à¨ â®¥ ¯à¥®¡à §®¢ ¨¥ á¤¢¨£  y0 = y+y0,
£¤¥ y0 | ¯®áâ®ï ï, ¡ã¤¥¬ áç¨â âì ¤«ï ®¯à¥¤¥«¥®áâ¨, çâ® ¢ ¯¥à¥¬¥ëå y äà®â ¢®«ë
 å®¤¨âáï ¢ â®çª¥ y = 0 ¨, á«¥¤®¢ â¥«ì®, ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© m = Dt. �®§¬ãé¥®©
®¡« áâ¨ áà¥¤ë (m < Dt) á®®â¢¥âáâ¢ãîâ § ç¥¨ï ¢¥«¨ç¨ ¢ ¨â¥à¢ «¥ y � 0. �á«®¢¨ï (10)
¤®«¦ë ¢ë¯®«ïâìáï ¯à¨ y � 0. � â®çª¥ y = 0 ¨áª®¬ë¥ äãªæ¨¨ ¨¬¥îâ á¨«ìë© à §àë¢.
�â® § ç¨â, çâ® ¢ á«ãç ¥ � 6= 0 ¯à¨ y = 0 â¥¬¯¥à âãà  ¨ ¯«®â®áâì ¤®«¦ë ã¤®¢«¥â¢®àïâì
¥ ã«¥¢ë¬ ãá«®¢¨ï¬ (10),   á®®â¢¥âáâ¢ãîé¨¬ § ç¥¨ï¬ §  äà®â®¬ à §àë¢  (6),(7). �à¨
\ã«¥¢®¬ ä®¥" ¢¯¥à¥¤¨ à §àë¢  (10) ¨§ (6), (7) ¯®«ãç¨¬

W (0) =W2 = CvDT2; T (0) = T2 =
�2
K2

W2D:

�®¤ç¥àª¥¬ á«¥¤ãîé¥¥ ®¡áâ®ïâ¥«ìáâ¢®, ª®â®à®¥ ï¢«ï¥âáï ®¡é¨¬ ¯à¨ à¥è¥¨¨ ªà ¥¢ëå § ¤ ç
¬¥â®¤®¬ ¡¥£ãé¨å ¢®« [7]{[10]. �®®à¤¨ â , å à ªâ¥à¨§ãîé ï ¯®«®¦¥¨¥ ¯®àèï, ®¯à¥¤¥«ï¥â-
áï § ç¥¨¥¬ m = 0 ¨, á«¥¤®¢ â¥«ì®, ¢ ¯¥à¥¬¥ëå y | § ç¥¨¥¬ y = Dt. �âáî¤  ¬®¦®
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á¤¥« âì ¢ë¢®¤, çâ® äãªæ¨ï (8), ®â¢¥âáâ¢¥ ï §  ®¡à §®¢ ¨¥ ¢¯¥à¥¤¨ ¯®àèï ¡¥£ãé¥© ¢®«-
ë, ¢ ®¡é¥¬ á«ãç ¥ ®¯à¥¤¥«ï¥âáï ¥¯®áà¥¤áâ¢¥® ¨§ à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨© (11),(12) ¯à¨
á®®â¢¥âáâ¢ãîé¨å £à ¨çëå ãá«®¢¨ïå. �®« £ ï y = Dt, äãªæ¨î (8) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

T�(t) = T (Dt):

�à¨¬¥àë ª®ªà¥âëå à¥è¥¨© ¨áá«¥¤ã¥¬®© § ¤ ç¨ à áá¬®âà¨¬,  ¯¯à®ªá¨¬¨àãï ¯ à ¬¥âàë
K, � ¨ Q áâ¥¯¥ë¬¨ äãªæ¨ï¬¨ â¥¬¯¥à âãàë

K = K0T
a; � = �0T

a1 ; Q = Q0T
a2 : (13)

�ãáâì a > 0, a1 > 0, a1 < a, a2 > 0. �«ï ã¤®¡áâ¢  ¨áá«¥¤®¢ ¨ï ¢ë¡¥à¥¬ §  ¥§ ¢¨á¨¬ãî
¯¥à¥¬¥ãî â¥¬¯¥à âãàã T . �¨áâ¥¬ã (11), (12) á ãç¥â®¬ (13) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

dy

dT
=

K0T
a � �0CvD

2T a1

��0Q0DT a1+a2 +W
; (14)

dW

dT
=
�K0Q0T

a+a2 + CvDW

��0Q0DT a1+a2 +W
: (15)

I) �à¨ �0 = 0, Q0 6= 0   «¨§ à áá¬ âà¨¢ ¥¬®£® à¥è¥¨ï ¯à¨¢¥¤¥ ¢ [10]. � ®ªà¥áâ®áâ¨ â®çª¨
y = 0 (äà®â â¥¬¯¥à âãà®© ¢®«ë), ¢ ª®â®à®© ¨áª®¬ë¥ äãªæ¨¨ ã¤®¢«¥â¢®àïîâ ã«¥¢ë¬
ãá«®¢¨ï¬ (10),  á¨¬¯â®â¨ç¥áª®¥ à¥è¥¨¥ á¨áâ¥¬ë (14), (15) á â®ç®áâìî ¤® £« ¢ëå ç«¥®¢
®¯¨áë¢ ¥âáï ä®à¬ã« ¬¨

W = CvDT + � � � ; y =
K0

CvDa
T a + � � � (16)

�®à¬ã«ë (16) ¯à¨ Q0 = 0 ¤ îâ â®ç®¥ à¥è¥¨¥ § ¤ ç¨ ¢® ¢á¥© ®¡« áâ¨ y � 0 ([8], c. 59, 60).
a) �à¨ Q0 < 0 (¨¬¥îâ ¬¥áâ® ®¡ê¥¬ë¥ ¯®â¥à¨ í¥à£¨¨) á ã¢¥«¨ç¥¨¥¬ T äãªæ¨ï W ¢®§à -

áâ ¥â. � «¨§ ¯®ª §ë¢ ¥â, çâ® ¢ á«ãç ïå 1) a2 � a + 1 ¨¬¥¥¬ y ! 1 ¯à¨ T ! 1; 2) a2 > a + 1
¯¥à¥¬¥ ï y ¯à¨ T !1 áâà¥¬¨âáï ª ¥ª®â®à®¬ã ª®¥ç®¬ã § ç¥¨î y = y0, 0 < y0 <1. �â®
®§ ç ¥â, çâ® ¢ á«ãç ¥ 1) ¨áª®¬®¥ à¥è¥¨¥ áãé¥áâ¢ã¥â ¢® ¢á¥© ®¡« áâ¨ ¨§¬¥¥¨ï ¥§ ¢¨á¨¬®©
¯¥à¥¬¥®© 0 � y � 1 ¨, á«¥¤®¢ â¥«ì®, ¯à¨ «î¡®¬ t � 0; ¢ á«ãç ¥ 2) à áá¬ âà¨¢ ¥¬®¥ à¥è¥¨¥
¯à¨ Q0 < 0 \¬¥â áâ ¡¨«ì®": à¥è¥¨¥ áãé¥áâ¢ã¥â «¨èì ¯à¨ 0 � y � y0, y0 6=1 ¨, á«¥¤®¢ â¥«ì®,
ª®¥ç®¥ ¢à¥¬ï.

¡) �à¨ Q0 > 0 (¨áâ®ç¨ª í¥à£¨¨)   «¨§ ¯®ª §ë¢ ¥â [10], çâ® ¥§ ¢¨á¨¬® ®â á®®â®è¥¨ï
¬¥¦¤ã ¯ à ¬¥âà ¬¨ a ¨ a2 ¨áª®¬®¥ à¥è¥¨¥ â¨¯  ª« áá¨ç¥áª®© ¡¥£ãé¥© ¢®«ë áãé¥áâ¢ã¥â «¨èì
ª®¥ç®¥ ¢à¥¬ï.

II) �ãáâì â¥¯¥àì �0 6= 0, Q0 6= 0.
 ) �à¨ Q0 < 0 ¨§ (15) á«¥¤ã¥â, çâ® ¯à®¨§¢®¤ ï dW

dT
¢á¥£¤  ¯®«®¦¨â¥«ì : äãªæ¨ï W ¢®§-

à áâ ¥â á ã¢¥«¨ç¥¨¥¬ T . �à¨ íâ®¬, ®¤ ª®,  ç¨ ï á ¥ª®â®à®£® § ç¥¨ï â¥¬¯¥à âãàë T
¢®§¬®¦  á¬¥  § ª  ¯à®¨§¢®¤®© dy

dT
, çâ® ¡ã¤¥â ®§ ç âì ¯¥à¥å®¤ ç¥à¥§ \â®çªã ¯®¢®à®â " ªà¨-

¢®© y = y(T ) ¨ ¯®ï¢«¥¨¥ ¥®¤®§ ç®áâ¨ à¥è¥¨ï.
�¥¯®áà¥¤áâ¢¥ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® ¯à¨ y = 0, T = T2 ¨¬¥¥¬ K0T

a
2 � �0CvD

2T a1
2 = 0

¨, á«¥¤®¢ â¥«ì®, dy

dT

��
y=0; T=T2

= 0.

� áá¬®âà¨¬ ãà ¢¥¨¥ (14) ¢ ¡«¨¦ ©è¥© ®ªà¥áâ®áâ¨ T = T2, y = 0. �ãáâì T = T2+ eT , £¤¥ eT
| ¬ « ï ¢¥«¨ç¨ . �§ (14) ¯®á«¥ ¯à¥®¡à §®¢ ¨© ¨ á®®â¢¥âáâ¢ãîé¥£® ¨â¥£à¨à®¢ ¨ï ¯®«ãç¨¬

y =
1
2
G0

eT 2 + � � � ; (17)

£¤¥ G0 = (a�a1)K0T
a�1

2

CvDT
2
2
��0Q0DT

a+a1
2

> 0 | ¯®áâ®ï ï. �§ (17) á«¥¤ã¥â, çâ® ¢ ®ªà¥áâ®áâ¨ y = 0 á

à®áâ®¬ T ã¢¥«¨ç¨¢ ¥âáï ¯¥à¥¬¥ ï y. � «ì¥©è¥¥ à á¯à¥¤¥«¥¨¥ ¨áª®¬ëå ¢¥«¨ç¨ § ¢¨á¨â
®â á®®â®è¥¨ï ¬¥¦¤ã ¯®ª § â¥«ï¬¨ § ¢¨á¨¬®áâ¨ ®â â¥¬¯¥à âãàë ¯ à ¬¥âà®¢ K, � ¨ Q0. �
á«ãç ïå 1) a + 1 � 2a1 � a2 < 0 ¨áª®¬®¥ à¥è¥¨¥ áãé¥áâ¢ã¥â «¨èì   ª®¥ç®¬ ¨â¥à¢ «¥
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0 � y � y0 ¨, á«¥¤®¢ â¥«ì®, ª®¥ç®¥ ¢à¥¬ï; 2) a+1�2a1�a2 � 0 ¯à¨ T !1 ¯®«ãç ¥¬ y !1:
à¥è¥¨¥ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ áãé¥áâ¢ã¥â ¯à¨ «î¡®¬ 0 � y � 1, â. ¥. «î¡®¬ t � 0.

¡) �à¨Q0 > 0 a «¨§ ¯®ª §ë¢ ¥â, çâ® å à ªâ¥à à¥è¥¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ®¯à¥¤¥«ï¥â
ª ç¥áâ¢¥ ï ª àâ¨  à á¯à¥¤¥«¥¨ï ¨â¥£à «ìëå ªà¨¢ëå ãà ¢¥¨ï (15) ¢ ¯«®áª®áâ¨ (T;W ).

�à ¢¥¨¥ (15) ¨¬¥¥â ¤¢¥ ®á®¡ë¥ â®çª¨. �®çª  O(0; 0) ï¢«ï¥âáï á¥¤«®¬: ¥¤¨áâ¢¥ë¬¨ ªà¨-
¢ë¬¨ (á¥¯ à âà¨áá ¬¨), ¯à®å®¤ïé¨¬¨ ç¥à¥§ O, ï¢«ïîâáï ªà¨¢ë¥, ®¡à §ãîé¨¥ âà¨¢¨ «ì®¥ à¥-
è¥¨¥ ãà ¢¥¨ï T � 0, W � 0. �á®¡ ï â®çª  E(TK ;WK) ¨¬¥¥â á«¥¤ãîé¨¥ ª®®à¤¨ âë:

T = TK = (�0CvD
2=K0)

1
a�a1 ; W =WK = �0Q0DT

a1+a2
2 :

�¥¯®áà¥¤áâ¢¥ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® § ç¥¨¥ ª®®à¤¨ âë T = TK á®¢¯ ¤ ¥â á® § ç¥-
¨¥¬ â¥¬¯¥à âãàë §  äà®â®¬ à §àë¢  ¢ â®çª¥ y = 0: TK = T2 = �2

K2
W2D = (�0CvD

2=K0)
1

a�a1 .
�«ï ª ¦¤ëå § ¤ ëå W2 ¨ T2 ¯à¨ ä¨ªá¨à®¢ ëå § ç¥¨ïå ¯ à ¬¥âà®¢ Cv ¨ D ¯àï¬ ï
W2 = CvDT2 ¢ ¯«®áª®áâ¨ (T;W ) ®¡ï§ â¥«ì® ¯¥à¥á¥ª ¥âáï á ¯àï¬®© T = T2. � ç¥¨¥ ª®®à¤¨-
 âë W2 ¬®¦¥â  å®¤¨âìáï ¢ëè¥ ¨«¨ ¨¦¥ WK, ¢®§¬®¦® â ª¦¥ W2 =WK .

�®«®¦¨¬ T = TK+ eT ,W =WK+fW , £¤¥ eT ¨ fW | ¬ «ë¥ ¢¥«¨ç¨ë. �¨¥ à¨§¨àãï ãà ¢¥¨¥
(15) ¢ ®ªà¥áâ®áâ¨ ®á®¡®© â®çª¨ E(TK ;WK), ¯®«ãç¨¬

dfW
d eT =

�K0Q0(a+ a2)T
a+a2�1
K

eT + CvDfW
��0Q0D(a1 + a2)T

a1+a2�1
K

eT + fW : (18)

� «¨§ à¥è¥¨ï ãà ¢¥¨ï (18) ¯®ª §ë¢ ¥â, çâ® ¢ § ¢¨á¨¬®áâ¨ ®â § ç¥¨© ¯ à ¬¥âà®¢ § ¤ ç¨
®á®¡ ï â®çª  E(TK ;WK) ¬®¦¥â ¡ëâì «¨¡® ã§«®¬, «¨¡® ä®ªãá®¬. � ®¡®¨å á«ãç ïå ¢¥â¢¨ ¨â¥-
£à «ìëå ªà¨¢ëå ¢ ¯«®áª®áâ¨ (T;W ), á®®â¢¥âáâ¢ãîé¨¥ à¥è¥¨î  è¥© § ¤ ç¨, ¡ã¤ãâ ¨¬¥âì \¯®-
å®¦¨©" ª ç¥áâ¢¥ë© å à ªâ¥à. �¥©áâ¢¨â¥«ì®, ª ¦¤ ï ¨§ ¨â¥£à «ìëå ªà¨¢ëå W = W (T ),
¢ëå®¤ï,  ¯à¨¬¥à, ¨§ § ¤ ®© â®çª¨ A = A(T2;W

(1)
2 ), £¤¥  ç «ì®¥ § ç¥¨¥ ¯«®â®áâ¨ ¯®â®ª 

â¥¯«  W (1)
2 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î W (1)

2 > WK (â®çª  A à á¯®«®¦¥  ¢ëè¥ ®á®¡®© â®çª¨ E),
¨«¨ ¨§ â®çª¨ A0 = A0(T2;W

(2)
2 ), £¤¥W (2)

2 < WK (â®çª  A0  å®¤¨âáï ¨¦¥ â®çª¨ E), ¨«¨,  ª®¥æ,
¯à¨ ¤ «ì¥©è¥¬ ¢®§à áâ ¨¨ T ®¡ï§ â¥«ì® ¢ ¥ª®â®à®© â®çª¥ ¯¥à¥á¥ç¥â ¨§®ª«¨ã ¡¥áª®¥ç-
®áâ¥©, £¤¥ W (2)

2 = WK . �ç¥¢¨¤®, çâ® â®çª¨ ¯¥à¥á¥ç¥¨ï ¡ã¤ãâ ï¢«ïâìáï \â®çª ¬¨ ¯®¢®à®â "
à áá¬ âà¨¢ ¥¬ëå ¨â¥£à «ìëå ªà¨¢ëå W = W (T ): à¥è¥¨¥ ®ª ¦¥âáï ¥®¤®§ çë¬. �¥®¤-
®§ çë¬ ¯à¨ ¤ «ì¥©è¥¬ ¨§¬¥¥¨¨ T ®ª ¦¥âáï ¨ à¥è¥¨¥ ãà ¢¥¨ï (14), ®¯à¥¤¥«ïîé¥¥
¨§¬¥¥¨¥ äãªæ¨¨ y = y(T ). �«¥¤®¢ â¥«ì®, ¯à¨ Q0 > 0 ¨áª®¬®¥ à¥è¥¨¥   «®£¨ç® á«ãç î
� � 0 ¯à¨ «î¡®¬ á®®â®è¥¨¨ ¬¥¦¤ã ¯ à ¬¥âà ¬¨ a, a1 ¨ a2 áãé¥áâ¢ã¥â «¨èì   ª®¥ç®¬
¨â¥à¢ «¥ ¨§¬¥¥¨ï ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© y, 0 � y � y0, 0 < y0 <1, â. ¥. ª®¥ç®¥ ¢à¥¬ï.

2. � áá¬®âà¨¬ â¥¯¥àì ¯à¨¬¥àë ¯¥à¥®á  â¥¯«  ¬¥å ¨§¬®¬ £¨¯¥à¡®«¨ç¥áª®© â¥¯«®¯à®¢®¤-
®áâ¨ á ãç¥â®¬ ¤¢¨¦¥¨ï (áª®à®áâì v ¥ â®¦¤¥áâ¢¥® à ¢  ã«î). �«ï íâ®£® à áá¬®âà¨¬
ãà ¢¥¨ï £ §®¢®© ¤¨ ¬¨ª¨ ¢ ¯à¨¡«¨¦¥¨¨ ¯«®áª®© á¨¬¬¥âà¨¨ ¨ ¯à¥¤¯®«®¦¨¬ á¯à ¢¥¤«¨-
¢ë¬¨ ãà ¢¥¨ï á®áâ®ï¨ï ¨¤¥ «ì®£® £ §  p = R�T , " = (RT )=( � 1), £¤¥ p | ¤ ¢«¥¨¥, "
| ã¤¥«ì ï ¢ãâà¥ïï í¥à£¨ï, � | ¯«®â®áâì áà¥¤ë, R = ( � 1)Cv | £ §®¢ ï ¯®áâ®ï ï,
 | ¯®áâ®ï®¥ ®â®è¥¨¥ ã¤¥«ìëå â¥¯«®¥¬ª®áâ¥©. � ¬ áá®¢ëå ¯¥à¥¬¥ëå � £à ¦  m ¨ t
ã¯®¬ïãâ ï ¢ëè¥ á¨áâ¥¬  ¡ã¤¥â ¨¬¥âì ¢¨¤

@

@t

�
1
�

�
=

@v

@m
;
@v

@t
= � @p

@m
;

R

 � 1
@T

@t
= �p @v

@m
� @W

@m
+Q; W = �K @T

@m
� � @W

@t
: (19)

�¨áâ¥¬  (19) ¤®¯ãáª ¥â à §àë¢ë¥ à¥è¥¨ï, ¨ ¯à¨ � 6� 0 á¨«ìë¥ à §àë¢ë ¤®«¦ë ¨¬¥âì ¥
â®«ìª® £ §®¤¨ ¬¨ç¥áª¨¥, ® ¨ â¥¯«®¢ë¥ ¢¥«¨ç¨ë T ¨ W .

�à¨ ®¡®§ ç¥¨ïå,   «®£¨çëå ¨§«®¦¥ë¬ ¢ëè¥,  «£¥¡à ¨ç¥áª¨¥ á®®â®è¥¨ï   äà®â¥
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á¨«ì®£® à §àë¢  ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

D

�
1
�2
� 1
�1

�
= v1 � v2; (20)

D(v2 � v1) = �p1 + p2 = �R�1T1 +R�2T2; (21)

D

�
R

 � 1
(T2 � T1) + 1

2
(v22 � v21)

�
= �p1v1 �W1 + p2v2 +W2; (22)

T1 � T2 = �
�
�2
K2

W2 � �1
K1

W1

�
D: (23)

� ¬¥â¨¬, çâ® ¯à¨ � � 0, ¨á¯®«ì§ãï (23), ¥¯®áà¥¤áâ¢¥® ¨§ (20){(22) ¯®«ãç¨¬ á®®â®è¥¨ï,
á¯à ¢¥¤«¨¢ë¥ ¤«ï ¨§®â¥à¬¨ç¥áª®£® à §àë¢  ([8], c. 20; [9], c. 54),

T2 = T1;
�2
�1

=
D2

RT1�21
; v2 = v1 +

D

�1

�
1� �1

�2

�
; W2 =W1 � 1

2
D3

�21

�
1�

�
�1
�2

�2�
:

�ãáâì � 6� 0. �ë¯¨è¥¬ ãá«®¢¨ï   à §àë¢¥ ¤«ï á«ãç ï, ª®£¤  ¢¯¥à¥¤¨ à §àë¢  ¨áª®¬ë¥ äãªæ¨¨
¨¬¥îâ ã«¥¢ë¥ § ç¥¨ï, ¯®« £ ï ¯à¨ íâ®¬ �1 = �0, £¤¥ �0 |  ç «ì ï ¯«®â®áâì áà¥¤ë,

v1 = 0; T1 = 0; W1 = 0; �1 = �0; p1 = 0: (24)

�§ (20){(22) ¯®«ãç¨¬ á ãç¥â®¬ (24)

v2 =
D

�0

�
1� �0

�2

�
; T2 =

p2
R�2

=
1
R

D2

�20

�0
�2

�
1� �0

�2

�
;

W2 =
D3

2�20

�
1� �0

�2

��
 + 1
 � 1

�0
�2
� 1

�
; T2 =

�2
K2

W2D:

(25)

�á¯®«ì§ãï ä®à¬ã«ë (25), ®¯à¥¤¥«¨¬ ®â®è¥¨¥ ¯«®â®áâ¥©   äà®â¥ à §àë¢  ¯à¨ �2 6= 0

�2
�0

=
 + 1
 � 1

� 2K2

R�2D2
: (26)

� §àë¢ ¤®«¦¥ ¡ëâì ¢®«®© á¦ â¨ï: �2 > �0. � íâ®¬ á«ãç ¥ ¨§ (26) ¯®«ãç¨¬ D >
q

(�1)K2

R�2
.

�à ¢ ï ç áâì ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¨§¢¥áâãî ¬ áá®¢ãî áª®à®áâì à á-
¯à®áâà ¥¨ï â¥¯«  CT ¢ á«ãç ¥ à¥« ªá æ¨¨ â¥¯«®¢®£® ¯®â®ª  � 6= 0

CT =

s
( � 1)K

R�
:

�§ ¯à¥¤ë¤ãé¥£® ¥à ¢¥áâ¢  á«¥¤ã¥â, çâ® áª®à®áâì à §àë¢  ¡®«ìè¥ áª®à®áâ¨ CT2 §  á¢®¨¬ äà®-
â®¬. � ¤àã£®© áâ®à®ë, çâ® á«¥¤ã¥â ¨§ á®®¡à ¦¥¨© í¢®«îæ¨®®áâ¨ á¨«ì®£® à §àë¢ , áª®à®áâì
äà®â  à §àë¢  ¤®«¦  ¡ëâì ¬¥ìè¥ áª®à®áâ¨ §¢ãª  §  á¢®¨¬ äà®â®¬, â. ¥. D < C2 =

p
RT2 ��2.

�ä®à¬ã«¨àã¥¬ â¥¯¥àì  ¢â®¬®¤¥«ìãî § ¤ çã ® ¯®àè¥ ¢ ¯à¥¤¯®«®¦¥¨¨, çâ® ¯ à ¬¥âàëK,
� , Q ï¢«ïîâáï áâ¥¯¥ë¬¨ äãªæ¨ï¬¨ â¥¬¯¥à âãàë ¨ ¯«®â®áâ¨

K = K0T
a�b+1; � = �0T

a1�b1 ; Q = Q0T
a2�b2

¯à¨ ãá«®¢¨ïå a > 0, a > a1 > 0, a2 > 0.
�ãáâì â¥¯«®¢®© à¥¦¨¬   ¯®àè¥ ¨ áª®à®áâì ¯®àèï, § ¤ ë¥ ¢ ¯«®áª®áâ¨ m = 0, ¨¬¥îâ

¢¨¤

T (0; t) = T0t
n0 ; v(0; t) = v0t

n1 : (27)

42



� «¨§ à §¬¥à®áâ¥© ¯®ª §ë¢ ¥â, çâ® à¥è¥¨¥ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ï¢«ï¥âáï  ¢â®¬®¤¥«ì-
ë¬, ¥á«¨ ¢ë¯®«ïîâáï á®®â®è¥¨ï [6]

n1 = 0:5n0; a = 1 +
1
n0
; a1 =

1
n0
; a2 = 1� 1

n0
; n0 6= 0: (28)

�à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (28) ¨áå®¤ãî á¨áâ¥¬ã ¢ ç áâëå ¯à®¨§¢®¤ëå (19) § ¬¥®© ¯¥à¥¬¥-
ëå ¢¨¤ 

s =
m

�0
p
RT0 tn

; �(s) =
v(m; t)p
RT0 t0:5n0

; �(s) =
�(m; t)
�0

; f(s) =
T (m; t)
T0tn0

;

�(s) = �(s)f(s) =
p(m; t)
�0RT0tn0

; !(s) =
W (m; t)

�0
p
RT0RT0tg

;

(29)

£¤¥ n = 0:5n0 + 1, g = 1:5n0, ¬®¦® á¢¥áâ¨ ª á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬¥ ®¡ëª®¢¥ëå ¤¨ää¥-
à¥æ¨ «ìëå ãà ¢¥¨© ®â®á¨â¥«ì® s. �®á«¥ ¯à¥®¡à §®¢ ¨©, ®¡®§ ç ï ¯à®¨§¢®¤ãî ¯® s
èâà¨å®¬, ãª § ãî á¨áâ¥¬ã ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

�0 =
ns

�2
�0; �0 = �0:5n0�+ n2s2

�2
�0; !0 =

1
 � 1

[�n0f + nsf 0] + ( � 1)f
ns

�
�0 + eQ;

f 0 =
e� �1:5n0! + n0ns

�1
f � ns eQ�+ ! + n2s2e�

�
f�0fK�n2s2eC2

T

� 1
� ; �0 =  =�;

£¤¥  = ��2
�
0:5n0�fK�n2s2eC2

T

� 1
�
+ �e��1:5n0! + n0ns

( � 1)f
� ns eQ�+ e�!�;

� = fK�n2s2eC2
T

� 1
�
(�2f � n2s2) + n2s2e��2f; (30)

fK = cK0f
a�b+1; e� = b�0fa1�b1 ; eQ = bQ0f

a2�b2 ; eCT =

s
( � 1)fKe� :

�¥§à §¬¥àë¥ ¯®áâ®ïë¥ cK0, b�0 ¨ bQ0 ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨: cK0 = K0R
�2T a�1

0 �b�10 , b�0 =
�0T

a1
0 �b10 , bQ0 = Q0R

�1T a2�1
0 �b20 . � ¯¥à¥¬¥ëå (29) £à ¨çë¥ ãá«®¢¨ï ¯®àèï (27) ¯à¨ s = 0

¡ã¤ãâ ¨¬¥âì ¢¨¤
f(0) = 1; �(0) = �0 = v0=

�p
RT0

�
:

�á«®¢¨ï \ ç «ì®£® ä® " (24) ¤®«¦ë ¢ë¯®«ïâìáï ¢ ¥ª®â®à®© ª®¥ç®© â®çª¥ s = s0,
0 < s0 <1, ¢¯¥à¥¤¨ äà®â  à §àë¢ 

�(s0) = 0; f(s0) = 0; �(s0) = 0; !(s0) = 0; �(s0) = 1: (31)

�áª®¬ë¥ äãªæ¨¨ ¯à¨ s = s0 ¤®«¦ë ã¤®¢«¥â¢®àïâì á¢®¨¬ § ç¥¨ï¬ ¯®§ ¤¨ äà®â  à §àë¢ .
� ¯¥à¥¬¥ëå (29) íâ¨ ãá«®¢¨ï ¨¬¥îâ ¢¨¤

�(s0) = �2 = ns0(1� 1=�2); �(s0) = �2 = n2s20(1� 1=�2);

f(s0) = �2=�2; !(s0) = !2 =
1
2
n3s30(1� 1=�2)

��
 + 1
 � 1

�
=�2 � 1

�
;

�(s0) = �2 =
1

 � 1

�
 + 1� 2

eC2
T2

n2s20

�
; eCT =

s
( � 1)

cK0b�0 fa�a1�b+1�b1 :
�  äà®â¥ â¥¬¯¥à âãà®© ¢®«ë, à á¯®«®¦¥®© ¢ ª®¥ç®© â®çª¥ s = s0, 0 < s0 <1, ¨áª®¬ë¥
¢¥«¨ç¨ë ¨¬¥îâ á¨«ìë© à §àë¢.

�®   «®£¨¨ á® á«ãç ¥¬ � � 0 [8], [9] ¬®¦® ®æ¥¨âì ¢®§¬®¦ë© ª ç¥áâ¢¥ë© å à ªâ¥à
®¡é¥© áâàãªâãàë à áá¬ âà¨¢ ¥¬®© § ¤ ç¨.

43



�áå®¤ï ¨§ á¢®©áâ¢ ¨áª®¬ëå ¢¥«¨ç¨ ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ á¨«ìë© à §àë¢, ¨¬¥¥¬ ns0 > eCT2 ,eC2 = �2
p
f2 > ns0, ¨, á«¥¤®¢ â¥«ì®, ¢ â®çª¥ s = s0 ¢ë¯®«ï¥âáï ãá«®¢¨¥ �(s0) > 0. (� ç câ®áâ¨,

¯à¨ � � 0 ¯®«ãç¨¬ � = fK(n2s2 � �2f) ¨, á«¥¤®¢ â¥«ì®, �(s0) > 0 ¯à¨ f(s0) = 0.) �  ¯®àè¥
¯®«ãç¨¬ �(0) = ��2ffK < 0. �® £¨¯®â¥â¨ç¥áª®¬ã ¯à¥¤¯®«®¦¥¨î (¯®¤â¢¥à¦¤¥®¬ã ¬®£¨¬¨
ç¨á«¥ë¬¨ à áç¥â ¬¨) à¥è¥¨¥ ¢ ®¡« áâ¨ 0 < s < s0 ¥¯à¥àë¢®, â®£¤  áãé¥áâ¢ã¥â â®çª 
s = sK , ¢ ª®â®à®© �(sK) = 0, ®  (sK) 6= 0. � «¨§ ¯®ª §ë¢ ¥â, çâ® íâ  â®çª  ¥áâì â®çª 
¯®¢®à®â  ¨â¥£à «ì®© ªà¨¢®© � = �(s) ¨ ¤àã£¨å ¨áª®¬ëå ¢¥«¨ç¨. �à¨ ¤ «ì¥©è¥¬ ¨§¬¥¥¨¨
s à¥è¥¨¥ ®ª ¦¥âáï ¥®¤®§ çë¬.

�®íâ®¬ã ¬®¦® á¤¥« âì ¢ë¢®¤, çâ® ¢ ®¡« áâ¨ 0 < s < s0 ¤®«¦¥ áãé¥áâ¢®¢ âì à §àë¢. � §-
àë¢ à á¯®«®¦¥ ¢ ¥ª®â®à®© â®çª¥ s = s1 6= sK, 0 < s1 < s0. �à¨ � � 0 íâ®â à §àë¢ ï¢«ï¥âáï ¨§®-
â¥à¬¨ç¥áª¨¬,  å®¤ïé¨¬áï ¢ £«ã¡¨¥ äà®â  ¥¯à¥àë¢®© â¥¬¯¥à âãà®© ¢®«ë, ¤¢¨¦ãé¥©áï
¯® ä®ã (31). � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥, ª®£¤  � 6� 0, ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¢â®à®© \¢ãâà¥¨©"
à §àë¢ £ §®¤¨ ¬¨ç¥áª¨å ¨ â¥¯«®¢ëå ¢¥«¨ç¨. � ç¥¨¥ ª®®à¤¨ âë s = s1, å à ªâ¥à¨§ãîé¥©
¯®«®¦¥¨¥ äà®â  ¢ãâà¥¥£® à §àë¢ , â ª ¦¥, ª ª ¨ § ç¥¨¥ ª®®à¤¨ âë s = s0, å à ªâ¥à¨-
§ãîé¥© ¯®«®¦¥¨¥ à §àë¢  äà®â  ó¯¥à¥¤¥©ô â¥¬¯¥à âãà®© ¢®«ë, § à ¥¥ ¥¨§¢¥áâë. �¨
ï¢«ïîâáï ¯ à ¬¥âà ¬¨, ª®â®àë¥ ®¯à¥¤¥«ïîâáï ¥¯®áà¥¤áâ¢¥® ¨§ à¥è¥¨ï à áá¬ âà¨¢ ¥¬®©
§ ¤ ç¨.
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