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1. �®à¬ã«¨à®¢ª  ®á­®¢­ëå à¥§ã«ìâ â®¢. �®¤ ª®à­¥¢®© á¨áâ¥¬®© R ¡ã¤¥¬ ¯®­¨¬ âì â®«ìª®
¯à¨¢¥¤¥­­ãî á¨áâ¥¬ã á ­¥¤¥«¨¬ë¬¨ ª®à­ï¬¨ (á¬. [1]).

�ãáâì R | ª®à­¥¢ ï á¨áâ¥¬  à ­£  r ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ E á® áª «ïà­ë¬ ¯à®¨§¢¥-
¤¥­¨¥¬ (� j �), � = f�1; : : : ; �rg | ­¥ª®â®à ï ¥¥ ¯®¤á¨áâ¥¬  ¯à®áâëå ª®à­¥© ¨ R = R+ [ R� |
à §¡¨¥­¨¥ R ­  ®âà¨æ â¥«ì­ãî ¨ ¯®«®¦¨â¥«ì­ãî ç áâ¨ ®â­®á¨â¥«ì­® �.

�«£¥¡àã �¨ L = L+ ­ ¤ ¯à®¨§¢®«ì­ë¬ ¯®«¥¬ K ­ §®¢¥¬  «£¥¡à®© â¨¯  R+, ¥á«¨ ®­  ¨¬¥¥â
à §«®¦¥­¨¥

L =
M
�2R+

L�;

ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬
1) dimL� � 1 8� 2 R+;
2) [L�; L�] � L�+� 8�; � 2 R+ ([L�; L�] = 0, ¥á«¨ �+ � =2 R);
3) dimLi = 1 ¨ L ¯®à®¦¤¥­  ¯®¤¯à®áâà ­áâ¢®¬ �r

i=1Li, £¤¥ Li = L�i , i = 1; : : : ; r.
�­ «®£¨ç­®, ¨á¯®«ì§ãï R� ¢¬¥áâ® R+, ¬®¦­® ®¯à¥¤¥«¨âì  «£¥¡àã �¨ L� â¨¯  R� ­ ¤ K.
�ãáâì L|  «£¥¡à  �¨ ­ ¤ ¯®«¥¬K â¨¯  R+. �«ï ª ¦¤®£® ¯à®áâ®£® ª®à­ï �i 2 � ¢ë¡¥à¥¬ ¨

§ ä¨ªá¨àã¥¬ ­¥ª®â®àë© ­¥­ã«¥¢®© ¢¥ªâ®à fi ª®à­¥¢®£® ¯®¤¯à®áâà ­áâ¢ : Li = K fi, i = 1; : : : ; r.
�ãáâì a = (i1; i2; : : : ; im), 1 � is � r, | ã¯®àï¤®ç¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨­¤¥ªá®¢; ç¥à¥§

'a ¡ã¤¥¬ ®¡®§­ ç âì ¢¥á 'a = �i1 + � � �+ �im (®¯à¥¤¥«ï¥¬ë© a),   ç¥à¥§ fa | í«¥¬¥­â1

fa = fi1;i2;:::;im = [fi1 ; fi2 ; fi3 ; : : : ; fim ]:

�®á«¥¤®¢ â¥«ì­®áâì a = (i1; i2; : : : ; im) ­ §®¢¥¬ ¯à ¢¨«ì­®©, ¥á«¨ �i1 + � � � + �is 2 R ¤«ï ¢áï-
ª®£® s = 1; : : : ;m. �® ®¯à¥¤¥«¥­¨î  «£¥¡àë �¨ â¨¯  R+ ¨¬¥¥¬ fa = 0, ¥á«¨ a ­¥ ï¢«ï¥âáï
¯à ¢¨«ì­®©, ¨ (¥á«¨ ¤«ï ¤ ­­ëå R ¨ K  «£¥¡à  â¨¯  R+ áãé¥áâ¢ã¥â) ¤«ï ª ¦¤®£® ' 2 R+

ª®à­¥¢®¥ ¯®¤¯à®áâà ­áâ¢® L' «¨­¥©­® ¯®à®¦¤ ¥âáï í«¥¬¥­â ¬¨ fa, ã ª®â®àëå a | ¯à ¢¨«ì­ ï
¯®á«¥¤®¢ â¥«ì­®áâì â ª ï, çâ® 'a = '.

�­®¦¥áâ¢ã R0 = R[f0g á®¯®áâ ¢¨¬ ®à¨¥­â¨à®¢ ­­ë© £à ä á à áªà è¥­­ë¬¨ (¯®áà¥¤áâ¢®¬
¨­¤¥ªá®¢ 1 � i � r) ¤ã£ ¬¨ á«¥¤ãîé¨¬ ®¡à §®¬: ¢¥àè¨­ë £à ä  ®â®¦¤¥áâ¢¨¬ á í«¥¬¥­â ¬¨
R0, ¤¢¥ ¢¥àè¨­ë � ¨ � á®¥¤¨­¨¬ ¤ã£®© á ­ ç «®¬ �, ª®­æ®¬ � ¨ ¨­¤¥ªá®¬ i â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  � = � + �i. �®«ãç¥­­ë© £à ä ­ §®¢¥¬ áå¥¬®© ª®à­¥¢®© á¨áâ¥¬ë R ®â­®á¨â¥«ì-

­® �.2 �ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® âã ç áâì â ª®© áå¥¬ë, ¢¥àè¨­ë ª®â®à®© á®áâ®ïâ ¨§ ¢¥á®¢
R+[f0g (®áâ «ì­ ï, ®âà¨æ â¥«ì­ ï, ç áâì á¨¬¬¥âà¨ç­  ¯®«®¦¨â¥«ì­®© ®â­®á¨â¥«ì­® 0 á ¨§¬¥-
­¥­¨¥¬ ­ ¯à ¢«¥­¨ï áâà¥«®ª). � ¦¤ãî ¯à ¢¨«ì­ãî ¯®á«¥¤®¢ â¥«ì­®áâì a = (i1; : : : ; im) ¡ã¤¥¬
®â®¦¤¥áâ¢«ïâì á ¯ãâ¥¬ ®â 0 ¤® 'a ¯® ¤ã£ ¬ ¢ ¯®«®¦¨â¥«ì­®¬ ­ ¯à ¢«¥­¨¨ ¨ á ­®¬¥à ¬¨ ¢
¯®àï¤ª¥, § ¤ ­­®¬ a. � ª ç¥áâ¢¥ ¯à¨¬¥à  ¯à¨¢e¤e¬ áå¥¬ë ¤«ï B4, C4 ¨ F4 (à¨á. 1, 2 ¨ 3 á®®â-
¢¥âáâ¢¥­­®).

1�¤¥áì ¨ ¢áî¤ã ­¨¦¥ ¤«ï ¯à ¢®-­ ¯à ¢«¥­­ëå «¨¥¢ëå á«®¢ ¨á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨¥ [x1; x2; x3; : : : ; xm] =
[: : : [[x1; x2]; x3]; : : : ; xm].

2�¬¥áâ® \ª®à­¥¢®© á¨áâ¥¬ë" â®ç­¥¥ ¡ë«® ¡ë áª § âì \¢¥á®¢®© á¨áâ¥¬ë ¯à¨á®¥¤¨­¥­­®£® ¯à¥¤áâ ¢«¥-
­¨ï";  ­ «®£¨ç­ë© £à ä ¬®¦­® ®¯à¥¤¥«¨âì ¤«ï ¢¥á®¢®© á¨áâ¥¬ë á «î¡ë¬ áâ àè¨¬ ¢¥á®¬.
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�¨á. 3

�ã£ã ¢ áå¥¬¥ ª®à­¥© ­ §®¢¥¬ ®á®¡®©, ¥á«¨ á®®â¢¥âáâ¢ãîé¨© ¥© ¯à®áâ®© ª®à¥­ì (â. ¥. á â¥¬ ¦¥
­®¬¥à®¬) ®àâ®£®­ «¥­ ª®à­î, ¨§ ª®â®à®£® ¨áå®¤¨â ¤ ­­ ï ¤ã£ . � ¯à¨¢¥¤¥­­ëå áå¥¬ å ®á®¡ë¥
¤ã£¨ ¨§®¡à ¦ îâáï ¦¨à­ë¬¨ áâà¥«ª ¬¨. �®®â¢¥âáâ¢¥­­®, ¢ ¯à ¢¨«ì­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨
a = (i1; i2; : : : ; im) ¨­¤¥ªá it, t = 3; : : : ;m, ­ §®¢¥¬ ®á®¡ë¬, ¥á«¨ ®­ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (�i1 +
� � �+ �it�1 j �it) = 0. �¡®§­ ç¨¬ ç¥à¥§ u(a) ç¨á«® ®á®¡ëå ¨­¤¥ªá®¢ ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ a.

�á«¨ ª®à­¥¢ ï á¨áâ¥¬  R ­¥ à á¯ ¤ ¥âáï (â. ¥. ­¥¯à¨¢®¤¨¬  ¯® [1]), â® ¤«ï 1 � i; j � r ç¥à¥§
d(i; j) ®¡®§­ ç¨¬ à ááâ®ï­¨¥ ¬¥¦¤ã ¢¥àè¨­ ¬¨ �i ¨ �j (¯® ªà âç ©è¥¬ã ¯ãâ¨) ¢ áå¥¬¥ �ë­ª¨­ ,
â ª çâ® d(i; i) = 0 ¨ d(i; j) = 1, ¥á«¨ (�i j �j) 6= 0.
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�à ¢¨«ì­ë© ¯ãâì ­ §®¢¥¬ à¥£ã«ïà­ë¬, ¥á«¨ áà¥¤¨ ¯ãâ¥©, ®¯à¥¤¥«ïîé¨å â®â ¦¥ ª®à¥­ì, ®­
á®¤¥à¦¨â ¬¨­¨¬ «ì­®¥ ç¨á«® ®á®¡ëå ¤ã£. �ç¥¢¨¤­®, à¥£ã«ïà­ë© ¯ãâì ¤® «î¡®£® ª®à­ï � 2 R+

¢á¥£¤  áãé¥áâ¢ã¥â.
�« ¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© à ¡®âë ï¢«ï¥âáï

�¥®à¥¬  1. �ãáâì R | ­¥¯à¨¢®¤¨¬ ï ª®à­¥¢ ï á¨áâ¥¬  à ­£  r, L |  «£¥¡à  �¨ â¨-

¯  R+ ­ ¤ ¯à®¨§¢®«ì­ë¬ ¯®«¥¬ K ¨ f1; : : : ; fr | ¥¥ ®¡à §ãîé¨¥ í«¥¬¥­âë (Li = Kfi). �á«¨
charK = p 6= 2, â® ¤«ï «î¡ëå ¤¢ãå ¯à ¢¨«ì­ëå ¯ãâ¥© a = (i1; i2; : : : ; im) ¨ b = (j1; j2; : : : ; jm),
®¯à¥¤¥«ïîé¨å ®¤¨­ ª®à¥­ì (â. ¥. 'a = 'b), ¢ L ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

2�u(a)fa = (�1)d(i1;j1) 2�u(b)fb (1)

¨«¨, ª®£¤  a | à¥£ã«ïà­ë© ¯ãâì,

fb = (�1)d(i1;j1) 2u(b)�u(a)fa: (2)

�®á«¥¤­¥¥ à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¨ ¢ á«ãç ¥ p = 2. � ç áâ­®áâ¨, ¢ «î¡®¬ á«ãç ¥ ¤«ï ¢á¥å

� 2 R+ ¨¬¥¥¬ dimL� = 1.

� ¬¥ç ­¨¥ 1. � ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 1 ¬®¦­® ­¥ âà¥¡®¢ âì ­¥¯à¨¢®¤¨¬®áâ¨ R, â. ª. ¯à -
¢¨«ì­ë¥ ¯ãâ¨ ¬®£ãâ á®¤¥à¦ âì ¨­¤¥ªáë ¯à®áâëå ª®à­¥©, ¯à¨­ ¤«¥¦ é¨å â®«ìª® ®¤­®¬ã ­¥-
¯à¨¢®¤¨¬®¬ã á« £ ¥¬®¬ã R.

� ¬¥ç ­¨¥ 2. � áå¥¬ å ª®à­¥¢ëå á¨áâ¥¬ Ar, Dr, Er ¨ G2 ®á®¡ëå ¤ã£ ­¥â, â. ¥. ¨¬¥¥¬ u(a) = 0
¤«ï «î¡®£® ¯à ¢¨«ì­®£® a. � á«ãç ¥ Br (¨ C2) ¤«ï «î¡ëå ¤¢ãå ¯à ¢¨«ì­ëå ¯ãâ¥© a, b, áå®¤ï-
é¨åáï ¢ ®¤­®¬ ª®à­¥, ¨¬¥¥¬ u(a) = u(b) (= 0 ¨«¨ 1). � ª¨¬ ®¡à §®¬, ¬­®¦¨â¥«ì 2u ¢ (2)
¯à¨áãâáâ¢ã¥â â®«ìª® ¯à¨ R = Cr, r � 3, ¨ R = F4.

�à¨¢¥¤¥¬ ­¥áª®«ìª® á«¥¤áâ¢¨©, ª®â®àë¥ «¥£ª® ¯®«ãç îâáï ¨§ (1).

�«¥¤áâ¢¨¥ 1. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 p 6= 2, â® fa 6= 0 â®£¤  ¨ â®«ìª®, ª®£¤  a | ¯à -
¢¨«ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì. �á«¨ p = 2, â® fa 6= 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  a | à¥£ã«ïà­ë©
¯ãâì, ¨ ¤«ï ¤¢ãå à¥£ã«ïà­ëå ¯ãâ¥© a ¨ b, ®¯à¥¤¥«ïîé¨å ®¤¨­ ª®à¥­ì, ä®à¬ã«  (2) ¯à¨­¨¬ ¥â
¢¨¤ fa = fb.

� ª¨¬ ®¡à §®¬, ¥á«¨ a | à¥£ã«ïà­ë© ¯ãâì, â® fa 6= 0 ¯à¨ «î¡®© å à ªâ¥à¨áâ¨ª¥ ¯®«ï K.
�ãáâì L = L(x1; : : : ; xr) | á¢®¡®¤­ ï  «£¥¡à  �¨ ­ ¤ ¯®«¥¬ K, ¯®à®¦¤¥­­ ï x1; : : : ; xr,

¨ Q+ | ¯®«ã£àã¯¯  ¢ £àã¯¯¥ Q à ¤¨ª «ì­ëå ¢¥á®¢ ª®à­¥¢®© á¨áâ¥¬ë R, ¯®à®¦¤¥­­ ï �, â. ¥.
Q+ = fk1�1+ � � �+kr�r j ki 2 Z; ki � 0g. �¬¥¥¬ £à ¤ã¨à®¢ªã L =

L
�2Q+

L�, £¤¥ ¤«ï � = k1�1+ � � �+

kr�r 2 Q
+ ¯®¤¯à®áâà ­áâ¢® L� ¯®à®¦¤¥­® «¨¥¢ë¬¨ á«®¢ ¬¨ á®áâ ¢  (k1; : : : ; kr) ¨ L0 = 0. �à ¢®-

­ ¯à ¢«¥­­®¥ «¨¥¢® á«®¢® xa = [xi1 ; : : : ; xis ] ­ §®¢¥¬ ¯à ¢¨«ì­ë¬ (á®®â¢¥âáâ¢¥­­® à¥£ã«ïà­ë¬),
¥á«¨ ¯à ¢¨«ì­®© (á®®â¢¥âáâ¢¥­­® à¥£ã«ïà­®©) ï¢«ï¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì a = (i1; : : : ; is), ¨
«¨¥¢® á«®¢® xa ­ §®¢¥¬ £à ­¨ç­ë¬, ¥á«¨ ®­® ­¥¯à ¢¨«ì­®¥, ­® á«®¢® [xi1 ; : : : ; xis�1 ] ï¢«ï¥âáï
¯à ¢¨«ì­ë¬. �ãáâì J | ¨¤¥ « ¢ L, ¯®à®¦¤¥­­ë© ¢á¥¬¨ £à ­¨ç­ë¬¨ á«®¢ ¬¨ ¨ LK = LK(R) =
L=J . �¤¥ « J ï¢«ï¥âáï ®¤­®à®¤­ë¬ ®â­®á¨â¥«ì­® Q+, â. ª. ®¤­®à®¤­ë ®¡à §ãîé¨¥. �®íâ®¬ã ­ 
LK ¨­¤ãæ¨àã¥âáï £à ¤ã¨à®¢ª  LK =

L
�2R+

LK� .

�«¥¤áâ¢¨¥ 2. 1. �«£¥¡à  �¨ LK ï¢«ï¥âáï  «£¥¡à®© â¨¯  R+.
2. �à¨ ®¡®§­ ç¥­¨ïå â¥®à¥¬ë 1 ¤«ï «î¡ëå ¯à ¢¨«ì­ëå á«®¢ xa; xb 2 L�, � 2 R+ ¨¬¥¥¬

2�u(a)xa � (�1)d(i1;j1) 2�u(b)xb 2 J :

3. �«ï ¯à®¨§¢®«ì­®© ª®à­¥¢®© á¨áâ¥¬ë R ¨ «î¡®£® ¯®«ï K  «£¥¡à  â¨¯  R+ áãé¥áâ¢ã¥â ¨ á
â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  ®¯à¥¤¥«¥­  ®¤­®§­ ç­®.
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�ãáâì R0 = R [ f0g; ¯®¤  «£¥¡à®© �¨ â¨¯  R ­ ¤ ¯à®¨§¢®«ì­ë¬ ¯®«¥¬ K ¡ã¤¥¬ ¯®­¨¬ âì
£à ¤ã¨à®¢ ­­ãî ¯® R0  «£¥¡àã1

L =
M
�2R0

L�; (3)

¢ ª®â®à®© ¯®¤ «£¥¡àë L� =
L

�2R�
L� ¨ L+ =

L
�2R+

L� ï¢«ïîâáï  «£¥¡à ¬¨ â¨¯  R� ¨ R+ á®-

®â¢¥âáâ¢¥­­®,   L0 = H «¨­¥©­® ¯®à®¦¤¥­  í«¥¬¥­â ¬¨ [L��i ; L�j ], i; j = 1; : : : ; r. �à®¬¥ â®£®,
¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® H ­¥ á®¤¥à¦¨â ­¥­ã«¥¢ëå í«¥¬¥­â®¢, ¤¥©áâ¢ãîé¨å ª ª 0 ­  L� ¨ L+,
¨ ¯®â®¬ã ª®¬¬ãâ â¨¢­a (â. ª. ¤«ï «î¡ëå u� 2 L�, � 2 R ¨ h; h0 2 H ¨¬¥¥¬ [u�; [h; h0]] = 0).

�¡à §ãîé¨¥ ¯®¤ «£¥¡à L� ¨ L+ ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ e1; : : : ; er ¨ f1; : : : ; fr á®®â¢¥âáâ¢¥­­®,
â. ¥. L�i = L��i = Kei, Li = L�i = Kfi, i = 1; : : : ; r. � á¨«ã £à ¤ã¨à®¢ª¨ (3)

[ei; hj ] = �aijei; [fi; hj ] = aijfi; [ei; fj] = ��ijhj ; i; j = 1; : : : ; r; (4)

£¤¥ A = (aij) | ­¥ª®â®à ï r � r-¬ âà¨æ  ­ ¤ K,   h1; : : : ; hr | «¨­¥©­ë¥ ®¡à §ãîé¨¥ H.

�¥®à¥¬  2. �ãáâì R| ­¥à §«®¦¨¬ ï ª®à­¥¢ ï á¨áâ¥¬ . �«£¥¡à  L = L��H�L+ ï¢«ï¥â-

áï  «£¥¡à®© â¨¯  R â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬ âà¨æ  A ¨¬¥¥â ¢¨¤ A = C 0T , £¤¥ C 0 = (c0ij)
| ¯à¨¢¥¤¥­­ ï ¬ âà¨æ  � àâ ­  (­ ¤ Z) á¨áâ¥¬ë R,   T = diagf�1; : : : ; �rg | ¤¨ £®­ «ì­ ï

¬ âà¨æ  ­ ¤ K (¨, á«¥¤®¢ â¥«ì­®, aij = �j 
 c0ij = �jc
0
ij 2 K). �áª«îç¥­¨¥ á®áâ ¢«ï¥â á«ãç ©,

ª®£¤  R = B2 (¨«¨ C2) ¨ å à ªâ¥à¨áâ¨ª  ¯®«ï K à ¢­  3, ¢ ª®â®à®¬ 2 � 2-¬ âà¨æ  A ¨¬¥¥â

¢¨¤

A =
�
2 �
�1 2

��
�1 0
0 �2

�
(5)

¤«ï «î¡ëå �; �1; �2 2 K.

�®¤ ¯à¨¢¥¤¥­­®© ¬ âà¨æ¥© � àâ ­  ¯®­¨¬ ¥¬ ¬ âà¨æã C 0 = (c0ij), c
0
ij = cij=�j , £¤¥ �j =

(c1j ; : : : ; crj) | ­ ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ¢á¥å í«¥¬¥­â®¢ j-£® áâ®«¡æ  ¢ ®¡ëç­®© ¬ âà¨æ¥
� àâ ­  C = (cij), cij =

2(�ij�j)

(�j j�j)
. �à¨ íâ®¬ �j 6= 1 â®«ìª® ¢ á«ãç ¥, ª®£¤  R = Br ¨ j = r (¯à¨

(�r j �r) < (�i j �i) ¤«ï i < r), ¨ ¢¢¥¤¥­¨¥ C 0 ¢¬¥áâ® C ¨¬¥¥â á¬ëá« â®«ìª® ¯à¨ charK = 2.
�á«¨ �i = 0 ¨ R0 | ¬­®¦¥áâ¢® ª®à­¥© 
 = m1�1 + � � � +mi�i + � � � +mr�r 2 R, ã ª®â®àëå

mi 6= 0, â® ¯®¤ «£¥¡à  I = �
2R0L
 ï¢«ï¥âáï ¨¤¥ «®¬ ¢ L ¨ L=I |  «£¥¡à  �¨ â¨¯  R n R0.
�®íâ®¬ã ¥áâ¥áâ¢¥­­® ­ «®¦¨âì ­   «£¥¡àë �¨ â¨¯  R ¥é¥ âà¥¡®¢ ­¨¥ det T 6= 0.

�«¥¤áâ¢¨¥ 3. �«£¥¡à  �¨ â¨¯  R á ãá«®¢¨¥¬ detT 6= 0 á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  ®¯à¥-
¤¥«¥­  ®¤­®§­ ç­® (¤«ï ¤ ­­ëå R ¨ K) §  ¨áª«îç¥­¨¥¬ á«ãç ï R = C2, p = 3, ª®£¤  ¨¬¥¥âáï
¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®  «£¥¡à (á¬. [2] ¨ [3]).

�¬¥­­® íâ  ®¤­®§­ ç­®áâì á«ã¦¨â ®¯à ¢¤ ­¨¥¬ âà¥¡®¢ ­¨ï detT 6= 0, ­ ª« ¤ë¢ ¥¬®£® ­ 
 «£¥¡àë â¨¯  R. �á«¨ ¯®âà¥¡®¢ âì â®«ìª® ª®à­¥¢®¥ à §«®¦¥­¨¥ ¯® R, â® ¢ ¬ «ëå å à ªâ¥à¨-
áâ¨ª å ®¤­®§­ ç­®áâ¨ ¢ ®¡é¥¬ á«ãç ¥ ­¥ ¡ã¤¥â.

� §¨á fy�; � 2 R+g  «£¥¡àë �¨ â¨¯  R+ ­ §®¢¥¬ à¥£ã«ïà­ë¬, ¥á«¨ y� = fb, £¤¥ b| à¥£ã«ïà-
­ë© ¯ãâì ¤«ï ¢á¥å � 2 R+. � §¨á fx�; � 2 R�; hi; i = 1; : : : ; r; y�; � 2 R+g  «£¥¡àë �¨ â¨¯ 
R ­ §®¢¥¬ à¥£ã«ïà­ë¬, ¥á«¨ ®­ á®áâ ¢«¥­ ¨§ à¥£ã«ïà­ëå ¡ §¨á®¢ L� ¨ L+ (â. ¥. x� = ea, £¤¥ ea
®¯à¥¤¥«¥­ â ª ¦¥, ª ª ¨ fa á § ¬¥­®© fi ­  ei),   hi = [ei; fi], i = 1; : : : ; r. �¥£ã«ïà­ë¥ ¡ §¨áë
®¯à¥¤¥«ïîâáï á â®ç­®áâìî ¤® ¢ë¡®à  à¥£ã«ïà­ëå ¯ãâ¥© a, b ¤«ï ª ¦¤®£® �, � á®®â¢¥âáâ¢¥­­®,
â. ¥. ¢ á¨«ã (2) á â®ç­®áâìî ¤® §­ ª®¢.

�«¥¤áâ¢¨¥ 4. �¥£ã«ïà­ë© ¡ §¨á ¢  «£¥¡à å �¨ â¨¯  R+ ¨ R ­ ¤ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ 0
ï¢«ï¥âáï æ¥«®ç¨á«¥­­ë¬ (â. ¥. ¢á¥ ¥£® áâàãªâãà­ë¥ ª®­áâ ­âë «¥¦ â ¢ Z).

1�®ç­¥¥, ¯® £àã¯¯¥ à ¤¨ª «ì­ëå ¢¥á®¢ Q = Q(R) á ­®á¨â¥«¥¬ R0.
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� ¬¥â¨¬, çâ® ¢ ®¡é¥¬ á«ãç ¥ à¥£ã«ïà­ë© ¡ §¨á ­¥ á®¢¯ ¤ ¥â á ¡ §¨á®¬ �¥¢ ««¥ ¨ à¥¤ãªæ¨¨
ª ¯®«ï¬ ¬ «ëå å à ªâ¥à¨áâ¨ª ®â­®á¨â¥«ì­® íâ¨å ¡ §¨á®¢ ¬®£ãâ ¯à¨¢®¤¨âì ª ­¥¨§®¬®àä­ë¬
 «£¥¡à ¬1. �ãé¥áâ¢ãîâ ¨ ¤àã£¨¥ æ¥«®ç¨á«¥­­ë¥ ¡ §¨áë, ª®â®àë¥ ¯à¨¢®¤ïâ ª ¤àã£¨¬ ­¥¨§®-
¬®àä­ë¬  «£¥¡à ¬, ­® ¯¥à¥ç¨á«¥­¨¥ ¯®«ãç ¥¬ëå â ª¨¬ ®¡à §®¬ ¢®§¬®¦­®áâ¥© âà¥¡ã¥â ®â¤¥«ì-
­®£® à áá¬®âà¥­¨ï.

2. �¥ª®â®àë¥ á¢®©áâ¢  ª®à­¥¢®© á¨áâ¥¬ë. �ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ ��� ã£®« ¬¥¦¤ã ¢¥ªâ®-
à ¬¨ � ¨ � ¢ E (��� � �) ¨, ¥á«¨ R0 | ¯à®¨§¢®«ì­®¥ ¯®¤¬­®¦¥áâ¢® ¢ ª®à­¥¢®© á¨áâ¥¬¥ R, â®
R0 = hR0iZ\R ¡ã¤¥¬ ­ §ë¢ âì ¯®¤á¨áâ¥¬®© ¢ R, ¯®à®¦¤¥­­®© R0.

�¥¬¬  1. �ãáâì �, �, 
 | ª®à­¨ ¨§ R â ª¨¥, çâ® ¢á¥ � + �, � + 
, 
 + �, � + � + 

¯à¨­ ¤«¥¦ â R. �®£¤ 

1) f���; ��
; �
�g = f 2�
3
; 2�

3
; �
2
g;

2) eá«¨ �
� = �

2
, â® ¯à¨ á®®â¢¥âáâ¢ãîé¥© ­®à¬¨à®¢ª¥ ¨¬¥¥¬

(� j �) = (� j �) = (
 j 
) = 1; (6)

(� j 
) = 0; (� j �) = (� j 
) = �
1
2
; (7)

3) ª®à­¥¢ ï ¯®¤á¨áâ¥¬  R0 ¢ R, ¯®à®¦¤¥­­ ï �, �, 
, ¨¬¥¥â â¨¯ C3 ¨ (¯à¨ �
� = �

2
)

á®áâ®¨â ¨§ ª®à­¥©

��; ��; �
; �(�+�); �(�+
); �(�+
); �(�+�+
); �(��+
); �(�+2�+
); (8)

4) ¢ ç áâ­®áâ¨,

 = 
 � � 2 R;    + �; 2�+ � =2 R: (9)

�®ª § â¥«ìáâ¢®. 1�. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¥á«¨ ¢ ª®à­¥¢ãî á¨áâ¥¬ã R ¢å®¤ïâ ¤¢ 
ª®à­ï ' ¨  , ã£®« ¬¥¦¤ã ª®â®àë¬¨ à ¢¥­ �' = 5�

6
, â® ¯®¤á¨áâ¥¬ , ¯®à®¦¤¥­­ ï ' ¨  , ¥áâì G2.

�¥©áâ¢¨â¥«ì­®, à ­£ íâ®© ¯®¤á¨áâ¥¬ë, ®ç¥¢¨¤­®, à ¢¥­ 2. �® áà¥¤¨ ¢á¥å áãé¥áâ¢ãîé¨å ç¥âëà¥å
ª®à­¥¢ëå á¨áâ¥¬ à ­£  2 â®«ìª® G2 á®¤¥à¦¨â â ªãî ¯ àã ¢¥ªâ®à®¢.

2�. �á«®¢¨ï, ­ «®¦¥­­ë¥ ¢ «¥¬¬¥ ­  ª®à­¨ �, �, 
, ¢ ç áâ­®áâ¨, ®§­ ç îâ, çâ® áà¥¤¨ ª®à­¥©
�, �, 
, �+ �, � + 
, 
 + �, �+ � + 
 ­¥â ­¨ ­ã«¥¢ëå, ­¨ ¯à®¯®àæ¨®­ «ì­ëå.

3�. �ãáâì R0 | ¯®¤á¨áâ¥¬  ¢ R, ¯®à®¦¤¥­­ ï �, �, 
. �®£¤  ¥¥ à ­£ à ¢¥­ âà¥¬, ®­  ­¥¯à¨-
¢®¤¨¬  ¨

��� + ��
 + �
� < 2�: (10)

�¥©áâ¢¨â¥«ì­®, ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© «¥£ª® ã¡¥¤¨âìáï, çâ® ­¨ ®¤­  ¨§ ª®à­¥¢ëå á¨áâ¥¬
à ­£  �2 ­¥ á®¤¥à¦¨â âà®©ª¨ ª®à­¥©, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ «¥¬¬ë. � «¥¥, ¥á«¨ R0 =
R1 �R2, â® ª ¦¤®¥ á« £ ¥¬®¥ ¤®«¦­® á®¤¥à¦ âì å®âï ¡ë ®¤¨­ ª®à¥­ì ¨§ �, �, 
. �â® ¯à®â¨¢®-
à¥ç¨â ãá«®¢¨î �+ �, � + 
, 
 + � 2 R.

4�. �à¥¤¨ ���, ��
, �
� ­¥ ¬®¦¥â ¡ëâì ã£«®¢ 30�, 45�, 60�, 150�. � á ¬®¬ ¤¥«¥, ¥á«¨ �' = 30�

¨«¨ 45�, â® ' +  =2 R. � ª ª ª à ­£ R0 à ¢¥­ 3 ¨ íâ  ¯®¤á¨áâ¥¬  ­¥¯à¨¢®¤¨¬ , â® ¢ á¨«ã 1�

¢ R0 ­¥ ¬®¦¥â ¡ëâì ¤¢ãå ª®à­¥© á ã£«®¬ 150� (¯®áª®«ìªã ­¥¯à¨¢®¤¨¬ ï ª®à­¥¢ ï á¨áâ¥¬  ­¥
¬®¦¥â á®¤¥à¦ âì ¯®¤á¨áâ¥¬ã G2). �® íâ®© ¦¥ ¯à¨ç¨­¥ ­¥ ¬®¦¥â ¡ëâì ã£«  60�. �á«¨, ­ ¯à¨¬¥à,
��� = 60�, â® ��;�+� = 30�,   ���;�+� = 150�.

5�. � ª¨¬ ®¡à §®¬, áà¥¤¨ ���, ��
, �
� ¬®£ãâ ¡ëâì â®«ìª® ã£«ë 90�, 120�, 135�, â. ¥. ¨¬¥¥â
¬¥áâ® ®¤­  ¨§ á«¥¤ãîé¨å ¢®§¬®¦­®áâ¥©:

(a) f90�; 90�; 90�g; (b) f90�; 90�; 120�g; (c) f90�; 90�; 135�g;

(d) f90�; 120�; 120�g; (e) f90�; 120�; 135�g;

â. ª. ®áâ «ì­ë¥ âà®©ª¨ ¨§ ãª § ­­ëå ã£«®¢ ­¥ ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã (10).

1� ¯à¨¬¥à, ¢ á«ãç ïå G2 ¯à¨ p = 2 ¨ 3, Cr ¯à¨ p = 2.
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6�. �á«¨ �'; = 90� ¨ '+  2 R, â® (' j ') = ( j  ) = 1 (¯à¨ á®®â¢¥âáâ¢ãîé¥© ­®à¬¨à®¢ª¥).
�¥©áâ¢¨â¥«ì­®, ¥á«¨ '; =2 G2, â® áà¥¤¨ ¢®§¬®¦­ëå á¨áâ¥¬ à ­£  2 ®áâ ¥âáï â®«ìª® B2, ¢ ª®â®à®©
íâ® ãá«®¢¨¥ ¨¬¥¥â ¬¥áâ®.

7�. �áá«¥¤ã¥¬ ª ¦¤ë© ¨§ á«ãç ¥¢ (a){(e).
(a) (� j �) = (� j �) = (
 j 
) = 1) (�+�+
 j �+�+
) = 3, çâ® ¢ ­ è¥¬ á«ãç ¥ ­¥¢®§¬®¦­®.
(b) �á«¨ (� j 
) = 0, (� j 
) = 0; (� j �) = � 1

2
; (� j �) = (� j �) = (
 j 
) = 1, â®

(�+ 
 j � + 
) = 1
2
= 2 cos ��+
;�+
. �âáî¤  cos ��+
;�+
 = 1

4
, ç¥£® ­¥ ¬®¦¥â ¡ëâì.

�«ãç © (c) ®â¯ ¤ ¥â, â. ª. ¥á«¨ ¤¢  ã£«  ¨§ âà¥å à ¢­ë 90�, â® ¯® ¤®ª § ­­®¬ã ¢á¥ ¢¥ªâ®àë �,
�, 
 ¨¬¥îâ ¥¤¨­¨ç­ãî ¤«¨­ã. �¤­ ª® ¤¢  ª®à­ï ®¤¨­ ª®¢®© ¤«¨­ë ­¥ ¬®£ãâ ¨¬¥âì ã£®« ¢ 135�.

�«ãç © (e) ®â¯ ¤ ¥â ¯® â®© ¦¥ ¯à¨ç¨­¥.
�áâ ¥âáï â®«ìª® á«ãç © (d): f90�; 120�; 120�g. �à¨ íâ®¬ ¨¬¥¥¬ (� j �) = (� j �) = (
 j 
) = 1,

¨, ¥á«¨ (� j 
) = 0, â® (� j 
) = (� j �) = � 1
2
, â. ¥. ¨¬¥¥¬ (6) ¨ (7).

8�. �ãáâì æ¥«ë¥ ­¥®âà¨æ â¥«ì­ë¥ ç¨á«  p' ¨ q' ®¯à¥¤¥«¥­ë  -á¥à¨¥©, á®¤¥à¦ é¥© ' (â. ¥.
' + i 2 R â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �p' � i � q' ). � ¬¥â¨¬, çâ® ¥á«¨ (' j  ) = 0, â®
p' = q' < 2, â. ª. ¨­ ç¥  -á¥à¨ï, á®¤¥à¦ é ï ', á®áâ®ï«  ¡ë ­¥ ¬¥­¥¥ ç¥¬ ¨§ ¯ïâ¨ ç«¥­®¢.
�®íâ®¬ã «¨¡® p' = q' = 1 ¨ ' +  , ' �  2 R,   ' + 2 , ' � 2 =2 R, «¨¡® p' = q' = 0 ¨
'+  , '�  =2 R.

9�. �¥¯®áà¥¤áâ¢¥­­® ¨§ ãá«®¢¨© «¥¬¬ë ¯®¤á¨áâ¥¬  R0 ¤®«¦­  á®¤¥à¦ âì 14 ª®à­¥©:
��;��; : : : ;�(� + � + 
). �à®¬¥ â®£®, ¢ á¨«ã § ¬¥ç ­¨ï 8� ¨ ¯¥à¢®£® à ¢¥­áâ¢  (7) R0 ¤®«¦­ 
á®¤¥à¦ âì ¥é¥ ¤¢  ª®à­ï �(� � 
). � â¥¬, ¢ á¨«ã (6) ¨ (7) ¨¬¥¥¬ (� + � + 
 j �) = 0. �®íâ®¬ã
®¯ïâì ¢¢¨¤ã ãá«®¢¨© ¨ § ¬¥ç ­¨ï 1� �(� + 2� + 
) 2 R0. � à¥§ã«ìâ â¥ R0 ¤®«¦­  á®¤¥à¦ âì
¢á¥ 18 ª®à­¥© (8). � ª ª ª ª®à­¨ �, �, 
 «¨­¥©­® ­¥§ ¢¨á¨¬ë, â® ¢á¥ 18 ª®à­¥© (8) à §«¨ç­ë
¨ ¤àã£¨å ª®à­¥© ¢ R0 ¡ëâì ­¥ ¬®¦¥â, ¯®áª®«ìªã ª®à­¥¢®© á¨áâ¥¬ë à ­£  3 á ç¨á«®¬ ª®à­¥©
¡®«ìè¥ 18 ­¥ áãé¥áâ¢ã¥â.

10�. �®«®¦¨¬ �1 = �, �2 = �, �3 = �� + 
. �®£¤  ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® íâ¨ ª®à­¨
á®áâ ¢«ïîâ ¯à®áâãî ¯®¤á¨áâ¥¬ã ¢ ª®à­¥¢®© á¨áâ¥¬¥ R0 â¨¯  C3. �à¨ç¥¬ ¢á¥ ª®à­¨ (8) á® §­ ª®¬
+ áãâì ¯®«®¦¨â¥«ì­ë¥ æ¥«®ç¨á«¥­­ë¥ «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ª®à­¥© �1, �2, �3.

�®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë á«¥¤ã¥â ¨§ (8).

�¥¬¬  2. �á«¨ ª®à¥­ì ' â ª®©, çâ® ' = � + �i ¨ ' = 
 + �j, £¤¥ �i, �j | ¯à®áâë¥

­¥à ¢­ë¥ ª®à­¨,   �, 
 | ¯à®¨§¢®«ì­ë¥ ª®à­¨, â® áãé¥áâ¢ã¥â â ª®© ª®à¥­ì  , çâ®  +�j = �
¨  + �i = 
.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¥á«¨ �; �; 
 2 R ¨ � + � + 
 2 R, â® á«ãç ©,
ª®£¤  �+ � 2 R,   � + 
, 
 +� =2 R, ­¥ ¬®¦¥â ¨¬¥âì ¬¥áâ . �¥©áâ¢¨â¥«ì­®, ¯ãáâì R | ª®à­¥¢ ï
á¨áâ¥¬ , á®¤¥à¦ é ï â ª¨¥ ª®à­¨, ¨ G | ¯®«ã¯à®áâ ï  «£¥¡à  �¨ ­ ¤ C á ¤ ­­®© ª®à­¥¢®©
á¨áâ¥¬®©. �®£¤  ¢¥ªâ®àë e�, e�, e
 , £¤¥ e' 6= 0 ®§­ ç ¥â á®®â¢¥âáâ¢ãîé¨© ª®à­¥¢®© ¢¥ªâ®à, ­¥
ã¤®¢«¥â¢®àïîâ â®¦¤¥áâ¢ã �ª®¡¨: [[e�; e� ]; e
 ] + [[e�; e
 ]; e�] + [[e
 ; e�]; e�] 6= 0.

� ãá«®¢¨ïå «¥¬¬ë ¨¬¥¥¬ � = 
 + �j + (��i). � ª ª ª 
 + �j | ª®à¥­ì,   �j + (��i) | ­¥
ª®à¥­ì (ª ª à §­®áâì ¯à®áâëå), â® ¢ á¨«ã â®«ìª® çâ® á¤¥« ­­®£® § ¬¥ç ­¨ï  = 
 + (��i) |
ª®à¥­ì, ª®â®àë© ¨ ¡ã¤¥â ¨áª®¬ë¬.

�à¥¤«®¦¥­¨¥ 1. �á«¨ a ¨ b | ¯à ¢¨«ì­ë¥ ¯ãâ¨, ®¯à¥¤¥«ïîé¨¥ ®¤¨­ ¨ â®â ¦¥ ª®à¥­ì

' = 'a = 'b, â® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¯à ¢¨«ì­ëå ¯ãâ¥© a0; a1; : : : ; as, ¢ ª®â®à®©
¢á¥ ¯ãâ¨ ®¯à¥¤¥«ïîâ â®¦¥ ª®à¥­ì ', a0 = a, as = b, ¨ ª ¦¤ë¥ ¤¢  á®á¥¤­¨å ¯ãâ¨ at ¨ at+1,
t = 0; : : : ; s� 1, ®â«¨ç îâáï â®«ìª® ®¤­®© âà ­á¯®§¨æ¨¥© ¤¢ãå àï¤®¬ áâ®ïé¨å ¨­¤¥ªá®¢.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¨­¤ãªæ¨¥© ¯® ¤«¨­¥ m ¯ãâ¥© a ¨ b, ®á­®¢ ­¨¥ (m = 1; 2)
ª®â®à®© ®ç¥¢¨¤­®. �ãáâì a = (i1; : : : ; im), b = (j1; : : : ; jm) ¨ ¤«ï ¯ãâ¥© ¤«¨­ë < m (m � 3)
ãâ¢¥à¦¤¥­¨¥ ¯à¥¤«®¦¥­¨ï á¯à ¢¥¤«¨¢®. �®«®¦¨¬ a0 = (i1; : : : ; im�1), b0 = (j1; : : : ; jm�1) ¨ i = im,
j = jm (â ª¨¬ ®¡à §®¬, a = (a0; i), b = (b0; j)). �á«¨ i = j, â® ¯à¥¤¯®«®¦¥­¨¥ ¨­¤ãªæ¨¨ ¯à¨¬¥­¨¬®
ª a0 ¨ b0, ª®â®àë¥ ¢ íâ®¬ á«ãç ¥ ®¯à¥¤¥«ïîâ ®¤¨­ ª®à¥­ì ¨ ¨¬¥îâ ¤«¨­ã m� 1.
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�ãáâì i 6= j ¨ � = 'a0 , 
 = 'b0 . �® «¥¬¬¥ 2 áãé¥áâ¢ã¥â ª®à¥­ì  â ª®©, çâ®  + �j = �
¨  + �i = 
. �ãáâì c | ­¥ª®â®àë© ¯à ¢¨«ì­ë© ¯ãâì, ®¯à¥¤¥«ïîé¨© ª®à¥­ì  (¥£® ¤«¨­ 
à ¢­  m � 2). �®£¤  (c; j) ¨ a0 ®¯à¥¤¥«ïîâ �,   (c; i) ¨ b0 ®¯à¥¤¥«ïîâ 
. �á¥ íâ¨ ¯ãâ¨ ¨¬¥-
îâ ¤«¨­ã m � 1, ¨ ª ­¨¬ ¯à¨¬¥­¨¬® ¯à¥¤¯®«®¦¥­¨¥ ¨­¤ãªæ¨¨. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ãîâ
¤¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯ãâ¥© a0 = a00; a

0
1; : : : ; a

0
s = (c; j) ¨ (c; i) = b00; b

0
1; : : : ; b

0
t = b0, ¢ ª®â®-

àëå ¢á¥ ¯ãâ¨ ¯¥à¢®© ®¯à¥¤¥«ïîâ �,   ¢â®à®© | 
, ¨ ¢ ª®â®àëå á®á¥¤­¨¥ ¯ãâ¨ à §«¨ç îâ-
áï â®«ìª® ®¤­®© âà ­á¯®§¨æ¨¥© àï¤®¬ áâ®ïé¨å ¨­¤¥ªá®¢. � â ª®¬ á«ãç ¥ ¯®á«¥¤®¢ â¥«ì­®áâì
a = (a00; i); (a

0
1; i); : : : ; (a

0
s; i) = (c; j; i); (c; i; j) = (b00; j); (b

0
1; j); : : : ; (b

0
t; j) = b ï¢«ï¥âáï ¨áª®¬®© ¤«ï

a ¨ b.

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.

�¥¬¬  3. �ãáâì a, b, c | âà¨ ¯à ¢¨«ì­ëå ¯ãâ¨, ®¯à¥¤¥«ïîé¨å ®¤¨­ ¨ â®â ¦¥ ª®à¥­ì,

á ¯¥à¢ë¬¨ ¨­¤¥ªá ¬¨ i1, j1, k1 á®®â¢¥âáâ¢¥­­®. Eá«¨ ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

2�u(a)fa = (�1)d1 2�u(c)fc; 2�u(c)fc = (�1)d22�u(b)fb; (11)

â® á¯à ¢¥¤«¨¢® ¨ à ¢¥­áâ¢®

2�u(a)fa = (�1)d 2�u(b)fb; (12)

£¤¥ d1 = d(i1; k1), d2 = d(k1; j1) ¨ d = d(i1; j1).

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¥á«¨ i, j, k | ­®¬¥à  âà¥å à §«¨ç­ëå ¢¥àè¨­
(¯à®áâëå ª®à­¥©) ¢ á¢ï§­®© áå¥¬¥ �ë­ª¨­ , â® ç¨á«®

d(i; j) + d(j; k) + d(k; i) (13)

¢á¥£¤  ç¥â­®¥. �¥©áâ¢¨â¥«ì­®, ¯ãáâì á­ ç «  ¢á¥ âà¨ ¢¥àè¨­ë i, j, k ­ å®¤ïâáï ­  ®¤­®© ¢¥â¢¨
¨ ¯ãáâì ¢¥àè¨­  j ­ å®¤¨âáï ¬¥¦¤ã i ¨ k. �®£¤  ®ç¥¢¨¤­®, çâ® d(i; k) = d(i; j) + d(j; k), ®âáî¤ 
á«¥¤ã¥â ç¥â­®áâì (13). � ª ª ª ¢á¥ ¢¥àè¨­ë ¢å®¤ïâ ¢ (13) á¨¬¬¥âà¨ç­®, â® á«ãç © ®¤­®© ¢¥â¢¨
¤®ª § ­.

�ãáâì ¢¥àè¨­ë i, j, k ­ å®¤ïâáï ­  à §­ëå ¢¥â¢ïå (á«ãç © D ¨«¨ E) ¨ s | ¢¥àè¨­  à §-
¢¥â¢«¥­¨ï ¤«ï ­¨å. �ãáâì d(i; s) = x, d(j; s) = y, d(k; s) = z. �®£¤  d(i; j) = x+ y, d(i; k) = x+ z,
d(j; k) = y + z, ®âáî¤  ç¨á«® (13) à ¢­® 2x+ 2y + 2z, â. ¥. ®­® ¢­®¢ì ç¥â­®. �àã£¨å á«ãç ¥¢ ­¥â.

�§ ¯¥à¢ëå ¤¢ãå à ¢¥­áâ¢ (11) ¨¬¥¥¬ 2�u(a)fa = (�1)d1+d22�u(b)fb, £¤¥ d1+ d2 ¬®¦­® § ¬¥­¨âì
­  d ¢¢¨¤ã ç¥â­®áâ¨ (13), çâ® ¨ ¤®ª §ë¢ ¥â (12).

�¥¬¬  4. �ãáâì L |  «£¥¡à  �¨ á à §«®¦¥­¨¥¬ L = H � (��2R L�) ¨  , �, � | ª®à­¨ ¢

R â ª¨¥, çâ®  + � =2 R, 2� + � =2 R, ¨ ¯ãáâì e 2 L , e� 2 L�, e� 2 L�. �®£¤ 

[e ; e�; e�; e� ] = 2[e ; e�; e� ; e�]: (14)

�®ª § â¥«ìáâ¢®. �¬¥¥¬ [e ; e�; e�; e�]
1= [[e ; [e�; e�]]; e�]

2= [[e ; e�]; [e�; e�]], £¤¥ (
1=) ¨¬¥¥â

¬¥áâ® ¢ á¨«ã à ¢¥­áâ¢  [e ; e�; e�] = [e ; e�; e�] + [e ; [e�; e� ]] = [e ; [e�; e�]], â. ª.  + � =2 R,

  ( 2=) ¢ á¨«ã ãá«®¢¨ï 2� + � =2 R. � «¥¥, [[e ; e�]; [e�; e�]] = [e ; e�; e�; e� ] + [e�; [e ; e�; e� ]] =
[e ; e�; e�; e�]� [e ; e�; e� ; e�]. � à¥§ã«ìâ â¥ [e ; e�; e� ; e�] = [e ; e�; e�; e� ]� [e ; e�; e� ; e�], â.¥. ¨¬¥¥¬
(14).

�¥¬¬  5. �«£¥¡à  �¨ LQ = L=J ­ ¤ ¯®«¥¬ à æ¨®­ «ì­ëå ç¨á¥« Q ï¢«ï¥âáï  «£¥¡à®© â¨¯ 

R+ (¨«¨ R�).

�®ª § â¥«ìáâ¢®. � ¦¤®¥ ­¥¯à ¢¨«ì­®¥ á«®¢® [xi1 ; : : : ; xis ] «¥¦¨â ¢ J (â. ª. ¢á¥£¤  ­ ©¤¥âáï
â ª®¥ 1 < t � s, çâ® [xi1 ; : : : ; xit ] | £à ­¨ç­®¥ á«®¢®). �®íâ®¬ã ¨¬¥¥¬ LQ =

L
�2R+

LQ�. � ¤àã-

£®© áâ®à®­ë, ª ¦¤®¥ ¯à ¢¨«ì­®¥ á«®¢® ­¥ «¥¦¨â ¢ J . �¥©áâ¢¨â¥«ì­®, ¯ãáâì G | ¯®«ã¯à®áâ ï
 «£¥¡à  �¨ à ­£  r ­ ¤ ¯®«¥¬ ª®¬¯«¥ªá­ëå ç¨á¥« C á ª®à­¥¢®© á¨áâ¥¬®© R ¢ H�, £¤¥ H |
­¥ª®â®à ï ª àâ ­®¢áª ï ¯®¤ «£¥¡à  ¢ G, � = f�1; : : : ; �rg | ¯à®áâ ï á¨áâ¥¬  ª®à­¥© ¢ R, R+ |

31



¬­®¦¥áâ¢® ¯®«®¦¨â¥«ì­ëå ª®à­¥© ¢ R ®â­®á¨â¥«ì­® � ¨ G+ = ��2R+ G�, £¤¥ G� | ª®à­¥¢®¥
¯®¤¯à®áâà ­áâ¢® ¤«ï � 2 R+. �á«¨ gi | ­¥­ã«¥¢®© í«¥¬¥­â G�i (= C gi), â® ®â®¡à ¦¥­¨¥ xi 7! gi,
i = 1; : : : ; r ¬®¦¥â ¡ëâì ¯à®¤®«¦¥­® ¤® £®¬®¬®àä¨§¬  � : LC ! G+  «£¥¡à �¨, ¯à¨ ª®â®à®¬
¨¤¥ « J ¯¥à¥©¤¥â ¢ 0,   ¯®â®¬ã ¡ã¤¥¬ ¨¬¥âì £®¬®¬®àä¨§¬ë LC ! LC ! G+. �áâ ¥âáï ®â¬¥â¨âì,
çâ® ª ¦¤®¥ ¯à ¢¨«ì­®¥ á«®¢® [xi1 ; : : : ; xis ] 2 L

Q � LC (¥áâ¥áâ¢¥­­®¥ ¢«®¦¥­¨¥) ®â®¡à §¨âáï ¯®¤
¤¥©áâ¢¨¥¬ � ¢ ¯à ¢¨«ì­®¥ á«®¢® [gi1 ; : : : ; gis ], ª®â®à®¥ ¢ G ¢á¥£¤  ­¥ à ¢­® ­ã«î.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �à¥¤¯®«®¦¨¬, çâ® ¤«ï ¤ ­­ëå R ¨ K  «£¥¡à  L â¨¯  R+

áãé¥áâ¢ã¥â. �®-¯¥à¢ëå, § ¬¥â¨¬, çâ® ¥á«¨ ¤«ï ª ª®£®-â® � 2 R+ ä®à¬ã«  (1) ¢¥à­  ¤«ï «î¡ëå
¯à ¢¨«ì­ëå ¯ãâ¥© a, b, ®¯à¥¤¥«ïîé¨å íâ®â ª®à¥­ì, â® dimL� = 1 ¨ fc 6= 0 ¤«ï ¢áïª®£® à¥£ã«ïà-
­®£® ¯ãâ¨ c,   ¥á«¨ å à ªâ¥à¨áâ¨ª  ¯®«ï p 6= 2, â® íâ® ¢ë¯®«­ï¥âáï ¨ ¤«ï ¢áïª®£® ¯à ¢¨«ì­®£®
¯ãâ¨ c (¤¥©áâ¢¨â¥«ì­®, ¢ á¨«ã ¯à¥¤¯®«®¦¥­­®£® áãé¥áâ¢®¢ ­¨ï ¨ ®¯à¥¤¥«¥­¨ï  «£¥¡àë â¨¯  R+

¯® ªà ©­¥© ¬¥à¥ ®¤¨­ â ª®© à¥£ã«ïà­ë© ¯ãâì ¥áâì,   §­ ç¨â, ¯® (2) â ª¨¬¨ ¡ã¤ãâ ¢á¥).
�®ª ¦¥¬ (1) ¨­¤ãªæ¨¥© ¯® ¤«¨­¥ m ¯ãâ¥© a ¨ b, ª®â®à ï, ®ç¥¢¨¤­®, à ¢­  ¢ëá®â¥ ª®à­ï,

®¯à¥¤¥«ï¥¬®£® íâ¨¬¨ ¯ãâï¬¨. �«ï m = 1; 2 ä®à¬ã«  âà¨¢¨ «ì­ . �à¥¤¯®«®¦¨¬, çâ® ®­  ¢¥à­ 
¤«ï ¯ãâ¥© ¤«¨­ë < m, £¤¥ m � 3.

�­ ç «  à áá¬®âà¨¬ ¤¢  ¯ãâ¨ a ¨ b, ª®â®àë¥ à §­ïâáï â®«ìª® ¯®àï¤ª®¬ ¤¢ãå àï¤®¬ áâ®ïé¨å
¨­¤¥ªá®¢. �à¨ íâ®¬ ¢ á¨«ã ¯à¥¤¯®«®¦¥­¨ï ¨­¤ãªæ¨¨ ¤®áâ â®ç­® ®£à ­¨ç¨âìáï á«ãç ¥¬, ª®£¤ 
íâ¨ ¨­¤¥ªáë áâ®ïâ ¢ ª®­æ¥ ¯ãâ¨: a = (c; i; j), b = (c; j; i), £¤¥ c | ®¡é ï ­ ç «ì­ ï ç áâì ¢ a ¨ b.
�â¬¥â¨¬, çâ®, ¢®-¯¥à¢ëå, ç¨á«® ®á®¡ëå ¨­¤¥ªá®¢ ¢ c ¤«ï ®¡®¨å ¯ãâ¥© ª ª ¢ a, â ª ¨ ¢ b ®¤­® ¨
â® ¦¥. �®-¢â®àëå, i1 = j1, â. ¥. d(i1; j1) = 0, â. ª. m > 2, ¨ ¨­¤¥ªáë i, j ­¥ ¬®£ãâ ¡ëâì ¯¥à¢ë¬¨.
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï 
 = 'c ¨ ' = 
 + �i + �j . �¬¥¥¬ ¤¢¥ á«¥¤ãîé¨¥ ¢®§¬®¦­®áâ¨.

1�. �à®áâë¥ ª®à­¨ �i ¨ �j ®àâ®£®­ «ì­ë ¬¥¦¤ã á®¡®©. � íâ®¬ á«ãç ¥ ea = eb (â. ª. [ei; ej ] = 0).
� â. ª., á ¤àã£®© áâ®à®­ë, d(i1; j1) = 0 ¨ u(a) = u(b) (¯®áª®«ìªã (�i j �j) = 0, â® á¢®©áâ¢® ª ¦¤®£®
¨­¤¥ªá  i ¨ j ¡ëâì ®á®¡ë¬ ¨«¨ ­¥â á®åà ­ï¥âáï ¯à¨ ¯¥à¥å®¤¥ ®â a ª b ¨ ­ ®¡®à®â), â® ä®à¬ã« 
(1) ¢ íâ®¬ á«ãç ¥ á¯à ¢¥¤«¨¢ .

2�. �ãáâì ª®à­¨ �i ¨ �j ­¥ ®àâ®£®­ «ì­ë ¬¥¦¤ã á®¡®©. �®£¤  âà®©ª  ª®à­¥© 
, �i, �j ã¤®-
¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë 1 ¨, á«¥¤®¢ â¥«ì­®, ®¤¨­ ¨§ ª®à­¥© �i ¨«¨ �j ¤®«¦¥­ ¡ëâì ®àâ®-
£®­ «ì­ë¬ ª 
. �ãáâì (
 j �i) = 0. �®£¤  ¯® «¥¬¬¥ 1 (á¬. (9)) â ª¦¥ ¨¬¥¥¬  = ��i + 
 2 R,
   + �j ; 2�i + �j =2 R. �á«¨ p 6= 2 ¨«¨ p = 2 ¨ c | à¥£ã«ïà­ë© ¯ãâì, â® ¯® ¯à¥¤¯®«®¦¥-
­¨î ¨­¤ãªæ¨¨ fc 6= 0 (á¬. § ¬¥ç ­¨¥ ¢ ­ ç «¥ ¤®ª § â¥«ìáâ¢ ). �®íâ®¬ã ¯® «¥¬¬¥ 4 ¨¬¥¥¬
[fá; fi; fj ] = 2[fá; fj ; fi], â. ¥.

fa = 2fb: (15)

�á«¨ p = 2 ¨ c ­¥ ï¢«ï¥âáï à¥£ã«ïà­ë¬, â® fc = 0, ­® â®£¤  ¨ fa = fb = 0,   §­ ç¨â, (15) ¢¥à­ 
¢ «î¡®¬ á«ãç ¥. � ¤àã£®© áâ®à®­ë, ¨­¤¥ªá i ¢ a ï¢«ï¥âáï ®á®¡ë¬,   ¢ b | ­¥â. �­¤¥ªá j ­¥
ï¢«ï¥âáï ®á®¡ë¬ ­¨ ¢ a, ­¨ ¢ b (¯® «¥¬¬¥ 1), â. ¥. u(a) = u(b) + 1. � â. ª. d(i1; j1) = 0, â® ä®à¬ã« 
(1) á®¢¯ ¤ ¥â á (15), â. ¥. á¯à ¢¥¤«¨¢  ¨ ¢ íâ®¬ á«ãç ¥. � ª¨¬ ®¡à §®¬, á«ãç ©, ª®£¤  ¯ãâ¨ a ¨
b à §­ïâáï â®«ìª® ¯®àï¤ª®¬ ¤¢ãå àï¤®¬ áâ®ïé¨å ¨­¤¥ªá®¢, ¤®ª § ­.

� áá¬®âà¨¬ ®¡é¨© á«ãç © ¤«ï p 6= 2. �ãáâì a0; a1; : : : ; as | ¯®á«¥¤®¢ â¥«ì­®áâì ¯à ¢¨«ì­ëå
¯ãâ¥©, ®¯à¥¤¥«ïîé¨å ®¤¨­ ¨ â®â ¦¥ ª®à¥­ì ', a0 = a, as = b, ¢ ª®â®à®© ª ¦¤ë¥ ¤¢  á®á¥¤­¨å at
¨ at+1, t = 0; : : : ; s � 1, ®â«¨ç îâáï ®¤­®© âà ­á¯®§¨æ¨¥© ¤¢ãå àï¤®¬ áâ®ïé¨å ¨­¤¥ªá®¢. � ª ï
¯®á«¥¤®¢ â¥«ì­®áâì áãé¥áâ¢ã¥â ¯® ¯à¥¤«®¦¥­¨î 1. �á«¨ s = 2, â® ¤«ï a ¨ b ä®à¬ã«  (1) â®«ìª®
çâ® ¤®ª § ­ . �á«¨ s � 3, â® ¯à¨¬¥­¥­¨¥ «¥¬¬ë 3 ¯®á«¥¤®¢ â¥«ì­® ª âà®©ª ¬ a = a0; at; at+1,
t = 1; : : : ; s� 1, ¯®§¢®«ï¥â ¯®«ãç¨âì (1) ¤«ï ®¡é¥£® á«ãç ï.

�®á«¥¤­¥¥ à ááã¦¤¥­¨¥ ­¥¯à¨¬¥­¨¬® ¯à¨ p = 2, â. ª. ­¥â £ à ­â¨¨ à¥£ã«ïà­®áâ¨ ¯ãâ¥© ai,
­® ¨§ ¤®ª § ­­®£® ¨ «¥¬¬ë 5 á«¥¤ã¥â, çâ® ä®à¬ã«  (1) (¨ (2)) ¢¥à­  ¤«ï  «£¥¡àë LQ(R+) ­ ¤
¯®«¥¬ à æ¨®­ «ì­ëå ç¨á¥«, ¨ ¯®â®¬ã dimLQ� = 1 ¤«ï ª ¦¤®£® � 2 R+. �ë¡¥à¥¬ ¢ LQ� à¥£ã«ïà­ë©
¡ §¨á. � ª ª ª ¢áïª®¥ «¨¥¢® á«®¢® «¨­¥©­® ¢ëà ¦ ¥âáï ç¥à¥§ ¯à ¢®-­ ¯à ¢«¥­­ë¥ á æ¥«ë¬¨
ª®íää¨æ¨¥­â ¬¨, â® ¢ á¨«ã (2) ¢á¥ áâàãªâãà­ë¥ ª®­áâ ­âë à¥£ã«ïà­®£® ¡ §¨á  ç¨á«  æ¥«ë¥,
  ­  ª ¦¤®¬ è £¥ à¥£ã«ïà­®£® ¯ãâ¨ ®­¨ à ¢­ë �1 (â. ¥. [fb; fi] = �fa, ¥á«¨ ¯ãâì a = (b; i)
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à¥£ã«ïà­ë©). �®íâ®¬ã «¨­¥©­ ï ®¡®«®çª  LZ, ­ âï­ãâ ï ­  à¥£ã«ïà­ë© ¡ §¨á LQ ­ ¤ ª®«ìæ®¬
æ¥«ëå ç¨á¥« Z, ¥áâì ª®«ìæ® �¨,   L = K
ZL

Z¥áâì  «£¥¡à  �¨ â¨¯  R+ ­ ¤ ¯à®¨§¢®«ì­ë¬ ¯®«¥¬
K, â. ª. fa 6= 0 ¤«ï «î¡®£® à¥£ã«ïà­®£® ¯ãâ¨ a, ¨ ¯®â®¬ã dimL� = 1 ¤«ï ¯à®¨§¢®«ì­®£® � 2 R+.
�â® ¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥  «£¥¡àë �¨ â¨¯  R+ ­ ¤ ¯à®¨§¢®«ì­ë¬ ¯®«¥¬ ¨ á¯à ¢¥¤«¨¢®áâì
(1) (¨ (2)) â¥¯¥àì ¨ ¤«ï p = 2. �

4. �®ª § â¥«ìáâ¢a § ¬¥ç ­¨© ¨ á«¥¤áâ¢¨©. �¥à¢®¥ § ¬¥ç ­¨¥ ¤®ª § â¥«ìáâ¢  ­¥ âà¥¡ãeâ,
¢â®à®¥ ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¨å ¤¢ãå «¥¬¬.

�¥¬¬  6. � áå¥¬ å ª®à­¥¢ëå á¨áâ¥¬ â¨¯®¢ Ar, Dr, Er ­¥ áãé¥áâ¢ã¥â ®á®¡ëå ¤ã£ ¨, á«¥-

¤®¢ â¥«ì­®, ¢á¥ ¯à ¢¨«ì­ë¥ ¯ãâ¨ à¥£ã«ïà­ë.

�®ª § â¥«ìáâ¢®. �ãáâì R | ­¥¯à¨¢®¤¨¬ ï ª®à­¥¢ ï á¨áâ¥¬ , � | ¯à®¨§¢®«ì­ë©,   �i |
¯à®áâ®© ª®à­¨ á¨áâ¥¬ë â ª¨¥, çâ® �+ �i 2 R ¨ (� j �i) = 0. � áá¬®âà¨¬ ª®à­¥¢ãî ¯®¤á¨áâ¥¬ã,
¯®à®¦¤¥­­ãî ª®à­ï¬¨ � ¨ �i. �­  ­¥ ¬®¦¥â ¡ëâì â¨¯  A1 �A1, â. ª. �+ �i 2 R,   ¢ ®áâ «ì­ëå
á¨áâ¥¬ å à ­£  2 ®àâ®£®­ «ì­ë¥ ª®à­¨ ¨¬¥îâ à §­ãî ¤«¨­ã, â®£¤  ª ª ¢ ¯¥à¥ç¨á«¥­­ëå ¢ «¥¬¬¥
ª®à­¥¢ëå á¨áâ¥¬ å â ª¨å ª®à­¥© ­¥â.

�¥¬¬  7. � á«ãç ¥ R = Br (r � 2) ¢á¥ ¯à ¢¨«ì­ë¥ ¯ãâ¨ ¢ áå¥¬¥, ®¯à¥¤¥«ïîé¨¥ ®¤¨­ ¨

â®â ¦¥ ª®à¥­ì � 2 R+, á®¤¥à¦ â à ¢­®¥ ç¨á«® ®á®¡ëå ¨­¤¥ªá®¢ u(�). �à¨ íâ®¬, ¥á«¨ � =
f�1; : : : ; �rg | ¯®¤á¨áâ¥¬  ¯à®áâëå ª®à­¥© ¢ Br â ª ï, çâ®

(�i j �i+1) = �1; (�i j �i) = 2; i = 1; : : : ; r � 1; (�r j �r) = 1;

â® ¤«ï ¬­®¦¥áâ¢a ¯®«®¦¨â¥«ì­ëå ª®à­¥©

�st =
tX
i=s

�i; 1 � s � t � r (�ss = �s);

�st =
tX
i=s

�i + 2
rX

i=t+1

�i; 1 � s � t � r � 1;

¨¬¥¥¬

u(�ij) = 0; 1 � i � j � r; u(�ij) = 1; 1 � i � j � r � 1: (16)

�®ª § â¥«ìáâ¢®. �®«®¦¨¬

l(�ij) = j; l(�ij) = 2r � j; j = 1; : : : ; r (�ir = �ir);

¨ ¯à®¢¥à¨¬ (16) ¨­¤ãªæ¨¥© ¯® l(�), ®á­®¢ ­¨¥ ª®â®à®© ®ç¥¢¨¤­®. �á«¨ j < r ¨ �ij + �t 2 R, â®
íâ® á¯à ¢¥¤«¨¢® ­¥ ¡®«¥¥ ç¥¬ ¢ ¤¢ãå á«ãç ïå, ª®£¤  t = i � 1 (i � 2) ¨«¨ t = j + 1. � ®¡®¨å
á«ãç ïå (�ij j �t) = �1. �âáî¤  á«¥¤ã¥â ¯¥à¢®¥ à ¢¥­áâ¢® (16) (â. ª. ¢ «î¡®¬ ¯à ¢¨«ì­®¬ ¯ãâ¨
a = (b; j + 1), £¤¥ b ®¯à¥¤¥«ï¥â ª®à¥­ì �ij , ¯®á«¥¤­¨© ¨­¤¥ªá t = j + 1 ­¥ ï¢«ï¥âáï ®á®¡ë¬,   ¢
á¨«ã ¨­¤ãªæ¨®­­®£® ¯à¥¤¯®«®¦¥­¨ï ®á®¡ëå ¨­¤¥ªá®¢ ­¥â ¢® ¢á¥¬ a). � â¥¬, ¢áïª¨© ¯à ¢¨«ì­ë©
¯ãâì a, ®¯à¥¤¥«ïîé¨© ª®à¥­ì �i;r�1 = �ir + �r, ¤®«¦¥­ ¨¬¥âì ¢¨¤ a = (b; r), £¤¥ b ®¯à¥¤¥«ï¥â
�ir ¨ ¯® ¤®ª § ­­®¬ã ­¥ ¨¬¥¥â ®á®¡ëå ¨­¤¥ªá®¢,   â. ª. (�ir j �r) = (�r�1 j �r) + (�r j �r) = 0,
â® ¢ a ¯®á«¥¤­¨© ¨­¤¥ªá ®á®¡ë© ¨ u(a) = 1 ¢­¥ § ¢¨á¨¬®áâ¨ ®â a, â. ¥. u(�i;r�1) = 1. � ª¨¬
®¡à §®¬, ¤«ï ª®à­¥© � á l(�) � r + 1 «¥¬¬  ¤®ª § ­ . �ãáâì l(�) > r + 1, â®£¤  � = �ij , £¤¥
j > r � 1 ¨, ¥á«¨ �ij + �t 2 R, â® t = i � 1 «¨¡® t = j (¨ i < j, â. ª. �jj + �j =2 R), ¯à¨ç¥¬
(�ij j �j) = (�j�1 j �j) + (�j j �j) + 2(�j+1 j �j) = �1. �âáî¤  u(�+ �j) = u(�).

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 2.�ãáâì L|  «£¥¡à  �¨ â¨¯  R+ ­ ¤ ¯®«¥¬K, áãé¥áâ¢®¢ ­¨¥
ª®â®à®© ¡ë«® ãáâ ­®¢«¥­® ¢ ª®­æ¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, á ®¡à §ãîé¨¬¨ fi, i = 1; : : : ; r. �®-
¬®¬®àä¨§¬ �0 : (L=J)K ! L, ¨­¤ãæ¨à®¢ ­­ë© á®®â¢¥âáâ¢¨¥¬ xi 7! fi, ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬,
â. ª. dimLK� = 1 ¢ á¨«ã ä®à¬ã«ë (1). �âáî¤  á«¥¤ã¥â ®¤­®§­ ç­®áâì. �
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5. �«£¥¡àë �¨ â¨¯  R. �«ï ¯à®¨§¢®«ì­®© r � r-¬ âà¨æë A = (aij) ­ ¤ K áãé¥áâ¢ãîâ
®¤­®§­ ç­® ®¯à¥¤¥«¥­­ë¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï h1; : : : ; hr ­   «£¥¡à¥ �¨ LK â ª¨¥, çâ®

xihj = aijxi; i; j = 1; : : : ; r; (17)

â. ª. ¤¨ää¥à¥­æ¨à®¢ ­¨ï hi ­  L, ¤¥©áâ¢ãîé¨¥ ­  ®¡à §ãîé¨å ¯® ä®à¬ã« ¬ xihj = aijxi, i; j =
1; : : : ; r, á®åà ­ïîâ ¨¤¥ « J ¨ ¯®â®¬ã ¯¥à¥­®áïâáï ­   «£¥¡àã LK (¬ë á®åà ­ï¥¬ ®¡®§­ ç¥­¨ï ¤«ï
®¡à §®¢ í«¥¬¥­â®¢ xi ¨ ¤¨ää¥à¥­æ¨à®¢ ­¨© hj ¯à¨ ¯¥à¥å®¤¥ ®â L ª LK). �¡®§­ ç¨¬ ç¥à¥§ LK(A)
 «£¥¡àã �¨ LK+H | ¯®«ã¯àï¬ãî áã¬¬ã  «£¥¡àë LK ¨ ª®¬¬ãâ â¨¢­®©  «£¥¡àëH = hh1; : : : ; hri
(á [xi; hj ] = xihj) ¨ ®¯à¥¤¥«¨¬ «¨­¥©­ë¥ ®â®¡à ¦¥­¨ï gi : hx1; : : : ; xri ! H à ¢¥­áâ¢ ¬¨

xigj = �ijhi i; j = 1; : : : ; r: (18)

�¥®à¥¬  2 ¥áâì ¯àï¬®¥ á«¥¤áâ¢¨¥ á«¥¤ãîé¥£® ¯à¥¤«®¦¥­¨ï.

�à¥¤«®¦¥­¨¥ 2. �á«¨ ®â®¡à ¦¥­¨ï gi ¬®¦­® ¯à®¤®«¦¨âì ¤® ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à -

â®à®¢ LK ! LK(A), â® ¬ âà¨æ  A ¨¬¥¥â ¢¨¤ A = C 0T , £¤¥ C 0 = (c0ij) | ¯à¨¢¥¤¥­­ ï ¬ âà¨æ 

� àâ ­  á¨áâ¥¬ë R,   T | ¤¨ £®­ «ì­ ï ¬ âà¨æ  ­ ¤ ¯®«¥¬ K. � ­¥à á¯ ¤ îé¥¬áï á«ã-

ç ¥ ¨áª«îç¥­¨¥ á®áâ ¢«ï¥â â®«ìª® á¨áâ¥¬  B2 (¨«¨ C2) ­ ¤ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ 3, ª®£¤ 
2� 2-¬ âà¨æ  A ­ ¤ K ¨¬¥¥â ¢¨¤ (5).

�à¥¤¢ à¨â¥«ì­® ¤®ª ¦¥¬ ­¥áª®«ìª® «¥¬¬.

�¥¬¬  8. �ãáâì ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë gi : LK ! LK(A), i = 1; : : : ; r, ã¤®¢«¥â¢®àï-
îé¨¥ à ¢¥­áâ¢ ¬ (18), áãé¥áâ¢ãîâ ¨ C = (cij) | ¬ âà¨æ  � àâ ­  á¨áâ¥¬ë R. �®£¤  ¤«ï
i 6= j ¨¬¥îâ ¬¥áâ® ãâ¢¥à¦¤¥­¨ï

A. eá«¨ cij = 0, â® aij = 0;
B. eá«¨ cij = �1, â® aii + 2aji = 0;
C. eá«¨ cij = �2, â® 3(aij + ajj) = 0.

�®ª § â¥«ìáâ¢®. � ª ª ª �i, �j | ¯à®áâë¥ ª®à­¨, â® à ¤¨ª «ì­ë© ¢¥á �i+ k�j ¯à¨­ ¤«¥-
¦¨â R â®«ìª® ¯à¨ 0 � k � �cij . �®íâ®¬ã (¤«ï ªà âª®áâ¨ ª¢ ¤à â­ë¥ áª®¡ª¨ ®¯ãáª ¥¬) ¨¬¥¥¬:

A) eá«¨ cij = 0, â® (�i j �j) = 0, â. ¥. �i + �j =2 R ¨ ¯®á«¥¤®¢ â¥«ì­®áâì (i; j) £à ­¨ç­ ï, ¨
¯®â®¬ã ¢ LK ¨¬¥¥¬ xixj = 0 ) (xixj)gi = hixj = ajixj = 0 ) aji = 0;

B) eá«¨ cij = �1, â® ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ k à ¢­® 1, â. ¥. �i + �j 2 R,   �i + 2�j =2 R, ¨
xixj 6= 0,   xixjxi = 0 ) (xixjxi)gi = �(aii + 2aji)xixj = 0 ) aii + 2aji = 0;

C) a­ «®£¨ç­® ¥á«¨ cij = �2, â® ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ k à ¢­® 2, â. ¥. xixjxj 6= 0,  
xixjxjxj = 0 ) (xixjxjxj)gj = �3(aij + ajj)xixjxj = 0 ) 3(aij + ajj) = 0.

�á¯®«ì§ã¥¬ íâã «¥¬¬ã ¤«ï á«¥¤ãîé¨å ç áâ­ëå á«ãç ¥¢.

�¥¬¬  9. � á«ãç ¥ R = B3 ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë g1, g2, g3 áãé¥áâ¢ãîâ â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  í«¥¬¥­âë ¬ âà¨æë A ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ (¯à¥¤¯®« £ ¥¬
(�1 j �1) = (�2 j �2) > (�3 j �3) ):

a11 + 2a21 = 0; a31 = 0;

2a12 + a22 = 0; a22 + 2a32 = 0; a13 = 0; (19)

a12 + a32 = 0; a23 + a33 = 0;

â. ¥. A = C 0T , £¤¥ C 0 | ¯à¨¢¥¤¥­­ ï ¬ âà¨æ  � àâ ­  ¤«ï B3, T | ¤¨ £®­ «ì­ ï ¬ âà¨æ 

­ ¤ K.

�®ª § â¥«ìáâ¢®. � á«ãç ¥ R = B3 ¨¤¥ « J ¯®à®¦¤ ¥âáï í«¥¬¥­â ¬¨

[x1; x3]; [x1; x2; x1]; [x1; x2; x2]; [x2; x3; x2];

[x1; x2; x3; x2]; [x2; x3; x3; x3]; [x1; x2; x3; x3; x2; x3]:
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�¥®¡å®¤¨¬®áâì ¯¥à¢ëå ¤¢ãå áâà®ª (19) á«¥¤ã¥â ¨§ ãâ¢¥à¦¤¥­¨© A, B «¥¬¬ë 8,   ¨§ ãâ¢¥à¦¤¥­¨ï
� ¨¬¥¥¬ 3(a23 + a33) = 0. �à®¬¥ â®£®,

[x1; x2; x3; x2]g2 = (a12 + a22 + a32)[x1; x2; x3] = 0;

[x1; x2; x3; x3; x2; x3]g3 = (a13 + 2a23 + 2a33)[x1; x2; x3; x3; x2] = 0:

�âáî¤  á«¥¤ã¥â ­¥®¡å®¤¨¬®áâì ¢á¥å á®®â­®è¥­¨© ¯®á«¥¤­¥© áâà®ª¨ (19) ¯à¨ «î¡®© å à ªâ¥à¨-
áâ¨ª¥. �¥âàã¤­® ¢¨¤¥âì, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ (19) ¢á¥ £à ­¨ç­ë¥ á«®¢  ¤¨ää¥à¥­æ¨ «ì­ë¬¨
®¯¥à â®à ¬¨ g1, g2, g3 ®¡à é îâáï ¢ 0, â. ¥. (19) ¨ ¤®áâ â®ç­ë.

�¥¬¬  10. � á«ãç ¥ R = C3 ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë g1, g2, g3 áãé¥áâ¢ãîâ â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  í«¥¬¥­âë ¬ âà¨æë A ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ (¯à¥¤¯®« £ ¥¬
(�1 j �1) = (�2 j �2) < (�3 j �3) ):

a11 + 2a21 = 0; a31 = 0;

2a12 + a22 = 0; a22 + a32 = 0; (20)

a13 = 0; a23 + a33 = 0;

â. ¥. A = CT , £¤¥ C | ¬ âà¨æ  � àâ ­  ¤«ï C3, T | ¤¨ £®­ «ì­ ï ¬ âà¨æ  ­ ¤ K.

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã. �¤¥áì ­ ¡®à ®¡à §ãîé¨å ¨¤¥ «  J á®áâ®¨â ¨§
á«¥¤ãîé¨å £à ­¨ç­ëå á«®¢

[x1; x3]; [x1; x2; x1]; [x1; x2; x2]; [x2; x3; x3]; [x2; x3; x2; x2];

[x1; x2; x3; x2; x2]; [x1; x2; x3; x2; x3]; [x1; x2; x3; x2; x1; x1]; [x1; x2; x3; x3; x1; x3]:

� ª ¦¥, ª ª ¢ «¥¬¬¥ 9, ¢á¥ á®®â­®è¥­¨ï (20) ¯®«ãç ¥¬ ¢ á¨«ã «¥¬¬ë 8 ¨

[x2; x3; x2; x2]g2 = 3(a22 + a32)[x2; x3; x2] = 0;

[x1; x2; x3; x2; x2]g2 = (2a12 + 3a22 + 2a32)[x1; x2; x3; x2] = 0: �

�¥¬¬  11. � á«ãç ¥ R = G2 ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë g1, g2 áãé¥áâ¢ãîâ â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  í«¥¬¥­âë ¬ âà¨æë A ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ (¯à¥¤¯®« £ ¥¬, çâ®
(�1 j �1) < (�2 j �2) ):

3a11 + 2a21 = 0; 2a12 + a22 = 0; (21)

â. ¥. A = CT , £¤¥ C | ¬ âà¨æ  � àâ ­  ¤«ï G2, T | ¤¨ £®­ «ì­ ï ¬ âà¨æ  ­ ¤ K.

�®ª § â¥«ìáâ¢®. �à ­¨ç­ë¬¨ á«®¢ ¬¨ §¤¥áì ï¢«ïîâáï

[x1; x2; x1]; [x1; x2; x1; x2]; [x1; x2; x1; x1; x1]; [x1; x2; x3; x2; x3];

[x1; x2; x1; x1; x2; x1]; [x1; x2; x1; x1; x2; x2]:

�¥®¡å®¤¨¬®áâì ¢â®à®£® à ¢¥­áâ¢  (21) á«¥¤ã¥â ¨§ «¥¬¬ë 8, â. ª. c12 = �1. � â¥¬ x1x2x1x1x2 6= 0,
­® x1x2x1x1x2xi = 0, ¨ â. ª. (x1x2x1x1x2x1)g1 = �(3a11 + 2a21)x1x2x1x1x2 = 0, â® ®âáî¤  á«¥¤ã¥â
­¥®¡å®¤¨¬®áâì ¯¥à¢®£® à ¢¥­áâ¢  (21). �á¥ £à ­¨ç­ë¥ á«®¢  ¯à¨ ¢ë¯®«­¥­¨¨ (21) ®¯¥à â®à ¬¨
g1, g2 ®â®¡à ¦ îâáï ¢ 0, â.¥. (21) ï¢«ï¥âáï ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬.

�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 2. �â¢¥à¦¤¥­¨¥ A «¥¬¬ë 8 ¯®§¢®«ï¥â ®£à ­¨ç¨âìáï à á-
á¬®âà¥­¨¥¬ â®«ìª® ­¥à §«®¦¨¬ëå ª®à­¥¢ëå á¨áâ¥¬.

�á«¨ r � 3, â® ¢ ­¥¯à¨¢®¤¨¬®© ª®à­¥¢®© á¨áâ¥¬¥ ª ¦¤ë© ¯à®áâ®© ª®à¥­ì ¬®¦­® ¢ª«îç¨âì ¢
âà®©ªã �i, �j , �k, ª®â®à ï ¯®à®¦¤ ¥â ­¥¯à¨¢®¤¨¬ãî ª®à­¥¢ãî ¯®¤á¨áâ¥¬ã â¨¯  A3, B3 ¨«¨ C3,
¨ ¯®â®¬ã ¤«ï r � 3 ¯à¥¤«®¦¥­¨¥ á¯à ¢¥¤«¨¢® ¢ á¨«ã «¥¬¬ 8 (ãâ¢¥à¦¤¥­¨¥ B) (¢ á«ãç ¥ A3), 9
¨ 10.

�á«¨ p = 2, â® ¯® «¥¬¬¥ 8 (ãâ¢¥à¦¤¥­¨¥ B) ¢á¥ ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ajj à ¢­ë ­ã«î ¢
â¥å áâ®«¡æ å, ¢ ª®â®àëå á®¤¥à¦ âáï cij = �1 ¢ ¬ âà¨æ¥ C (¢ ¬ âà¨æ¥ C ¢á¥ cii = 2). �¤­ ª® ¢®
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¢á¥å áâ®«¡æ å ¬ âà¨æ � àâ ­  ­¥¯à¨¢®¤¨¬ëå ª®à­¥¢ëå á¨áâ¥¬ á®¤¥à¦¨âáï �1 §  ¨áª«îç¥­¨¥¬
¤¢ãå á«ãç ¥¢: ¢ ¬ âà¨æ å á¨áâ¥¬ Br ¨ G2 ¨¬¥¥âáï ¯® ®¤­®¬ã áâ®«¡æã, ­¥ á®¤¥à¦ é¥¬ã �1. �«ï
Br ¯à¨ r � 3 â ª®© áâ®«¡¥æ ã¦¥ à áá¬®âà¥­. � ª¨¬ ®¡à §®¬, ®áâ «®áì à áá¬®âà¥âì á¨âã æ¨î,
ª®£¤  r = 2.

�«ãç © R = A2 ­¨ç¥¬ ­¥ ®â«¨ç ¥âáï ®â Ar ¯à¨ r > 2. �à¨ R = B2 (â. ¥. (�1 j �1) > (�2 j
�2)) â ª¦¥ ¯® «¥¬¬¥ 8 (ãâ¢¥à¦¤¥­¨¥ B) í«¥¬¥­âë ¯¥à¢®£® áâ®«¡æ  ¢ A á¢ï§ ­ë á®®â­®è¥­¨¥¬
a11 + 2a21 = 0,   ¢â®à®£® ¯® «¥¬¬¥ 8 (ãâ¢¥à¦¤¥­¨¥ C) | á®®â­®è¥­¨¥¬ 3(a12 + a22) = 0, â. ¥.
¤«ï p 6= 3 ¨¬¥¥¬ A = C 0T , £¤¥ C 0 | ¯à¨¢¥¤¥­­ ï ¬ âà¨æ  � àâ ­  ¤«ï B2, T | ¤¨ £®­ «ì­ ï
¬ âà¨æ  ­ ¤ K. � â®«ìª® ¯à¨ p = 3 ¤«ï ¢â®à®£® áâ®«¡æ  ­¨ª ª®£® á®®â­®è¥­¨ï ­¥â,   ¯®â®¬ã
¬ âà¨æ  A ¯à¨­¨¬ ¥â ¢¨¤ (5). �«ãç © R = C2  ­ «®£¨ç¥­ ¯à¥¤ë¤ãé¥¬ã (¬¥­ïîâáï à®«ï¬¨ �1

¨ �2),   á«ãç © R = G2 à áá¬®âà¥­ ¢ «¥¬¬¥ 11. �

�®ª § â¥«ìáâ¢  á«¥¤áâ¢¨© 3 ¨ 4. �á«¨ ¢á¥ �i 6= 0, â®, ¯®« £ ï f 0i =
1
�i
fi, ¯®«ãç¨¬ ®â­®-

á¨â¥«ì­® ®¡à §ãîé¨å fei; f 0i ; i = 1; : : : ; rg ¬ âà¨æã A0 = C 01r, £¤¥ 1r | ¥¤¨­¨ç­ ï ¬ âà¨æ  ­ ¤
K. �âáî¤  á«¥¤ã¥â ¨§®¬®àä­®áâì ¢á¥å  «£¥¡à �¨ â¨¯  R ¯à¨ detT 6= 0 c  «£¥¡à®©, ã ª®â®à®©
T = 1r, â. ¥. á«¥¤áâ¢¨¥ 3.

�¥«®ç¨á«¥­­®áâì à¥£ã«ïà­®£® ¡ §¨á   «£¥¡à â¨¯ R+ ®¡®á­®¢ ­  ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1.
�«ï â¨¯  R ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­®. �

�¨â¥à âãà 
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