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� [1] ¤®ª §   â¥®à¥¬  ®¡ ®æ¥ª¥ á¨§ã ç¨á«  fu
0 (M(p; n)) ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®£®-

£à ¨ª  M(p; n) p-¨¤¥ªá®© (p � 3)  ªá¨ «ì®© § ¤ ç¨ ¢ë¡®à  ¯®àï¤ª  n

fu
0 (M(p; n)) � (n!)p�1

�
n2 � n

4

��
n2 + 3n+ 2

6

�p�3

: (1)

�¥¬ á ¬ë¬ ¯®«ãç¥® ®¯à®¢¥à¦¥¨¥ £¨¯®â¥§ë 18, áä®à¬ã«¨à®¢ ®© ¢ [2]. � ¤ ®© à ¡®â¥ íâ 
®æ¥ª  áãé¥áâ¢¥® ã«ãçè¥  ¤«ï á«ãç ï, ª®£¤  p = 3. �«ï «î¡®£® ç¨á«  r 2 f4; 6; 7; : : : ; q(n)g

¤®ª § ® áãé¥áâ¢®¢ ¨¥ ã ¬®£®£à ¨ª  M(3; n) =
n
x = kxijtkn : xijt � 0 8(i; j; t) 2 N 3

n,
nP

i=1

nP
j=1

xijt = 1 8t 2 Nn;
nP

i=1

nP
t=1

xijt = 1 8j 2 Nn;
nP

j=1

nP
t=1

xijt = 1 8i 2 Nn

o
âà¥å¨¤¥ªá®©  ªá¨ «ì®©

§ ¤ ç¨ ¢ë¡®à  r-¥æ¥«®ç¨á«¥ëå ¢¥àè¨ (r-¢¥àè¨), â. ¥. ¢¥àè¨, ç¨á«® ¤à®¡ëå ª®¬¯®¥â
ã ª®â®àëå à ¢® r, £¤¥ Nn = f1; 2; : : : ; ng, N 3

n = Nn � Nn � Nn,   ç¨á«® q(n) ®¯à¥¤¥«ï¥âáï ¯®
ä®à¬ã«¥

q(n) =

8>>>>>>><
>>>>>>>:

3n� 2; ¥á«¨ 2 � n � 7;

2n+ 4; ¥á«¨ n = 8;

2n+ 5; ¥á«¨ n = 9;

2n+ 6; ¥á«¨ n = 10;

2n+ 7; ¥á«¨ n � 11:

(2)

�®«ãç¥ë â ª¦¥ ®æ¥ª¨ á¨§ã,   ¢ ¥ª®â®àëå á«ãç ïå ¨ ä®à¬ã«ë ¤«ï ®¯à¥¤¥«¥¨ï r-¢¥àè¨
â ª®£® ¬®£®£à ¨ª .

1. �¢®©áâ¢  r-¢¥àè¨. �®¢®ªã¯®áâì í«¥¬¥â®¢ ¬ âà¨æë x = kxijtkn á ä¨ªá¨à®¢ ë¬
§ ç¥¨¥¬ ®¤®£® ¨¤¥ªá ,  ¯à¨¬¥à, i ¡ã¤¥¬  §ë¢ âì ¤¢ã¬¥àë¬ á¥ç¥¨¥¬ ®à¨¥â æ¨¨ (jt)
¬ âà¨æë x. �¢ã¬¥à®¥ á¥ç¥¨¥ ¬ âà¨æë x  §®¢¥¬ ¥æ¥«®ç¨á«¥ë¬ á¥ç¥¨¥¬, ¥á«¨ ®® á®¤¥à-
¦¨â å®âï ¡ë ®¤ã ¤à®¡ãî ª®¬¯®¥âã. �ç¥¢¨¤ 

�¥¬¬  1. �áïª ï ¥æ¥«®ç¨á«¥ ï ¬ âà¨æ  x ¬®£®£à ¨ª  M(3; n) ®¡« ¤ ¥â ¤¢ã¬ï á¢®©-

áâ¢ ¬¨: a) ª ¦¤®¥ ¥æ¥«®ç¨á«¥®¥ ¤¢ã¬¥à®¥ á¥ç¥¨¥ ¬ âà¨æë x á®¤¥à¦¨â ¯® ªà ©¥© ¬¥à¥

¤¢¥ ¤à®¡ëå ª®¬¯®¥âë; ¡) I(x) = J(x) = T (x) � 2; £¤¥ I(x), J(x) ¨ T (x) | ç¨á«® ¢á¥å

¥æ¥«®ç¨á«¥ëå ¤¢ã¬¥àëå á¥ç¥¨© á®®â¢¥âáâ¢¥® ®à¨¥â æ¨¨ (jt), (it) ¨ (ij) ¬ âà¨æë x.

�§¢¥áâ® [3], çâ® ¢¥àè¨  ¬®£®£à ¨ª M(3; n) á®¤¥à¦¨â ¥ ¡®«¥¥ ç¥¬ 3n�2 ¯®«®¦¨â¥«ì-
ëå ª®¬¯®¥â.

�ãáâì r 2 N3n�2. �¥à¥§ �(n; r) ¡ã¤¥¬ ®¡®§ ç âì ç¨á«® ¢á¥å r-¢¥àè¨ ¬®£®£à ¨ª M(3; n).

� ¡®â  ¯®¤¤¥à¦   ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© �¥á¯ã¡«¨ª¨ �¥« àãáì (¯à®¥ªâ ò�97-
266).
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�§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® �(n; r) = 0 8r 2 f1; 2; 3; 5g, n > 2:
�ãáâì n � 3, l 2 f2; 3; : : : ; ng ¨  âãà «ìë¥ ç¨á«  m1;m2; : : : ;ml ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

lP
s=1

ms = n,   Is, Js, Ts, s 2 Nl; | ¯®¤¬®¦¥áâ¢  ¬®é®áâ¨ ms ¬®¦¥áâ¢  Nn, ¯®¤ç¨¥ë¥

ãá«®¢¨ï¬ Ip\Iq = ;, Jp\Jq = ;, Tp\Tq = ; 8p; q 2 Nl, p 6= q: �ç¥¢¨¤®, [l
s=1Is = [l

s=1Js = [l
s=1Ts =

Nn. �«ï «î¡®© âà®©ª¨ ¯®¤¬®¦¥áâ¢ (Is; Js; Ts), s 2 Nl, ®¯à¥¤¥«¨¬ ¬®£®£à ¨ª M(Is; Js; Ts) =n
x = kxijtkIs�Js�Ts : xijt � 0 8(i; j; t) 2 Is� Js� Ts;

P
i2Is

P
j2Js

xijt = 1 8t 2 Ts;
P
i2Is

P
t2Ts

xijt = 1 8j 2 Js,

P
j2Js

P
t2Ts

xijt = 1 8i 2 Is

o
:

� ¬¥ç ¨¥.�®£®£à ¨ªM(Is; Js; Ts), s 2 Nl, ®â«¨ç ¥âáï ®â ¬®£®£à ¨ª M(3;ms) «¨èì
ã¬¥à æ¨¥© í«¥¬¥â®¢ ¨å ¬ âà¨æ.

�¥â®¤®¬ ®â ¯à®â¨¢®£® «¥£ª® ¤®ª §ë¢ ¥âáï

�¥¬¬  2. �ãáâì ys = kysijtkIs�Js�Ts | ¢¥àè¨  ¬®£®£à ¨ª  M(Is; Js; Ts), s 2 Nl. �®£¤ 

¬ âà¨æ  x0 = kx0ijtkn á í«¥¬¥â ¬¨

x0ijt =

(
ysijt; ¥á«¨ (i; j; t) 2 Is � Js � Ts; s 2 Nl;

0 ¤«ï ®áâ «ìëå (i; j; t) ¨§ N 3
n

(3)

ï¢«ï¥âáï ¢¥àè¨®© ¬®£®£à ¨ª  M(3; n).

�ãáâì r 2 f4; 6; 7; : : : ; 3n�2g. �¥à¥§ m(r) ¡ã¤¥¬ ®¡®§ ç âì  ¨¬¥ìè¥¥  âãà «ì®¥ ç¨á«® k,
¤«ï ª®â®à®£® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® �(k; r) > 0. �á®, çâ® m(r) � 2 ¨ �(n; r) = 0 8n < m(r).

�¥¬¬  3. �ãáâì  âãà «ìë¥ ç¨á«  m ¨ r ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �(m; r) > 0. �®£¤ 
�(n; r) > 0 8n > m.

�®ª § â¥«ìáâ¢® «¥¬¬ë 3 ¯ào¢o¤¨âcï c ¯o¬oéìî «¥¬¬ë 2.

�¥®à¥¬  1. �«ï «î¡®£® ç¨á«  r 2 f4; 6; 7; : : : ; q(n)g, £¤¥ q(n) ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ (2), ã
¬®£®£à ¨ª  M(3; n) áãé¥áâ¢ãîâ r-¢¥àè¨ë.

�å¥¬  ¤®ª § â¥«ìáâ¢ . � ç «  ¤®ª §ë¢ ¥¬ â¥®à¥¬ã ¤«ï n = 2; 3; 4; 5; 6; 7, â. ¥. áâà®¨¬ ¤«ï
«î¡ëå ç¨á¥« r 2 f4; 6; 7; : : : ; 3n� 2g ¨ n 2 f2; 3; 4; 5; 6; 7g ã ¬®£®£à ¨ª M(3; n) ª®ªà¥âë¥ r-
¢¥àè¨ë. � â¥¬ ¤®ª §ë¢ ¥¬ â¥®à¥¬ã 1 ¤«ï n � 8: �  ®á®¢ ¨¨ â¥®à¥¬ë ¤«ï n = 2; 3; 4; 5; 6; 7 ¨
«¥¬¬ë 3 § ª«îç ¥¬, çâ® ¬®£®£à ¨ªM(3; n), n � 8, ¨¬¥¥â r-¢¥àè¨ë, £¤¥ r 2 N19 n f1; 2; 3; 5g:

�ãáâì n = 2m, £¤¥ m |  âãà «ì®¥ ç¨á«®. �®£¤  n = 2k + 6, £¤¥ k = m � 3. �®«®¦¨¬
Is = Js = Ts = f2s�1; 2sg 8s 2 Nk; Ik+1 = Jk+1 = Tk+1 = f2k+1; 2k+2; 2k+3; 2k+4; 2k+5; 2k+6g:

�ãáâì ys = kysijtkIs�Js�Ts , s 2 Nh, h � k, | 4-¢¥àè¨  ¬®£®£à ¨ª  M(Is; Js; Ts),
ys = kysijtkIs�Js�Ts , s = h + 1; : : : ; k, ¯à¨ h + 1 � k, | æ¥«®ç¨á«¥ ï ¢¥àè¨  ¬®£®£à ¨-
ª  M(Is; Js; Ts), yk+1 = kyk+1ijt kIk+1�Jk+1�Tk+1 | r1-¢¥àè¨  ¬®£®£à ¨ª  M(Ik+1; Jk+1; Tk+1),
£¤¥ r1 2 f12; 13; 14; 15; 16g: �®£¤  ¯® «¥¬¬¥ 2 (§¤¥áì l = k + 1) ¬ âà¨æ  x0, ¯®áâà®¥ ï á®-
£« á® ä®à¬ã«e (3), ï¢«ï¥âáï r-¢¥àè¨®© ¬®£®£à ¨ª  M(3; n), £¤¥ r = 4h + r1, h 2 Nk,
r1 2 f12; 13; 14; 15; 16g: �â ª, ¤®ª § ®, çâ® ¤«ï «î¡®£® ç¨á«  r 2 f16; 17; : : : ; 2n + 4g ã ¬®£®-
£à ¨ª  M(3; n), n = 2k + 6; áãé¥áâ¢ãîâ r-¢¥àè¨ë.

�á«¨ ¢¬¥áâ® ¬®£®£à ¨ª®¢ M(I1; J1; T1) ¨ M(I2; J2; T2) à áá¬®âà¥âì ¬®£®£à ¨ª
M(I 01; J

0
1; T

0
1), £¤¥ I

0
1 = J 01 = T 0

1 = N4, ¨ ¢§ïâì ã ¥£® 9- ¨ 10-¢¥àè¨ë, â®, ¯®¢â®àïï à ááã¦¤¥¨ï,
¨á¯®«ì§®¢ ë¥ ¢ëè¥, ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ã ¬®£®£à ¨ª  M(3; n), n = 2k + 6, k � 2,
áãé¥áâ¢ãîâ (2n+ 5)- ¨ (2n+ 6)-¢¥àè¨ë.

�ãáâì â¥¯¥àì n = 2m + 1, £¤¥ m |  âãà «ì®¥ ç¨á«®. �®£¤  n = 2k + 7, £¤¥ k = m � 3.
�®«®¦¨¬ Is = Js = Ts = f2s�1; 2sg 8s2Nk; Ik+1 = Jk+1 = Tk+1 = f2k+1; 2k+2; 2k+3; 2k+4; 2k+5;
2k+6; 2k+7g: �ãáâì ys = kysijtkIs�Js�Ts , s 2 Nh, h � k, | 4-¢¥àè¨  ¬®£®£à ¨ª M(Is; Js; Ts),
ys = kysijtkIs�Js�Ts , s = h + 1; : : : ; k, ¯à¨ h + 1 � k, | æ¥«®ç¨á«¥ ï ¢¥àè¨  ¬®£®£à ¨ª 
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M(Is; Js; Ts), yk+1 = kyk+1ijt kIk+1�Jk+1�Tk+1 | r2-¢¥àè¨  ¬®£®£à ¨ª  M(Ik+1; Jk+1; Tk+1), £¤¥
r2 2 f14; 15; 16; 17; 18; 19g: �®£¤  ¯® «¥¬¬¥ 2 (§¤¥áì l = k + 1) ¬ âà¨æ  x0, í«¥¬¥âë ª®â®à®©
®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ (3), ï¢«ï¥âáï r-¢¥àè¨®© ¬®£®£à ¨ª  M(3; n), £¤¥ r = 4h + r2,
h 2 Nk, r2 2 f14; 15; 16; 17; 18; 19g: �¥¬ á ¬ë¬ ¤«ï «î¡®£® ç¨á«  r 2 f18; 19; : : : ; 2n + 5g ã
¬®£®£à ¨ª  M(3; n), n = 2k + 7; ãáâ ®¢«¥® áãé¥áâ¢®¢ ¨¥ r-¢¥àè¨.

� ¯®¬®éìî   «®£¨çëå à ááã¦¤¥¨© ¬®¦® ¯®ª § âì, çâ® ã ¬®£®£à ¨ª  M(3; n) ¯à¨
n = 2k + 7, k � 2, áãé¥áâ¢ãîâ (2n + 6)- ¨ (2n + 7)-¢¥àè¨ë. �«ï íâ®£® ¢¬¥áâ® ¬®£®£à ¨ª®¢
M(I1; J1; T1) ¨ M(I2; J2; T2) ¤®áâ â®ç® à áá¬®âà¥âì ¬®£®£à ¨ª M(I 01; J

0
1; T

0
1), £¤¥ I 01 = J 01 =

T 0
1 = N4, ¢§ï¢ ¢ ¥¬ 9- ¨ 10-¢¥àè¨ë.
� ¥¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 1 ¡ë«® ¨§¢¥áâ® «¨èì ¤«ï r = 4 [1], [4].
�®«®¦¨¬ Rn = fr 2 f4; 6; 7; : : : ; 3n � 2g : m(r) � ng: �®£« á® â¥®à¥¬¥ 1 á¯à ¢¥¤«¨¢® ¢ª«î-

ç¥¨¥ f4; 6; 7; : : : ; q(n)g � Rn.
� ¯®¬®éìî «¥¬¬ë 1 ¤®ª §ë¢ ¥âáï

�¥®à¥¬  2. �ãáâì r 2 Rn. �®£¤  «î¡ ï r-¢¥àè¨  x0 ¬®£®£à ¨ª  M(3;m(r)) ®¡« ¤ ¥â
¤¢ã¬ï á¢®©áâ¢ ¬¨:  ) ª ¦¤®¥ ¤¢ã¬¥à®¥ á¥ç¥¨¥ ¬ âà¨æë x0 á®¤¥à¦¨â ¯® ªà ©¥© ¬¥à¥ ¤¢¥

¤à®¡ëå ª®¬¯®¥âë; ¡) áà¥¤¨ ¤¢ã¬¥àëå á¥ç¥¨© ®¤®© ®à¨¥â æ¨¨ ¬ âà¨æë x0  ©¤¥âáï ¯®

ªà ©¥© ¬¥à¥ ¤¢  á¥ç¥¨ï, ª ¦¤®¥ ¨§ ª®â®àëå ¨¬¥¥â ¯® ¤¢¥ ¤à®¡ëå ª®¬¯®¥âë.

2. �æ¥ª¨ á¨§ã ç¨á«  r-¢¥àè¨. �§¢¥áâ® [3], çâ® ç¨á«® f z
0 (M(3; n)) æ¥«®ç¨á«¥ëå

¢¥àè¨ ¬®£®£à ¨ª  M(3; n) ¢ëà ¦ ¥âáï ä®à¬ã«®©

f z
0 (M(3; n)) = (n!)2:

� ¯®¬®éìî íâ®© ä®à¬ã«ë   ®á®¢ ¨¨ «¥¬¬ 1, 2 ¨ â¥®à¥¬ë 2 ¤®ª §ë¢ ¥âáï

�¥®à¥¬  3. �«ï «î¡ëå  âãà «ìëå ç¨á¥« n � 3 ¨ r 2 Rn�1 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

�(n; r) �

 
n

m(r)

!3

((n�m(r))!)2�(m(r); r);

¯à¨ç¥¬ à ¢¥áâ¢® ¤®áâ¨£ ¥âáï ¢ á«ãç ¥, ª®£¤  r 2 f2m(r); 2m(r) + 1g.

�§ â¥®à¥¬ 1 ¨ 3 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. �«ï ç¨á«  fu
0 (M(3; n)) ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®£®£à ¨ª  M(3; n) á¯à -

¢¥¤«¨¢® ¥à ¢¥áâ¢®

fu
0 (M(3; n)) �

q(n)X
r=4
r 6=5

 
n

m(r)

!3

((n�m(r))!)2�(m(r); r);

£¤¥ ç¨á«® q(n) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (2).

� ª ª ª m(4) = 2, m(6) = 3, m(7) = 3, m(8) = 4, m(9) = 4, m(10) = 4, m(11) = 5, m(12) = 5,
m(13) = 5, m(14) = 6, m(15) = 6, m(16) = 6, m(17) = 7, m(18) = 7 ¨ m(19) = 7 (á¬. â¥®à¥¬ã 1),
â® ¢ á¨«ã â¥®à¥¬ë 3 ¯®«ãç ¥¬ á«¥¤ãîé¨¥ à¥§ã«ìâ âë:

�(n; 4) =

 
n

2

!3

((n� 2)!)2�(2; 4); n > 2; (4)

�(n; r) =

 
n

3

!3

((n� 3)!)2�(3; r); r = 6; 7; n > 3; (5)

�(n; r) =

 
n

4

!3

((n� 4)!)2�(4; r); r = 8; 9; n > 4;
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�(n; 10) �

 
n

4

!3

((n� 4)!)2�(4; 10); n > 4;

�(n; 11) =

 
n

5

!3

((n� 5)!)2�(5; 11); n > 5;

�(n; r) �

 
n

5

!3

((n� 5)!)2�(5; r); r = 12; 13; n > 5;

�(n; r) �

 
n

6

!3

((n� 6)!)2�(6; r); r = 14; 15; 16; n > 6;

�(n; r) �

 
n

7

!3

((n� 7)!)2�(7; r); r = 17; 18; 19; n > 7:

� ¯®¬®éìî «¥¬¬ë 6 ¨§ [5] ¬®¦® ãáâ ®¢¨âì, çâ® �(2; 4) = 2; �(3; 6) = 432; �(3; 7) = 648.
�®íâ®¬ã ¢ á¨«ã (4) ¨ (5) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ï¢ë¥ ä®à¬ã«ë:

�(n; 4) =
n(n� 1)

4
(n!)2; n � 2;

�(n; 6) = 2n(n� 1)(n� 2)(n!)2; n � 3;

�(n; 7) = 3n(n� 1)(n� 2)(n!)2; n � 3:

�âáî¤  á ãç¥â®¬ á«¥¤áâ¢¨ï ¯®«ãç ¥¬ ®æ¥ªã á¨§ã ç¨á«  fu
0 (M(3; n)) ¥æ¥«®ç¨á«¥ëå ¢¥à-

è¨ ¬®£®£à ¨ª  M(3; n), ª®â®à ï § ç¨â¥«ì® (¯® ¬¥ìè¥© ¬¥à¥ ¢ 20n � 39 à §, £¤¥ n � 3)
ã«ãçè ¥â ®æ¥ªã (1) ¯à¨ p = 3.

�¨â¥à âãà 
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