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1. �®áâ ®¢ª  § ¤ ç¨

� ¯à®áâà áâ¢¥ ¯¥à¥¬¥ëå x := (x1; x2; x3) 2 R3 := R � R � R, R :=] �1;1[ à áá¬®âà¨¬
«¨¥©®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¢ ç áâëå ¯à®¨§¢®¤ëå âà¥âì¥£® ¯®àï¤ª  á ¤®¬¨¨à®-
¢ ë¬¨ ¬« ¤è¨¬¨ ç«¥ ¬¨ ( ¯à., [1], á. 103) ®¡é¥£® ¢¨¤ 

ux1x2x3 +
3X

i;j=1; i<j

Aijuxixj +
3X

i=1

Aiuxi +Au = F; (1.1)

£¤¥ Aij , Ai, i; j = 1; 2; 3, i < j, A, F | § ¤ ë¥,   u| ¨áª®¬ ï ¤¥©áâ¢¨â¥«ìë¥ äãªæ¨¨. �à ¢-
¥¨¥ (1.1) ï¢«ï¥âáï £¨¯¥à¡®«¨ç¥áª¨¬ ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ R3 , ¤«ï ª®â®à®£® á¥¬¥©áâ¢ 
¯«®áª®áâ¥© x1 = const, x2 = const, x3 = const ï¢«ïîâáï å à ªâ¥à¨áâ¨ç¥áª¨¬¨,    ¯à ¢«¥¨ï,
®¯à¥¤¥«ï¥¬ë¥ ®àâ ¬¨ e1 := (1; 0; 0), e2 := (0; 1; 0), e3 := (0; 0; 1) ª®®à¤¨ âëå ®á¥©, | ¡¨å à ª-
â¥à¨áâ¨ç¥áª¨¬¨.

�ãáâì S0
i : p0i (x) := �0

ix1 + �0i x2 + 0i x3 = 0, i = 1; 2, | ¯à®¨§¢®«ì® § ¤ ë¥ ¯«®áª®áâ¨
¢ ¯à®áâà áâ¢¥ R3 , ¯à®å®¤ïé¨¥ ç¥à¥§  ç «® ª®®à¤¨ â. �à¥¤¯®«®¦¨¬, çâ® �01 , �02 , j�0i j 6= 0,
£¤¥ �0i := (�0

i ; �
0
i ; 

0
i ), i = 1; 2. �«®áª®áâï¬¨ S0

i , i = 1; 2, ¯à®áâà áâ¢® R3 à §¡¨¢ ¥âáï   ç¥âëà¥
¤¢ã£à ëå ã£« . �à ¢¥¨¥ (1.1) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ®¤®¬ ¨§ íâ¨å ¤¢ã£à ëå ã£«®¢ D0,
ª®â®àë© ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì § ¤ ë¬ ¢ ¢¨¤¥ D0 := fx 2 R3 : p0i (x) > 0,
i = 1; 2g. �â®á¨â¥«ì® ®¡« áâ¨ D0 á¤¥« ¥¬ á«¥¤ãîé¨¥ ¤¢  ¯à¥¤¯®«®¦¥¨ï.

�á«®¢¨¥  ). P¥¡à® �0 := fx 2 R3 : p0i (x) = 0, i = 1; 2g ¤¢ã£à ®£® ã£«  D0 ¥ ¯ à ««¥«ì® ¨
®¤®© å à ªâ¥à¨áâ¨ç¥áª®© ¯«®áª®áâ¨ (â. ¥. ¢ ¤ ®¬ á«ãç ¥ ¥ «¥¦¨â ¨ ¢ ®¤®© ª®®à¤¨ â®©
¯«®áª®áâ¨). �â® à ¢®á¨«ì® âà¥¡®¢ ¨î

det
�0

1 �01
�0
2 �02

 6= 0; det
�0

1 01
�0
2 02

 6= 0; det
�01 01
�02 02

 6= 0: (1.2)

�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® �0 ¥ ¨¬¥¥â ¡¨å à ªâ¥à¨áâ¨ç¥áª®£®  ¯à ¢«¥¨ï, â. ¥. �0 , ei,
i = 1; 2; 3, £¤¥ �0 := �01 � �02 | ¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ �01 ¨ �

0
2 .

�á«®¢¨¥ ¡). �¨å à ªâ¥à¨áâ¨ª¨, ¯à®å®¤ïé¨¥ ç¥à¥§ ¯à®¨§¢®«ì® ä¨ªá¨à®¢ ãî â®çªã à¥¡à 
�0 ¥ ¯®¯ ¤ îâ ¢ ®¡« áâì D0, çâ® à ¢®á¨«ì® ¢ë¯®«¥¨î ¥à ¢¥áâ¢ �0

1�
0
2 < 0, �01�

0
2 < 0,

01
0
2 < 0.
�«ï ã¤®¡áâ¢  ¨§ãç¥¨ï £à ¨ç¨å § ¤ ç ¤«ï ãà ¢¥¨ï (1.1) ¯à¥®¡à §ã¥¬ ®¡« áâì D0 ¢

®¡« áâì D1 := fy 2 R3 : y3 � y2 > 0, y3 + y2 > 0g ¯à®áâà áâ¢  ¯¥à¥¬¥ëå y := (y1; y2; y3).
� íâ®© æ¥«ìî ¢¢¥¤¥¬ ®¢ë¥ ¯¥à¥¬¥ë¥, ®¯à¥¤¥«ï¥¬ë¥ à ¢¥áâ¢ ¬¨

y1 = x1; 2y2 = p01(x)� p02(x); 2y3 = p01(x) + p02(x): (1.3)

�ç¥¢¨¤®, ¢ á¨«ã (1.2) «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥ (1.3) ï¢«ï¥âáï ¥¢ëà®¦¤¥ë¬ ¨ ãáâ  ¢«¨¢ ¥â
¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ®¡« áâï¬¨ D0 ¨ D1.

9



� ¯¥à¥¬¥ëå y1, y2, y3, ®áâ ¢«ïï ¯à¥¦¨¥ ®¡®§ ç¥¨ï ¤«ï u, Aij , Ai, A, F , i; j = 1; 2; 3,
i < j, ãà ¢¥¨¥ (1.1) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

@3u

@�1@�2@�3
+

3X
i;j=1; i<j

Aij

@2u

@�i@�j
+

3X
i=1

Ai

@u

@�i
+Au = F: (1.4)

�¤¥áì

@

@�1
:=

@

@y1
+
1
2
(�0

1 � �0
2)

@

@y2
+
1
2
(�0

1 + �0
2)

@

@y3
;

@

@�2
:=

1
2
(�01 � �02)

@

@y2
+
1
2
(�01 + �02)

@

@y3
;

@

@�3
:=

1
2
(01 � 02)

@

@y2
+
1
2
(01 + 02)

@

@y3
:

� ®¡« áâ¨ D1 ¢¬¥áâ® ãà ¢¥¨ï (1.4) à áá¬®âà¨¬ ¡®«¥¥ ®¡é¥¥ ãà ¢¥¨¥

@3u

@l1@l2@l3
+

3X
i;j=1; i<j

Aij

@2u

@li@lj
+

3X
i=1

Ai

@u

@li
+Au = F: (1.5)

�¤¥áì ¤«ï ¯¥à¥¬¥ëå y1, y2, y3 ®áâ ¢«ï¥¬ ¯à¥¦¨¥ ®¡®§ ç¥¨ï x1, x2, x3 á®®â¢¥âáâ¢¥®;
li := (�i; �i; i), j�ij+ j�ij+ jij 6= 0, | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë ¯à®áâà áâ¢  R3 , rank(l1; l2; l3)=3,
@

@li
:= �i

@

@x1
+ �i

@

@x2
+ i

@

@x3
, i = 1; 2; 3, | ¯à®¨§¢®¤ ï ¯®  ¯à ¢«¥¨î. �à¨ íâ®¬ ¡ã¤¥¬ áç¨â âì,

çâ® ¡¨å à ªâ¥à¨áâ¨ª¨ ãà ¢¥¨ï (1.5) ¨ ®¡« áâì D1 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬  ) ¨ ¡), áä®à¬ã-
«¨à®¢ ë¬ ¢ëè¥ ¤«ï ãà ¢¥¨ï (1.1) ¢ ®¡« áâ¨ D0.

�ãáâì P0 := P0(x0), x0 := (x01; x
0
2; x

0
3) | ¯à®¨§¢®«ì ï ä¨ªá¨à®¢  ï â®çª  ¬®¦¥áâ¢ 

D1 n �1, �1 := fx 2 R3 : x2 = x3 = 0, x1 2 Rg,   S1 � �1 ¨ S2 � �1 | ¯«®áª¨¥ £à ¨ ã£« 
D1, â. ¥. @D1 := S1[S2, S1 := fx 2 R3 : x1 2 R, x2 = x3, x3 2 R+g, S2 := fx 2 R3 : x1 2 R, x2 = �x3,
x3 2 R+g, R+ := [0;1). �§ â®çª¨ P0 ¢ë¯ãáâ¨¬ ¡¨å à ªâ¥à¨áâ¨ç¥áª¨¥ «ãç¨ Li(P0) ãà ¢¥¨ï
(1.5) ¢ áâ®à®ã ã¡ë¢ îé¨å § ç¥¨©  ¯¯«¨ª âë x3 â¥ªãé¨å â®ç¥ª Li(P0) ¤® ¯¥à¥á¥ç¥¨ï á ®¤-
®© ¨§ £à ¥© S1 ¨«¨ S2 ¢ â®çª å Oi, i = 1; 2; 3. �à¥¤¯®«®¦¨¬, çâ® íâ¨ âà¨ â®çª¨ ¥ «¥¦ â  
®¤®© £à ¨. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® â®çª¨ O1 ¨ O2 «¥¦ â   S1,   â®çª 
O3 |   S2, ¯à¨ç¥¬ O1 ¡«¨¦¥ ª �1, ç¥¬ O2.

� â®çª¥ P0 ç¥à¥§ ª ¦¤ãî ¯ àã ¢¥ªâ®à®¢ (l1; l2), (l1; l3) ¨ (l2; l3) ¯à®¢¥¤¥¬ ¯«®áª®áâ¨ Pl1;l2 , Pl1;l3
¨ Pl2;l3 , â®çª¨ ¯¥à¥á¥ç¥¨ï ª®â®àëå á à¥¡à®¬ �1 ®¡®§ ç¨¬ á®®â¢¥âáâ¢¥® ç¥à¥§ O4, O5 ¨ O6.
�¥£ª® ¯®ª § âì, çâ® O4 ¢á¥£¤  «¥¦¨â ¢¥ ®âà¥§ª  O5O6   ®á¨ x1. � ¬ëª ¨¥ ¯ïâ¨£à ¨ª 
á ¢¥àè¨ ¬¨ ¢ â®çª å P0, O2, O4, O3, O6 ®¡®§ ç¨¬ ç¥à¥§ D,   âà¥ã£®«ì¨ª®¢ á ¢¥àè¨ ¬¨ ¢
â®çª å O4, O6, O2 ¨ O4, O6, O3 | á®®â¢¥âáâ¢¥® ç¥à¥§ �1 ¨ �2.

�«ï ãà ¢¥¨ï (1.5) à áá¬®âà¨¬ § ¤ çã â¨¯  � à¡ã ¢ á«¥¤ãîé¥© ¯®áâ ®¢ª¥: ¢ ®¡« áâ¨ D
 ©â¨ à¥£ã«ïà®¥ à¥è¥¨¥ u ãà ¢¥¨ï (1.5), ã¤®¢«¥â¢®àïîé¥¥ £à ¨çë¬ ãá«®¢¨ï¬

� 3X
i;j=1; i<j

Mk
ij

@2u

@li@lj
+

3X
i=1

Mk
i

@u

@li
+Mku

����
�
{(k)

= fk; k = 1; 2; 3; (1.6)

£¤¥ Mk
ij , M

k
i , M

k, fk, i; j; k = 1; 2; 3, i < j, | § ¤ ë¥ ¤¥©áâ¢¨â¥«ìë¥ äãªæ¨¨; {(k) = 1 ¯à¨
k = 1; 2 ¨ {(3) = 2.

�¥£ã«ïàë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (1.5)  §ë¢ ¥âáï äãªæ¨ï u, ¥¯à¥àë¢ ï ¢ D ¢¬¥áâ¥ á®
á¢®¨¬¨ ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ @i+j+ku

@li1@l
j

2@l
k
3

, i; j; k = 0; 1, ¨ ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (1.5) ¢ D.

�â¬¥â¨¬, çâ® § ¤ ç  (1.5), (1.6) ¯à¥¤áâ ¢«ï¥â á®¡®© ¥áâ¥áâ¢¥®¥ à §¢¨â¨¥ ¨§¢¥áâëå ª« áá¨-
ç¥áª¨å ¯®áâ ®¢®ª § ¤ ç �ãàá  ¨ � à¡ã   ¯«®áª®áâ¨ ¤«ï «¨¥©ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨©
¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª  (á¬.,  ¯à., [2], [3] (á. 12), [4], [5]). �¥ª®â®àë¥ ¬®£®¬¥àë¥ ¢ à¨ âë
íâ¨å § ¤ ç,   â ª¦¥ á¨áâ¥¬ ãà ¢¥¨© ¯¥à¢®£® ¯®àï¤ª  ¢ ¤¢ã£à ®¬ ã£«¥ ¨§ãç «¨áì,  ¯à¨¬¥à,
¢ [3] (á. 84), [6], [7] (£«. 1, x 13, á. 27) { [11].
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� ç «ì®-£à ¨çë¬ ¨ å à ªâ¥à¨áâ¨ç¥áª¨¬ § ¤ ç ¬ ¤«ï è¨à®ª®£® ª« áá  £¨¯¥à¡®«¨ç¥áª¨å
ãà ¢¥¨© âà¥âì¥£® ¯®àï¤ª  ¢ ¬®£®¬¥àëå ®¡« áâïå á ¤®¬¨¨à®¢ ë¬¨ ¬« ¤è¨¬¨ ç«¥ ¬¨
¯®á¢ïé¥ë â ª¦¥ à ¡®âë [12]{[14].

� ¬¥ç ¨¥ 1. �â¬¥â¨¬, çâ® £¨¯¥à¡®«¨ç¥áª ï ¯à¨à®¤  à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ãçâ¥   -
«¨ç¨¥¬ ¢ ¥¬ «¨èì ¯à®¨§¢®¤ëå ¡®«¥¥ ¨§ª®£® ¯®àï¤ª , ç¥¬ @3u

@l1@l2@l3
.

� ¬¥ç ¨¥ 2. �®áª®«ìªã ¡¨å à ªâ¥à¨áâ¨ª¨ ãà ¢¥¨ï (1.5), ¢ë¯ãé¥ë¥ ¨§ ¯à®¨§¢®«ì®©
â®çª¨ P ®¡« áâ¨D ¢ áâ®à®ã ã¡ë¢ îé¨å § ç¥¨©  ¯¯«¨ª âë x3 â¥ªãé¨å â®ç¥ª Li(P ), i = 1; 2; 3,
¯¥à¥á¥ª îâ £à ì S1 ¤¢  à § ,   S2 | ®¤¨ à §, â® á®®â¢¥âáâ¢¥® ¢ £à ¨çëå ãá«®¢¨ïå (1.6)
  �1 ¡¥àãâáï ¤¢  ãá«®¢¨ï,     �2 | ®¤® ãá«®¢¨¥.

�àâ®£® «ìë¥ ¯à®¥ªæ¨¨ âà¥ã£®«ì¨ª®¢ �1 ¨ �2   ¯«®áª®áâ¨ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå x1,
x3 ®¡®§ ç¨¬ â¥¬¨ ¦¥ á¨¬¢®« ¬¨. �«ï á«¥¤®¢ äãªæ¨© Mk

ij , M
k
i , M

k, fk, i; j; k = 1; 2; 3, i < j,
  á®®â¢¥âáâ¢ãîé¨å ¬®¦¥áâ¢ å ®áâ ¢«ï¥¬ ¯à¥¦¨¥ ®¡®§ ç¥¨ï, ª®â®àë¬¨ ¨ ¢®á¯®«ì§ã¥¬áï
¨¦¥.

�¢¥¤¥¬ äãªæ¨® «ìë¥ ¯à®áâà áâ¢ 

0

C�(D) :=
�
u 2 C(D) : u��

�
= 0; sup

x2Dn�

���ju(x)j <1	
;

0

C�(�i) :=
�
' 2 C(�i) : '

��
�2
= 0; sup

(x1;x3)2�in�2

x��3 j'(x1; x3)j <1	
;

£¤¥ � := D \ �1, �2 := �i \ �3, i = 1; 2, �3 := f(x1; x3) 2 R2 : x1 2 R, x3 = 0g, � | à ááâ®ï¨¥ ®â

â®çª¨ x 2 D n �1 ¤® à¥¡à  �1 ®¡« áâ¨ D1,   ¯ à ¬¥âà � := const � 0; C0 :=
0

C0.
�ç¥¢¨¤®, ®â®á¨â¥«ì® ®à¬

kuk 0

C�(D)
:= sup

x2Dn�

���ju(x)j; k'k 0

C�(�i)
:= sup

(x1;x3)2�in�2

x��3 j'(x1; x3)j

¯à®áâà áâ¢ 
0

C�(D) ¨
0

C�(�i), i = 1; 2, ï¢«ïîâáï ¡  å®¢ë¬¨.

� ¬¥ç ¨¥ 3. �¢¨¤ã à ¢®¬¥à®© ®æ¥ª¨ 1 � �

x3
� p

2, x 2 D1 ¢ ®¯à¥¤¥«¥¨¨ ¯à®áâà áâ¢ 
0

C�(D) ¢¥«¨ç¨ã � ¬®¦® § ¬¥¨âì ¯¥à¥¬¥®© x3, ç¥¬ ¨ ¢®á¯®«ì§ã¥¬áï ¨¦¥.

�¥£ª® ¢¨¤¥âì, çâ® ¯à¨ ¤«¥¦®áâì äãªæ¨© u 2 C0(D) ¨ ' 2 C0(�i) á®®â¢¥âáâ¢¥® ¯à®-

áâà áâ¢ ¬
0

C�(D) ¨
0

C�(�i) à ¢®á¨«ìa ¢ë¯®«¥¨î ¥à ¢¥áâ¢

ju(x)j � cx�3 ; x 2 D; j'(x1; x3)j � cx�3 ; (x1; x3) 2 �i; i = 1; 2:1 (1.7)

�à ¨çãî § ¤ çã (1.5), (1.6) ¡ã¤¥¬ ¨áá«¥¤®¢ âì ¢ ¯à®áâà áâ¢¥ �  å 

0

C l

�(D) :=
�
u :

@i+j+ku

@li1@l
j
2@l

k
3

2
0

C�(D); i; j; k = 0; 1
�
; l := (l1; l2; l3);

®â®á¨â¥«ì® ®à¬ë

kuk 0

Cl
�(D)

:=
1X

i;j;k=0

 @i+j+ku
@li1@l

j
2@l

k
3

 0

C�(D)

¯à¨ ãá«®¢¨ïå

Aij ; Ai; A 2 C(D); Mk
ij ;M

k
i ;M

k 2 C(�
{(k)); fk 2

0

C�(�{(k)); i; j; k = 1; 2; 3; i < j; F 2
0

C�(D):

1�¤¥áì ¨ ¨¦¥ ¢áî¤ã ¤ «¥¥ ç¥à¥§ c ®¡®§ ç¨¬ ¯®«®¦¨â¥«ìãî ¯®áâ®ïãî, ª®ªà¥â®¥ § ç¥¨¥ ª®-

â®à®© ¤«ï  è¨å ¨áá«¥¤®¢ ¨© ¯à¨æ¨¯¨ «ì®£® § ç¥¨ï ¥ ¨¬¥¥â.
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2. �â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ äãªæ¨¨
ç¥à¥§ ¥¥ á¬¥è ë¥ ¯à®¨§¢®¤ë¥ ¢â®à®£® ¯®àï¤ª 

� íâ®¬ ¯ à £à ä¥ ¤ ¥âáï ä®à¬ã«  ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï äãªæ¨¨ u ¢ ¤¢ã£à ®¬
ã£«¥ D1 ç¥à¥§ ¥¥ á¬¥è ë¥ ¯à®¨§¢®¤ë¥ ¢â®à®£® ¯®àï¤ª  ¨ ¯® § ¤ ë¬ § ç¥¨ï¬ äãªæ¨¨
u ¨ ¥¥ ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª    à¥¡à¥ �1 ã£«  D1.

�¥¬¬  1. � § ¬ªãâ®¬ ¤¢ã£à ®¬ ã£«¥ D1 áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ ï äãªæ¨ï u 2 �
u :

@i+j+ku

@li1@l
j

2@l
k
3

2 C(D1), i; j; k = 0; 1
	
, ã¤®¢«¥â¢®àïîé ï ¯¥à¥®¯à¥¤¥«¥®© á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¢â®à®£® ¯®àï¤ª 

@2u

@li@lj
= vij ; i < j; (2.1)

¨ ãá«®¢¨ï¬

u
��
�1
= 0;

@u

@li

���
�1
= 0; i; j = 1; 2; 3: (2.2)

�¤¥áì vij | § ¤ ë¥ äãªæ¨¨ â ª¨¥, çâ® vij ;
@vij

@lk
2 C(D1), i; j; k = 1; 2; 3, i < j, k 6= i; j;

@v12
@l3

(x) = @v13
@l2

(x) = @v23
@l1

(x), x 2 D1.

�®ª § â¥«ìáâ¢®. �ãáâì P := P (x) | ¯à®¨§¢®«ì ï ä¨ªá¨à®¢  ï â®çª  ¨§ D1 n �1.
�ç¥¢¨¤®, ¢ á¨«ã ãá«®¢¨ï  )   �1 ¯«®áª®áâì Pli;lj , ¯à®å®¤ïé ï ç¥à¥§ â®çªã P ¯ à ««¥«ì-
® ¯ à¥ ¢¥ªâ®à®¢ li, lj , ¨¬¥¥â ¥¤¨áâ¢¥ãî â®çªã ¯¥à¥á¥ç¥¨ï P k := P k(xk), xk := (xk1 ; 0; 0),
i; j; k = 1; 2; 3, k 6= i; j, á à¥¡à®¬ �1. �«¥¬¥â àë¥ ¢ëç¨á«¥¨ï ¤ îâ, çâ® xk1 = x1 + �ijx2 + �ijx3,
£¤¥ �ij := (�ji � �ij)(�ij � �ji)�1; �ij := (�i�j � �j�i)(�ij � �ji)�1, i; j; k = 1; 2; 3, k 6= i; j.

�¡®§ ç¨¬ ç¥à¥§ Lk(P; P k) ¯àï¬ãî, ¯à®å®¤ïéãî ç¥à¥§ â®çª¨ P ¨ P k, ¨ ¯ãáâì �k(x) := PP k =
(x1 � xk1; x2; x3) | ¥£®  ¯à ¢«ïîé¨© ¢¥ªâ®à. � á¨«ã ¥¤¨áâ¢¥®áâ¨ à §«®¦¥¨ï ¢¥ªâ®à  �k(x)
¢ á¨áâ¥¬¥ ¢¥ªâ®à®¢ li, lj ¯® ä®à¬ã«¥

�k(x) = x3�ij

�
x2

x3

�
li + x3�ji

�
x2

x3

�
lj ;

£¤¥ �ij(t) := (jt� �j)(�ij � �ji)�1, jtj � 1, «¥£ª® ¯à®¢¥à¨âì, çâ®

@

@�k(x)
= x3�ij

�
x2

x3

�
@

@li
+ x3�ji

�
x2

x3

�
@

@lj
:

�âáî¤ , ¢ á¢®î ®ç¥à¥¤ì,  å®¤¨¬

@

@�k(x)

�
@u

@lk
(y)

�
= x3�ij

�
x2

x3

�
vik(y) + x3�ji

�
x2

x3

�
vjk(y); (2.3)

£¤¥ y := (y1; y2; y3) 2 D1 n �1, i; j; k = 1; 2; 3, k 6= i; j. �¤¥áì vij = vji ¯à¨ i > j, i; j = 1; 2; 3.
�â¥£à¨àãï à ¢¥áâ¢® (2.3) ¢¤®«ì ¯àï¬®© Lk(P; P k) ¢ áâ®à®ã ¢®§à áâ îé¨å § ç¥¨© ¯¥à¥-

¬¥®© y3 ®â â®çª¨ P k ¤® â®çª¨ P , ¢ á¨«ã ¢â®à®£® à ¢¥áâ¢  (2.2)  å®¤¨¬

@u

@lk
(x) = �ij

�
x2

x3

�Z x3

0

vik

�
xk1 �

�
�ij
x2

x3
+ �ij

�
y3;

x2

x3
y3; y3

�
dy3 +

+ �ji

�
x2

x3

�Z x3

0

vjk

�
xk1 �

�
�ij
x2

x3
+ �ij

�
y3;

x2

x3
y3; y3

�
dy3; (2.4)

£¤¥ x 2 D1 n �1, i; j; k = 1; 2; 3, k 6= i; j.
� á¨«ã ¯à®¨§¢®«ì®áâ¨ ¢ë¡®à  â®çª¨ P ä®à¬ã«  (2.4) ¤ ¥â ¯à¥¤áâ ¢«¥¨¥ äãªæ¨¨ @u

@lk
(x),

x 2 D1 n �1, ç¥à¥§ § ¤ ë¥ äãªæ¨© vik ¨ vjk, i; j; k = 1; 2; 3, k 6= i; j.
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�¯à¥¤¥«¨¬ â¥¯¥àì § ç¥¨¥ äãªæ¨¨ u ¢ â®çª¥ P := P (x) 2 D1 n �1 ¯à¨ ¯®¬®é¨ § ¤ ëå
äãªæ¨© vij , i; j = 1; 2; 3, i < j. �â¥£à¨àãï ®ç¥¢¨¤®¥ à ¢¥áâ¢®

@u

@�1(x)
(y) = x3�23

�
x2

x3

�
@u

@l2
(y) + x3�32

�
x2

x3

�
@u

@l3
(y); y 2 D1 n �1;

¢¤®«ì ¯àï¬®© L1(P; P 1) ¢ áâ®à®ã ¢®§à áâ îé¨å § ç¥¨© ¯¥à¥¬¥®© y3 ®â â®çª¨ P 1 ¤® â®çª¨
P , ¢ á¨«ã ¯¥à¢®£® à ¢¥áâ¢  ¨§ (2.2) ¯à¨ x 2 D1 n �1  å®¤¨¬

u(x) = �23

�
x2

x3

�Z x3

0

@u

@l2

�
x1

x3
y3;

x2

x3
y3; y3

�
dy3 + �32

�
x2

x3

�Z x3

0

@u

@l3

�
x1

x3
y3;

x2

x3
y3; y3

�
dy3: (2.5)

�ª®ç â¥«ì®, á ãç¥â®¬ (2.4) ¨ (2.5) ¯®«ãç ¥¬, çâ® u(x) ¯à¨ x 2 D1 n �1 ¢ëà ¦ ¥âáï ¯à¨
¯®¬®é¨ § ¤ ëå äãªæ¨© vij , i; j = 1; 2; 3, i < j.

� ¬¥ç ¨¥ 4. �ç¥¢¨¤®, ®¤®à®¤®áâì ãá«®¢¨© ¢ à ¢¥áâ¢ å (2.2) ï¢«ï¥âáï ¥áãé¥áâ¢¥-
®©.

�ãáâì 
 | ¯®¤¬®£®®¡à §¨¥ ¨§ ¯à®áâà áâ¢  R3 \ fx3 � 0g,   X(
) | ¥ª®â®à®¥ «¨-
¥©®¥ ¯à®áâà áâ¢® äãªæ¨©, ®¯à¥¤¥«¥ëå   
. �ã¤¥¬ £®¢®à¨âì, çâ® «¨¥©ë© ®¯¥à â®à
T : X(
)! X(
) ï¢«ï¥âáï ®¯¥à â®à®¬ â¨¯  �®«ìâ¥àà  ª« áá  V ¢ áâ®à®ã ¢®§à áâ îé¨å § -
ç¥¨© ¯¥à¥¬¥®© x3 � 0, ¥á«¨ ¨§ u

��

\fy3�x3g

= 0, £¤¥ inf
y2


y3 � x3 � sup
y2


y3, u 2 X(
), ¢ëâ¥ª ¥â,

çâ® Tu
��

\fy3�x3g

= 0 ¨ ¤«ï «î¡®£® � � 0 ¨ u 2 X(
) á¯à ¢¥¤«¨¢  ®æ¥ª 

j(Tu)(x)j � C(T )
� + 1

x�+13 sup
y2
\fy3�x3g

y��3 ju(y)j (2.6)

á ¯®«®¦¨â¥«ì®© ¯®áâ®ï®© C(T ), ¥ § ¢¨áïé¥© ®â �. � íâ®¬ á«ãç ¥ ¡ã¤¥¬ ¯¨á âì, çâ® T 2 V .
�â¬¥â¨¬, çâ® ¢á¥ ¢áâà¥ç îé¨¥áï ¨¦¥ «¨¥©ë¥ ¨â¥£à «ìë¥ ®¯¥à â®àë ®¡« ¤ îâ ãª -

§ ë¬ ¢ëè¥ á¢®©áâ¢®¬, â. ¥. ¯à¨ ¤«¥¦ â ª« ááã V .

� ¬¥ç ¨¥ 5. �¢¨¤ã ®£à ¨ç¥®áâ¨ ¢¥«¨ç¨ë
��x2
x3

�� ¢áî¤ã ¢ ¤¢ã£à ®¬ ã£«¥D1 «¥£ª® ¬®¦-
® ¯®ª § âì, çâ®:

 0) ¯à¥¤áâ ¢«¥¨ï (2.4) ¨ (2.5) ¨¬¥îâ ¬¥áâ® ¢áî¤ã ¢ D1 ¢ ãª § ®¬ ª« áá¥ äãªæ¨©;
¡0) ®¯¥à â®àë, ®¯à¥¤¥«ï¥¬ë¥ ¯à ¢ë¬¨ ç áâï¬¨ à ¢¥áâ¢ (2.4) ¨ (2.5), â ª¦¥ ¯à¨ ¤«¥¦ â

ª« ááã V .

3. �ª¢¨¢ «¥â ï à¥¤ãªæ¨ï § ¤ ç¨ (1.5), (1.6)
ª ¨â¥£à®-äãªæ¨® «ì®¬ã ãà ¢¥¨î

� á¨«ã ®¡®§ ç¥¨© (2.1) ¨ à ¢¥áâ¢ (2.4), (2.5) § ¤ ç  (1.5), (1.6) ¢ ®¡« áâ¨ D íª¢¨¢ «¥âë¬
®¡à §®¬ ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥ £à ¨ç®© § ¤ ç¨ ¤«ï á¨áâ¥¬ë ¨â¥£à®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-
¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª  ®â®á¨â¥«ì® ¥¨§¢¥áâëå äãªæ¨©
v12, v13, v23

@vij

@lk
+

3X
i;j=1; i<j

Aijvij + Tk(v12; v13; v23) = F; i; j; k = 1; 2; 3; i < j; k 6= i; j; (3.1)

� 3X
i;j=1; i<j

Mk
ijvij + Tk+3(v12; v13; v23)

����
�
{(k)

= fk; k = 1; 2; 3; (3.2)

Ti 2 V , i = 1; 6.
�ª¢¨¢ «¥â®áâì ¨áå®¤®© § ¤ ç¨ (1.5), (1.6) ¨ § ¤ ç¨ (3.1), (3.2) ï¢«ï¥âáï ®ç¥¢¨¤ë¬ á«¥¤-

áâ¢¨¥¬ «¥¬¬ë 1.
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�§ ¯à®¨§¢®«ì®© â®çª¨ P := P (x) 2 D ¢ë¯ãáâ¨¬ ¡¨å à ªâ¥à¨áâ¨ç¥áª¨¥ «ãç¨ Li(P ) ãà ¢¥-
¨ï (1.5) ¢ áâ®à®ã ã¡ë¢ îé¨å § ç¥¨©  ¯¯«¨ª âë x3 â¥ªãé¨å â®ç¥ª Li(P ), i = 1; 2; 3. �ãáâì
Pi | â®çª¨ ¯¥à¥á¥ç¥¨ï «ãç¥© Li(P ), i = 1; 2; 3, á £à ï¬¨ S1 ¨ S2.

�®« £ ï

'12(x1; x3) := v12(x)
��
x2=�x3

; (x1; x3) 2 �2; 'i3(x1; x3) := vi3
��
x2=x3

; (x1; x3) 2 �1; i = 1; 2;

¨ ¨â¥£à¨àãï ãà ¢¥¨ï á¨áâ¥¬ë (3.1) ¢¤®«ì á®®â¢¥âáâ¢ãîé¨å ¡¨å à ªâ¥à¨áâ¨ª ®â â®çª¨ Pi ¤®
â®çª¨ P ¯à¨ x 2 D, ¯®«ãç ¥¬

v12(x) = '12

�
�(x1; x2 + x3; x3;��3(3 + �3)

�1;�3(3 + �3)
�1)

�
+ T7(v12; v13; v23)(x) + F1(x);

v13(x) = '13

�
�(x1; x2 � x3; x3;�2(2 � �2)�1; 2(2 � �2)�1)

�
+ T8(v12; v13; v23)(x) + F2(x); (3.3)

v23(x) = '23

�
�(x1; x2 � x3; x3;�1(1 � �1)

�1; 1(1 � �1)
�1)

�
+ T9(v12; v13; v23)(x) + F3(x);

£¤¥ �(x;�1; �2) := (x1 + �1x2; x3 + �2x2), x 2 D, Ti+6 2 V ,   Fi, i = 1; 2; 3, | ¨§¢¥áâë¥ äãªæ¨¨.
�®¤áâ ¢«ïï ¢ëà ¦¥¨ï ¤«ï v12; v13; v23 ¨§ à ¢¥áâ¢ (3.3) ¢ £à ¨çë¥ ãá«®¢¨ï (3.2), ¡ã¤¥¬ ¨¬¥âì

Mk
12(x1; x3)'12

�
�(x1; 2x3; x3;��3(3 + �3)

�1;�3(3 + �3)
�1)

�
+Mk

13(x1; x3)'13(x1; x3) +

+Mk
23(x1; x3)'23(x1; x3) + Tk+9(v12; v13; v23)(x1; x3) = efk(x1; x3); (x1; x3) 2 �1; k = 1; 2; (3.4)

M 3
12(x1; x3)'12(x1; x3) +M 3

13(x1; x3)'13

�
�(x1;�2x3; x3;�2(2 � �2)

�1; 2(2 � �2)
�1)

�
+

+M 3
23(x1; x3)'23

�
�(x1;�2x3; x3;�1(1 � �1)�1; 1(1 � �1)�1)

�
+

+T12(v12; v13; v23)(x1; x3) = ef3(x1; x3); (x1; x3) 2 �2; (3.5)

£¤¥ Ti+9 2 V , i = 1; 2; 3,   efk 2 0

C�(�{(k)), k = 1; 2; 3, | ¨§¢¥áâë¥ äãªæ¨¨. �à ¢¥¨ï (3.4)
¯¥à¥¯¨è¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

Mk
13(x1; x3)'13(x1; x3) +Mk

23(x1; x3)'23(x1; x3) = efk(x1; x3)�Mk
12(x1; x3)'12

�
�(x1; 2x3; x3;

��3(3 + �3)
�1;�3(3 + �3)

�1)
�� Tk+9(v12; v13; v23)(x1; x3); (x1; x3) 2 �1; k = 1; 2: (3.6)

� ¯à¥¤¯®«®¦¥¨¨, çâ®

�(x1; x3) := det
M 1

13 M 1
23

M 2
13 M 2

23

 (x1; x3) 6= 0; (x1; x3) 2 �1; (3.7)

¨§ á¨áâ¥¬ë (3.6)  å®¤¨¬

'i3(x1; x3) = ai(x1; x3)� bi(x1; x3)'12

�
�(x1; 2x3; x3;��3(3 + �3)

�1;�3(3 + �3)
�1)

�
+

+Ti+12(v12; v13; v23)(x1; x3); (x1; x3) 2 �1; (3.8)

£¤¥ Ti+12 2 V ,   bi 2 C(�1), ai 2
0

C�(�1), i = 1; 2, | ¨§¢¥áâë¥ äãªæ¨¨. �ãáâì

M 3
12(x1; x3) 6= 0; (x1; x3) 2 �2: (3.9)

�®¤áâ ¢«ïï ¯®«ãç¥ë¥ ¢ëà ¦¥¨ï ¤«ï äãªæ¨© 'i3, i = 1; 2, ¨§ (3.8) ¢ à ¢¥áâ¢® (3.5) ¨
ãç¨âë¢ ï (3.9), ®â®á¨â¥«ì® '12 : �2 ! �2 ¯à¨ (x1; x3) 2 �2 ¯®«ãç ¥¬ ¨â¥£à®-äãªæ¨® «ì®¥
ãà ¢¥¨¥

'12(x1; x3)�
2X

i=1

Gi(x1; x3)'12

�
Ji(x1; x3)

�
+ T15(v12; v13; v23)(x1; x3) = g(x1; x3); (3.10)

£¤¥ T15 2 V ,   Gi 2 C(�2), i = 1; 2, g 2
0

C�(�2) | ¢¯®«¥ ®¯à¥¤¥«¥ë¥ äãªæ¨¨. �¤¥áì ®â®¡à -
¦¥¨ï Ji : �2 ! �2, i = 1; 2, ¤¥©áâ¢ãîâ ¯® ä®à¬ã« ¬

Ji : (x1; x3)! (x1 + �ix3; �ix3); (x1; x3) 2 �2;
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£¤¥

�i :=
2�i(�3 + 3)� 2�3(�i + i)

(�i � i)(�3 + 3)
; �i :=

(�3 � 3)(�i + i)
(�i � i)(�3 + 3)

; i = 1; 2:

� ¬¥ç ¨¥ 6. �à¨ á¤¥« ëå ¢ëè¥ ¤®¯ãé¥¨ïå ®â®á¨â¥«ì® ¡¨å à ªâ¥à¨áâ¨ç¥áª¨å  -
¯à ¢«¥¨© «¥£ª® ãáâ ®¢¨âì, çâ® 0 < �i < 1, i = 1; 2.

� ¬¥ç ¨¥ 7. �ç¥¢¨¤®, ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (3.7), (3.9) § ¤ ç  (1.5), (1.6) ¢ ª« áá¥
0

Cl

�(D) íª¢¨¢ «¥â  ãà ¢¥¨î (3.10) ®â®á¨â¥«ì® ¥¨§¢¥áâ®© äãªæ¨¨ '12 2
0

C�(�2).

4. �áá«¥¤®¢ ¨¥ ¨â¥£à®-äãªæ¨® «ì®£® ãà ¢¥¨ï (3.10)

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:

(K'12)(x1; x3) := '12(x1; x3)�
2X

i=1

Gi(x1; x3)'12

�
Ji(x1; x3)

�
; (x1; x3) 2 �2; (4.1)

h(�) :=
2X

i=1

�i�
�
i ; �i := sup

x12[O4O6]

��Gi(x1; 0)
��; i = 1; 2; � 2 R: (4.2)

�ãáâì ¤«ï ¥ª®â®à®£® § ç¥¨ï ¨¤¥ªá  i ç¨á«® �i, i = 1; 2, ®â«¨ç® ®â ã«ï. � íâ®¬ á«ãç ¥ ¢
á¨«ã § ¬¥ç ¨ï 6 äãªæ¨ï h : R ! R+ ï¢«ï¥âáï ¥¯à¥àë¢®© ¨ áâà®£® ¬®®â®® ã¡ë¢ îé¥©
  R, ¯à¨ç¥¬ lim

�!�1
h(�) =1 ¨ lim

�!1
h(�) = 0. �®íâ®¬ã áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ ¤¥©áâ¢¨â¥«ì®¥

ç¨á«® �0 â ª®¥, çâ® h(�0) = 1. �á«¨ ¦¥ ¢á¥ ¢¥«¨ç¨ë �i = 0, i = 1; 2, â® ¯®«®¦¨¬ �0 = �1.

�¥¬¬  2. �á«¨ � > �0, â® ®¯¥à â®à K, ®¯à¥¤¥«ï¥¬ë© ¨§ (4:1), ®¤®§ ç® ®¡à â¨¬ ¢ ¯à®-

áâà áâ¢¥
0

C�(�2) ¨ ¤«ï äãªæ¨¨ '12 = K�1g ¨¬¥¥â ¬¥áâ® ®æ¥ª 

j'12(x1; x3)j = j(K�1g)(x1; x3)j � C1x
�
3 kgk 0

C�(�2\fy3�x3g)
; (x1; x3) 2 �2; (4.3)

£¤¥ ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C1 ¥ § ¢¨á¨â ®â äãªæ¨¨ g.

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï � > �0 ¨ ®¯à¥¤¥«¥¨ï äãªæ¨¨ h ¨§ (4.2) á«¥¤ã¥â

h(�) =
2X

i=1

�i�
�
i < 1: (4.4)

� á¨«ã ¥à ¢¥áâ¢  (4.4) ¨ ¥¯à¥àë¢®áâ¨ äãªæ¨© Gi, i = 1; 2,  ©¤ãâáï â ª¨¥ ¯®«®¦¨â¥«ìë¥
ç¨á«  " (" < x03) ¨ �, çâ® ¯à¨ (x1; x3) 2 �2 \ f0 � x3 � "g ¡ã¤ãâ á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

jGi(x1; x3)j � �i + �; i = 1; 2; (4.5)

 :=
2X

i=1

(�i + �)��i < 1: (4.6)

�®£« á® § ¬¥ç ¨î 6 áãé¥áâ¢ã¥â â ª®¥  âãà «ì®¥ ç¨á«® r0, çâ® ¯à¨ r � r0 ¢ë¯®«ïîâáï

�ir�ir�1
� � � �i1x3 � "; 0 � x3 � x03; (4.7)

£¤¥ 1 � is � 2, s = 1; : : : ; r.
�¢¥¤¥¬ ®¯¥à â®àë � ¨ K�1, ¤¥©áâ¢ãîé¨¥ ¯® ä®à¬ã« ¬

(�'12)(x1; x3) :=
2X

i=1

Gi(x1; x3)'12

�
Ji(x1; x3)

�
; (x1; x3) 2 �2; K�1 := I +

1X
r=1

�r;
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£¤¥ I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à. �ç¥¢¨¤®, ®¯¥à â®à K�1 ï¢«ï¥âáï ä®à¬a«ì® ®¡à âë¬ ª
®¯¥à â®àã K, ®¯à¥¤¥«¥®¬ã à ¢¥áâ¢®¬ (4.1). �®íâ®¬ã ¤®áâ â®ç® ¯®ª § âì ¥¯à¥àë¢®áâì

®¯¥à â®à  K�1 :
0

C�(�2)!
0

C�(�2).
�¥©áâ¢¨â¥«ì®, «¥£ª® ¢¨¤¥âì, çâ® ¢ëà ¦¥¨¥ �rg ¥áâì áã¬¬ , á®áâ®ïé ï ¨§ á« £ ¥¬ëå ¢¨¤ 

Ii1���ir(x1; x3) := Gi1(x1; x3)Gi2

�
Ji1(x1; x3)

�
Gi3

�
Ji2
�
Ji1(x1; x3)

�� � � � �
�Gir

�
Jir�1

�
Jir�2

� � � � �Ji1(x1; x3)� � � � ���g�Jir�Jir�1

� � � � �Ji1(x1; x3)� � � � ���;
£¤¥ 1 � is � 2, s = 1; : : : ; r.

�ãáâì � := max
1�i�2

sup
(x1;x3)2�2

��Gi(x1; x3)
��. � á¨«ã (4.5), (4.7) ¨ § ¬¥ç ¨ï 6 ¯à¨ r > r0, g 2

0

C�(�2)

¨¬¥¥¬��Ii1���ir(x1; x3)��=��Gi1(x1; x3)
�� � � � ��Gir0

�
Jir0�1

�
Jir0�2

� � � � �Ji1(x1; x3)� � � � ���Gir0+1

�
Jir0

�
Jir0�1

� � � � �Ji1(x1;
x3)

� � � � ����� � � � ��Gir

�
Jir�1

�
Jir�2

� � � � �Ji1(x1; x3)� � � � ���g�Jir�Jir�1

� � � � �Ji1(x1; x3)� � � � ����� �
� �r0(�ir0+1

+ �) � � � (�ir + �)(�ir�ir�1
� � � �i1x3)�kgk 0

C�(�2\fy3�x3g)
� �r0

� rY
s=r0+1

(�is + �)
�
�

�
� rY

s=r0+1

��is

�
x�3 kgk 0

C�(�2\fy3�x3g)
= �r0

� rY
s=r0+1

(�is + �)��is

�
x�3 kgk 0

C�(�2\fy2�x3g)
; (4.8)

  ¯à¨ 1 � r � r0��Ii1���ir(x1; x3)�� � �r(�ir�ir�1
� � � �i1x3)�kgk 0

C�(�2\fy3�x3g)
� �rx�3 kgk 0

C�(�2\fy3�x3g)
: (4.9)

�®£« á® (4.8), (4.9) ¨ (4.6) ¯à¨ r > r0 ¯®«ãç ¥¬

j(�rg)(x1; x3)j =
���� X
i1;:::;ir

Ii1���ir(x1; x3)
���� � �r0

� X
i1;:::;ir0

1
�r0� 2X

i=1

(�i + �)��i

�r�r0
x�3 kgk 0

C�(�2\fy3�x3g)
�

� C2
rx�3 kgk 0

C�(�2\fy3�x3g)
; (4.10)

  ¯à¨ 1 � r � r0

j(�rg)(x1; x3)j � C3x
�
3 kgk 0

C�(�2\fy3�x3g)
; (4.11)

£¤¥ C2 := �r0�r0
� P
i1;:::;ir0

1
�r0

, C3 := �r
� P
i1;:::;ir

1
�
.

�§ (4.10) ¨ (4.11) ®ª®ç â¥«ì®  å®¤¨¬

j'12(x1; x3)j � jg(x1; x3)j+
r0X
r=1

j(�rg)(x1; x3)j+
1X

r=r0+1

j(�rg)(x1; x3)j �

� �
1 +C3r0 + C2

r0+1(1� )�1
�
x�3 kgk 0

C�(�2\fy3�x3g)
= C4x

�
3 kgk 0

C�(�2\fy3�x3g)
;

£¤¥

C4 := 1 + C3r0 +C2
r0+1(1� )�1:

�âáî¤  á«¥¤ã¥â ¥¯à¥àë¢®áâì ®¯¥à â®à  K�1 ¢ ¯à®áâà áâ¢¥
0

C�(�2) ¨ á¯à ¢¥¤«¨¢®áâì «¥¬-
¬ë 2.
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� ¬¥ç ¨¥ 8. � ª ª ª ¢ ®¯à¥¤¥«¥¨¨ äãªæ¨® «ì®£® ¯à®áâà áâ¢ 
0

C� � � 0, â® ¯à¨

�0 < 0 ¡ã¤¥¬ áç¨â âì, çâ® ®¯¥à â®à K ¨§ (4.1) ®¤®§ ç® ®¡à â¨¬ ¢ ¯à®áâà áâ¢¥
0

C�(�2) ¯à¨
«î¡®¬ � � 0.

� ¬¥ç ¨¥ 9. B¥«¨ç¨  �0 § ¢¨á¨â â®«ìª® ®â äãªæ¨¨ Mk
ij , i; j; k = 1; 2; 3, i < j.

5. �á®¢®© à¥§ã«ìâ â

�¥®à¥¬ . �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï (3:7) ¨ (3:9). �®£¤  § ¤ ç  (1:5), (1:6) ®¤®§ ç® à §-

à¥è¨¬  ¢ ¯à®áâà áâ¢¥
0

Cl

�(D) ¯à¨ � > �0.

�®ª § â¥«ìáâ¢®. �ã¤¥¬ à¥è âì á¨áâ¥¬ã ãà ¢¥¨© (3.3), (3.8), (3.10) ®â®á¨â¥«ì® ¥¨§-
¢¥áâëå vij , 'ij , i; j = 1; 2; 3, i < j, ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©.

�®«®¦¨¬

v0ij � 0; '0
ij � 0; i; j = 1; 2; 3; i < j; (5.1)

vn12 = 'n12 + T7(v
n�1
12 ; vn�113 ; vn�123 ) + F1; (5.2)

vni3 = 'ni3 + Ti+7(v
n�1
12 ; vn�113 ; vn�123 ) + Fi+1; i = 1; 2; (5.3)

  äãªæ¨¨ 'nij , i; j = 1; 2; 3, i < j, ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ãà ¢¥¨©

K'n12 + T15(v
n�1
12 ; vn�113 ; vn�123 ) = g; (5.4)

'ni3 = ai � bi'
n
12 + Ti+12(v

n�1
12 ; vn�113 ; vn�123 ); n � 1; i = 1; 2; (5.5)

£¤¥ ®¯¥à â®à K ¤¥©áâ¢ã¥â ¯® ä®à¬ã«¥ (4.1).
�à¨¨¬ ï ¢® ¢¨¬ ¨¥ «¥¬¬ã 2, § ¬¥ç ¨¥ 6 ¨ (2.6), ¯®ª ¦¥¬, çâ® á¯à ¢¥¤«¨¢ë ®æ¥ª¨

j(vn+1ij � vnij)(x)j �M�M
n
�

n!
xn+�3 ; j('n+1ij � 'nij)(x1; x3)j �M�M

n
�

n!
xn+�3 ; (5.6)

£¤¥ M� = M�(Aij ; Ai; A;M
k
ij ;M

k
i ;M

k; C1) > 0, M� = M�(F; fi;Mk
ij ;M

k
i ;M

k; C1) > 0, i < j, i; j; k =
1; 2; 3, n = 0; 1; : : : ,   C1 | ¯®áâ®ï ï ¨§ (4.3).

� á¨«ã âà¥¡®¢ ¨©   F , fi, i = 1; 2; 3, ¨¬¥¥¬ g 2
0

C�(�2), � � 0. �®íâ®¬ã á ãç¥â®¬ (1.7)
á¯à ¢¥¤«¨¢  á«¥¤ãîé ï ®æ¥ª : jg(x1; x3)j � �x�3 ¨«¨ x��3 jg(x1; x3)j � �, � � 0, � := const � 0,
(x1; x3) 2 �2. �á«¨ ¦¥ ¢ íâ®¬ ¥à ¢¥áâ¢¥ ¢®§ì¬¥¬ ¢¬¥áâ® x3 ¯¥à¥¬¥ãî y3 2 [0; x3], â® á®£« á®

®¯à¥¤¥«¥¨î ®à¬ë ¢ ¯à®áâà áâ¢¥
0

C�(�2 \ fy3 � x3g) ¯®«ãç¨¬
kgk 0

C�(�2\fy3�x3g)
� �; 0 � x3 � x03: (5.7)

� á¨«ã (5.1) ¨ (4.3), ¨§ (5.4), (5.7) ¡ã¤¥¬ ¨¬¥âì

j('1
12 � '0

12)(x1; x3)j = j'1
12(x1; x3)j = j(K�1g)(x1; x3)j � C1x

�
3 kgk 0

C�(�2\fy3�x3g)
� �C1x

�
3 : (5.8)

� ãç¥â®¬ (5.1) ¨ (5.8) ¨§ à ¢¥áâ¢  (5.5)  å®¤¨¬

j('1
i3 � '0

i3)(x1; x3)j = j'1
i3(x1; x3)j � (ai +�biC1)x

�
3 ; (5.9)

£¤¥ ai := kaik 0

C�(�1)
, bi := max

(x1;x3)2�1

jbi(x1; x3)j, i = 1; 2. � «¥¥, ¨§ (5.2) ¢ á¨«ã (5.1) ¨ (5.8) ¢ á¢®î
®ç¥à¥¤ì á«¥¤ã¥â

j(v112 � v012)(x)j = jv112(x)j � (�C1 +�1)x
�
3 : (5.10)

� «®£¨çë¬ ®¡à §®¬ ¨§ à ¢¥áâ¢ (5.3) á ãç¥â®¬ (5.1) ¨ (5.9) ¡ã¤¥¬ ¨¬¥âì

j(v1i3 � v0i3)(x)j = jv1i3(x)j � (ai +�biC1 +�i)x
�
3 ; (5.11)
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¢ ¥à ¢¥áâ¢ å (5.10), (5.11) �1 := kF1k 0

C�(�2)
, �i := kFik 0

C�(�1)
, i = 2; 3.

� ¯à¥¤¯®«®¦¥¨¨, çâ® ®æ¥ª¨ (5.6) á¯à ¢¥¤«¨¢ë ¯à¨ n = 1; 2; : : : ¤®ª ¦¥¬ ¨å á¯à ¢¥¤«¨¢®áâì
¯à¨ n+ 1 ¤«ï ¤®áâ â®ç® ¡®«ìè¨å M� ¨ M�.

�§ (5.4) ¨¬¥¥¬

K('n+212 � 'n+112 )(x1; x3) = �T15(vn+112 � vn12; v
n+1
13 � vn13; v

n+1
23 � vn23)(x1; x3); (x1; x3) 2 �2:(5.12)

� «¥¥, ¤«ï ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (5.12) ¢ á¨«ã (2.6) ¯à¨ � = n + � ¨ (5.6) ¯à¨ (x1; x3) 2 �2

á¯à ¢¥¤«¨¢  ®æ¥ª 

jT15(vn+112 � vn12; v
n+1
13 � vn13; v

n+1
23 � vn23)(x1; x3)j �

� C(T15)
� + 1

x�+13

3X
i;j=1;i<j

�
sup

y2D\fy3�x3g

y��3 j(vn+1ij � vnij)(y)j
�
� 3C(T15)M� Mn

�

(n+ 1)!
xn+1+�3 : (5.13)

� ª ¦¥, ª ª ¨ ¯à¨ ¯®«ãç¥¨¨ ¥à ¢¥áâ¢  (5.7), ¨§ (5.13) ¡ã¤¥¬ ¨¬¥âì

kT15(vn+112 � vn12; v
n+1
13 � vn13; v

n+1
23 � vn23)k 0

C�(�2\fy3�x3g)
� 3C(T15)M� Mn

�

(n+ 1)!
xn+13 : (5.14)

�¥¯¥àì ¨§ (4.3), (5.12) ¨ (5.14) ¯à¨ (x1; x3) 2 �2  å®¤¨¬

j('n+212 � 'n+112 )(x1; x3)j = jfK�1T15(v
n+1
12 � vn12; v

n+1
13 � vn13; v

n+1
23 � vn23)g(x1; x3)j � C1x

�
3 kT15(vn+112 �

�vn12; vn+113 � vn13; v
n+1
23 � vn23)k 0

C�(�2\fy3�x3g)
� 3C1C(T15)M� Mn

�

(n+ 1)!
xn+1+�3 : (5.15)

� «¥¥, ¨§ à ¢¥áâ¢  (5.5) á ãç¥â®¬ (5.13) ¨ (5.15) ¯à¨ (x1; x3) 2 �1 ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â

j('n+2i3 � 'n+1i3 )(x1; x3)j � 3fbiC1C(T15) + C(Ti+12)gM� Mn
�

(n+ 1)!
xn+1+�3 ; i = 1; 2: (5.16)

� á¨«ã (5.13), (5.15) ¨ (5.16) ¨§ (5.2), (5.3) ¯à¨ x 2 D ¡ã¤¥¬ ¨¬¥âì

j(vn+212 � vn+112 )(x)j � 3fC1C(T15) + C(T7)gM� Mn
�

(n+ 1)!
xn+1+�3 ; (5.17)

j(vn+2i3 � vn+1i3 )(x)j � 3fbiC1C(T15) + C(Ti+12) + C(Ti+7)gM� Mn
�

(n+ 1)!
xn+1+�3 ; i = 1; 2: (5.18)

�  ®á®¢ ¨¨ (5.8){(5.11), (5.15){(5.18) § ª«îç ¥¬, çâ® ®æ¥ª¨ (5.6) ¡ã¤ãâ á¯à ¢¥¤«¨¢ë
¯à¨ «î¡®¬ n = 0; 1; 2; : : : , ¥á«¨ ¯®«®¦¨âì M� := max

2�i�3
f�C1 + �1, ai + �biC1 + �ig, M� :=

max
1�i�2

f3(C1C(T15) + C(T7)), 3(biC1C(T15) + C(Ti+12) + C(Ti+7))g.

�§ (5.6) á«¥¤ã¥â, çâ® àï¤ë vij(x) :=
1P
n=0

(vn+1ij � vnij)(x), 'ij(x1; x3) :=
1P
n=0

('n+1ij � 'nij)(x1; x3),

i; j = 1; 2; 3, i < j, áå®¤ïâáï á®®â¢¥âáâ¢¥® ¢ ¯à®áâà áâ¢ å
0

C�(D),
0

C�(�i), i = 1; 2, ¯à¨ � > �0
¨ ¢ á¨«ã (5.2){(5.5) ¯à¥¤¥«ìë¥ äãªæ¨¨ vij , 'ij , i; j = 1; 2; 3, i < j, ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥
ãà ¢¥¨© (3.3), (3.8), (3.10).

�®áª®«ìªã ¢ à¥§ã«ìâ â¥ ®¯¥à æ¨¨ ¢§ïâ¨ï á«¥¤  ¢¤®«ì ¥ª®â®à®£®  ¯à ¢«¥¨ï el ¯®«ãç ¥âáï
äãªæ¨ï, ª®â®à ï ¯®áâ®ï  ¢¤®«ì ¯àï¬ëå, ¯ à ««¥«ìëå el, â® íâ  äãªæ¨ï ®¡« ¤ ¥â ¯à®¨§-
¢®¤®© ¯®  ¯à ¢«¥¨î el, à ¢®© ã«î. �®íâ®¬ã ¯®áâà®¥ë¥ äãªæ¨¨ vij , i; j = 1; 2; 3, i < j,
®¡« ¤ îâ ¥¯à¥àë¢ë¬¨ ¯à®¨§¢®¤ë¬¨ @vij

@lk
, i; j; k = 1; 2; 3, i < j, k 6= i; j. �âáî¤  ¢ á¨«ã «¥¬-

¬ë 1 ¨ § ¬¥ç ¨ï 7 á«¥¤ã¥â, çâ® äãªæ¨ï u, ¯à¥¤áâ ¢«¥ ï ä®à¬ã« ¬ë (2.4), (2.5), ï¢«ï¥âáï

à¥è¥¨¥¬ § ¤ ç¨ (1.5), (1.6) ª« áá 
0

C l

�(D), � > �0.
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�¥¯¥àì ¯®ª ¦¥¬, çâ® § ¤ ç  (1.5), (1.6) ¢ ª« áá¥
0

C l

�(D), � > �0, ¤àã£¨å à¥è¥¨© ¥ ¨¬¥¥â.

�¥©áâ¢¨â¥«ì®, ¯à¥¤¯®«®¦¨¬, çâ® äãªæ¨ï eu 2
0

C l

�(D), � > �0, ï¢«ï¥âáï à¥è¥¨¥¬ á®®â¢¥â-
áâ¢ãîé¥© (1.5), (1.6) ®¤®à®¤®© § ¤ ç¨. �®£¤  äãªæ¨¨ evij := @2eu

@li@lj
, e'12 := ev12���2

, e'13 := ev13���1
,

e'23 := v23
��
�1
, i; j = 1; 2; 3, i < j, ã¤®¢«¥â¢®àïîâ ®¤®à®¤®© á¨â¥¬¥ ãà ¢¥¨©

ev12 = e'12 + T7(ev12; ev13; ev23); evi3 = e'i3 + Ti+7(ev12; ev13; ev23);
K e'12 + T15(ev12; ev13; ev23) = 0; e'i3 + bi e'12 � Ti+12(ev12; ev13; ev23) = 0; i = 1; 2:

(5.19)

�à¨¬¥¨¬ ª á¨áâ¥¬¥ ãà ¢¥¨© (5.19) ¬¥â®¤ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©, ¯à¨ï¢ §  ã«¥¢ë¥
¯à¨¡«¨¦¥¨ï á ¬¨ íâ¨ äãªæ¨¨ evij , e'ij , i; j = 1; 2; 3, i < j. � ª ª ª ®¨ ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥
ãà ¢¥¨© (5.19), â® ª ¦¤®¥ á«¥¤ãîé¥¥ ¯à¨¡«¨¦¥¨¥ ¡ã¤¥â á®¢¯ ¤ âì á ¨¬¨, â. ¥. evnij � evij ,e'nij � e'ij , i; j = 1; 2; 3, i < j. �à¨¨¬ ï ¢® ¢¨¬ ¨¥, çâ® íâ¨ äãªæ¨¨ ã¤®¢«¥â¢®àïîâ ®æ¥ª ¬
¢¨¤  (1.7),   «®£¨çë¬¨ à ááã¦¤¥¨ï¬¨, ª ª ¨ ¯à¨ ¢ë¢®¤¥ ¥à ¢¥áâ¢ (5.6), ¯®«ãç ¥¬ jevij(x)j =
jevn+1ij (x)j � fM� eMn

�

n!
xn+�3 , j e'ij(x1; x3)j = j e'n+1ij (x1; x3)j � fM� eMn

�

n!
xn+�3 , ®âªã¤  ¢ ¯à¥¤¥«¥, ª®£¤  n!1,

 å®¤¨¬ evij � 0; e'ij � 0, i; j = 1; 2; 3, i < j.
�§ ¯à¨¢¥¤¥ëå ¢ëè¥ à ááã¦¤¥¨© ¨ § ¬¥ç ¨ï 7 á«¥¤ã¥â, çâ® á¯à ¢¥¤«¨¢  áä®à¬ã«¨à®-

¢  ï ¢ëè¥ â¥®à¥¬ , ¯à¨ç¥¬ ¤«ï à¥è¥¨ï u § ¤ ç¨ (1.5), (1.6) ¨¬¥¥â ¬¥áâ® ®æ¥ª 

kuk 0

Cl
�(D)

� c

� 2X
i=1

kfik 0

C�(�1)
+ kf3k 0

C�(�2)
+ kFk 0

C�(D)

�
(5.20)

á ¯®áâ®ï®© c, ¥ § ¢¨áïé¥© ®â fi, i = 1; 2; 3, ¨ F .

� ¬¥ç ¨¥ 10. �§ ®æ¥ª¨ (5.20) ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ãáâ®©ç¨¢®áâì à¥è¥¨ï § ¤ ç¨

(1.5), (1.6) ¢ ª« áá¥
0

Cl

�(D) ¯à¨ � > �0.

�à¨¢¥¤¥ë¥ ¨¦¥ á«ãç ¨ ¨ á®®â¢¥âáâ¢ãîé¨¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® áä®à¬ã«¨à®¢ ë¥
¢ëè¥ ¤®áâ â®çë¥ ãá«®¢¨ï ®¤®§ ç®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (1.5), (1.6) ï¢«ïîâáï áãé¥áâ¢¥-
ë¬¨. � ª ç¥áâ¢¥ ¨««îáâà æ¨¨ à áá¬®âà¨¬ á«ãç ©, ª®£¤  ãá«®¢¨¥  )  àãè ¥âáï. �®ª ¦¥¬, çâ®
¢ íâ®¬ á«ãç ¥ ¥¤¨áâ¢¥®áâì à¥è¥¨ï à áá¬®âà¥®© § ¤ ç¨, ¢®®¡é¥ £®¢®àï, ¬®¦¥â ¥ ¨¬¥âì
¬¥áâ .

�«ãç © 1. �¥¡à® �0 «¥¦¨â ¢ ®¤®© ¨§ å à ªâ¥à¨áâ¨ç¥áª¨å ¯«®áª®áâ¥© ( ¯à., ¢ x2 = 0) ¨ ¥
¨¬¥¥â ¡¨å à ªâ¥à¨áâ¨ç¥áª®£®  ¯à ¢«¥¨ï (â. ¥. �0 , ei, i = 1; 3).

� íâ®¬ á«ãç ¥ «¥£ª® ¯®ª § âì, çâ® äãªæ¨ï u(x) =  (x2), x 2 D, ¯à¨ ¯à®¨§¢®«ì®¬  2 C1,
 (0) =  0(0) = 0, ï¢«ï¥âáï à¥£ã«ïàë¬ à¥è¥¨¥¬ § ¤ ç¨ (1.5), (1.6) ¯à¨ A2 = A = F = 0,
M i =M i

2 = fi = 0, li = ei, i = 1; 2; 3.

�«ãç © 2. �¥¡à® �0 ¨¬¥¥â ¡¨å à ªâ¥à¨áâ¨ç¥áª®¥  ¯à ¢«¥¨¥ ( ¯à., �0ke1).
� ¢ íâ®¬ á«ãç ¥ «¥£ª® ¯®ª § âì, çâ® äãªæ¨ï u(x) =  (x2)+�(x3), x 2 D, ¯à¨ ¯à®¨§¢®«ìëå

 ; � 2 C1,  0(0) = �0(0) = 0,  (0) + �(0) = 0, ï¢«ï¥âáï à¥£ã«ïàë¬ à¥è¥¨¥¬ § ¤ ç¨ (1.5), (1.6)
¯à¨ A2 = A3 = A = F = 0, M i =M i

2 =M i
3 = fi = 0, li = ei, i = 1; 2; 3.

�¨â¥à âãà 
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