
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1997 ���������� ò 11 (426)

��� 517.929

�.�.�������

� ������������������ ���������������� �������
m-������������� ������������ ��������

� à ¡®â¥ ¤®ª §ë¢ ¥âáï áå®¤¨¬®áâì âà¨£®®¬¥âà¨ç¥áª®£® ¨â¥à¯®«ïæ¨®®£® ¯à®æ¥áá  � -
£à ¦  ¯® à ¢®®âáâ®ïé¨¬ ã§« ¬ ¤«ï äãªæ¨© m-£ à¬®¨ç¥áª®© ®£à ¨ç¥®© ¢ à¨ æ¨¨ ¢
â®çª å ¨å ¥¯à¥àë¢®áâ¨.

� ¯®¬¨¬ ¢ ç «¥ á®®â¢¥âáâ¢ãîé¥¥ ®¯à¥¤¥«¥¨¥, ¢¢¥¤¥®¥ ¢ [1] (á¬. â ª¦¥ [2], [3]). �ãáâì
äãªæ¨ï f § ¤     ®âà¥§ª¥ [a; b], m |  âãà «ì®¥ ç¨á«®. �¥à¥§ fIng, n = 1; 2; : : : ; ®¡®§ ç¨¬
¯®á«¥¤®¢ â¥«ì®áâì ¥¯¥à¥á¥ª îé¨åáï ¨â¥à¢ «®¢ In = (an; bn) � [a; b].

�®«®¦¨¬

Vm;H(f ; a; b) = sup
1X
n=1

j�mf(In)j
n

; (1)

£¤¥

�mf(In) � �mf(an; bn) =
mX
�=0

(�1)m��C�
mf(an + �hn);

hn = (bn � an)=m;

  ¢¥àåïï £à ì ¢ (1) ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦ë¬ ¯®á«¥¤®¢ â¥«ì®áâï¬ ¨â¥à¢ «®¢ fIng =
f(an; bn)g, ã¤®¢«¥â¢®àïîé¨¬ ®¯¨á ë¬ ãá«®¢¨ï¬.

�¥«¨ç¨  Vm;H(f ; a; b)  §ë¢ ¥âáï m-£ à¬®¨ç¥áª®© ¢ à¨ æ¨¥© äãªæ¨¨ f   ®âà¥§ª¥ [a; b]
¨, ¥á«¨ Vm;H(f ; a; b) <1, â® £®¢®àïâ, çâ® f ¨¬¥¥â m-£ à¬®¨ç¥áªãî ®£à ¨ç¥ãî ¢ à¨ æ¨î  
[a; b].

� ç áâ®¬ á«ãç ¥ m = 1 ®¯à¥¤¥«¥¨¥ äãªæ¨¨ m-£ à¬®¨ç¥áª®© ®£à ¨ç¥®© ¢ à¨ -
æ¨¨ á®¢¯ ¤ ¥â á ®¯à¥¤¥«¥¨¥¬ äãªæ¨¨ £ à¬®¨ç¥áª®© ®£à ¨ç¥®© ¢ à¨ æ¨¨, ¢¢¥¤¥ë¬
�.� â¥à¬ ®¬ [4].

�ãáâì ¤ «¥¥ � | ¯à®¨§¢®«ì®¥ ¢¥é¥áâ¢¥®¥ ç¨á«®. �®«®¦¨¬

xk;n � xk;n(�) = � + 2k�=(2n + 1); k = 0;�1; : : : ; n = 0; 1; 2; : : : ;

tk;n(x) =
sin((n+ 1=2)(x � xk;n))
(2n+ 1) sin((x� xk;n)=2)

=
(�1)k sin((n+ 1=2)(x � �))
(2n+ 1) sin((x� xk;n)=2)

; k = 0;�1; : : : ; n = 0; 1; 2; : : :
(2)

�¥à¥§ Ln(f ;x) � Ln;�(f ;x), n = 1; 2; : : : ; ®¡®§ ç¨¬ âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¯®àï¤ª 
¥ ¢ëè¥ n, á®¢¯ ¤ îé¨© á § ¤ ®© 2�-¯¥à¨®¤¨ç¥áª®© äãªæ¨¥© f ¢ ã§« å xk;n, k = 0;�1; : : :
(âà¨£®®¬¥âà¨ç¥áª¨© ¨â¥à¯®«ïæ¨®ë© ¯®«¨®¬ � £à ¦ ). � ª ¨§¢¥áâ® ( ¯à., [5], £«. X,
x 1, á. 10)

Ln(f ;x) =
nX

k=�n

f(xk;n)tk;n(x):

�«ï ¤®ª § â¥«ìáâ¢  ®á®¢®£® à¥§ã«ìâ â  ¯®âà¥¡ã¥âáï
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�¥¬¬ . �ãáâì m ¨ N |  âãà «ìë¥ ç¨á« , ¯à¨ç¥¬ N > m, �k, k = 1; N | ¯à®¨§¢®«ìë¥

ç¨á« .

�®£¤  á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

NX
k=1

�k =
1
2m

�N�mX
k=1

mX
�=0

C�
m�k+� +

mX
j=1

Dm;j�j +
NX

j=N�m+1

Dm;N�j+1�j

�
;

£¤¥ Dm;j =
mP
i=j

C i
m.

�®ª § â¥«ìáâ¢® «¥¬¬ë ¯à¨¢¥¤¥® ¢ [3].
�ä®à¬ã«¨àã¥¬ ¨ ¤®ª ¦¥¬ â¥¯¥àì ®á®¢®© à¥§ã«ìâ â à ¡®âë.

�¥®à¥¬ . �ãáâì 2�-¯¥à¨®¤¨ç¥áª ï äãªæ¨ï f ¨â¥£à¨àã¥¬  ¯® �¨¬ ã   ¯¥à¨®¤¥, ¥¯à¥-

àë¢  ¢ â®çª¥ x0 ¨   ¥ª®â®à®¬ ®âà¥§ª¥, á®¤¥à¦ é¥¬ ¢ãâà¨ á¥¡ï íâã â®çªã, ¨¬¥¥â m-

£ à¬®¨ç¥áªãî ®£à ¨ç¥ãî ¢ à¨ æ¨î (¯à¨ ¥ª®â®à®¬  âãà «ì®¬ m). �®£¤  ¯à¨ «î¡®¬

¢¥é¥áâ¢¥®¬ � á¯à ¢¥¤«¨¢® á®®â®è¥¨¥

lim
n!1

Ln;�(f ;x
0) = f(x0):

�®ª § â¥«ìáâ¢®. �¥ ã¬¥ìè ï ®¡é®áâ¨, áç¨â ¥¬ x0 2 [x�1;n; x0;n) (¥á«¨ ¡ë x0 2 [xk;n; xk+1;n),
â® ã¦® ¯¥à¥©â¨ ª äãªæ¨¨ '(x) = f(x�x�1;n+xk;n)). �®áª®«ìªã Ln(f ;xk;n) = f(xk;n), â® ¤ «¥¥
¡ã¤¥¬ áç¨â âì

x0 2 (x�1;n; x0;n): (3)

� ¤ ¤¨¬ ¯à®¨§¢®«ì®¥ " > 0, ¨ ¯ãáâì � > 0 ¢ë¡à ® ¨§ ãá«®¢¨ï

Vm;H(f ;x
0 � �; x0 + �) < ": (4)

� ª®© ¢ë¡®à � ¢®§¬®¦¥ ¢ á¨«ã ¥¯à¥àë¢®áâ¨ m-£ à¬®¨ç¥áª®© ¢ à¨ æ¨¨ [3]. �à¨ íâ®¬ ¡ã¤¥¬
áç¨â âì � < �=2.

� áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î

g(x) =

(
f(x)� f(x0); x 2 [x0 � �; x0 + �];

0; x 2 [��; �] n [x0 � �; x0 + �];

g(x + 2�) = g(x). �®áª®«ìªã äãªæ¨ï f ¨â¥£à¨àã¥¬  ¯® �¨¬ ã â® ¤«ï ¥¥ á¯à ¢¥¤«¨¢ ¯à¨-
æ¨¯ «®ª «¨§ æ¨¨. � á¨«ã íâ®£® ¯à¨æ¨¯  ¨ á ãç¥â®¬ «¨¥©®áâ¨ ¨â¥à¯®«ïæ¨®®£® ®¯¥à â®à 
¤®áâ â®ç® ¤®ª § âì áå®¤¨¬®áâì ¨â¥à¯®«ïæ¨®®£® ¯à®æ¥áá  ¢ â®çª¥ x0 ¤«ï äãªæ¨¨ g. �à®¬¥
â®£®, ïá®, çâ®

Vm;H(g;x
0 � �; x0 + �) = Vm;H(f ;x

0 � �; x0 + �);

¨ ¢ á¨«ã (4)

Vm;H(g;x0 � �; x0 + �) < ": (5)

�®áª®«ìªã äãªæ¨ï f ,   á«¥¤®¢ â¥«ì® ¨ g, ¥¯à¥àë¢  ¢ â®çª¥ x0 ¨ g(x0) = 0, â®, ã¬¥ìè¨¢
¢ á«ãç ¥ ¥®¡å®¤¨¬®áâ¨ �, ¬®¦¥¬ áç¨â âì, çâ®

jg(x)j < " ¯à¨ x 2 [x0 � �; x0 + �]: (6)

�à¨ á¤¥« ëå ¤®¯ãé¥¨ïå ¨¬¥¥¬

Ln;�(g;x0)� g(x0) = Ln;�(g;x0) =
�1X

k=�M

g(xk;n)tk;n(x0) +
NX
k=0

g(xk;n)tk;n(x0); (7)

£¤¥ M =M(n; x0) ¨ N = N(n; x0) ®¯à¥¤¥«¥ë ¨§ ¥à ¢¥áâ¢

x�M�1;n < x0 � � � x�M;n; xN;n � x0 + � < xN+1;n:
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�®ª ¦¥¬, çâ® ¯à ¢ ï ç áâì (7) áâà¥¬¨âáï ª ã«î ¯à¨ n ! 1. �«ï íâ®£® ®æ¥¨¬ ¢â®àãî
áã¬¬ã ¢ ¯à ¢®© ç áâ¨ (7). �§ å®à®è® ¨§¢¥áâ®£® ¥à ¢¥áâ¢  ( ¯à., [6], ç. I, £«. IV. x 2, á.114)

j sinntj � nj sin tj (�1 < t < +1)

á«¥¤ã¥â

jtk;n(x
0)j � 1; k = 0;�1; : : : ; n = 1; 2; : : : (8)

�âáî¤  ¨ ¨§ ¥¯à¥àë¢®áâ¨ äãªæ¨¨ f ,   § ç¨â, ¨ g ¢ â®çª¥ x0 ¯®«ãç¨¬

NX
k=0

g(xk;n)tk;n(x0) =
NX
k=1

g(xk;n)tk;n(x0) + o(1):

�®á¯®«ì§®¢ ¢è¨áì «¥¬¬®©, ¯à¥®¡à §ã¥¬ áã¬¬ã, áâ®ïéãî ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤¥£® à ¢¥áâ¢ 
(¯à¨ íâ®¬ áç¨â ¥¬ N > m, çâ® ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å n)

NX
k=1

g(xk;n)tk;n(x0) =
1
2m

�N�mX
k=1

mX
�=0

C�
mg(xk+�;n)tk+�;n(x

0) +

+
mX
j=1

Dmjg(xj;n)tj;n(x
0) +

NX
j=N�m+1

Dm;N�j+1g(xj;n)tj;n(x
0)
�
: (9)

� á¨«ã (6) ¨ (8) ª ¦¤®¥ á« £ ¥¬®¥ ¢ ¤¢ãå ¯®á«¥¤¨å áã¬¬ å ¨§ ¯à ¢®© ç áâ¨ (9) ¡¥áª®¥ç®
¬ «®, ¨ â.ª. ç¨á«® á« £ ¥¬ëå ¢ ª ¦¤®© ¨å íâ¨ áã¬¬ ä¨ªá¨à®¢ ® (à ¢® m), â® ®¡¥ íâ¨ áã¬¬ë
¡¥áª®¥ç® ¬ «ë. �®íâ®¬ã  ¤® ®æ¥¨âì ¤¢®©ãî áã¬¬ã ¨§ ¯à ¢®© ç áâ¨ (9).

�§ (2) á ãç¥â®¬ (3) ¨ â®£®, çâ® � < �=2, ¨¬¥¥¬

sign tk;n(x
0) = (�1)k; k = 1; N:

�âáî¤  ¯®«ãç ¥¬

N�mX
k=1

mX
�=0

C�
mg(xk+�;m)tk+�;n(x

0) =

=
N�mX
k=1

(�1)k
mX
�=0

(�1)�C�
mg(xk+�;n)jtk+�;n(x

0)j =

=
N�mX
k=1

tk;n(x
0)

mX
�=0

(�1)�C�
mg(xk+�;n)�

�
N�mX
k=1

(�1)k
mX
�=0

(�1)�C�
mg(xk+�;n)(jtk;n(x

0)j � jtk+�;n(x0)j) � S1 � S2:

� «¥¥ ¨¬¥¥¬

S1 = (�1)m
N�mX
k=1

tk;n(x0)�mg(xk;n; xk+m;n):

�® ¯à¨ k = 1; N �m ¨§ (2) á ãç¥â®¬ (3) á«¥¤ã¥â

jtk;n(x
0)j �

1
(2n+ 1) sin((xk;n � x0;n)=2)

=
1

(2n+ 1) sin(k�=(2n + 1))
� 1=(2k)

¨, á«¥¤®¢ â¥«ì®, ¢ á¨«ã ¢ë¡®à  N

jS1j �
N�mX
k=1

j�mg(xk;n; xk+m;n)j
2k

�
m

2
Vm;H(g;x0; x0 + �):
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�âáî¤ , ¢¢¨¤ã ®ç¥¢¨¤®£® ¥à ¢¥áâ¢  Vm;H(g;x0; x0 + �) � Vm;H(g;x0 � �; x0 + �) ¨ (5) ¯®«ãç¨¬

jS1j < m"=2: (10)

�«ï ®æ¥ª¨ S2 § ¬¥â¨¬, çâ® ¯à¨ k = 1; N �m, ' = 0;m ¨§ (2) á ãç¥â®¬ (3) ¡ã¤¥¬ ¨¬¥âì

jtk;n(x0)j � jtk+�;n(x0)j =

=
j sin((n+ 1=2)(x0 � �))j

2n+ 1

����2 sin((xk+�;n � xk;n)=4) cos((2x0 � xk;n � xk+�;n)=4)
sin((xk;n � x0)=2) sin((xk+�;n � x0)=2)

���� �
�

2 sin((xk+�;n � xk;n)=4)
(2n+ 1) sin((xk;n � x0;n)=2) sin((xk+�;n � x0;n)=2)

�

�
� ��

2n+ 1

�.h
(2n+ 1)

� 2
�

k�

2n+ 1

�� 2
�

(k + �)�
2n+ 1

�i
�

m�

4k2
:

�«¥¤®¢ â¥«ì®,����
mX
�=0

(�1)�C�
mg(xk+�;n)(jtk;n(x

0)j � jtk+�;n(x0)j)
���� � m�

4k2
sup

x0�x�x0+�

jg(x)j
mX
�=0

C�
m <

�m 2m

4k2
"

(¬ë ¢®á¯®«ì§®¢ «¨áì (6)). �§ íâ®£® ¥à ¢¥áâ¢  ¢¨¤¨¬, çâ®

jS2j <
�m 2m

4
"
N�mX
k=1

1
k2

<
�m 2m

4
"
1X
k=1

1
k2

=
�3m 2m

24
":

�âáî¤  ¨ ¨§ (10) á«¥¤ã¥â, çâ® ¤¢®© ï áã¬¬  ¢ ¯à ¢®© ç áâ¨ (9) ¡¥áª®¥ç® ¬ « , ¨ ¢ á®ç¥â -
¨¨ á à ¥¥ áª § ë¬ íâ® ¤ ¥â, çâ® ¡¥áª®¥ç® ¬ «  ¨ «¥¢ ï ç áâì (9). � ª¨¬ ®¡à §®¬, ¤®ª § ®
áâà¥¬«¥¨¥ ª ã«î ¯à¨ n ! 1 ¢â®à®© áã¬¬ë ¢ ¯à ¢®© ç áâ¨ (7). � «®£¨ç® ¯®ª §ë¢ ¥âáï,
çâ® áâà¥¬¨âáï ª ã«î ¨ ¯¥à¢ ï áã¬¬ . �âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

�â¬¥â¨¬, çâ® ¯à¨ m = 1 â¥®à¥¬  ¡ë«  ãáâ ®¢«¥  à ¥¥ [7].
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