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�ãáâì f(z) =
1P
k=0

akz
k | æ¥« ï äã­ªæ¨ï á ­¥®âà¨æ â¥«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ak (k � 1),

¯à¨ç¥¬ a0 > 0. �à¨¬¥¬ ¢¥«¨ç¨­ã
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L1[0;1)

§  ªà¨â¥à¨© ª ç¥áâ¢  ¯à¨¡«¨¦¥­¨ï ãª § ­­®£®

¢¨¤  äã­ªæ¨© ¤à®¡­®-à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨ Pm=Qn, £¤¥ Pm(x) =
mP
k=0

ake
kx, 0 � m � n, ­¥

ã¡ë¢ ¥â ­  [0;+1),   Qn(x) =
nP

k=0
bke

kx (bk � 0). � à ªâ¥à¨áâ¨ª®© à®áâ  æ¥«®© äã­ªæ¨¨ f

ï¢«ï¥âáï äã­ªæ¨ï
M(r) =Mf (r) = max

jzj�r
jf(z)j; r � 0:

�®¤ ¯®àï¤ª®¬ æ¥«®© äã­ªæ¨¨ ¯®­¨¬ îâ ¢¥«¨ç¨­ã

lim sup
r!1

ln lnMf (r)
ln r

= � (0 � � � 1):

�á«¨ 0 < � <1, â® â¨¯ � ¨ ­¨¦­¨© â¨¯ ! æ¥«®© äã­ªæ¨¨ f ®¯à¥¤¥«ïîâ ª ª

lim
r!1

sup
inf

lnMf (r)
r�

=
�

!
(0 � ! � � � 1):

�¥à¥§ H+(�; !; �) ®¡®§­ ç¨¬ ª« áá æ¥«ëå äã­ªæ¨© f § ¤ ­­®£® ¯®àï¤ª  � (0 < � <1), â¨¯ 
� ¨ ­¨¦­¥£® â¨¯  ! (0 < ! � � <1) á ­¥®âà¨æ â¥«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨ �¥©«®à  ak (k � 1),
a0 > 0. � ¤ ­­®© § ¬¥âª¥ ¯®«ãç¥­  ­®¢ ï ®æ¥­ª  á­¨§ã ¢¥«¨ç¨­ë
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L1[0;1)

¤«ï äã­ªæ¨©
f 2 H+(�; !; �), � > 1, ª®â®à ï ª ª á«¥¤áâ¢¨¥ ãá¨«¨¢ ¥â à¥§ã«ìâ â à ¡®âë [1]. �§¢¥áâ­ 

�¥®à¥¬  1 ([1]). �ãáâì

f(z) =
1X
k=0

akz
k; a0 > 0; ak � 0 (k � 1)

| æ¥« ï äã­ªæ¨ï ¯®àï¤ª  � = 2, â¨¯  � ¨ ­¨¦­¥£® â¨¯  ! ( 1
25
� ! � � < 1) ¨«¨ ¯®àï¤ª  �

(2 < � <1), â¨¯  � ¨ ­¨¦­¥£® â¨¯  ! (0 < ! � � <1). �®£¤  ­¥¢®§¬®¦­® ­ ©â¨ ¯®«¨­®¬ë

¢¨¤ 
nP

k=0
bke

kx, bk � 0, ¤«ï ª®â®àëå

lim inf
n!1

�



 1f �
1

nP
k=0

bkekx






L1[0;1)

� �!

n2�

� e�1:

� ¬¥ç ­¨¥. �  á ¬®¬ ¤¥«¥ ¯à¨¢¥¤¥­­ ï ¢ â¥®à¥¬¥ ®æ¥­ª  ¤«ï äã­ªæ¨© ¯®àï¤ª  � = 2,
â¨¯  � ¨ ­¨¦­¥£® â¨¯  ! ( 1

25
� ! � � < 1) ¤®ª § ­  ¢ [1] ¯à¨ ¡®«¥¥ á¨«ì­ëå ®£à ­¨ç¥­¨-

ïå ­  ¯ à ¬¥âàë. � ¨¬¥­­®, ¢ § ª«îç¨â¥«ì­®© ç áâ¨ ¤®ª § â¥«ìáâ¢  ­¥à ¢¥­áâ¢  (13) ¢ [1]
¯®ï¢«ï¥âáï ®£à ­¨ç¥­¨¥, ª®â®à®¥ ¯®á«¥ ­¥á«®¦­ëå ¯à¥®¡à §®¢ ­¨© ¯à¨¢®¤¨â ª ®£à ­¨ç¥­¨î�

2p
!
� 19

21
p
2

�p
� < 1 ­  ¯ à ¬¥âàë ! ¨ � .
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� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï

'" = exp
�
d"(�)

� � 1
d"(�) � 1

�
� � 1

(d"(�) � 1)!(1 � ")

� 1
��1
�
; (1)

£¤¥

d"(�) =
��!(1� ")
�(1 + ")

; 0 � " < 1;

c = c("; !; �; �) = min
�
'"(�) : d"(�) =

��!(1� ")
�(1 + ")

> 1
�
= exp

�
(2�0 � 1)�

��!(1� ")d"(�0)

� 1
��1

(2)

¨ �0 | ª®à¥­ì ãà ¢­¥­¨ï

(2� � 1)(d"(�) � 1) = �d"(�)(� � 1): (3)

�á­®¢­ë¬ à¥§ã«ìâ â®¬ à ¡®âë ï¢«ï¥âáï

�¥®à¥¬  2. �ãáâì 0 < "0 < 1, 0 � " < 1 ¨ f 2 H+(�; !; �), � > 1. �®£¤  áãé¥áâ¢ã¥â n0 =

n0("0; ") â ª®¥, çâ® ¤«ï ¢á¥å n � n0 ¨ ­¥ã¡ë¢ îé¨å ­  [0;1) ¯®«¨­®¬®¢ ¢¨¤  Pm(x) =
mP
k=0

ake
kx,

0 � m � n, ¨ Qn(x) =
nP

k=0
bke

kx (bk � 0) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®





 1f �
Pm
Qn






L1[0;1)

� c1(1� "0)c
�n

�
��1

; (4)

£¤¥ ¢¥«¨ç¨­  c = c("; !; �; �) ®¯à¥¤¥«¥­  ä®à¬ã«®© (2),   ª®­áâ ­â  c1 = c1("; !; �; �) § ¢¨á¨â

â®«ìª® ®â ãª § ­­ëå ¢¥«¨ç¨­.

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ë 2 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

lim inf
n!1

�



 1f �
Pm
Qn






L1[0;1)

� 1

n�=(��1)

� c�12 ;

£¤¥ c2 = c(0; !; �; �) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (2) ¯à¨ " = 0.

� ç áâ­®¬ á«ãç ¥ ¯à¨ m = 0 (� = 2) ¯®«ãç ¥¬ ãá¨«¥­¨¥ ¯® ¯®àï¤ªã ¯à¨ n ! 1 ®æ¥­ª¨
�.�. �¥¤¤¨ [1] ¨ à áè¨à¥­¨¥ ¥¥ ­  ¡®«¥¥ è¨à®ª¨© ª« áá ¯ à ¬¥âà®¢. �¥©áâ¢¨â¥«ì­®, áà ¢­¨¬ ¯®-
«ãç¥­­ë© ¢ á«¥¤áâ¢¨¨ à¥§ã«ìâ â á â¥®à¥¬®© 1 ¤«ï äã­ªæ¨© f 2 H+(2; !; �). �«ï íâ®£® ¯®«®¦¨¬
¢ (1) � = 2, " = 0. �®£¤  ¨¬¥¥¬

'0(�) = exp
�
�

!2

�
�2 � �

�2 � �=!

�2�

¯à¨ §­ ç¥­¨ïå � >
q

�
!
. �®ª ¦¥¬, çâ® ®­  ¬¥­ìè¥ á®®â¢¥âáâ¢ãîé¥© ®æ¥­ª¨ exp

�
�
2!

	
¨§ â¥-

®à¥¬ë 1 ¤«ï ¢á¥å §­ ç¥­¨© � � �
!
, £¤¥ 2:44 : : : � ! � � < 1 (á¬. § ¬¥ç ­¨¥ ª â¥®à¥¬¥ 1).

�®£ à¨ä¬¨àãï ãª § ­­ë¥ ®æ¥­ª¨, ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

ln'0(�) =
�

!2

�
�2 � �

�2 � �=!

�2

<
�

2!
;

ª®â®à®¥ ¢ë¯®«­ï¥âáï, â.ª. �2��
�2��=! � 1 <

q
!
2
. �á­®, çâ®

min
��
p

�
!

ln'0(�) = ln'0(�0) <
�

2!
;
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£¤¥ ¢¥«¨ç¨­  �0 = �
!
+
�
�2

!2 � �
!

�1=2
. �â¬¥â¨¬, çâ® ¤«ï äã­ªæ¨© f 2 H+(2; 1

4
; 1
4
) ¯®«ãç¥­­ë© ¢

á«¥¤áâ¢¨¨ ¯®àï¤®ª ®æ¥­ª¨ á­¨§ã ï¢«ï¥âáï «®£ à¨ä¬¨ç¥áª¨ â®ç­ë¬, â.ª. ¨§ á«¥¤áâ¢¨ï ¨¬¥¥¬

lim inf
n!1

�



 1f �
Pm
Qn






L1[0;1)

�1=n2

� 1
e
;

  ¢ ([1], á. 254) ¯à¨¢¥¤¥­ ¯à¨¬¥à äã­ªæ¨¨ ¨§ íâ®£® ª« áá , ¤«ï ª®â®à®© ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

lim sup
n!1

�



 1
Sn

� 1
f






L1[0;1)

�1=n2

� e�1=2; £¤¥ Sn(z) =
nX

k=0

ake
kz:

�â¬¥â¨¬, çâ® ¯à¨ m = 0 (� > 0) á«¥¤áâ¢¨¥ ãá¨«¨¢ ¥â «®£ à¨ä¬¨ç¥áª¨© ¯®àï¤®ª ¯à¨ n ! 1
á®®â¢¥âáâ¢ãîé¥© ®æ¥­ª¨ ¨§ â¥®à¥¬ë 1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �ãáâì

A =
1

(!(1� "))1=(��1)

�
�0 � 1

d"(�0)� 1

� �
��1

; B = d"(�0)A; � = fd"(�0)g
d"(�0)

d"(�0)�1 ; (5)

£¤¥ �0 | ª®à¥­ì ãà ¢­¥­¨ï (3). �®ª § â¥«ìáâ¢® ¡ã¤¥¬ ¢¥áâ¨ ®â ¯à®â¨¢­®£®. �à¥¤¯®«®¦¨¬, çâ®
­¥à ¢¥­áâ¢® ¢ (4) ¯à¨ ­¥ª®â®à®¬ "0 > 0 ­¥¢¥à­®. �®£¤  áãé¥áâ¢ãîâ ¡¥áª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì-
­®áâì æ¥«ëå ç¨á¥« 1 � n1 < n2 < � � � ¨ ¯®á«¥¤®¢ â¥«ì­®áâì \¯®«¨­®¬®¢" Pnk ¨ Qnk ãª § ­­®£®
¢¨¤  â ª¨å, çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®



 1f �

Pnk
Qnk






L1[0;1)

< c1(1� "0) expf�Bn
�

��1

k g < expf�Bn
�

��1

k g: (6)

�®áª®«ìªã f | æ¥« ï äã­ªæ¨ï ¨ ak � 0 (k � 0), â® lim
x!1

f(x) =1 ¨ ¤«ï ª ¦¤®£® nk áãé¥áâ¢ã¥â
ç¨á«® rk á® á¢®©áâ¢®¬

f(rk) = �
1

d"(�0) expfAn
�

��1

k g; (7)

£¤¥ ¢¥«¨ç¨­ë A ¨ � ®¯à¥¤¥«¥­ë ¢ ä®à¬ã«¥ (5). �ç¨âë¢ ï ®¯à¥¤¥«¥­¨¥ ­¨¦­¥£® â¨¯  !, ¨§
ãá«®¢¨ï (7) ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

rk �
�

A

!(1� ")

�1=�

n
1

��1

k

�
1 +

ln�

Ad"(�0)n
�

��1

�1=�

�

�
�

A

!(1� ")

�1=�

n
1

��1

k

�
1 +

ln�

Ad"(�0)n
�

��1

k

�
=
�

A

!(1� ")

�1=�

n
1

��1

k + ln�
1
nk
1 ; (8)

£¤¥ �1 = �1=t, t = (!(1� "))1=�A
��1
� d"(�0). �§ ­¥à ¢¥­áâ¢  (6) «¥£ª® á«¥¤ã¥â

����Qnk(rk)
Pnk(rk)

���� < �
1

d"(�0) expfAn
�

��1

k g
�
1� �

1
d"(�0)

expf(B �A)n
�

��1

k g

��1
: (9)

�®«®¦¨¬ xk = rk�0, £¤¥ ç¨á«  rk ®¯à¥¤¥«¥­ë ¢ (7),   �0 | ª®à¥­ì ãà ¢­¥­¨ï (3). � ¤ ­­®¬
á«ãç ¥ M(r) = f(r), ¯®íâ®¬ã ¨§ ®¯à¥¤¥«¥­¨ï â¨¯  � , ­¨¦­¥£® â¨¯  ! ¨ ¨§ á®®â­®è¥­¨ï (7) ¤«ï
¤®áâ â®ç­® ¡®«ìè¨å §­ ç¥­¨© k á«¥¤ã¥â, çâ®

f(xk) = f(rk�0) � ff(rk)gd"(�0) = � expfBn
�

��1

k g: (10)

�á¯®«ì§ãï ­¥à ¢¥­áâ¢  (8) ¨ (9), ¯®«ãç ¥¬ ®æ¥­ªã ®â­®è¥­¨ï Qnk

Pnk
¢ â®çª å xk = rk�0,   ¨¬¥­­®,

����Qnk(rk�0)
Pnk(rk�0)

���� � expfnk(�0 � 1)rkg
����Qnk(rk)
Pnk(rk)

���� � �
1
nk
1 �

1
d"(�0) expfBn

�
��1

k g
�
1� �

1
d"(�0)

expf(B �A)n
�

��1

k g

��1
:
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�®ª ¦¥¬ â¥¯¥àì, çâ® ¯®«ãç¥­­®¥ ­¥à ¢¥­áâ¢® ¨ (10) ¯à®â¨¢®à¥ç â ¯à¥¤¯®«®¦¥­¨î (6). �¥©-
áâ¢¨â¥«ì­®, ­¥à ¢¥­áâ¢®����Pnk(rk�0)Qnk(rk�0)

� 1
f(rk�0)

���� �
����Pnk(rk�0)Qnk(rk�0)

����� 1
f(rk�0)

�

� 1� �
1

d"(�0) expf�(B �A)n
�

��1

k g
�

1
nk
1 �

1
d"(�0) expfBn

�
��1

k g
� 1

� expfBn
�

��1

k g
� (1� "0)c1 expf�Bn

�
��1

k g

á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å §­ ç¥­¨© k � k0("0). �â® ¯à®â¨¢®à¥ç¨â «¥¢®¬ã ¨§ ­¥à ¢¥­áâ¢ (6). �«¥¤®-
¢ â¥«ì­®, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (4).

� ¬¥ç ­¨¥. �â¬¥â¨¬, çâ® à¥§ã«ìâ â ¤ ­­®© â¥®à¥¬ë ¡ë«  ­®­á¨à®¢ ­  ¢â®à®¬ ¢ [2].
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