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�¡ê¥ªâ®¬ ¨§ãç¥¨ï ¢ íâ®© à ¡®â¥ ï¢«ïîâáï ªí«¥à®¢ë ¬®£®®¡à §¨ï, ¤®¯ãáª îé¨¥ £®«®-
¬®àäãî ª®ä®à¬ãî áã¡¬¥àá¨î � á ¢¥àâ¨ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ (®¯à¥¤¥«¥¨¥
1.1) ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨. �¥âà¨ªã â ª¨å ¬®£®®¡à §¨© ¬®¦® à áá¬ âà¨¢ âì ª ª
ªí«¥à®¢   «®£ áªà¥é¥®£® ¯à®¨§¢¥¤¥¨ï à¨¬ ®¢ëå ¬®£®®¡à §¨©. � ¯à¨¬¥à å 1.1 ¨ 1.2 ¯à¨-
¢¥¤¥® á¥¬¥©áâ¢® ¥¯à¨¢®¤¨¬ëå ªí«¥à®¢ëå ¬®£®®¡à §¨©, ¤®¯ãáª îé¨å ®¯¨á ãî ¢ëè¥ áã¡-
¬¥àá¨î.

�á®¢®© æ¥«ìî ¤ ®© áâ âì¨ ï¢«ï¥âáï ®¯¨á ¨¥ «®ª «ì®£® áâà®¥¨ï ¬¥âà¨ª¨ ªí«¥à®¢ 
¬®£®®¡à §¨ï, ¤®¯ãáª îé¥£® £®«®¬®àäãî ª®ä®à¬ãî áã¡¬¥àá¨î � ãª § ®£® ¢ëè¥ â¨¯ .
�«ï áã¡¬¥àá¨¨ á ®¤®¬¥àë¬¨ á«®ï¬¨ â ª®¥ ®¯¨á ¨¥ ¯®«ãç¥® ¢ â¥®à¥¬¥ 2.2. �®¦® ¯®ª -
§ âì, çâ® ¬¥âà¨ª¨ ªí«¥à®¢ëå y-¯à®¤®«¦¥¨©, ¯®«ãç¥ë¥ ¢ § ª«îç¥¨¨ â¥®à¥¬ë 2.2, «®ª «ì®
¯à¥¤áâ ¢«ïîâ ¨§ á¥¡ï ¬¥âà¨ª¨ � « ¡¨ ([1], ä®à¬ã«  (3.2)).

�à®¨§¢®«ì® ¢ë¡¨à ¥¬ë¥ ¬®£®®¡à §¨ï, äãªæ¨¨ ¨ â¥§®àë¥ ¯®«ï ¯à¥¤¯®« £ îâáï £« ¤-
ª¨¬¨ (ª« áá  C1). Oá®¢ë¥ ¯®ïâ¨ï ¨ ®¡®§ ç¥¨ï á®®â¢¥âáâ¢ãîâ ¯à¨ïâë¬ ( ¯à., ¨§ [2]{[4]).

1. �¯à¥¤¥«¥¨ï ¨ «®ª «ìë¥ ¯à¨¬¥àë

�«ï ¢áïª®© áã¡¬¥àá¨¨ � à¨¬ ®¢  ¬®£®®¡à §¨ï E   à¨¬ ®¢® ¬®£®®¡à §¨¥ M ¢ ª -
¦¤®© â®çª¥ � 2 E ¨¬¥¥âáï ¯àï¬®¥ ®àâ®£® «ì®¥ à §«®¦¥¨¥ ª á â¥«ì®£® ¯à®áâà áâ¢ 
T�E = V�+H�   ¢¥àâ¨ª «ì®¥ ¨ £®à¨§®â «ì®¥ ¯®¤¯à®áâà áâ¢ . C®®â¢¥âáâ¢ãîé¨¥ ¨¬ á¨¬¢®-
«ë V ¨ H ¡ã¤ãâ ®¤®¢à¥¬¥® á«ã¦¨âì ¤«ï ®¡®§ ç¥¨ï ®¯¥à â®à®¢ ®àâ®£® «ì®£® ¯à®¥ªâ¨à®-
¢ ¨ï   ®¤®¨¬¥® ®¡®§ ç¥ë¥ à á¯à¥¤¥«¥¨ï. �¯¥à â®àë V ¨ H áâ ¤ àâë¬ ®¡à §®¬ ([2],
£«. 1, ¯à¥¤«®¦¥¨¥ 2.12) ¯à®¤®«¦ îâáï   ¢áî  «£¥¡àã â¥§®à®¢ ¢ ª ¦¤®© â®çª¥ ¬®£®®¡à §¨ï
E. T¥§®à K, ¢ â®¬ ç¨á«¥ ¢¥ªâ®à ¨«¨ ä®à¬ , ¡ã¤¥â  §ë¢ âìáï ¢¥àâ¨ª «ìë¬ (£®à¨§®â «ì-
ë¬), ¥á«¨ ¥£® £®à¨§®â «ì ï (¢¥àâ¨ª «ì ï) ª®¬¯®¥â  à ¢  ã«î HK = 0 (V K = 0,
á®®â¢¥âáâ¢¥®).

�¯à¥¤¥«¥¨¥ 1.1. �ãáâì ¨¬¥¥âáï áã¡¬¥àá¨ï � ¨§ L   M ¨ ¯ãáâì g ¨ gM | à¨¬ ®¢ë
¬¥âà¨ç¥áª¨¥ â¥§®àë ¢ L ¨M á®®â¢¥âáâ¢¥®. �ã¡¬¥àá¨ï � ¨§ L  M  §ë¢ ¥âáï ª®ä®à¬®©,
¥á«¨ áãé¥áâ¢ã¥â äãªæ¨ï f   L â ª ï, çâ® Hg = exp(2f)��gM .

�à¨ íâ®¬ f  §ë¢ ¥âáï ¢¥àâ¨ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ áã¡¬¥àá¨¨, ¥á«¨ f |
¢¥àâ¨ª «ì ï äãªæ¨ï, â. ¥. Xf = 0 ¤«ï ¢áïª®£® £®à¨§®â «ì®£® ¢¥ªâ®à  X.

�à¨¬¥à 1.1. �ãáâì ªí«¥à®¢  2-ä®à¬  �M , ®¯à¥¤¥«¥ ï   M , ®¡« ¤ ¥â ªí«¥à®¢ë¬ ¯®-
â¥æ¨ «®¬ FM , â. ¥. �M = �2i@@FM . � ¯ãáâì y(t) | ¢¥é¥áâ¢¥ ï äãªæ¨ï, ®¯à¥¤¥«¥ ï  
¥ª®â®à®¬ ¢¥é¥áâ¢¥®¬ ¨â¥à¢ «¥ (a; b) (¤®¯ãáâ¨¬® ¨ a = �1, b = +1), ¨ ¨¬¥îé ï ®âà¨æ -
â¥«ìãî ¯à®¨§¢®¤ãî _y(t) = dy

dt
. �  ª®¬¯«¥ªá®¬ ¬®£®®¡à §¨¨

E =
n
(�; z) 2 C �M j a <

1
2
(� + �)� 2�FM (z; z) < b

o
(1.1)
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ä®à¬ã« ¬¨

t =
1
2
(� + �)� 2�FM ; (1.2)

f = y(t(�; z)) ®¯à¥¤¥«¨¬ ¯ àã äãªæ¨© t ¨ f . �®£¤  2-ä®à¬  �, § ¤ ¢ ¥¬ ï à ¢¥áâ¢®¬

� = e2f
�
2i
�
_y�1@f ^ @f +�M

�
; (1.3)

¯à¥¢à é ¥â E ¢ ªí«¥à®¢® ¬®£®®¡à §¨¥. �¥©áâ¢¨â¥«ì®, â. ª. � ï¢«ï¥âáï ä®à¬®© â¨¯  (1; 1);
â® ¥¥ ¨¢ à¨ â®áâì ®â®á¨â¥«ì® ¯®çâ¨ ª®¬¯«¥ªá®© áâàãªâãàë J� = � ®ç¥¢¨¤ . �®ª ¦¥¬
§ ¬ªãâ®áâì íâ®© ä®à¬ë. �¬¥¥¬

d� = 2e2fdf ^
�
2i
�
_y�1@f ^ @f +�M

�
�

�
2i
�
e2f ( _y�3�ydf ^ @f ^ @f � _y�1@@f ^ @f + _y�1@f ^ @@f) =

= 2e2fdf ^�M �
2i
�
e2f _y�1df ^ @@f = 2e2fdf ^ (�M + 2i@@FM ) = 0:

�¤¥áì ¬®£®ªà â® ¨á¯®«ì§®¢ «®áì à §«®¦¥¨¥ d = @ + @,   â ª¦¥ á«¥¤ãîé¥¥ ¯à¥®¡à §®¢ ¨¥

df ^ @@f = �ydf ^ @t ^ @t+ _ydf ^ @@t = �2� _ydf ^ @@FM :

� ª ª ª ¤«ï «î¡®£® ¢¥ªâ®à  Z â¨¯  (1; 0) ¢ë¯®«ï¥âáï @f(Z) = @f(Z), â® ¯®«®¦¨â¥«ì ï ®¯à¥-
¤¥«¥®áâì á¨¬¬¥âà¨ç¥áª®© 2-ä®à¬ë g(P;Q) = �(JP;Q)  áá®æ¨¨à®¢ ®© á ä®à¬®© � ®ç¥¢¨¤ 
¢ á¨«ã à ¢¥áâ¢ 

g(Z;Z) = i�(Z;Z) = e2f
�
�
1
�
_y�1(Zf)2 + gM (Z;Z)

�

¨ ¯®«®¦¨â¥«ì®© ®¯à¥¤¥«¥®áâ¨ íà¬¨â®¢®© ¬¥âà¨ª¨ ¡ §ë  áá®æ¨¨à®¢ ®© á �M . �®«®¦¨¬
W = @=@� ¨ W = @=@� . �á¯®«ì§ãï ä®à¬ã«ë (9){(12) ([3], x 5, £«. IX), ¯®«ãç¨¬ rWW = 0,
rWW = qW , £¤¥ q = �2�( _y + 1

2
�y _y�1). � â ª ª ª á¢ï§®áâì ªí«¥à®¢ , â® íâ¨¬ ¤®ª § ®, çâ®

¯®áâà®¥ë¥ á«®¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¥.
�§ á¯®á®¡  § ¤ ¨ï ªí«¥à®¢®© ä®à¬ë � ä®à¬ã«®© (1.3) ¢¨¤®, çâ® ¯à®¥ªæ¨ï �   M ï¢«ï-

¥âáï ª®ä®à¬®© áã¡¬¥àá¨¥© á ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ à ¢ë¬ f . �¥âàã¤® ã¡¥¤¨âìáï, çâ®
Hdf = 0, ¨ ¯®íâ®¬ã ¯®ª § â¥«ì ª®ä®à¬®áâ¨ ï¢«ï¥âáï ¢¥àâ¨ª «ìë¬. � ¨â®£¥ ¯®áâà®¥® ªí«¥-
à®¢® ¬®£®®¡à §¨¥ E, ¤®¯ãáª îé¥¥ £®«®¬®àäãî ª®ä®à¬ãî áã¡¬¥àá¨î � á ¢¥àâ¨ª «ìë¬
¥¢ëà®¦¤¥ë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨.

�¯à¥¤¥«¥¨¥ 1.2. �ãáâì ªí«¥à®¢® ¬®£®®¡à §¨¥ E ¤®¯ãáª ¥â £®«®¬®àäãî áã¡¬¥àá¨î �
  ªí«¥à®¢® ¬®£®®¡à §¨¥ M (¡ §ã áã¡¬¥àá¨¨) â ª®¥, çâ® dimcM + 1 = dimcE ¨ ¢¥àâ¨ª «ìãî
®â®á¨â¥«ì® áã¡¬¥àá¨¨ � ¥¢ëà®¦¤¥ãî äãªæ¨î t : E 7! R. �ãáâì «î¡ ï â®çª  ¡ §ë ®¡« -
¤ ¥â â ª®© ®ªà¥áâ®áâìî U , çâ® ®âªàëâ®¥ ¬®¦¥áâ¢® ��1(U) ¨§®¬®àä® ªí«¥à®¢ã ¬®£®®¡à §¨î
¨§ ¯à¨¬¥à  1.1. �®£®®¡à §¨¥ E ¡ã¤¥¬  §ë¢ âì ªí«¥à®¢ë¬ y-¯à®¤®«¦¥¨¥¬ ¡ §ë M . � ¢ íâ®¬
á«ãç ¥ y | äãªæ¨ï ¯à®¤®«¦¥¨ï,   t | ¥áãé ï äãªæ¨ï ¯à®¤®«¦¥¨ï.

�à¨¬¥à 1.2. �á¯®«ì§ãï ¯à¥¤ë¤ãé¨© ¯à¨¬¥à, ¬®¦® ¯®áâà®¨âì ªí«¥à®¢® ¬®£®®¡à §¨¥ E,
¤®¯ãáª îé¥¥ £®«®¬®àäãî ª®ä®à¬ãî áã¡¬¥àá¨î á ¢¥àâ¨ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®-
áâ¨ ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨, ® á à §¬¥à®áâìî á«®¥¢ k ã¦¥ ¡®«ìè¥©, ç¥¬ 1. �ãáâì
�, � ¢ íâ®¬ ¯à¨¬¥à¥ ¬¥ïîâáï ®â 1 ¤® k. �ãáâì, ª ª ¨ ¢ ¯à¨¬¥à¥ 1.1, (M; �M ) | ªí«¥à®¢®
¬®£®®¡à §¨¥,   FM | ¥£® ªí«¥à®¢ ¯®â¥æ¨ «. �ãáâì k ¢¥é¥áâ¢¥ëå äãªæ¨© y�(t�) ®â ¢¥-
é¥áâ¢¥ëå ¯¥à¥¬¥ëå t�, ¨§¬¥ïîé¨åáï   ¨â¥à¢ « å (a�; b�), ¢®§¬®¦® ¥á®¡áâ¢¥ëå,
¨¬¥îâ ®âà¨æ â¥«ìë¥ ¯à®¨§¢®¤ë¥ _y�(t�) < 0. �  ª®¬¯«¥ªá®¬ ¬®£®®¡à §¨¨

E = f(�1; : : : ; �k; z) 2 C
k � U j a� < Re �� � 2�FM < b� 8�g
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§ ¤ ¤¨¬ 2-ä®à¬ã

� =
X
�

exp(2f�)
�
2i
�
_y�1
� @f� ^ @f� +�M

�
;

£¤¥ f� = y�(t�(�; z)) ¨ t� = Re �� � 2�FM . �â  2-ä®à¬  ®¯à¥¤¥«ï¥â   E áâàãªâãàã ªí«¥à®¢ 
¬®£®®¡à §¨ï. �®¤®¡® ¯à¨¬¥àã 1.1 ¬®¦® ¯®ª § âì, çâ® ¯à®¥ªæ¨ï ¨§ E   M ï¢«ï¥âáï £®«®-
¬®àä®© ª®ä®à¬®© áã¡¬¥àá¨¥© á ¢¥àâ¨ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ ¨ ¢¯®«¥ £¥®¤¥-
§¨ç¥áª¨¬¨ á«®ï¬¨. � §¬¥à®áâì á«®¥¢ áã¡¬¥àá¨¨ ¢ íâ®¬ ¯à¨¬¥à¥ à ¢  k.

2. �á®¢ë¥ à¥§ã«ìâ âë

� «¥¥ ¢áî¤ã ¢ áâ âì¥ ¢¥àâ¨ª «ìë¥ ¢¥ªâ®àë¥ ¯®«ï áã¡¬¥àá¨¨ ®¡®§ ç îâáï ç¥à¥§ U , V ,
W ,   ¡ §¨áë¥, â. ¥. ¯à®¥ªâ¨àã¥¬ë¥ ¨ £®à¨§®â «ìë¥, | ç¥à¥§ X, Y , Z. �®á«¥¤¨¥ â ª¦¥ ç áâ®
 §ë¢ îâáï ¢ «¨â¥à âãà¥ £®à¨§®â «ìë¬¨ «¨äâ ¬¨ ¨ ª®£¤  ã¦® ¯®¤ç¥àªãâì â® ®¡áâ®ïâ¥«ì-
áâ¢®, çâ® ¡ §¨á®¥ ¯®«¥ ¯®«ãç¥® ¨§ ¢¥ªâ®à®£® ¯®«ï X, § ¤ ®£®   ¡ §®¢®¬ ¬®£®®¡à §¨¨M ,
¡ã¤¥¬ ¥£® ®¡®§ ç âì ç¥à¥§ XH . �®ª «ì ï ¯à®¥ªâ¨àã¥¬®áâì ¢¥ªâ®à®£® ¯®«ï P íª¢¨¢ «¥â 
á«¥¤ãîé¥¬ã á¢®©áâ¢ã. �£® ¯à®¨§¢®¤ ï �¨ ¢¤®«ì «î¡®£® ¢¥àâ¨ª «ì®£® ¢¥ªâ®à®£® ¯®«ï U ¥áâì
â ª¦¥ ¢¥àâ¨ª «ì®¥ ¢¥ªâ®à®¥ ¯®«¥

LUP = [U;P ] 2 V: (2.1)

�®«®¬®àä®áâì áã¡¬¥àá¨¨ ¥¬¥¤«¥® ¢«¥ç¥â ¨¢ à¨ â®áâì ®â®á¨â¥«ì® ª®¬¯«¥ªá®© áâàãª-
âãàë ¢¥àâ¨ª «ì®£® à á¯à¥¤¥«¥¨ï,   íà¬¨â®¢®áâì ¬¥âà¨ª¨ g   E (â. ¥. g(JP;Q) = �g(P; JQ) )
| ¨¢ à¨ â®áâì £®à¨§®â «ì®£® à á¯à¥¤¥«¥¨ï. �¬¥¥¬

��J = J��; JV = V; JH = H: (2.2)

�¢ à¨ â®áâì £®à¨§®â «ì®£® à á¯à¥¤¥«¥¨ï ¨ ¯¥à¢®¥ à ¢¥áâ¢® ¢ (2.2) ¯à¨¢®¤ïâ ª â®¬ã, çâ®
®¯¥à â®àë £®à¨§®â «ì®£® «¨äâ  ¨ ¤¥©áâ¢¨ï ª®¬¯«¥ªá®© áâàãªâãàë ¯¥à¥áâ ®¢®çë ¬¥¦¤ã
á®¡®©, J(XH) = (JX)H , ¯®íâ®¬ã ¢ â ª¨å á«ãç ïå áª®¡ª¨ ¡ã¤ãâ ®¯ãáª âìáï.

�«¥¤ãîé ï «¥¬¬  ¯®ª §ë¢ ¥â, çâ® ï¢«ï¥âáï ¬¥à®© ¥¨â¥£à¨àã¥¬®áâ¨ £®à¨§®â «ì®£® à á-
¯à¥¤¥«¥¨ï.

�¥¬¬  2.1. �ãáâì E | ªí«¥à®¢® ¬®£®®¡à §¨¥, ¤®¯ãáª îé¥¥ £®«®¬®àäãî ª®ä®à¬ãî
áã¡¬¥àá¨î � á ¢¥àâ¨ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ f ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨
  ªí«¥à®¢® ¬®£®®¡à §¨¥ M . �®£¤  ¤«ï «î¡ëå ¢¥ªâ®àëå ¯®«¥© X, Y   M ¢ë¯®«ï¥âáï á«¥-
¤ãîé¥¥ à ¢¥áâ¢®:

[XH ; Y H ] = [X;Y ]H + 2�(XH ; Y H) grc f;

£¤¥ grc f = J gr f ,   gr f | £à ¤¨¥â ¯®ª § â¥«ï ª®ä®à¬®áâ¨.

�¥®à¥¬  2.1. �ãáâì ªí«¥à®¢® ¬®£®®¡à §¨¥ E ¤®¯ãáª ¥â £®«®¬®àäãî ª®ä®à¬ãî áã¡-
¬¥àá¨î � á ¢¥àâ¨ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ f ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨  
ªí«¥à®¢® ¬®£®®¡à §¨¥ M , ¨ ¯ãáâì dimcM > 1. �®£¤  â¥§®à ªà¨¢¨§ë ¬®£®®¡à §¨ï E ã¤®¢«¥-
â¢®àï¥â á«¥¤ãîé¨¬ à ¢¥áâ¢ ¬:

 ) R(U;W )X = 2d!c(U;W )JX,
¡) R(X;Y )U = g(JX; Y )(rU grc f +rJU gr f),
¢) R(U;X)W = d!c(U; JW )X + d!c(U;W )JX,
£) R(X;U)Y = g(X;Y )rU gr f + g(JX; Y )rU grc f +(!(U) � g(X;Y )+!c(U) � g(JX; Y )) � gr f +

(!(U)g(JX; Y )� !c(U)g(X;Y )) grc f ,
£¤¥, ª ª ¨ ¯à¥¦¤¥, U ,W | ¢¥àâ¨ª «ìë¥,   X, Y | £®à¨§®â «ìë¥ ¢¥ªâ®àë, ! = df , !c = J!.

� ¯®¬¨¬, çâ® ¢¯®«¥ ¢¥é¥áâ¢¥ ï ¡¨á¥ªæ¨® ï ªà¨¢¨§  B(p) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

B(p) = g(R(Q; JQ)JS; S);

£¤¥ p | ¢¯®«¥ ¢¥é¥áâ¢¥ ï ¯«®áª®áâì ¢ ª á â¥«ì®¬ ¯à®áâà áâ¢¥,  âïãâ ï   ®àâ®®à-
¬ «ìë¥ ¢¥ªâ®àë Q ¨ S, â. ¥. g(Q; JS) = g(Q;S) = 0, kQk = kSk = 1.
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�«¥¤áâ¢¨¥ 2.1. �ãáâì ¢ë¯®«¥ë ¯à¥¤¯®«®¦¥¨ï â¥®à¥¬ë 2.1. �®£¤ 

 ) g(rU grc f +rJU gr f;W ) = 2d!c(U;W ),
¡) R(X;Y;U;W ) = 2g(JX; Y )d!c(U;W ),
¢) ¢¯®«¥ ¢¥é¥áâ¢¥ ï ¡¨á¥ªæ¨® ï ªà¨¢¨§  B(X ^ W ) = 2d!c(JW;W ) ¢ á¬¥è ëå

¤¢ã¬¥àëå  ¯à ¢«¥¨ïå § ¢¨á¨â «¨èì ®â ¢¥àâ¨ª «ì®£® ¤¢ã¬¥à®£®  ¯à ¢«¥¨ï W ^
JW ; §¤¥áì W | ¥¤¨¨çë© ¢¥ªâ®à.

�¥¬¬  2.2. �ãáâì E ¨ M | ªí«¥à®¢ë ¬®£®®¡à §¨ï ¨ dimcM + 1 = dimcE > 2. �á«¨ E
¤®¯ãáª ¥â £®«®¬®àäãî ª®ä®à¬ãî áã¡¬¥àá¨î �   M á ¢¥àâ¨ª «ìë¬ ¥¢ëà®¦¤¥ë¬ ¯®-
ª § â¥«¥¬ ª®ä®à¬®áâ¨ f ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨, â® áãé¥áâ¢ã¥â ¢¥àâ¨ª «ì ï
¥¢ëà®¦¤¥ ï äãªæ¨ï t   E (¥¤¨áâ¢¥ ï á â®ç®áâìî ¤® ª®áâ âë) â ª ï, çâ® ¢ë-
¯®«ï¥âáï à ¢¥áâ¢®

dt = �2� exp(�2f)kgr fk�2df: (2.3)

�¥®à¥¬  2.2. �ãáâì ªí«¥à®¢® ¬®£®®¡à §¨¥ E ¤®¯ãáª ¥â £®«®¬®àäãî ª®ä®à¬ãî áã¡-
¬¥àá¨î �   ªí«¥à®¢® ¬®£®®¡à §¨¥ M , dimcM + 1 = dimcE > 2, á ¥¢ëà®¦¤¥ë¬ ¢¥àâ¨-
ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ f ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨. �®£¤  E «®ª «ì®
¨§®¬®àä® ªí«¥à®¢ã y-¯à®¤®«¦¥¨î, ¯à¨ç¥¬ f = y(t), £¤¥ t | ¥áãé ï äãªæ¨ï ¯à®¤®«¦¥¨ï,
ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (2:3),   � | áã¡¬¥àá¨ï ¯à®¤®«¦¥¨ï.

3. �ã¡¬¥àá¨¨ á ¯à®¨§¢®«ì®© à §¬¥à®áâìî á«®ï

� ¯®¬¨¬, çâ® ¨¢ à¨ â �'�¥©«  A ([4], ¯. 9.20),

APQ = HrHPV Q+ VrHPHQ;

£¤¥ P , Q | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë¥ ¯®«ï â®â «ì®£® ¯à®áâà áâ¢  áã¡¬¥àá¨¨, ï¢«ï¥âáï â¥-
§®àë¬ ¯®«¥¬ â¨¯  (2; 1) ¨ ®¯à¥¤¥«¥ ¤«ï «î¡®©, ¥ ®¡ï§ â¥«ì® à¨¬ ®¢®©, áã¡¬¥àá¨¨.

�¥¬¬  3.1. �ãáâì E ¨ M | ªí«¥à®¢ë ¬®£®®¡à §¨ï,   � | £®«®¬®àä ï ª®ä®à¬ ï áã¡-
¬¥àá¨ï ¨§ E   M á ¢¥àâ¨ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ f ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨
á«®ï¬¨. �®£¤ 

AXU = rUX = !(U)X + !c(U)JX;

£¤¥ A | ¨¢ à¨ â �'�¥©«  áã¡¬¥àá¨¨ �,   ¢¥àâ¨ª «ìë¥ 1-ä®à¬ë ! ¨ !c ®¯à¥¤¥«ïîâáï ä®à-
¬ã« ¬¨ ! = df , !c = J!.

�®ª § â¥«ìáâ¢®. �ãáâì X, Y | ¡ §¨áë¥ ¢¥ªâ®àë¥ ¯®«ï,   U | ¢¥àâ¨ª «ì®¥ ¢¥ªâ®à®¥
¯®«¥. �® á¢®©áâ¢ã § ¬ªãâ®áâ¨ ªí«¥à®¢®© ä®à¬ë � ¬®£®®¡à §¨ï E ¨¬¥¥¬ d�(JU;X; JY ) = 0.
�âáî¤  á«¥¤ã¥â á®®â®è¥¨¥

JU�(X;JY ) + �(JU; [X;JY ]) = 0: (3.1)

�§ ä®à¬ã«ë �®èã«ï ¤«ï á¢ï§®áâ¨ �¥¢¨-�¨¢¨â  ([2], ¯à¥¤«®¦¥¨¥ 2.3, £«. IV) ¨ ®¯à¥¤¥«¥¨ï
ªí«¥à®¢®© ä®à¬ë ¯®«ãç ¥¬ à ¢¥áâ¢® 2�(rUX;Y ) = U�(X;Y ) � �(JU; [X;JY ]). �§ ä®à¬ã«ë
(3.1) ¨ ¯®«ãç¥®£® ¢ëà ¦¥¨ï ¨¬¥¥¬

2�(rUX;Y ) = U�(X;Y ) + JU�(X; JY ): (3.2)

�á¯®«ì§ãï á¢ï§ì ¬¥¦¤ã ªí«¥à®¢®© ¬¥âà¨ª®© ¨  áá®æ¨¨à®¢ ®© á ¥© ªí«¥à®¢®© ä®à¬®©,
�(X;Y ) = g(X;JY ),   â ª¦¥ ª®ä®à¬®áâì áã¡¬¥àá¨¨ (®¯à¥¤¥«¥¨¥ 1.1), ¯®«ãç¨¬ à ¢¥áâ¢®

(LU�)(X;Y ) = 2!(U)�(X;Y ): (3.3)

�¢®©áâ¢® ¯à®¥ªâ¨àã¥¬®áâ¨ (2.1) ¯®«¥©X, Y ¢«¥ç¥â LU�(X;Y ) = U�(X;Y ). �®íâ®¬ã, ¯®¤áâ ¢«ïï
¢ ä®à¬ã«ã (3.2) á®®â¢¥âáâ¢ãîé¨¥ ¢ëà ¦¥¨ï ¢¨¤  (3.3), ¯®«ãç¨¬ à ¢¥áâ¢®

�(rUX;Y ) = !(U)�(X;Y ) + !(JU)�(X;JY ):
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�§ ¥¢ëà®¦¤¥®áâ¨ ªí«¥à®¢®© ä®à¬ë, ¥¥ íà¬¨â®¢®áâ¨, â. ¥. �(X;JY ) = ��(JX; Y ), ¨ ®¯à¥¤¥-
«¥¨ï à¥§ã«ìâ â  ¤¥©áâ¢¨ï ¯®çâ¨ ª®¬¯«¥ªá®© áâàãªâãàë   1-ä®à¬ã J!(U) = �!(JU) á«¥¤ã¥â
HrUX = !(U)X +!c(U)JX. �¯®«¥ £¥®¤¥§¨ç®áâì á«®¥¢ ¢«¥ç¥â à ¢¥áâ¢® HrUX = rUX. � -
ª¨¬ ®¡à §®¬, ¢â®à®¥ à ¢¥áâ¢® «¥¬¬ë ¤®ª § ®. �¥à¢®¥ à ¢¥áâ¢® «¥¬¬ë â¥¯¥àì á«¥¤ã¥â ¨§
®¯à¥¤¥«¥¨ï ¨¢ à¨ â  �'�¥©«  A.

�¥¬¬  3.2. �«ï £®«®¬®àä®© áã¡¬¥àá¨¨ á ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨   ªí«¥à®¢®¬ ¬®-
£®®¡à §¨¨ (LX�)(U;W ) = 0.

�®ª § â¥«ìáâ¢®. �â¥£à¨àã¥¬®áâì ¯®çâ¨ ª®¬¯«¥ªá®© áâàãªâãàë ®§ ç ¥â á«¥¤ãîé¥¥:
J [X;W ] = J [JX; JW ] + [X;JW ] + [JX;W ]. �à¨¬¥ïï íâã ä®à¬ã«ã ¢ á«¥¤ãîé¨å ¢ëç¨á«¥¨-
ïå, ¯®«ãç¨¬

(LXg)(U;W ) = �X�(U; JW ) + �([X;U ]; JW ) + �(U; J [X;W ])

= �(LX�)(U; JW ) + �(U; J [JX; JW ] + [JX;W ]): (3.4)

�ç¨âë¢ ï á®£« è¥¨ï ®¡ ®¡®§ ç¥¨ïå £®à¨§®â «ìëå ¨ ¢¥àâ¨ª «ìëå ¢¥ªâ®àëå ¯®«¥©, ¯à¨-
ïâë¥ ¢ëè¥, ¨§ ãá«®¢¨ï «¥¬¬ë ¯®«ãç¨¬ à ¢¥áâ¢®

V [JX;W ] = VrJXW: (3.5)

�âáî¤  V (J [JX; JW ] + [JX;W ]) = V JrJXJW + VrJXW = 0, â. ª. ª®¬¯«¥ªá ï áâàãªâãà 
J ¯ à ««¥«ì ,   áã¡¬¥àá¨ï £®«®¬®àä ï. �à¨¬¥ïï ¯®«ãç¥ë© à¥§ã«ìâ â ª (3.4), ¢¨¤¨¬,
çâ® ¯®á«¥¤¥¥ á« £ ¥¬®¥ ¢ ªà ©¥© ¯à ¢®© ç áâ¨ æ¥¯®çª¨ à ¢¥áâ¢ à ¢® ã«î. �â ª, ¯®«ãç¨¬
á«¥¤ãîé¥¥ à ¢¥áâ¢® (LXg)(U;W ) = �(LX�)(U; JW ). � ª ¨§¢¥áâ® ([5], â¥®à¥¬  5.23), à ¢¥áâ¢®
ã«î «¥¢®© ç áâ¨ ¯®á«¥¤¥£® â®¦¤¥áâ¢  á«ã¦¨â ªà¨â¥à¨¥¬ â®£®, çâ® á«®¨ áã¡¬¥àá¨¨ ¢¯®«¥
£¥®¤¥§¨çë.

�®ª § â¥«ìáâ¢® «¥¬¬ë 2.1. �ç¨âë¢ ï �-á¢ï§®áâì (��XH = X) £®à¨§®â «ìëå «¨äâ®¢
¢¥ªâ®àëå ¯®«¥© ¨ ¨å ¯à®¥ªæ¨©, ¤«ï ¤®ª § â¥«ìáâ¢  à ¢¥áâ¢  «¥¬¬ë 2.1 ¤®áâ â®ç® ¤®ª § âì
à ¢¥áâ¢® «¨èì ¢¥àâ¨ª «ìëå ª®¬¯®¥â ¢ «¥¢®© ¨ ¯à ¢®© ç áâïå.

�á«¨ ¯®«®¦¨âì ¢ ä®à¬ã«¥ (3.1)W = JU , ¢®á¯®«ì§®¢ âìáï ¬¥âà¨ç®áâìî á¢ï§®áâ¨ ¨ «¥¬¬®©
3.1, â® ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬ æ¥¯®çªã à ¢¥áâ¢

�([X;Y ];W ) =W�(X;Y ) =Wg(X; JY ) = !(W )g(X;JY ) + !c(W )g(JX; JY ) +

+ !(W )g(X;JY )� !c(W )g(X;Y ) = 2!(W )g(X;JY ): (3.6)

�à ¢¥¨¥ ªà ©¨å ç áâ¥© ¢ ¯®«ãç¥®© æ¥¯®çª¥ à ¢¥áâ¢ (3.6) ¯®§¢®«ï¥â ¯®«ãç¨âì ä®à¬ã«ã

�([XH ; Y H ];W ) = 2!(W )�(XH ; Y H) = 2�(XH ; Y H)�(grc f;W );

£¤¥W | ¯à®¨§¢®«ìë© ¢¥àâ¨ª «ìë© ¢¥ªâ®à. �¥¯¥àì «¥¬¬  á«¥¤ã¥â ¨§ ¥¢ëà®¦¤¥®áâ¨ ªí«¥-
à®¢®© ä®à¬ë. �

�¥¬¬  3.3. �ãáâì � : E 7!M | £®«®¬®àä ï ª®ä®à¬ ï áã¡¬¥àá¨ï ªí«¥à®¢ëå ¬®£®®¡à -
§¨© á ¢¥àâ¨ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ f ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨, ¯à¨ç¥¬
dim cM > 1. �ãáâì ! = df , !c = J!. �®£¤  ¢¥à® á«¥¤ãîé¥¥:

 ) d!c(X;Y ) = ��(X;Y )k gr fk2 ¤«ï «î¡ëå £®à¨§®â «ìëå ¢¥ªâ®à®¢ X, Y ;
¡) k gr fk | ¢¥àâ¨ª «ì ï äãªæ¨ï.

�®ª § â¥«ìáâ¢®. �ãáâì ¢¥ªâ®àë¥ ¯®«ï X, Y | £®à¨§®â «ìë¥ «¨äâë, á®¢¯ ¤ îé¨¥ á
§ ¤ ë¬¨ ¯® ãá«®¢¨î ¢¥ªâ®à ¬¨ ¢ ¥ª®â®à®© â®çª¥. �à¨¬¥¨¬ ¯à¥¤«®¦¥¨¥ 3.11 ¨§ ([2], £«. 1)
¨ «¥¬¬ã 2.1. �¬¥¥¬

d!c(X;Y ) = �
1
2
!c([X;Y ]) = ��(X;Y )!c(grc f):
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 ) �â®â ¯ãªâ á«¥¤ã¥â ¨§ ¬¥âà¨ç¥áª®© ¤¢®©áâ¢¥®áâ¨ ¢¥ªâ®àëå ¯®«¥© gr f , grc f ¨ 1-ä®à¬ ! ¨
!c:

g(gr f;Q) = !(Q); g(grc f;Q) = !c(Q): (3.7)

¡) � ¯à®¨§¢®«ì®© â®çª¥ � 2 E ¤«ï «î¡®£® £®à¨§®â «ì®£® ¢¥ªâ®à  X ¢ë¡¥à¥¬ £®à¨§®â «ìë¥
¢¥ªâ®àë Y ¨ Z = JY â ª, çâ®¡ë ®¨ ¡ë«¨ ®àâ®£® «ìë¥ ¢¥ªâ®àã X. �à®¤®«¦¨¬ ¢á¥ íâ¨ ¢¥ª-
â®àë ¤® ¡ §¨áëå ¯®«¥©. �§ á¢®©áâ¢  ®¯¥à â®à  ¢¥è¥£® ¤¨ää¥à¥æ¨à®¢ ¨ï d2 = 0 ¯®«ãç¨¬
á«¥¤ãîé¥¥ à ¢¥áâ¢®:

0 = d2!c(X;Y;Z) = SX;Y;Z(Xd!c(Y;Z) + d!c(X; [Y;Z]))

(§¤¥áì á¨¬¢®«®¬ S ®¡®§ ç ¥âáï æ¨ª«¨ç¥áª ï áã¬¬ ). �®á¯®«ì§ã¥¬áï à ¢¥áâ¢®¬ ¯.  ), § ¬ªã-
â®áâìî ªí«¥à®¢®© ä®à¬ë � ¨ «¥¬¬®© 2.1, â®£¤  ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ ¯à¥®¡à §ã¥âáï á«¥¤ãîé¨¬
®¡à §®¬:

SX;Y;Z(d!c(X;V [Y;Z])� �(Y;Z) �Xk gr fk2) = SX;Y;Z�(Y;Z)(2d!c(X; grc f)�Xk gr fk2):

�à¨¬¥ïï ä®à¬ã«ã ¤«ï ¢¥è¥£® ¤¨ää¥à¥æ¨à®¢ ¨ï, ¤¢®©áâ¢¥®áâì (3.7) ¨ ¢¯®«¥ £¥®¤¥§¨ç-
®áâì á«®¥¢ áã¡¬¥àá¨¨, ¯®«ãç¨¬

2d!c(X; grc f)�Xk gr fk2 = !c([grc f;X]) = g(grc f;rgrc fX �rX gr
c f) = �Xk gr fk2=2:

�®¤áâ ¢¨¬ ¯®«ãç¥®¥ ¢ëà ¦¥¨¥ ¢ ¯à¥¤ë¤ãéãî ä®à¬ã«ã, ¢ à áá¬ âà¨¢ ¥¬®© â®çª¥ � ¯®«ãç¨¬
á«¥¤ãîé¥¥: 0 = ��(Y; JY )Xk gr fk2=2.

�¥¬¬  3.4. �ãáâì � : E 7!M | £®«®¬®àä ï ª®ä®à¬ ï áã¡¬¥àá¨ï ªí«¥à®¢ëå ¬®£®®¡à -
§¨© á ¢¥àâ¨ª «ìë¬ ¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ f ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨, ¯à¨ç¥¬
dim cM > 1. �ãáâì ! = df , !c = J!. �®£¤  ¤«ï «î¡®£® ¢¥àâ¨ª «ì®£® ¢¥ªâ®à  W ¨ «î¡®£®
£®à¨§®â «ì®£® X ¢ë¯®«ï¥âáï à ¢¥áâ¢® d!c(W;X) = 0.

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥¨î ¤¨ää¥à¥æ¨à®¢ ¨ï �¨, ãç¨âë¢ ï á¢ï§ì ªí«¥à®¢®©
ä®à¬ë á ¬¥âà¨ª®©, ¨¬¥¥¬

(LX�)(gr f; gr
c f) = �Xk gr fk2 + g([X; gr f ]; gr f) + g(grc f; [X; grc f ]):

�®á¯®«ì§®¢ ¢è¨áì «¥¬¬®© 3.3 ¡) ¨ ¤¢®©áâ¢¥®áâìî (3.7), ¯®«ãç¨¬ à ¢¥áâ¢®

(LX�)(gr f; gr
c f) = !([X; gr f ]) + !c([X; grc f ]): (3.8)

�§ ®¯à¥¤¥«¥¨ï ¢¥àâ¨ª «ì®© ä®à¬ë ! ¨ «¥¬¬ë 3.3 á«¥¤ã¥â à ¢¥áâ¢®

!([X; gr f ]) = X!(gr f)� gr f!(X)� 2d!(X; gr f) = 0: (3.9)

�§ ä®à¬ã« (3.8) ¨ (3.9) á«¥¤ã¥â

(LX�)(gr f; grc f) = !c([X; grc f ]) = �2d!c(X; grc f):

�à¬¨â®¢®áâì ä®à¬ë d!c ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ ¥¥ ®¯à¥¤¥«¥¨ï, ¯à¨¢¥¤¥®£® ¢ëè¥, d!c =
2i@@f . �§ íà¬¨â®¢®áâ¨ ä®à¬ë d!c ¨ «¥¬¬ë 3.2 ¢ëâ¥ª îâ à ¢¥áâ¢ 

d!c(X; grc f) = 0; d!c(Y; gr f) = 0:

� ª®¥æ, ¥á«¨ ¢¥ªâ®àW ®àâ®£® «¥ ª gr f ¨ grc f , â® !(W ) = !c(W ) = 0. �®íâ®¬ã ¤«ï ¡ §¨á®£®
¢¥ªâ®à®£® ¯®«ï X ¨¬¥¥¬

2d!c(W;X) = �!c([W;X]) = �g(grc f; [W;X]):
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�ç¨âë¢ ï à ¢¥áâ¢® (3.5), ¬¥âà¨ç®áâì á¢ï§®áâ¨ ¨ íà¬¨â®¢®áâì ¬¥âà¨ç¥áª®£® â¥§®à , ¯®«ãç¨¬
¯à®¤®«¦¥¨¥ ¯à¥¤ë¤ãé¥© ¯®á«¥¤®¢ â¥«ì®áâ¨ à ¢¥áâ¢

g(grc f;rXW ) = �g(JrX gr f;W ) = �g(gr f;rXJW ) =

= �g(gr f; [X; JW ]) = �!([X;JW ]) = 2d!(X;JW ) �X!(JW ) = 0;

£¤¥ ¯®á«¥¤¥¥ à ¢¥áâ¢® á«¥¤ã¥â ¨§ § ¬ªãâ®áâ¨ ! ¨ ¢ë¡®à  W .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1. �à®¤®«¦¨¬ ¢¥ªâ®àë X, Y ¤® ¡ §¨áëå ¢¥ªâ®àëå ¯®«¥©,
  U | ¤® ¢¥àâ¨ª «ì®£® ¢¥ªâ®à®£® ¯®«ï. �® «¥¬¬¥ 3.1

rUrWX = U!(W )X + !(W )(!(U)X + !c(U)JX) +

+ U!c(W )JX + !c(W )J(!(U)X + !c(U)JX) (3.10)

r[U;W ]X = !([U;W ])X + !c([U;W ])JX: (3.11)

 ) �â®â ¯ãªâ ¥¬¥¤«¥® á«¥¤ã¥â ¨§ ä®à¬ã« (3.10), (3.11) ¨ ¢ëà ¦¥¨ï ¤«ï ¢¥è¥£® ¤¨ä-
ä¥à¥æ¨ « , ¥®¤®ªà â® ¯à¨¬¥ï¢è¥£®áï ¢ëè¥.

¡) �à¨¬¥¨¬ «¥¬¬ã 3.1 ¨ ¢®á¯®«ì§ã¥¬áï ¢¯®«¥ £¥®¤¥§¨ç®áâìî á«®¥¢ áã¡¬¥àá¨¨. �®£¤ 
¯®«ãç¨¬ HR(X;U)Y = H(rX(!(U)Y + !c(U)JY ) � HrU(HrXY + VrXY ) � !([X;U ])Y �
!c([X;U ]))JY = X!(U)Y + X!c(U)JY � !([X;U ])Y � !c([X;U ])JY = 2d!c(X;U)JY = 0. �®-
á«¥¤¨¥ ¤¢  à ¢¥áâ¢  á«¥¤ãîâ ¨§ ¢¥àâ¨ª «ì®áâ¨ 1-ä®à¬ ! ¨ !c, § ¬ªãâ®áâ¨ ä®à¬ë ! ¨ ¨§
«¥¬¬ë 3.1. � ª¨¬ ®¡à §®¬, HR(X;U)Y = 0. �âáî¤  ¨ ¨§ 1-£® â®¦¤¥áâ¢  �ìïª¨ á«¥¤ã¥â

HR(X;Y )U = HR(X;U)Y �HR(Y;U)X = 0:

�«ï  å®¦¤¥¨ï ¢¥àâ¨ª «ì®© á®áâ ¢«ïîé¥© § ç¥¨ï â¥§®à  ªà¨¢¨§ë   ¢ë¡à ®© âà®©-
ª¥ ¢¥ªâ®à®¢ ¢®á¯®«ì§ã¥¬áï  «£¥¡à ¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨ â¥§®à  ªà¨¢¨§ë, ¯.  ), ¢ëà ¦¥¨¥¬
¤«ï ¢¥è¥£® ¤¨ää¥à¥æ¨ «  1-ä®à¬ë, ¤¢®©áâ¢¥®áâìî (3.7), ¬¥âà¨ç®áâìî á¢ï§®áâ¨ �¥¢¨-
�¨¢¨â  ¨ ®âáãâáâ¢¨¥¬ ã ¥¥ ªàãç¥¨ï. �¬¥¥¬

g(R(X;Y )U;W ) = g(R(U;W )X;Y ) = 2d!c(U;W )g(JX; Y ) = (U!c(W )�

�W!c(U)�!c([U;W ]))g(JX; Y ) = (Ug(grc f;W )�Wg(grc f; U)�!c(rUW )+!c(rWU))g(JX; Y ) =

= (g(rU gr
c f;W )� g(rW grc f; U))g(JX; Y ) = g(JX; Y )g(rU gr

c f +rJU gr f;W ):

�®á«¥¤¥¥ ¢ æ¥¯®çª¥ à ¢¥áâ¢®, ¤®ª §ë¢ îé¥¥ ¡), á«¥¤ã¥â ¨§ ¯ à ««¥«ì®áâ¨ ª®¬¯«¥ªá®©
áâàãªâãàë ¨ á¨¬¬¥âà¨ç®áâ¨ £¥áá¨   äãªæ¨¨ ([4], á. 53)

hes f(W;V ) = g(rW gr f; V ) = (rW!)(V ): (3.12)

¢), £) �âáãâáâ¢¨¥ ¢¥àâ¨ª «ì®© á®áâ ¢«ïîé¥© ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  ¯. ¢) ¢ëâ¥ª ¥â ¨§
¢¯®«¥ £¥®¤¥§¨ç®áâ¨ á«®¥¢ ¨  «£¥¡à ¨ç¥áª¨å á¢®©áâ¢ â¥§®à  ªà¨¢¨§ë. �®á¯®«ì§ã¥¬áï á¢®©-
áâ¢®¬ ¯à®¥ªâ¨àã¥¬®áâ¨ (2.1) ¡ §¨áëå ¯®«¥©. �¬¥¥¬

R(U;X)W = HR(U;X)W = rUAXW �AXrUW =

= ((rU!)(W ) + !(U)!(W )� !c(U)!c(W ))X + ((rU!
c)(W ) + !c(U)!(W ) + !(U)!c(W ))JX:

�®«ãç¥®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï R(U;X)W ¤®¯ãáª ¥â ã¯à®é¥¨¥. �§  «£¥¡à ¨ç¥áª¨å á¢®©áâ¢
â¥§®à  ªà¨¢¨§ë, ¯à¥¤ë¤ãé¥© ä®à¬ã«ë ¨ ¤¢®©áâ¢¥®áâ¨ (3.7) á«¥¤ã¥â

g(R(X;U)Y;W ) = g(R(U;X)W;Y ) = g(X;Y )g(rU gr f + !(U) gr f � !c(U) grc f;W ) +

+ g(JX; Y )g(rU grc f + !c(U) gr f + !(U) grc f;W ): (3.13)

� 1-¬ â®¦¤¥áâ¢¥ �ìïª¨ ¨á¯®«ì§ã¥¬ ¯®«ãç¥®¥ ¢ëà ¦¥¨¥ ¢¬¥áâ® ¢â®à®£® ¨ âà¥âì¥£® á« £ ¥-
¬ëå ¨ ¢ëà ¦¥¨¥ ¨§ ¯. ¡). �¬¥¥¬

0 = g(R(X;Y )U +R(Y;U)X +R(U;X)Y;W ) =

= g(JX; Y )g(rJU gr f �rU gr
c f � 2!(U) grc f � 2!c(U) gr f;W ):
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�ç¨âë¢ ï ¢ ¯®á«¥¤¥¬ ¢ëà ¦¥¨¨ á¨¬¬¥âà¨ç®áâì £¥áá¨   äãªæ¨¨ (3.12), ¯®«ãç¨¬ â®¦¤¥-
áâ¢®

g(rU grc f;W ) + 2!c(W )!(U) = �g(rW grc f; U)� 2!c(U)!(W ):

� ª¨¬ ®¡à §®¬, ª®àà¥ªâ® ®¯à¥¤¥«¥  ¢¥àâ¨ª «ì ï 2-ä®à¬  	

	(U;W ) = g(rU gr
c f;W ) + 2!c(W )!(U) = d!c(U;W ) + 2! ^ !c(U;W ): (3.14)

�®á«¥¤¥¥ à ¢¥áâ¢® á«¥¤ã¥â ¨§ ª®á®á¨¬¬¥âà¨ç®áâ¨ 	 ¨ ¢ëà ¦¥¨ï ¤«ï ¢¥è¥£® ¤¨ää¥-
à¥æ¨à®¢ ¨ï ¨§ á«¥¤áâ¢¨ï 8.6 ([2], £«. 3), ª®â®à®¥ ¯à¨¬¥¨â¥«ì® ª à áá¬ âà¨¢ ¥¬®¬ã á«ãç î
¯à¨¢®¤¨â ª à ¢¥áâ¢ã

2d!c(U;W ) = (rU!
c)(W )� (rW!

c)(U);

¥á«¨ ãç¨âë¢ âì ¤¢®©áâ¢¥®áâì ¢¥ªâ®à®£® ¯®«ï grc f ª ¢¥è¥© 1-ä®à¬¥ !c ¯® ä®à¬ã« ¬ (3.7).
�à®¬¥ â®£®, ¨§ à ¢¥áâ¢  (3.14) á«¥¤ã¥â

d!c(U;W ) = (rU!
c)(W ) + !c(U)!(W ) + !c(W )!(U):

�á¯®«ì§ãï ¤¢®©áâ¢¥®áâì (3.7), ¯ à ««¥«ì®áâì ª®¬¯«¥ªá®© áâàãªâãàë ¨ ¯®á«¥¤¥¥ à ¢¥-
áâ¢®, ¥âàã¤® ¯®«ãç¨âì á®®â®è¥¨¥

d!c(U; JW ) = (rU!)(W ) + !(U)!(W )� !c(U)!c(W ):

�®«ãç¥®¥ ¢ëè¥ ¢ëà ¦¥¨¥ ¤«ï R(U;X)W á®¢¬¥áâ® á ¤¢ã¬ï ¯®á«¥¤¨¬¨ à ¢¥áâ¢ ¬¨ ¤®ª -
§ë¢ îâ ¢). � ª ª ª ¨§  «£¥¡à ¨ç¥áª¨å á¢®©áâ¢ â¥§®à  ªà¨¢¨§ë ¨ ¡) á«¥¤ã¥â, çâ® £®à¨§®â «ì-
 ï ª®¬¯®¥â  R(X;U)Y ã«¥¢ ï, â® à ¢¥áâ¢® (3.13) ¤®ª §ë¢ ¥â £). �

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 2.1  ). � ¢¥áâ¢® íâ®£® ¯ãªâ  á«¥¤ã¥â ¨§  «£¥¡à ¨ç¥áª¨å
á¢®©áâ¢ â¥§®à  ªà¨¢¨§ë ¨ ¯¯.  ), ¡) â¥®à¥¬ë 2.1.

¡). � ¢¥áâ¢® íâ®£® ¯ãªâ  ¥áâì á«¥¤áâ¢¨¥ ¯. ¡) â¥®à¥¬ë 2.1.
¢). � à ¢¥áâ¢¥ ¡) ¢ë¡¥à¥¬ £®à¨§®â «ìë© ¢¥ªâ®à X ¥¤¨¨çë¬,   Y = JX. �

4. �ã¡¬¥àá¨¨ á ®¤®¬¥àë¬¨ á«®ï¬¨

�¥¬¬  4.1. �ãáâì E ¨ M | ªí«¥à®¢ë ¬®£®®¡à §¨ï ¨ dimcM + 1 = dimcE > 2. �á«¨
E ¤®¯ãáª ¥â £®«®¬®àäãî ª®ä®à¬ãî áã¡¬¥àá¨î �   M á ¢¥àâ¨ª «ìë¬ ¥¢ëà®¦¤¥ë¬
¯®ª § â¥«¥¬ ª®ä®à¬®áâ¨ f ¨ ¢¯®«¥ £¥®¤¥§¨ç¥áª¨¬¨ á«®ï¬¨, â®

d!c = �
{

k gr fk2
! ^ !c � e2fk gr fk2���M ;

£¤¥ ! = df , !c = J!, �M | ªí«¥à®¢  ä®à¬  ¤«ï ¬®£®®¡à §¨ï M , a { = B(X ^W ) | ¢¯®«-
¥ ¢¥é¥áâ¢¥ ï ¡¨á¥ªæ¨® ï ªà¨¢¨§  ¢ á¬¥è ëå ¤¢ã¬¥àëå  ¯à ¢«¥¨ïå, ï¢«ïîé ïáï
äãªæ¨¥©   E.

�®ª § â¥«ìáâ¢®. �ãáâì P = U +X, Q =W + Y | à §«®¦¥¨¥ ¢¥ªâ®à®¢   ¢¥àâ¨ª «ìãî
¨ £®à¨§®â «ìãî á®áâ ¢«ïîé¨¥. �  ®á®¢ ¨¨ «¥¬¬ë 3.4 ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

d!c(P;Q) = d!c(U;W ) + d!c(X;Y ): (4.1)

� ¢¥áâ¢ ¬¨ � = gr f=k gr fk, � = J� ®¯à¥¤¥«¨¬ ¥¤¨¨çë¥ ¢§ ¨¬® ®àâ®£® «ìë¥ ¢¥ªâ®àë¥
¯®«ï. �§ á«¥¤áâ¢¨ï 2.1 ¡), ¢ë¡à ¢ £®à¨§®â «ìë© ¢¥ªâ®à Z ¥¤¨¨çë¬, ¯®«ãç¨¬

d!c(U;W ) =
1

2k gr fk2
g(R(Z; JZ)(!(U)� + !c(U)�); !(W )� + !c(W )�):

� ª ª ª ¢¥àâ¨ª «ì®¥ ¤¢ã¬¥à®¥  ¯à ¢«¥¨¥ ¢ á«ãç ¥ ®¤®¬¥àëå á«®¥¢ ¥¤¨áâ¢¥®¥, â® ¯®
á«¥¤áâ¢¨î 2.1 ¢) ¨§ ¯à¥¤ë¤ãé¥© ä®à¬ã«ë  å®¤¨¬

d!c(U;W ) = �
{

k gr fk2
! ^ !c(U;W ): (4.2)
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�¥¬¬  3.3  ), ¢¥àâ¨ª «ì®áâì 1-ä®à¬ ! ¨ !c á®¢¬¥áâ® á à ¢¥áâ¢ ¬¨ (4.1) ¨ (4.2) ¯à¨¢®¤ïâ ª
á«¥¤ãîé¥© ä®à¬ã«¥:

d!c(P;Q) = �
{

k gr fk2
! ^ !c(P;Q)� k gr fk2�(X;Y ): (4.3)

�§ ®¯à¥¤¥«¥¨ï ª®ä®à¬®áâ¨ áã¡¬¥àá¨¨ � á«¥¤ã¥â, çâ® �(X;Y ) = H�(P;Q) = e2f���M (P;Q).
�®¤áâ ¢«ïï ¯®«ãç¥®¥ ¢ëà ¦¥¨¥ ¢ à ¢¥áâ¢® (4.3), ¯à¨å®¤¨¬ ª ãâ¢¥à¦¤¥¨î «¥¬¬ë.

�¥¬¬  4.2. � ¯à¥¤¯®«®¦¥¨ïå «¥¬¬ë 4:1 ¢¥à® á«¥¤ãîé¥¥:

 ) dk gr fk2 = �({ + 2k gr fk2)!,
¡) ¤¨ää¥à¥æ¨ « äãªæ¨¨ á¬¥è ®© ¡¨á¥ªæ¨®®© ªà¨¢¨§ë { ª®««¨¥ à¥ ä®à¬¥ !.

�®ª § â¥«ìáâ¢®.  ) �§ â®ç®áâ¨ ¢¥è¥£® ¤¨ää¥à¥æ¨à®¢ ¨ï, ¥£® ¯¥à¥áâ ®¢®ç®áâ¨ á
ª®¤¨ää¥à¥æ¨ «®¬ áã¡¬¥àá¨¨ ¨ § ¬ªãâ®áâ¨ ªí«¥à®¢®© ä®à¬ë ¯® «¥¬¬¥ 4.1 ¨¬¥¥¬

0 = d2!c = �d
{

k gr fk2
^ ! ^ !c +

{

k gr fk2
! ^ d!c � d(e2fk gr fk2) ^ ���M :

� íâã ä®à¬ã«ã ¯®¤áâ ¢¨¬ ¢® ¢â®à®¬ á« £ ¥¬®¬ ¢ëà ¦¥¨¥ ¤«ï d!c ¨§ «¥¬¬ë 4.1. �®á«¥ ¯à¥-
®¡à §®¢ ¨© ¯®«ãç¨¬

d
{

k gr fk2
^ ! ^ !c = �(d(e2fk gr fk2) + {e2f!) ^ ���M : (4.4)

� ¯®á«¥¤¥© ä®à¬ã«¥ á«¥¢  áâ®¨â, ª ª ¬¨¨¬ã¬, ¤¢ ¦¤ë ¢¥àâ¨ª «ì ï ä®à¬ ,   á¯à ¢  | ¤¢ -
¦¤ë £®à¨§®â «ì ï, â. ª. ä®à¬  ���M ¡ §¨á ï. � ª¨¬ ®¡à §®¬, á«¥¢  ¨ á¯à ¢    á ¬®¬ ¤¥«¥
áâ®¨â ã«¥¢ ï ä®à¬ . �à ¢ ï ç áâì ä®à¬ã«ë (4.4) ¯®á«¥ ¤¨ää¥à¥æ¨à®¢ ¨ï ¤ ¥â á«¥¤ãîé¥¥
à ¢¥áâ¢®:

(dk gr fk2 + ({ + 2k gr fk2)!) ^ ���M = 0:

�¥¯¥àì ãâ¢¥à¦¤¥¨¥  ) á«¥¤ã¥â ¨§ ¥¢ëà®¦¤¥®áâ¨ ªí«¥à®¢®© ä®à¬ë.
¡) �à®¤¨ää¥à¥æ¨à®¢ ¢ ®¡¥ ç áâ¨ à ¢¥áâ¢   ), ¯®«ãç¨¬ á«¥¤ãîé¥¥ à ¢¥áâ¢®: (d{ +

2dk gr fk2) ^ ! = 0. �¥¯¥àì ãâ¢¥à¦¤¥¨¥ ¡) á«¥¤ã¥â ¨§ ãâ¢¥à¦¤¥¨ï  ).

�®ª § â¥«ìáâ¢® «¥¬¬ë 2.2. �® ãá«®¢¨î äãªæ¨ï f ¥¢ëà®¦¤¥    E. � ¯® «¥¬¬¥ 4.2
ª¢ ¤à â ®à¬ë £à ¤¨¥â  kgr fk2 ï¢«ï¥âáï äãªæ¨¥© «¨èì ®â f . �®íâ®¬ã «î¡ ï ¯¥à¢®®¡à § ï

t = �2�
Z
e�2fkgr fk�2df

®¯à¥¤¥«ï¥â ¢¥é¥áâ¢¥ãî äãªæ¨î t = t(f),   áã¯¥à¯®§¨æ¨ï t = t � f , £¤¥ ¢ ª ç¥áâ¢¥ f ã¦¥ ¢ë-
áâã¯ ¥â ¯®ª § â¥«ì ª®ä®à¬®áâ¨, § ¤ ¥â äãªæ¨î, ®¯à¥¤¥«¥ãî ¢áî¤ã   E. �¥àâ¨ª «ì®áâì
t á«¥¤ã¥â ¨§ ¢¥àâ¨ª «ì®áâ¨ f . �

�«¥¤áâ¢¨¥ 4.1. � ¯à¥¤¯®«®¦¥¨ïå «¥¬¬ë 4.1 ¯®ª § â¥«ì ª®ä®à¬®áâ¨ ¤®¯ãáª ¥â ¯à¥¤-
áâ ¢«¥¨¥ f = y(t) ¢ ¢¨¤¥ áã¯¥à¯®§¨æ¨¨ äãªæ¨¨ t ¨§ «¥¬¬ë 2.2 ¨ ¢¥é¥áâ¢¥®© äãªæ¨¨ y.

�¥¬¬  4.3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 2:2 ¨ t | äãªæ¨ï ¨§ íâ®© «¥¬¬ë. �á«¨
U | ®âªàëâ®¥ ¬®¦¥áâ¢® ¡ §ë M â ª®¥, çâ® äãªæ¨ï FM ï¢«ï¥âáï ªí«¥à®¢ë¬ ¯®â¥æ¨-
 «®¬ ¤«ï �M ¢ U , â® äãªæ¨ï � = t + 2�FM , ®¯à¥¤¥«¥ ï   ¬®¦¥áâ¢¥ ��1(U), ï¢«ï¥âáï
¯«îà¨£ à¬®¨ç¥áª®©.
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�®ª § â¥«ìáâ¢®. � ¨¦¥¯à¨¢¥¤¥ëå ¢ëç¨á«¥¨ïå ¯®á«¥¤®¢ â¥«ì® ¨á¯®«ì§ã¥âáï «¥¬¬ 
2.2, «¥¬¬  4.2  ) ¨ «¥¬¬  4.1.

ddc(t+ 2�FM ) = d(�2�e�2fkgr fk�2dcf + 2�dcFM ) =

= (4�e�2fkgr fk�2 � 2�e�2f ({ + 2kgr fk2)kgr fk�4)! ^ !c +

+2�ddcFM = �
2�{ exp(�2f)

kgr fk�4
! ^ !c � 2�e�2fkgr fk�2d!c � 2����M =

= �2�e�2fkgr fk�2

�
{

kgr fk2
! ^ !c + d!c + exp(�2f)kgr fk2���M

�
= 0: �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.2. �¡®§ ç¨¬ ! = df , !c = J!. �ãáâì J | ®àâ®£® «ì-
ë© ®¯¥à â®à, ¨ á«®¨ áã¡¬¥àá¨¨ | ¢¥é¥áâ¢¥®-¤¢ã¬¥àë¥ ¯®¤¬®£®®¡à §¨ï, ¯®íâ®¬ã V g =
(!2 + (!c)2)=k gr fk2, £¤¥ g | ªí«¥à®¢  ¬¥âà¨ª    E. �§ ãá«®¢¨ï ª®ä®à¬®áâ¨ áã¡¬¥àá¨¨ ¨
¯à¥¤ë¤ãé¥£® à ¢¥áâ¢   å®¤¨¬ ¬¥âà¨ªã g = (!2 + (!c)2)=k gr fk2 + e2f��gM   E. �®«ãç¥®¥
à ¢¥áâ¢® ¯¥à¥¯¨è¥âáï ¤«ï  áá®æ¨¨à®¢ ëå á g ¨ gM ªí«¥à®¢ëå ä®à¬ ¢ ¢¨¤¥

� = �
2

k gr fk2
! ^ !c + e2f���M :

�§ á«¥¤áâ¢¨ï 4.1 ¢ëâ¥ª ¥â f = y(t), â. ¥. ¯®ª § â¥«ì ª®ä®à¬®áâ¨ f ï¢«ï¥âáï áã¯¥à¯®§¨æ¨-
¥© ¥ª®â®à®© ¢¥é¥áâ¢¥®© äãªæ¨¨ y ¨ äãªæ¨¨ t ¨§ «¥¬¬ë 2.2. �¥âàã¤® ¯®áç¨â âì, çâ®
kgr fk2 = �2� exp(�2f) _y(t). �®íâ®¬ã à ¢¥áâ¢® (1.3) ¤«ï ªí«¥à®¢®© ä®à¬ë ¬®£®®¡à §¨ï E,
áã¦¥®©   ��1(U), â¥¯¥àì á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï ª®ä®à¬®© áã¡¬¥àá¨¨ ¨ ¢¥àâ¨ª «ì®áâ¨
¯®ª § â¥«ï ª®ä®à¬®áâ¨. �§ «¥¬¬ë 4.3 á«¥¤ã¥â, çâ® ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ O ª ¦¤®© â®ç-
ª¨ �0 áãé¥áâ¢ã¥â £®«®¬®àä ï äãªæ¨ï � â ª ï, çâ® � = Re � ¨ ¢ë¯®«ï¥âáï à ¢¥áâ¢® (1.2).
�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ ®â«¨ç¨¥ ®â � ¬¨¬ ï ç áâì � = Im � íâ®© äãªæ¨¨ ¬®¦¥â ¡ëâì ®¯à¥¤¥-
«¥  (ª ª ®¤®«¨áâ ï äãªæ¨ï) ¥ ¢áî¤ã ¢ ��1(U). �® «¥¬¬¥ 2.2 t ï¢«ï¥âáï ¥¢ëà®¦¤¥®©
¢¥àâ¨ª «ì®© äãªæ¨¥©. �®íâ®¬ã � ï¢«ï¥âáï ª®¬¯«¥ªá®© ª®®à¤¨ â®© ¢¤®«ì á«®ï. �ç¥¢¨¤®,
®ªà¥áâ®áâì O ¬®¦® ¢ë¡à âì £®«®¬®àä® íª¢¨¢ «¥â®© ¬®¦¥áâ¢ã ¨§ ¯à ¢®© ç áâ¨ à ¢¥áâ¢ 
(1.1). �
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