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� áá¬®âà¨¬ á¨áâ¥¬ã äãªæ¨© f1(z); f2(z); : : : ; fn(z), £®«®¬®àäëå ¢ ®ªà¥áâ®áâ¨ â®çª¨ 0 2
C
n , z = (z1; z2; : : : ; zn), ¨¬¥îé¨å á«¥¤ãîé¨© ¢¨¤:

fj(z) = z�
j

+Qj(z); j = 1; 2; : : : ; n; (1)

£¤¥ �j = (�j1 ; �
j
2; : : : ; �

j
n) | ¬ã«ìâ¨¨¤¥ªá á æ¥«ë¬¨ ¥®âà¨æ â¥«ìë¬¨ ª®®à¤¨ â ¬¨, z�

j

=

z
�
j

1
1 � z�

j

2
2 � � � z�jnn ¨ k�jk = �

j
1 + �

j
2 + � � � + �jn = kj , j = 1; 2; : : : ; n. �ãªæ¨¨ Qj à §« £ îâáï ¢

®ªà¥áâ®áâ¨ ã«ï ¢ àï¤ �¥©«®à , áå®¤ïé¨©áï  ¡á®«îâ® ¨ à ¢®¬¥à®,

Qj(z) =
X
k�k>0

aj�z
�; (2)

£¤¥ � = (�1; �2; : : : ; �n), �j > 0, �j 2 Z,   z� = z�1
1 � z�2

2 � � � z�nn .
� ¤ «ì¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® áâ¥¯¥¨ ¢á¥å ¬®®¬®¢ (¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå), ¢å®-

¤ïé¨å ¢ Qj , áâà®£® ¡®«ìè¥ kj , j = 1; 2; : : : ; n (k�k = �1 + �2 + � � �+ �n > kj).
� áá¬®âà¨¬ æ¨ª«ë (r) = (r1; r2; : : : ; rn), ï¢«ïîé¨¥áï ®áâ®¢ ¬¨ ¯®«¨ªàã£®¢,

(r) = fz 2 C
n : jzsj = rs; s = 1; 2; : : : ; ng; r1 > 0; : : : ; rn > 0:

�à¨ ¤®áâ â®ç® ¬ «ëå rj æ¨ª«ë (r) «¥¦ â ¢ ®¡« áâ¨ £®«®¬®àä®áâ¨ äãªæ¨© fj, ¯®íâ®¬ã
àï¤ë X

k�k>0

jaj�jr�1

1 � � � r�nn ; j = 1; 2; : : : ; n;

áå®¤ïâáï. �®£¤    æ¨ª«¥ (tr) = (tr1; tr2; : : : ; trn), t > 0, ¨¬¥¥¬

jzj�j = tkj � r�
j

1
1 � r�

j

2
2 � � � r�jnn = tkj � r�j ;

 

jQj(z)j =
���� X
k�k>0

aj�z
�

���� 6 X
k�k>0

tk�kjaj�jr� 6 tkj+1
X
k�k>0

jaj�jr�:

�®íâ®¬ã ¯à¨ ¤®áâ â®ç® ¬ «ëå ¯®«®¦¨â¥«ìëå t   æ¨ª«¥ (tr) ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

jzj�j > jQj(z)j; j = 1; 2; : : : ; n; (3)

â ª¨¬ ®¡à §®¬,
fj(z) 6= 0   (tr); j = 1; 2; : : : ; n:

� ¡®â  ¯¥à¢®£®  ¢â®à  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå
¨áá«¥¤®¢ ¨©, £à â ò02-01-00167; à ¡®â  ¢â®à®£® | ¯à¨ ¯®¤¤¥à¦ª¥ �®¢¥â  ¯® £à â ¬ ¯à¨ �à¥§¨¤¥â¥
�®áá¨©áª®© �¥¤¥à æ¨¨ (ò�� 1212-2003.1).
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� ç áâ®áâ¨, ¢ ¥ª®â®à®© ¤®áâ â®ç® ¬ «®© ®ªà¥áâ®áâ¨ ã«ï á¨áâ¥¬ 

fj(z) = 0; j = 1; : : : ; n; (4)

¬®¦¥â ¨¬¥âì ª®à¨ â®«ìª®   ª®®à¤¨ âëå ¯«®áª®áâïå fz : zs = 0g, s = 1; 2; : : : ; n (¯® ¯à¨æ¨¯ã
¬ ªá¨¬ã¬  ¤«ï £®«®¬®àäëå äãªæ¨©).

�§ (3) á«¥¤ã¥â, çâ® ¯à¨ ¤®áâ â®ç® ¬ «ëå rj ®¯à¥¤¥«¥ë ¨â¥£à «ëZ
(r)

1
z�+I

df

f
=

Z
(r1;r2;:::;rn)

1

z
�1+1
1 � z�2+12 � � � z�n+1n

df1

f1
^ df2

f2
^ � � � ^ dfn

fn
;

£¤¥ �1 > 0; �2 > 0; : : : ; �n > 0, �j 2 Z, I = (1; 1; : : : ; 1). �® â¥®à¥¬¥ �®è¨{�ã ª à¥ íâ¨ ¨â¥£à «ë
¥ § ¢¨áïâ ®â (r1; : : : ; rn). �¡®§ ç¨¬

J� =
1

(2�i)n

Z
(r)

1
z�+I

df

f
:

� è  æ¥«ì á®áâ®¨â ¢ à¥è¥¨¨ á«¥¤ãîé¨å § ¤ ç:
1) ¢ ¢ëç¨á«¥¨¨ íâ®£® ¨â¥£à «  ç¥à¥§ ª®íää¨æ¨¥âë äãªæ¨© Qj(z) (â¥®à¥¬  1);
2) ¯à¨ ¤®¯®«¨â¥«ìëå ãá«®¢¨ïå   äãªæ¨¨ fj (¥á«¨ fj | æ¥«ë¥ ¨«¨ ¬¥à®¬®àäë¥ äãª-

æ¨¨) ¢ ¢ëïá¥¨¨ ¥£® á¢ï§¨ á® áâ¥¯¥ë¬¨ áã¬¬ ¬¨ ª®à¥© (¨ ¯®«îá®¢) á¨áâ¥¬ë (4) (â¥®à¥¬ë
2 ¨ 3).

�á«¨ fj | ¯®«¨®¬ë (â. ¥. á¨áâ¥¬  (4) ¥áâì á¨áâ¥¬   «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©), â® ¨§¢¥áâë
ä®à¬ã«ë ¤«ï ¢ëç¨á«¥¨ï áâ¥¯¥ëå áã¬¬ ª®à¥© íâ®© á¨áâ¥¬ë ç¥à¥§ ª®íää¨æ¨¥âë fj ( ¯à.,
[1], [2]). �  íâ¨å ä®à¬ã« å ®á®¢  ¬®¤¨ä¨æ¨à®¢ ë© ¬¥â®¤ ¨áª«îç¥¨ï ¥¨§¢¥áâëå, ¯à¥¤-
«®¦¥ë© �.�.�©§¥¡¥à£®¬ ¢ [1] ¨ à §¢¨âë© § â¥¬ ¢ [3]. �£® ª®¬¯ìîâ¥à ï à¥ «¨§ æ¨ï ¤   ¢
[4], [5].

� íâ¨å à ¡®â å à áá¬ âà¨¢ «¨áì áâ¥¯¥ë¥ áã¬¬ë ª®à¥© ¢ ¯®«®¦¨â¥«ì®© áâ¥¯¥¨. �á«¨ ¢
ª ç¥áâ¢¥ fj ¢§ïâì æ¥«ë¥ (¨«¨ ¬¥à®¬®àäë¥) äãªæ¨¨, â® á¨áâ¥¬  (4) ¬®¦¥â ¨¬¥âì ¡¥áª®¥ç®¥
ç¨á«® ª®à¥© (¨«¨ ¯®«îá®¢) ¨, á«¥¤®¢ â¥«ì®, áâ¥¯¥ë¥ áã¬¬ë ¢ ¯®«®¦¨â¥«ì®© áâ¥¯¥¨ ¬®£ãâ
¡ëâì ¥ ®¯à¥¤¥«¥ë. � ¤ ®© à ¡®â¥ ¤«ï áâ¥¯¥ëå áã¬¬ ª®à¥© ¢ ®âà¨æ â¥«ì®© áâ¥¯¥¨
¯®«ãç¥ë ª®¥çë¥ ä®à¬ã«ë ¤«ï ¨å  å®¦¤¥¨ï.

1. �á®¢ë¥ à¥§ã«ìâ âë

�ãáâì ¤«ï á¨áâ¥¬ë (4) ¢ë¯®«¥ë ãá«®¢¨ï, áä®à¬ã«¨à®¢ ë¥ ¢® ¢¢¥¤¥¨¨.

�¥®à¥¬  1. �à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ¤«ï äãªæ¨¨ fj ¢¨¤  (1), (2)

J� =
X

k�k6k�k+min(n;k1+���+kn)

(�1)k�k
(� + (�1 + 1)�1 + � � �+ (�n + 1)�n)!

@k(� �Q�)
@z�+(�1+1)�1+:::+(�n+1)�n

����
z=0

=

=
X

k�k6k�k+min(n;k1+���+kn)

(�1)k�kM
�

� �Q�

z�+(�1+1)�1+���+(�n+1)�n

�
;

£¤¥ k = k� + (�1 + 1)�1 + � � �+ (�n + 1)�nk, �! = �1! � �2! � � � �n!, � | ïª®¡¨  á¨áâ¥¬ë (4), Q� =
Q�1

1 �Q�2
2 � � �Q�n

n , @k�k

@z�
= @k�k

@z
�1
1 @z

�2
2 ���@z�nn

¨,  ª®¥æ, M | «¨¥©ë© äãªæ¨® «, á®¯®áâ ¢«ïîé¨©

àï¤ã �®à   ¥£® á¢®¡®¤ë© ç«¥.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ¤«ï (r) ¢ë¯®«¥ë ¥à ¢¥áâ¢  (3), â®

1
fj

=
1

z�j +Qj(z)
=

1X
s=0

(�1)s (Qj(z))s

z(s+1)�j
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¨ àï¤ áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à®   (r), j = 1; 2; : : : ; n. �®íâ®¬ã

1
z�+I

df

f
=

� dz

z�+I(z�1 +Q1)(z�2 +Q2) � � � (z�n +Qn)
=
� dz

z�+I

X
k�k>0

(�1)k�k Q�1
1 �Q�2

2 � � �Q�n
n

z(�1+1)�1+���+(�n+1)�n
;

£¤¥ � = det
 @fj

@zk

n
j;k=1

| ïª®¡¨  á¨áâ¥¬ë (4),   dz = dz1 ^ dz2 ^ � � � ^ dzn.
�«¥¤®¢ â¥«ì®,   (r) ¯®«ãç ¥¬

J� =
1

(2�i)n
X
k�k>0

Z
(r)

(�1)k�k� dz

z�+I
Q�

z(�1+1)�1+���+(�n+1)�n
: (5)

�®ª ¦¥¬, çâ® ¢ íâ®© áã¬¬¥ «¨èì ª®¥ç®¥ ç¨á«® á« £ ¥¬ëå ®â«¨ç® ®â ã«ï. �«ï íâ®£® ¯®¤-
áç¨â ¥¬ áâ¥¯¥¨ (¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå) ¬®®¬®¢, ¢å®¤ïé¨å ¢ ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì
¯®¤¨â¥£à «ì®£® ¢ëà ¦¥¨ï.

�â¥¯¥ì ¬®®¬®¢, ¢å®¤ïé¨å ¢ � (deg�), ¥ ¬¥ìè¥ max(k�1k+ � � �+ k�nk�n; 0) = max(k1 +
� � �+ kn � n; 0). �«ï áâ¥¯¥¨ ¬®®¬®¢, ¢å®¤ïé¨å ¢ Q�, ¯®«ãç ¥¬ ®æ¥ªã

degQ�
> �1(1 + k�1k) + � � �+ �n(1 + k�nk) = �1(1 + k1) + � � �+ �n(1 + kn):

�®íâ®¬ã áâ¥¯¥ì ç¨á«¨â¥«ï ¥ ¬¥ìè¥

max(k1 + � � �+ kn � n; 0) + �1(1 + k1) + � � �+ �n(1 + kn):

�â¥¯¥ì § ¬¥ â¥«ï à ¢ 

k�k+ n+ (�1 + 1)k1 + � � �+ (�n + 1)kn:

�®íâ®¬ã ¢ áã¬¬¥ (5) ¢á¥ á« £ ¥¬ë¥, ¤«ï ª®â®àëå áâ¥¯¥ì ç¨á«¨â¥«ï ¡®«ìè¥ áâ¥¯¥¨ § ¬¥ â¥«ï
  n, à ¢ë ã«î. � ª¨¬ ®¡à §®¬, ¬®£ãâ ¡ëâì ®â«¨çë¬¨ ®â ã«ï «¨èì á« £ ¥¬ë¥, ¤«ï ª®â®àëå

max(k1 + � � � + kn � n; 0) + �1(1 + k1) + � � � + �n(1 + kn) 6 k�k+ n+ (�1 + 1)k1 + � � �+ (�n + 1)kn:

�®á«¥¤¥¥ ¥à ¢¥áâ¢® íª¢¨¢ «¥â® á«¥¤ãîé¥¬ã:

k�k 6 k�k +min(n; k1 + � � �+ kn): �

�â¬¥â¨¬, çâ® ¢ ãª § ë¥ ¢ â¥®à¥¬¥ 1 ä®à¬ã«ë, ª ª ¯®ª §ë¢ ¥â ¤®ª § â¥«ìáâ¢®, ¢å®¤¨â
«¨èì ª®¥ç®¥ ç¨á«® ª®íää¨æ¨¥â®¢ äãªæ¨© Qj(z).

�«¥¤áâ¢¨¥ 1. �á«¨ ¢á¥ �j = (0; 0; : : : ; 0), â®

J� =
X

k�k6k�k

(�1)k�kM
�
�Q�

z�

�
=

X
k�k6k�k

(�1)k�k
�!

@k�k

@z�
(�Q�)

����
z=0

:

�ãáâì n = 1 ¨ fj(z) = f(z) = 1 +Q(z) = 1 +
1P
s=1

asz
s.

�«¥¤áâ¢¨¥ 2. �â¥£à «

J� =
X

06�6�

(�1)�M
�
f 0(z)Q�(z)

z�

�
=

X
06�6�

(�1)�
�!

@�

@z�
(f 0Q�)

����
z=0

=

= (�1)�+1
��������

a1 1 0 : : : 0
2a2 a1 1 : : : 0

: : : : : : : : : : : : : : : : : : : : : : : : : :

(� + 1)a�+1 a� a��1 : : : a1

�������� :
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� è  ¤ «ì¥©è ï æ¥«ì | á¢ï§ âì à áá¬®âà¥ë¥ ¨â¥£à «ë á® áâ¥¯¥ë¬¨ áã¬¬ ¬¨ ª®à¥©
á¨áâ¥¬ë (4). �«ï íâ®£® ã¦® áã§¨âì ª« áá äãªæ¨© fj. � ç «  ¢®§ì¬¥¬ ¢ ª ç¥áâ¢¥ äãªæ¨©
Qj , j = 1; 2; : : : ; n, ¬®£®ç«¥ë ¢¨¤ 

Qj(z) =
X
�2Mj

aj�z
�; (6)

£¤¥ Mj | ª®¥ç®¥ ¬®¦¥áâ¢® ¬ã«ìâ¨¨¤¥ªá®¢ â ª®¥, çâ® �k 6 �
j
k, k = 1; 2; : : : ; n, k 6= j, ¯à¨

� 2 Mj . �® ¯®-¯à¥¦¥¬ã ¯à¥¤¯®« £ ¥âáï, çâ® k�k > kj ¤«ï ¢á¥å � 2 Mj .
�¤¥« ¥¬ § ¬¥ã zj = 1

wj
, j = 1; 2; : : : ; n. �à¨ â ª®© § ¬¥¥ ¯®«ãç¨¬

fj

�
1
w1

;
1
w2

; : : : ;
1
wn

�
=

1
w�j

+Qj

�
1
w1

;
1
w2

; : : : ;
1
wn

�
=

1
w�j+sjej

�
w
sj
j + eQj(w1; w2; : : : ; wn)

�
;

£¤¥ sj |  ¨¡®«ìè ï áâ¥¯¥ì ¬®£®ç«¥  Qj(z) ¯® ¯¥à¥¬¥®© zj ,

e1 = (1; 0; : : : ; 0); e2 = (0; 1; : : : ; 0); : : : ; en = (0; 0; : : : ; 1);

  ¬®£®ç«¥

eQj(w1; w2; : : : ; wn) = eQj(w) = w�j+sje
j

Qj

�
1
w1

;
1
w2

; : : : ;
1
wn

�

¢ á¨«ã ãá«®¢¨©,  «®¦¥ëå   ¬®£®ç«¥ë Qj(z), ¨¬¥¥â áâ¥¯¥ì ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå
áâà®£® ¬¥ìèãî, ç¥¬ sj .

�® â¥®à¥¬¥ �¥§ã á¨áâ¥¬  ¥«¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

efj(w) = w
sj
j + eQj(w) = 0; j = 1; 2; : : : ; n; (7)

¨¬¥¥â ª®¥ç®¥ ç¨á«® ª®à¥©, à ¢®¥ á ãç¥â®¬ ¨å ªà â®áâ¥© s1 � s2 � � � sn, ¨ ¥ ¨¬¥¥â ª®à¥©  
¡¥áª®¥ç®© £¨¯¥à¯«®áª®áâ¨ C P

n n C n . �¡®§ ç¨¬ ª®à¨ á¨áâ¥¬ë (7), ¥ «¥¦ é¨¥   ª®®à¤¨-
 âëå ¯«®áª®áâïå, á ãç¥â®¬ ¨å ªà â®áâ¥© ç¥à¥§ w(k) = (w1(k); w2(k); : : : ; wn(k)), k = 1; 2; : : : ;M ,
M 6 s1 � s2 � � � sn. �®£¤  â®çª¨ z(k) =

�
1

w1(k)
; 1
w2(k)

; : : : ; 1
wn(k)

�
¨ â®«ìª® ®¨ ï¢«ïîâáï ª®àï¬¨ á¨-

áâ¥¬ë (4), ¥ «¥¦ é¨¬¨   ª®®à¤¨ âëå ¯«®áª®áâïå.

�¥¬¬ . �¨áâ¥¬  (4) á ¬®£®ç«¥ ¬¨ fj ¢¨¤  (1) ¨ ¬®£®ç«¥ ¬¨ Qj ¢¨¤  (6) ¨¬¥¥â ª®¥ç-

®¥ ç¨á«® ª®à¥© (á ãç¥â®¬ ¨å ªà â®áâ¥©) z(1); z(2); : : : ; z(M), ¥ «¥¦ é¨å   ª®®à¤¨ âëå

¯«®áª®áâïå fzs = 0g, s = 1; 2; : : : ; n.

�¡®§ ç¨¬

��+I = �(�1+1;�2+1;:::;�n+1) =
MX
k=1

1

z�1+11(k) � z�2+12(k) � � � z�n+1n(k)

:

� ®¥ ¢ëà ¦¥¨¥ ï¢«ï¥âáï áâ¥¯¥®© áã¬¬®© ª®à¥©, ¥ «¥¦ é¨å   ª®®à¤¨ âëå ¯«®áª®-
áâïå, á¨áâ¥¬ë (4), ® ¢ ®âà¨æ â¥«ì®© áâ¥¯¥¨.

�¥®à¥¬  2. �«ï á¨áâ¥¬ë (4) á ¬®£®ç«¥ ¬¨ fj ¢¨¤  (1) ¨ ¬®£®ç«¥ ¬¨ (6) á¯à ¢¥¤«¨¢ 
ä®à¬ã« 

J� = (�1)n��+I ; (8)

£¤¥

��+I =
X

k�k6k�k+min(n;k1+���+kn)

(�1)k�kM
�

� �Q�

z�+(�1+1)�1+:::+(�n+1)�n

�
:
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�®ª § â¥«ìáâ¢®. �¤¥« ¥¬ ¢ ¨â¥£à «¥ J� § ¬¥ã ¯¥à¥¬¥ëå zj = 1
wj
, j = 1; 2; : : : ; n. �à¨

â ª®© § ¬¥¥ æ¨ª« (r) ¯¥à¥©¤¥â ¢ æ¨ª« (�1)n� 1
r1
; 1
r2
; : : : ; 1

rn

�
= (�1)n(R1; R2; : : : ; Rn) (á ãç¥â®¬

¨§¬¥¥¨ï ®à¨¥â æ¨¨ ¯à¨ ¤ ®© § ¬¥¥).
�¡®§ ç¨¬ ç¥à¥§ j ¬ã«ìâ¨¨¤¥ªá �j + sje

j , j = 1; 2; : : : ; n. �®£¤ 

dfj
�

1
w1
; 1
w2
; : : : ; 1

wn

�
fj
�

1
w1
; 1
w2
; : : : ; 1

wn

� =
d

~fj(w)

wj

~fj(w)

wj

=
d efj(w)efj(w) �

nX
k=1


j
k

dwk

wk

:

�®íâ®¬ã

J� =
(�1)n
(2�i)n

Z
(R)

w�+I

�
d ef1(w)ef1(w) �

nX
k=1

1k
dwk

wk

�
^ � � � ^

�
d efn(w)efn(w) �

nX
k=1

nk
dwk

wk

�
:

�®ª ¦¥¬, çâ® ¢á¥ ¨â¥£à «ë ¢¨¤ 

Z
(R)

w�+I d
ef1(w)ef1(w) ^ � � � ^ d efl(w)efl(w) ^ dwj1

wj1

^ � � � ^ dwjn�l

wjn�l

(9)

à ¢ë ã«î, ¥á«¨ 0 6 l < n ¨ Rj ¤®áâ â®ç® ¢¥«¨ª¨.
�¥©áâ¢¨â¥«ì®, ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å Rj , j = 1; 2; : : : ; n, á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

jwj jsj > j eQj(w)j   (R);

¯®íâ®¬ã

1efj(w) =
1X
p=0

(�1)p eQp
j (w)

w
(p+1)sj
j

;

á«¥¤®¢ â¥«ì®, ¨â¥£à «ë (9) ï¢«ïîâáï  ¡á®«îâ® áå®¤ïé¨¬¨áï àï¤ ¬¨ ¨§ ¨â¥£à «®¢ ¢¨¤ Z
(R)

w�+I w� dw1 ^ dw2 ^ � � � ^ dwn

w
(p1+1)s1
1 � w(p2+1)s2

2 � � �w(pl+1)sl
l � wj1 � � �wjn�l

:

�á¥ ®¨ à ¢ë ã«î ¯® â¥®à¥¬¥ ® ¢ëç¥â å.
� ª¨¬ ®¡à §®¬,

J� =
(�1)n
(2�i)n

Z
(R)

w�+I d
ef1(w)ef1(w) ^ � � � ^ d efn(w)efn(w) :

�® â¥®à¥¬¥ �¦ ª®¢  ( ¯à., [1], £«. 1) ® «®£ à¨ä¬¨ç¥áª®¬ ¢ëç¥â¥ ¯®á«¥¤¨© ¨â¥£à « à ¢¥
áã¬¬¥ § ç¥¨© £®«®¬®àä®© äãªæ¨¨ w�+I ¢® ¢á¥å ª®àïå á¨áâ¥¬ë (7). �® § ç¥¨¥ äãªæ¨¨
w�+I ¢ ª®à¥ á¨áâ¥¬ë (7), «¥¦ é¥¬   ª®®à¤¨ â®© ¯«®áª®áâ¨, à ¢® ã«î. �®íâ®¬ã ¢ë¯®«¥®
(8).

�à¨¬¥à 1. � áá¬®âà¨¬ á¨áâ¥¬ã

fj(z) = 1 + ajzj = 0; j = 1; 2; : : : ; n:

�®£¤  � = a1 � a2 � � � an. �¤¨áâ¢¥ë© ª®à¥ì ¨¬¥¥â ª®®à¤¨ âë zj = � 1
aj
, j = 1; 2; : : : ; n, ¨

��+I = (�1)k�k+na�1+11 � � � a�n+1n = (�1)k�k+na�+I :
�®£®ç«¥ë Q�(z) = a�z�,   �j = (0; 0; : : : ; 0), ¯®íâ®¬ã

J� =
X

k�k6k�k

(�1)k�kM
�
�Q�

z�

�
= (�1)k�ka1 � � � an � a� = (�1)k�ka�+I

¢ ¯®«®¬ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 2.
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� áá¬®âà¨¬ ¡®«¥¥ ®¡éãî á¨âã æ¨î. �ãáâì

fj(z) =
f
(1)
j (z)

f
(2)
j (z)

; j = 1; 2; : : : ; n; (10)

£¤¥ f (1)j (z), f (2)j (z) | æ¥«ë¥ äãªæ¨¨ ¢ C n , à §« £ îé¨¥áï ¢ ¡¥áª®¥çë¥ ¯à®¨§¢¥¤¥¨ï (à ¢®-
¬¥à® ¨  ¡á®«îâ® áå®¤ïé¨¥áï ¢ C n )

f
(1)
j (z) =

1Y
s=1

f
(1)
js (z); f

(2)
j (z) =

1Y
s=1

f
(2)
js (z);

¯à¨ç¥¬ ª ¦¤ë© ¨§ á®¬®¦¨â¥«¥© ¨¬¥¥â ä®à¬ã z�
j

+Qj(z),   Qj(z) | äãªæ¨¨ ¢¨¤  (6).
�«ï ª ¦¤®£®  ¡®à  ¨¤¥ªá®¢ j1; : : : ; jn 2 N ¨ ª ¦¤®£®  ¡®à  ç¨á¥« i1; : : : ; in, à ¢ëå 1 ¨«¨ 2,

á¨áâ¥¬ë ¥«¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

f
(i1)
1j1 (z) = 0; f

(i2)
2j2 (z) = 0; : : : ; f (in)njn

(z) = 0 (11)

¨¬¥îâ á®£« á® «¥¬¬¥ ª®¥ç®¥ ç¨á«® ª®à¥©, ¥ «¥¦ é¨å   ª®®à¤¨ âëå ¯«®áª®áâïå.
�®à¨ ¢á¥å â ª¨å á¨áâ¥¬, ¥ «¥¦ é¨¥   ª®®à¤¨ âëå ¯«®áª®áâïå, á®áâ ¢«ïîâ ¥ ¡®«¥¥ ç¥¬

áç¥â®¥ ¬®¦¥áâ¢®. �¥à¥ã¬¥àã¥¬ ¨å á ãç¥â®¬ ªà â®áâ¥©: z(1); z(2); : : : ; z(l); : : : �ã¤¥¬ ¯à¥¤¯®-
« £ âì, çâ® àï¤

1X
l=1

1
jz1(l)j � jz2(l)j � � � jzn(l)j (12)

áå®¤¨âáï. �¡®§ ç¨¬

��+I =
1X
l=1

"l

z
�1+1
1(l) � z�2+12(l) � � � z�n+1n(l)

:

�¤¥áì �1; : : : ; �n, ª ª ¨ ¯à¥¦¤¥, | ¥®âà¨æ â¥«ìë¥ æ¥«ë¥ ç¨á« ,   § ª "l à ¢¥ +1, ¥á«¨ ¢
á¨áâ¥¬ã (11), ª®à¥¬ ª®â®à®© ï¢«ï¥âáï z(l), ¢å®¤¨â ç¥â®¥ ç¨á«® äãªæ¨© f

(2)
js ; ¨ à ¢¥ �1, ¥á«¨

¢å®¤¨â ¥ç¥â®¥ ç¨á«® äãªæ¨© f
(2)
js .

�ï¤ë, ®¯à¥¤¥«ïîé¨¥ áã¬¬ë ��+I , áå®¤ïâáï ¢ á¨«ã ãá«®¢¨ï,  «®¦¥®£®   àï¤ (12).
�«ï á¨áâ¥¬ë (4), á®áâ ¢«¥®© ¨§ äãªæ¨© (10), â®çª¨ z(l) ï¢«ïîâáï ª®àï¬¨ ¨«¨ ®á®¡ë¬¨

â®çª ¬¨ (¯®«îá ¬¨). �®¤ã«¨ jz(l)j ¥ ¬®£ãâ áâà¥¬¨âìáï ª ã«î. � ¯à®â¨¢®¬ á«ãç ¥ àï¤ (12) ¥
¬®£ ¡ë áå®¤¨âìáï. �«¥¤®¢ â¥«ì®, ¢á¥ äãªæ¨¨ fj £®«®¬®àäë ¨ ¥ à ¢ë ã«î ¢¡«¨§¨ â®çª¨ 0
¨ ¢¥ ª®®à¤¨ âëå ¯«®áª®áâ¥©, ¯®íâ®¬ã ¤«ï ¨å ®¯à¥¤¥«¥ë ¨â¥£à «ë J�.

�¥®à¥¬  3. �«ï á¨áâ¥¬ë (4) á äãªæ¨ï¬¨ (10) á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  (8).

�®ª § â¥«ìáâ¢®. � ª ª ª

dfj(z)
fj(z)

=
d f

(1)
j (z)

f
(1)
j (z)

� d f
(2)
j (z)

f
(2)
j (z)

;

â®

df1(z)
f1(z)

^ df2(z)
f2(z)

^ � � � ^ dfn(z)
fn(z)

=

=
�
d f

(1)
1 (z)

f
(1)
1 (z)

� d f
(2)
1 (z)

f
(2)
1 (z)

�
^
�
d f

(1)
2 (z)

f
(1)
2 (z)

� d f
(2)
2 (z)

f
(2)
2 (z)

�
^ � � � ^

�
d f (1)n (z)

f
(1)
n (z)

� d f (2)n (z)

f
(2)
n (z)

�
=

=
X

(�1)s d f
(i1)
1 (z)

f
(i1)
1 (z)

^ d f
(i2)
2 (z)

f
(i2)
2 (z)

^ � � � ^ d f (in)n (z)

f
(in)
n (z)

;

£¤¥ s | ç¨á«® á®¬®¦¨â¥«¥©, ¤«ï ª®â®àëå il = 2,   áã¬¬  ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦ë¬  ¡®à ¬
ç¨á¥« i1; i2; : : : ; in, à ¢ëå 1 ¨«¨ 2.
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�®íâ®¬ã â¥®à¥¬ã ¤®áâ â®ç® ¤®ª § âì ¤«ï æ¥«ëå äãªæ¨© fj(z). � íâ®¬ á«ãç ¥

dfj(z)
fj(z)

=
d

1Q
s=1

fjs(z)

1Q
s=1

fjs(z)
=

1X
s=1

dfjs(z)
fjs(z)

:

�®á«¥¤¨© àï¤ áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à®   (r) ¤«ï ¤®áâ â®ç® ¬ «ëå rj . � ª¨¬
®¡à §®¬, ¨â¥£à « J� à ¢¥ áã¬¬¥ ¨â¥£à «®¢ ¢¨¤ 

1
(2�i)n

Z
(r)

1
z�+I

df1s1(z)
f1s1(z)

^ d f2s2(z)
f2s2(z)

^ � � � ^ d fnsn(z)
fnsn(z)

:

�«ï ª ¦¤®£® ¨§ íâ¨å ¨â¥£à «®¢ ã¦ ï ä®à¬ã«  ¤®ª §   (â¥®à¥¬  2).

�â¬¥â¨¬, çâ® ¥á«¨ fj(z) ï¢«ïîâáï æ¥«ë¬¨ äãªæ¨ï¬¨, à §« £ îé¨¬¨áï ¢ ¡¥áª®¥çë¥ ¯à®-
¨§¢¥¤¥¨ï, â® ®¨ á ¬¨ ¨¬¥îâ ¢¨¤ (1) á äãªæ¨ï¬¨ Qj(z) ¢¨¤  (2). �®íâ®¬ã ¨â¥£à «ë J�
¢ëç¨á«ïîâáï ¯® â¥®à¥¬¥ 1.

2. �à¨«®¦¥¨ï

�à¨¬¥à 2. � áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢¥¨© ®â ¤¢ãå ª®¬¯«¥ªáëå ¯¥à¥¬¥ëå

f1(z1; z2) = 1 + a1z1 = 0;

f2(z1; z2) = 1 + b1z1 + b2z2 = 0:
(13)

�¤¥áì äãªæ¨¨ ¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 2, ® ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1.
�®íâ®¬ã

J� =
1

(2�i)2

Z
(r)

1

z�1+11 z�2+12

df1 ^ df2

f1f2
=

1
(2�i)2

Z
(r)

1

z�1+11 z�2+12

a1b2dz1 ^ dz2

(1 + a1z1)(1 + b1z1 + b2z2)
=

=
a1b2

�1! � �2!
@�1+�2

@z
�1
1 @z

�2
2

�
1

(1 + a1z1)(1 + b1z1 + b2z2)

�
z1=z2=0

=

=
a1b2

�1!
@�1

@z
�1
1

�
1

(1 + a1z1)
(�1)�2b�22

(1 + b1z1 + b2z2)�2+1

�
z1=z2=0

:

�à¨¬¥ïï ä®à¬ã«ã �¥©¡¨æ  ¤¨ää¥à¥æ¨à®¢ ¨ï ¯à®¨§¢¥¤¥¨ï ¤¢ãå äãªæ¨©, ¯®«ãç¨¬

J� =
(�1)�2a1b�2+12

�1!

�1X
s=0

�1!
s!(�1 � s)!

�
@s

@zs1

�
1

1 + a1z1

�
@�1�s

@z
�1�s
1

�
1

(1 + b1z1)�2+1

��
z1=0

=

= (�1)�2a1b�2+12

�1X
s=0

1
s!(�1 � s)!

�
(�1)ss!as1

(1 + a1z1)s+1
(�1)�1�sb�1�s1 (�2 + 1) � � � (�1 + �2 � s)

(1 + b1z1)�1+�2+1�s

�
z1=0

=

= (�1)�1+�2a1b�2+12

�1X
s=0

as1b
�1�s
1 (�1 + �2 � s)!
(�1 � s)!�2!

=

=
(�1)�1+�2a1b�2+12

�2!

�1X
s=0

(�1 + �2 � s)!
(�1 � s)!

as1b
�1�s
1 :

� ¯à¨¬¥à, ¢ á«ãç ¥ �2 = 0 ¨¬¥¥¬

J(�1;0) = (�1)�1a1b2a
�1+1
1 � b

�1+1
1

a1 � b1
:
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�®à¥ì á¨áâ¥¬ë (13) à ¢¥ z1 = � 1
a1
, z2 = b1�a1

a1b2
. �®íâ®¬ã áâ¥¯¥ ï áã¬¬ 

��+I =
(�1)�1+�2a�1+�2+21 b�2+12

(a1 � b1)�2+1
;

¢ ç áâ®áâ¨,

�(�1+1;1) =
(�1)�1a�1+21 b2

a1 � b1
;

â. ¥.

I(�1;0) = �(�1+1;1) �
(�1)�1a1b2b�1+11

a1 � b1
: (14)

� ç¨â, â¥®à¥¬  2 ¤«ï á¨áâ¥¬ë (13) ¥ ¢¥à  (¯à¨ b2 6= 0). �¥¬ ¥ ¬¥¥¥ ¯à®¢¥¤¥ë¥ ¢ëç¨á«¥¨ï
¨ â¥®à¥¬  2 ¯®§¢®«ïîâ  å®¤¨âì áã¬¬ë ¥ª®â®àëå ¤¢®©ëå àï¤®¢.

� ¯®¬¨¬ ¨§¢¥áâë¥ à §«®¦¥¨ï á¨ãá  ¢ ¡¥áª®¥ç®¥ ¯à®¨§¢¥¤¥¨¥ ¨ áâ¥¯¥®© àï¤:

sin
p
zp

z
=

1Y
k=1

�
1� z

k2�2

�
=

1X
k=0

(�1)kzk
(2k + 1)!

;

ª®â®àë¥ à ¢®¬¥à® ¨  ¡á®«îâ® áå®¤ïâáï   ª®¬¯«¥ªá®© ¯«®áª®áâ¨.
� áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢¥¨©

f1(z1; z2) =
sin

p
z1p

z1
=

1Y
k=1

�
1� z1

k2�2

�
= 0;

f2(z1; z2) =
sin

p
z2 � z1p

z2 � z1
=

1Y
m=1

�
1� z2 � z1

m2�2

�
= 0:

(15)

� ¦¤ ï ¨§ äãªæ¨© íâ®© á¨áâ¥¬ë à §« £ ¥âáï ¢ ¡¥áª®¥ç®¥ ¯à®¨§¢¥¤¥¨¥ äãªæ¨© ¨§ á¨-
áâ¥¬ë (13). �®àï¬¨ á¨áâ¥¬ë (15) ï¢«ïîâáï â®çª¨ (�2k2; �2(k2 +m2)), k;m 2 N. �®íâ®¬ã áâ¥-
¯¥ ï áã¬¬  �(�1;�2) à ¢  áã¬¬¥ àï¤ :

�(�1;�2) =
1

�2(�1+�2)

1X
k;m=1

1
k2�1(k2 +m2)2�2

:

�«ï á¨áâ¥¬ë (15) ¢¥à  â¥®à¥¬  1, ¯®áª®«ìªã

f1 =
1X
k=0

(�1)kzk1
(2k + 1)!

;

 

f2 =
1X
k=0

(�1)k(z2 � z1)k

(2k + 1)!
=

1X
m;n=0

(�1)m(m+ n)!zn1 z
m
2

m!n!(2m+ 2n+ 1)!
:

� áá¬®âà¨¬ ¨â¥£à « J� ¤«ï á¨áâ¥¬ë (15). �á¯®«ì§ãï à ¢¥áâ¢® (14) ¨ ¢¨¤ ª®à¥© á¨áâ¥¬ë
(15), ¯®«ãç¨¬

J(�1;0) = �(�1+1;1) + (�1)�1
1X

k;m=1

1
�2(�1+1)(k2 +m2)m2(�1+1)

:

� ª¨¬ ®¡à §®¬, ¤«ï ¥ç¥âëå �1 ¨â¥£à « I(�1;0) = 0,   ¤«ï ç¥âëå �1 ¨â¥£à « I(�1;0) = 2�(�1+1;1).
�®« £ ï �1 = 2s, ¯®«ãç¨¬ á«¥¤ãîéãî ä®à¬ã«ã ¤«ï  å®¦¤¥¨ï áã¬¬ë àï¤ .
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�«¥¤áâ¢¨¥ 3. �¯à ¢¥¤«¨¢ë ä®à¬ã«ë

�(2s+1;1) =
1

�2(2s+1)

1X
k;m=1

1
k2(2s+1)(m2 + k2)

=
1
2
J(2s;0) =

1
2

X
k�k62s

M

�
�Q�

z2s1

�
;

£¤¥ �, Q ¨ M ®¯à¥¤¥«¥ë ¢ â¥®à¥¬¥ 1.

�ëç¨á«¨¬,  ¯à¨¬¥à, I(2;0). �ª®¡¨ 

� =
@f1

@z1

@f2

@z2
=

1
(3!)2

� 2z2
3!5!

+
4z1z2
(5!)2

+ z21

�
1
7!

� 4
(5!)2

�
+ � � � ;

â®£¤ 

M

�
�
z21

�
=

1
7!

� 4
(5!)2

; M

�
�Q1

z21

�
=

1
(3!)25!

; M

�
�Q2

z21

�
=

1
(3!)25!

;

M

�
�Q2

1

z21

�
=

1
(3!)4

; M

�
�Q1 �Q2

z21

�
= � 1

(3!)4
; M

�
�Q2

2

z21

�
=

1
(3!)4

:

�®íâ®¬ã J(2;0) = 13
56700

,   �(3;1) = 13
113400

. �«¥¤®¢ â¥«ì®,

1X
k;m=1

1
k6(k2 +m2)

=
13�8

113400
;

çâ® ®â«¨ç ¥âáï ®â ä®à¬ã«ë 10 ([6], á. 750) (£¤¥ ®  ¯à¨¢¥¤¥  á ®è¨¡ª®©), ® ¯®«®áâìî á®¢¯ -
¤ ¥â á ¯à¨¬¥à®¬ 1 ¨§ [7].

� áá¬®âà¨¬ ¡®«¥¥ á«®¦ãî á¨áâ¥¬ã

f1(z1; z2) =
sin

p
z1 � a2p

z1 � a2
=

1Y
k=1

�
1� z1 � a2

�2k2

�
= 0;

f1(z1; z2) =
sin

p
z2 � z1 � a2p

z2 � z1 � a2
=

1Y
m=1

�
1� z2 � z1 � a2

�2m2

�
= 0:

(16)

�®à¨ ¤ ®© á¨áâ¥¬ë à ¢ë (�2k2+a2; �2(m2+k2)+2a2), k;m 2 N. �ãªæ¨¨ á¨áâ¥¬ë (16) ï¢«ï-
îâáï ¡¥áª®¥çë¬¨ ¯à®¨§¢¥¤¥¨ï¬¨ äãªæ¨© ¨§ á¨áâ¥¬ë (13). �  ï á¨áâ¥¬  ã¤®¢«¥â¢®àï¥â
â¥®à¥¬¥ 1. �¥âàã¤® ¯®¤áç¨â âì (¨á¯®«ì§ã¥¬, ª ª ¤«ï ¯à¥¤ë¤ãé¥© á¨áâ¥¬ë (15), ä®à¬ã«ã (14)),
çâ® ¨â¥£à « J(0;0) = 2�(1;1):

�«ï äãªæ¨©

f1 =
1X
k=0

(�1)k(z1 � a2)k

(2k + 1)!
; f2 =

1X
k=0

(�1)k(z2 � z1 � a2)k

(2k + 1)!

¨¬¥¥¬

f1(0; 0) = f2(0; 0) =
1X
k=0

a2k

(2k + 1)!
=
sh a
a

:

�«¥¤®¢ â¥«ì®, çâ®¡ë ¯à¨¬¥¨âì ä®à¬ã«ã ¨§ â¥®à¥¬ë 1, ã¦® äãªæ¨¨ f1 ¨ f2 à §¤¥«¨âì  
íâã ª®áâ âã (®â®à¬¨à®¢ âì).

�®£¤  ¨â¥£à «

J(0;0) =M[�] =
�

1
2a2

� 1
2a

cth a
�2

;

®âáî¤  ¯®«ãç¨¬

�(1;1) =
1X

k;m=1

1
�2k2 + a2

1
�2(k2 +m2) + 2a2

=
(1� a cth a)2

8a4
:
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