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�¯¥à¢ë¥ § ¤ ç  �2 ¤«ï ãà ¢¥¨ï

uxx � uyy �
2q
y
uy = 0; 0 < q <

1
2
; (1)

£¤¥ q | ªãá®ç®-¯®áâ®ïë© ¯ à ¬¥âà, ¡ë«  à áá¬®âà¥  ¢ [1]. �®«ìè®¥ ç¨á«® à ¡®â ¯®á¢ïé¥®
¨áá«¥¤®¢ ¨î § ¤ ç¨ �2 ¤«ï ãà ¢¥¨ï �©«¥à {�ã áá® {� à¡ã

u�� �
�

� � �
u� +

�0

� � �
u� = 0; (2)

ª ª®â®à®¬ã § ¬¥®© ¯¥à¥¬¥ëå á¢®¤ïâáï ¬®£¨¥ ¢ëà®¦¤ îé¨¥áï ¬®¤¥«ìë¥ ãà ¢¥¨ï £¨¯¥à-
¡®«¨ç¥áª®£® â¨¯  (¢ ç áâ®áâ¨, ãà ¢¥¨¥ (1)). �¤ ª® ¢® ¢á¥å íâ¨å à ¡®â å   ¯ à ¬¥âàë � ¨
�0  ª« ¤ë¢ îâáï ãá«®¢¨ï, ª®â®àë¥ ¬®¦® ®¡ê¥¤¨¨âì ¥à ¢¥áâ¢®¬ j�j+ j�0j < 1.

� [2] ¯®áâà®¥® ¥¤¨áâ¢¥®¥ à¥è¥¨¥ § ¤ ç¨ �2 ¤«ï ãà ¢¥¨ï (2) ¯à¨
a) � = �0, �1 < � + n < 0, � + n 6= 1

2
, n = m;

¡) �1 < � + n < 0, �0 = �m,
£¤¥ n, m | æ¥«ë¥ ¥®âà¨æ â¥«ìë¥ ç¨á« , ¯à¨ç¥¬ ¢ á«ãç ¥ � 6= �0 ¢®§¨ª îâ jm � nj ãá«®¢¨©
à §à¥è¨¬®áâ¨.

�â«¨ç¨â¥«ì®© ®á®¡¥®áâìî ¤ ®© áâ âì¨ ï¢«ï¥âáï ¨áá«¥¤®¢ ¨¥ § ¤ ç¨ ¢ ª« áá¥ ¥®£à -
¨ç¥ëå äãªæ¨©, çâ® ¯®§¢®«ï¥â áïâì ¯®¤®¡ë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨.

� áá¬®âà¨¬ ãà ¢¥¨¥ (2) ¢ ®¡« áâ¨ 
, ®£à ¨ç¥®© å à ªâ¥à¨áâ¨ª ¬¨ AB: � = 0, BC:
� = 1, AD: � = 0, CD: � = 1. �à¨¬¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: 
1 = 
\f� < �g; 
2 = 
\f� > �g;
� = �� (���)�, �1 = �+(���)�; n, m| â ª¨¥ æ¥«ë¥ ¥®âà¨æ â¥«ìë¥ ç¨á« , çâ® ¢ë¯®«ïîâáï
¥à ¢¥áâ¢  0 < � + n < 1, �0 = � + n, ¨ 0 < �0 +m < 1, �00 = �0 +m.

�ãáâì m > n, 1 < �00 + �0 < 2.

� ¤ ç  �2. � ®¡« áâ¨ 
  ©â¨ äãªæ¨î u(�; �) á® á¢®©áâ¢ ¬¨

1) u(�; �) 2 C (
 [AB [ CD);
2) u(�; �) ¨¬¥¥â ¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥ u�, u� ¨ u�� ¨ ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1) ¢


1 [ 
2;
3) áãé¥áâ¢ãîâ ¯à¥¤¥«ë ¨§ ®¡« áâ¥© 
i, i = 1; 2,

�i(�) = lim
�!�

j� � �j�+�
0

[u� � u� �H(�; �;�; �0; �)]; 0 < � < 1; (3)

¨   «¨¨¨ ¢ëà®¦¤¥¨ï AC ¢ë¯®«ï¥âáï ãá«®¢¨¥ áª«¥¨¢ ¨ï

�1(�) = (�1)n+m�2(�); 0 < � < 1; (4)

£¤¥ H(�; �;�; �0; �) = T�(�; �;�; �0; �)� T�(�; �;�; �0; �),
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T (�; �;�; �0; �) =
�(� + �0)
�(�)�(�0)

� nX
s=0

Cn�s
n+m

(� � �)s

(�00 + s)s
�

�

Z 1

0
� (s)(�)��

0

0
+2s�1F (�00 + s; 1� �0 + s; �00 + 2s; �)d� +

+
mX
s=1

Cm�s
n+m

(� � �)s

(�0 + s)s

Z 1

0

� (s)(�1)��0+2s�1F (�0 + s; 1� �00 + s; �0 + 2s; �)d�
�
+

+
n�1X
l=0

� (l)(�)(� � �)l

l!(� + �0)n+m+l

n�1�lX
s=0

Cs
n+m(�)s+l(�

0)n+m�s +
m�1X
l=0

� (l)(�)(� � �)l

l!(� + �0)n+m+l

m�1�lX
s=0

Cs
n+m(�

0)s+l(�)n+m�s;

�(�) = u(�; �); (5)

4) u(�; �) ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬

u(0; �) = '(�); 0 � � < 1; (6)

u(1; �) =  (�); 0 < � � 1: (7)

�¤¥áì '(�),  (�) | § ¤ ë¥ äãªæ¨¨, ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï

�á«®¢¨¥ 1. �ãªæ¨ï '(�) 2 Cn�1[0; 1) \ Cn(0; 1) ¬®¦¥â ¨¬¥âì ®á®¡¥®áâ¨ ¯à¨ � = 1 ¯®àï¤ª 
¨¦¥ ���0,   ¯à®¨§¢®¤ ï '(n)(�) ¯à¨ � = 0 ¬®¦¥â ¨¬¥âì ®á®¡¥®áâ¨ ¯®àï¤ª  ¨¦¥ �0; äãªæ¨ï
 (�) 2 Cn�1(0; 1] \ Cn(0; 1) ¨¬¥¥â ®á®¡¥®áâ¨ ¯à¨ � = 0 ¯®àï¤ª  ¨¦¥ � � �0,   ¯à®¨§¢®¤ ï
 (n)(�) ¬®¦¥â ¨¬¥âì ®á®¡¥®áâ¨ ¯à¨ � = 1 ¯®àï¤ª  ¨¦¥ �0.

�¥è¥¨¥ ¡ã¤¥¬ ¨áª âì ¢ ª« áá¥ äãªæ¨©, ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï

�á«®¢¨¥ 2. �ãªæ¨ï �(�) 2 Cn�1[0; 1] \ Cn(0; 1), � (n)(�) ¬®¦¥â ¨¬¥âì ®á®¡¥®áâ¨ ¯à¨ � = 0
¨ � = 1 ¯®àï¤ª  ¨¦¥ �0; äãªæ¨¨ �i(�) 2 C(0; 1) ¬®£ãâ ¨¬¥âì ®á®¡¥®áâ¨ ¯à¨ � = 0 ¨ � = 1
¯®àï¤ª  ¨¦¥ 1� �0.

� ¤ çã ¡ã¤¥¬ à¥è âì ¬¥â®¤®¬ ¨â¥£à «ìëå ãà ¢¥¨©. � ¤ ç¨ â¨¯  �®è¨ (2), (3), (5) ¨¬¥îâ
¥¤¨áâ¢¥ë¥ à¥è¥¨ï, ª®â®àë¥ á®®â¢¥âáâ¢¥® ¢ ®¡« áâïå 
i § ¯¨áë¢ îâáï ä®à¬ã« ¬¨ [2]

u(�; �) = �
�(1� � � �0)

2�(1� �)�(1 � �0)

Z �

�

�1(�)(� � �)��(� � �)��
0

d� + T; (8)

u(�; �) =
�(1� � � �0)

2�(1 � �)�(1 � �0)

Z �

�

�2(�)(� � �)��(� � �)��
0

d� + T: (9)

� [2] ¯à¥¤¯®« £ ¥âáï, çâ® äãªæ¨ï �(�) ï¢«ï¥âáï ®£à ¨ç¥®©. �á«¨ ¦¥ �(�) ¨ �i(�) ã¤®-
¢«¥â¢®àïîâ ãá«®¢¨î 2, â® à¥è¥¨¥ u(�; �) ¡ã¤¥â ¨¬¥âì ®á®¡¥®áâ¨ ¯à¨ � = 0 ¨ � = 1 ¯®àï¤ª 
¨¦¥ � � �0.

� «®£¨ç® [3] ¯®«ãç¨¬ á®®â®è¥¨ï ¬¥¦¤ã �(�) ¨ �i(�) á®®â¢¥âáâ¢¥® ¢ ®¡« áâïå 
1 ¨ 
2:

�1(�) = l1�(� + �0)
dm

d�m
D��

0� �
(n)(�) +

2�(1 � �0)
�(1� � � �0)

��
0 d

d�
D
��0
0� '(n)(�); (10)

� (s)(0) =
(� + �0)s
(�)s

'(s)(0); s = 0; n� 1; (11)

�2(�) = �l1�(� + �0)(�1)m+n d
m

d�m
D��

�1 �
(n)(�) +

2�(1� �0)
�(1� � � �0)

(1� �)�
0

(�1)n
d

d�
D��0

�1  (n)(�); (12)

� (s)(1) =
(� + �0)s
(�)s

 (s)(1); s = 0; n� 1; (13)

£¤¥ l1 =
2�(1��0)

�(�)�(1����0)
, � = �0 + �00 � 1.
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�á¯®«ì§ãï ãá«®¢¨¥ áª«¥¨¢ ¨ï (4), ¯®«ãç¨¬ ãà ¢¥¨¥ ®â®á¨â¥«ì® � (n)(�):

dm

d�m
[D��

0� �
(n)(�) +D��

�1 �
(n)(�)] = f(�);

f(�) =
2�(1� �0)

l1�(� + �0)�(1� � � �0)

�
(�1)m(1� �)�

0 d

d�
D
��0
�1  (n)(�)� ��

0 d

d�
D
��0
0� '(n)(�)

�
:

�® à ¢®á¨«ì® à ¢¥áâ¢ã

D��
0� �

(n)(�) +D��
�1 �

(n)(�) = F (�) +
m�1X
s=0

Cs�
s; (14)

£¤¥ F (�) | ¥ª®â®à ï ¯¥à¢®®¡à § ï f(�) ¯®àï¤ª  m, a Cs | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥. �à¨-
¬¥¨¬ ª à ¢¥áâ¢ã (14) ®¯¥à â®à D�

0� ¨ ¨á¯®«ì§ã¥¬ ä®à¬ã«ë ª®¬¯®§¨æ¨¨ ([4], cc. 18, 24). �®á«¥
¯à¨¢¥¤¥¨ï ¯®¤®¡ëå ç«¥®¢ ãà ¢¥¨¥ ¯à¨¬¥â ¢¨¤

� (n)(�) cos
��

2
+
sin ��

2

�

Z 1

0

�
t

�

��
� (n)(t)dt
t� �

= F1(�) +
m�1X
s=0

C 0

s�
s��;

F1(�) =
D�

0�F (�)

2 cos ��
2

; C 0

s =
Css!

2�(s� � + 1) cos ��
2

:

�ãªæ¨ï f(�) ¬®¦¥â ¨¬¥âì ®á®¡¥®áâ¨ ¯à¨ � = 0 ¨ � = 1 ¯®àï¤ª  ¨¦¥ (1 � �0), ¯®íâ®¬ã
F (�) ¬®¦¥â ¨¬¥âì ¯à¨ � = 0 ¨ � = 1 ®á®¡¥®áâ¨ ¯®àï¤ª  ¨¦¥ (1 � �00). �«¥¤®¢ â¥«ì®, F1(�)
¤®¯ãáª ¥â ®á®¡¥®áâ¨ ¯à¨ � = 0 ¨ � = 1 ¯®àï¤ª  ¨¦¥ �0.

�¢¥¤¥¬ ®¢ãî ¨áª®¬ãî äãªæ¨î �(�) = ��� (n)(�). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

�(�) cos
��

2
+
sin ��

2

�

Z 1

0

�(t)dt
t� �

= ��F1(�) +
m�1X
s=0

C 0

s�
s: (15)

�¥¯¥àì ��F1(�) ¬®¦¥â ¨¬¥âì ®á®¡¥®áâ¨ ¯®àï¤ª  ¨¦¥ 1 � �00 ¯à¨ � = 0 ¨ ¨¦¥ �0 ¯à¨ � = 1.
�®¦® ¯à®¢¥à¨âì, çâ® ã äãªæ¨¨ �(�) ¤®¯ãáª îâáï â ª¨¥ ¦¥ ®á®¡¥®áâ¨. � íâ®¬ ª« áá¥ ã
ãà ¢¥¨ï (15) áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ([5], á. 486). �® § ¯¨áë¢ ¥âáï ¯® ä®à¬ã«¥
à¥è¥¨ï, ®£à ¨ç¥®£® ¯à¨ � = 0 ¨ ¥®£à ¨ç¥®£® ¯à¨ � = 1:

�(�) = ��F1(�) cos
��

2
�
sin ��

2

�

Z 1

0

�
1� t

1� �

��=2�
�

t

��=2
t�F1(t)dt
t� �

+

+
m�1X
s=0

C 0

s

�
�s cos

��

2
�
sin ��

2

�

Z 1

0

�
1� t

1� �

��=2�
�

t

��=2
tsdt

t� �

�
:

�ëç¨á«¨¬ ¢ëà ¦¥¨¥ ¢ ä¨£ãàëå áª®¡ª å ¨¤ãªæ¨¥© ¯® s á ¨á¯®«ì§®¢ ¨¥¬ â®¦¤¥áâ¢  ([5],
á. 489) Z 1

0

dt

t�(1� t)1��(t� �)
=

� ctg ��
��(1� �)1��

; 0 < � < 1:

�ª®ç â¥«ì ï ä®à¬ã«  § ¯¨è¥âáï ¢ ¢¨¤¥

� (n)(�) = F1(�) cos
��

2
�
sin ��

2

�

Z 1

0

�
(1� t)t
(1� �)�

��=2
F1(t)dt
t� �

+ [�(1 � �)]��=2
m�1X
l=0

C�

l �
l; (16)

C�

l = �
sin ��

2

�
�
�
�

2
+ 1

�m�1X
s=l

�
�
s� l � �

2

�
(s� l)!

C 0

s; l = 0;m� 1:

� âà¨æ  ¯à¥®¡à §®¢ ¨ï fC 0

sg ¢ fC
�

l g âà¥ã£®«ì ï, ¯®íâ®¬ã C
�

l ¬®¦® â ª¦¥ à áá¬ âà¨¢ âì ª ª
¯à®¨§¢®«ìë¥ ¥§ ¢¨á¨¬ë¥ ¯®áâ®ïë¥.

�â ª, ¤«ï ®¯à¥¤¥«¥¨ï �(�) ¯®«ãç¥  ¤¢ãâ®ç¥ç ï § ¤ ç  (16), (11), (13).
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�¥¬¬ . �ãáâì § ¤ ® ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

z(n)(�) = f(�) + (1� �)
2��

2
�1�

2��

2
�1

m�1X
l=0

al�
l; 0 < � < 1; (17)

£¤¥ 2��
2
> 0, f(�) 2 C(0; 1) \ L(0; 1), al | § à ¥¥ ¥ § ¤ ë¥ ¯®áâ®ïë¥, ¨ ªà ¥¢ë¥ ãá«®¢¨ï

z(l)(0) = b0l ; l = 0; n� 1; (18)

z(l)(1) = b1l ; l = 0; n� 1: (19)

�®£¤  à¥è¥¨¥ ¤¢ãâ®ç¥ç®© § ¤ ç¨ (17){(19) áãé¥áâ¢ã¥â ¨ á®¤¥à¦¨â m � n ¯à®¨§¢®«ìëå

¯®áâ®ïëå.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ äãªæ¨î z(�) ¢ ¢¨¤¥

z(�) =
n�1X
l=0

b0l
l!
(� � 1)l +

(�1)n

(n� 1)!

Z 1

�

f(�)(� � �)n�1d� +

+
(�1)n

(n� 1)!

m�1X
l=0

al

Z 1

�
�l(� � �)n�1���=2(1� �)��=2d�: (20)

�ç¥¢¨¤®, (20) ã¤®¢«¥â¢®àï¥â (17), (19). � «¥¥ ¯®¤áâ ¢¨¬ (20) ¢ (18) ¨ ¯®«ãç¨¬ á¨áâ¥¬ã ®â®-
á¨â¥«ì® al:

m�1X
l=0

al

Z 1

0

�s+l���=2(1� �)��=2d� = ds; s = 0; n� 1; (21)

ds = s!(�1)s+1b0n�1�s + s!
sX

l=0

b1n�1�l(�1)
l

(s� l)!
�

Z 1

0

f(�)�sd�:

�¨áâ¥¬  (21) á®áâ®¨â ¨§ n «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© á m ¥¨§¢¥áâë¬¨. �®ª ¦¥¬,
çâ® ®  à §à¥è¨¬ .

� áá¬®âà¨¬ ®¤®à®¤ãî á¨áâ¥¬ã

m�1X
l=0

al

Z 1

0
�s+l���=2(1� �)��=2d� = 0; s = 0; n� 1: (22)

�ãáâì (a�0; : : : ; a
�

m�1) | ¥ª®â®à®¥ à¥è¥¨¥ (22). �®áâ ¢¨¬ ¯®«¨®¬ Qm�1(�) =
m�1P
l=0

a�l �
l áâ¥¯¥¨

¥ ¢ëè¥ m� 1. �®£¤  (22) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥
Z 1

0

�sQm�1(�)�
��=2(1� �)��=2d� = 0; s = 0; n� 1: (23)

�§ (23) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ¯®«¨®¬  Pk(�) áâ¥¯¥¨ ¥ ¢ëè¥ k � n�1 ¤®«¦® ¢ë¯®«ïâìáï
à ¢¥áâ¢®

Z 1

0
Pk(�)Qm�1(�)�

��=2(1� �)��=2d� = 0: (24)

�¥¯¥àì ¡ã¤¥¬ áç¨â âì, çâ® Pk(�) = Gk

�
1 � �; 2��

2
; �
�
, k = 0; n� 1. � á¨«ã (24) ¯®«¨®¬ Qm�1(�)

®àâ®£® «¥ á á®®â¢¥âáâ¢ãîé¨¬ ¢¥á®¬ ¢á¥¬ ¯®«¨®¬ ¬ �ª®¡¨ Gk

�
1��; 2��

2
; �
�
, k = 0; n� 1. �«¥-

¤®¢ â¥«ì®, Qm�1(�) «¨¥©® ¢ëà ¦ ¥âáï ç¥à¥§ Gk

�
1 � �; 2��

2
; �
�
, k = n;m� 1. � ª¨¬ ®¡à §®¬,

á¨áâ¥¬  (22) ¨¬¥¥â m�n «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨©. � ç¨â, à £ á¨áâ¥¬ë (21) à ¢¥ ç¨á«ã
ãà ¢¥¨©. �âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.
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�ãªæ¨î �(�)  ©¤¥¬ ª ª à¥è¥¨¥ § ¤ ç¨ (16), (11), (13). � á¨«ã «¥¬¬ë �(�) ®¯à¥¤¥«ï¥âáï
¡¥§ãá«®¢®, ¯à¨ç¥¬ á®¤¥à¦¨â m � n ¯à®¨§¢®«ìëå ¯®áâ®ïëå. � «¥¥ ¨§ á®®â®è¥¨© (10),
(12) ¢ëç¨á«¨¬ �i(�) ¨ ¯® ä®à¬ã« ¬ (8), (9) § ¯¨è¥¬ ¨áª®¬ãî äãªæ¨î u(�; �) á®®â¢¥âáâ¢¥®
¢ ®¡« áâïå 
1 ¨ 
2.

�â ª, ¤®ª §  

�¥®à¥¬ . �á«¨ § ¤ ë¥ äãªæ¨¨ '(�),  (�) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î 1, â® § ¤ ç  �2 ¨¬¥-

¥â ¥®£à ¨ç¥®¥ à¥è¥¨¥ ¢ ª« áá¥ äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î 2, ¯à¨ç¥¬ ®® ¡ã¤¥â

á®¤¥à¦ âì m� n ¯à®¨§¢®«ìëå ¯®áâ®ïëå.

�¨â¥à âãà 
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