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1. �¢¥¤¥­¨¥. � ­­ ï à ¡®â  ¯à®¤®«¦ ¥â ¨áá«¥¤®¢ ­¨ï  ¢â®à  [1]{[3], £¤¥ ¯®«ãç¥­  £¥®¬¥âà¨-
ç¥áª ï ¨­â¥à¯à¥â æ¨ï ãà ¢­¥­¨ï �«¥©­ {�®à¤®­  ¢ £ «¨«¥¥¢®¬ ¯à®áâà ­áâ¢¥, ¨ ¨áá«¥¤®¢ ­¨¥
�¦í­ï [4], £¤¥ ¯®«ãç¥­  £¥®¬¥âà¨ç¥áª ï ¨­â¥à¯à¥â æ¨ï ãà ¢­¥­¨ï sh-�®à¤®­  ¢ ¯á¥¢¤®à¨¬ ­®-
¢®¬ ¯à®áâà ­áâ¢¥ ¯®áâ®ï­­®© ªà¨¢¨§­ë. � [4] ¯®ª § ­®, çâ® ¤«ï ã£«  ¬¥¦¤ã  á¨¬¯â®â¨ç¥áª¨¬¨
«¨­¨ï¬¨ ­  ¯à®áâà ­áâ¢¥­­®- (á®®â¢¥âáâ¢¥­­® ¢à¥¬¥­¨-) ¯®¤®¡­®© ¯®¢¥àå­®áâ¨ á ¯®áâ®ï­­®© ®â-
à¨æ â¥«ì­®© (á®®â¢¥âáâ¢¥­­® ¯®«®¦¨â¥«ì­®©) ªà¨¢¨§­®© ¢ ¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ ¯®-
áâ®ï­­®© ªà¨¢¨§­ë ¢ë¯®«­ï¥âáï ãà ¢­¥­¨¥ sin-�®à¤®­ 

utt � uxx = sinu

(á®®â¢¥âáâ¢¥­­® ãà ¢­¥­¨¥ sh-�op¤o­a utt � uxx = shu). �®-áãé¥áâ¢ã à¥§ã«ìâ â [4] ®â­®á¨â-
áï ª ¯á¥¢¤®¥¢ª«¨¤®¢ã ¨ ¯á¥¢¤®à¨¬ ­®¢ë¬ áä¥à¨ç¥áª®¬ã ¨ £¨¯¥à¡®«¨ç¥áª®¬ã ¯à®áâà ­áâ¢ ¬ ([5],
á. 86), ª®â®àë¥ ï¢«ïîâáï ¯á¥¢¤®à¨¬ ­®¢ë¬¨ ¯à®áâà ­áâ¢ ¬¨ á ªà¨¢¨§­®©, à ¢­®© 0, 1=r2 ¨�1=r2

á®®â¢¥âáâ¢¥­­®. �®á«¥¤­¨¥ ¤¢  ¯à®áâà ­áâ¢  ¢ á®®â¢¥âáâ¢¨¨ á â¥à¬¨­®«®£¨¥©, ¯à¨­ïâ®© ¢ [6],
¥áâ¥áâ¢¥­­® ­ §¢ âì ¯á¥¢¤®í««¨¯â¨ç¥áª¨¬ ¨ ¯á¥¢¤®£¨¯¥à¡®«¨ç¥áª¨¬ ¯à®áâà ­áâ¢ ¬¨ á®®â¢¥â-
áâ¢¥­­®.

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï âà¥å¬¥à­®¥ ª¢ §¨¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢® ¯®áâ®ï­-
­®© ªà¨¢¨§­ë, ¯à¨­ ¤«¥¦ é¥¥ ¡®«¥¥ è¨à®ª®¬ã ª« ááã ¯®«ãà¨¬ ­®¢ëå ¯à®áâà ­áâ¢ (semi-
Riemannian spaces) (¯®«ãà¨¬ ­®¢ë ¯à®áâà ­áâ¢  ¡ë«¨ ®¯à¥¤¥«¥­ë ¢ [7]; â¥à¬¨­ \¯®«ãà¨¬ ­®¢ë
¯à®áâà ­áâ¢ " ¡ë« ¢¢¥¤¥­ ¢ [8]). �â¨ ¯à®áâà ­áâ¢  ï¢«ïîâáï  ­ «®£ ¬¨ à¨¬ ­®¢ëå ¨ ¯á¥¢¤®-
à¨¬ ­®¢ëå ¯à®áâà ­áâ¢, ­® ¨å ¬¥âà¨ç¥áª¨© â¥­§®à ¢ëà®¦¤¥­. � íâ®¬ã ª« ááã ¯à¨­ ¤«¥¦¨â
â ª¦¥ ¨ £ «¨«¥¥¢® ¯à®áâà ­áâ¢®. � ([6], á. 400) ¯®«ãà¨¬ ­®¢® ¯à®áâà ­áâ¢®, ¬¥âà¨ç¥áª¨© â¥­-
§®à gij (i; j = 1; 2; : : : ; n; gij = gji) ª®â®à®£® ¨¬¥¥â à ­£ m < n ¨ ¢ ­ã«¥¢®© (m � n) ¯«®áª®áâ¨
gijx

j = 0 íâ®£® â¥­§®à  ®¯à¥¤¥«¥­ ¢â®à®© ­¥¢ëà®¦¤¥­­ë© ¬¥âà¨ç¥áª¨© â¥­§®à, ­ §ë¢ ¥âáï ª¢ -

§¨à¨¬ ­®¢ë¬ ¯à®áâà ­áâ¢®¬. � ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ç áâ­ë© á«ãç © ª¢ §¨à¨¬ ­®¢ 
¯à®áâà ­áâ¢ , ¤«ï ª®â®à®£® â¥­§®à gij ­¥ ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬.

� ¯. 2 áä®à¬ã«¨à®¢ ­ ®á­®¢­®© à¥§ã«ìâ â, ¢ ¯¯. 3{5 ¯à®¢®¤¨âáï ¥£® ¤®ª § â¥«ìáâ¢®.

2. �á­®¢­®© à¥§ã«ìâ â.

�¥®à¥¬ . �ãáâì ¢ âà¥å¬¥à­®¬ ª¢ §¨¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ ¯®áâ®ï­­®© ªà¨¢¨§-

­ë § ¤ ­  ¯à®áâà ­áâ¢¥­­®- (á®®â¢¥âáâ¢¥­­® ¢à¥¬¥­¨-) ¯®¤®¡­ ï ¯®¢¥àå­®áâì � ®¡é¥£® ¯®«®-

¦¥­¨ï á ¯®áâ®ï­­®© ®âà¨æ â¥«ì­®© (á®®â¢¥âáâ¢¥­­® ¯®«®¦¨â¥«ì­®©) £ ãáá®¢®© ªà¨¢¨§­®©.

�®£¤ 

1) ­  � ¨¬¥¥âáï á¥¬¥©áâ¢® ¯«®áª¨å «¨­¨©, à ¤¨ãá ªà¨¢¨§­ë ª®â®àëå ã¤®¢«¥â¢®àï¥â ãà ¢-

­¥­¨î �«¥©­ {�®à¤®­ 

utt � uxx =M 2u (u = u(t; x); M = const); (1)

2)  á¨¬¯â®â¨ç¥áª¨¥ «¨­¨¨ ¯®¢¥àå­®áâ¨ � ¤¥©áâ¢¨â¥«ì­ë ¨ à §«¨ç­ë, ã£®« ¬¥¦¤ã ­¨¬¨

â ª¦¥ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1),
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3) ¢ ãà ¢­¥­¨¨ (1) M = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  £ ãáá®¢  ªà¨¢¨§­  ¯®¢¥àå­®áâ¨ �
¯à®â¨¢®¯®«®¦­  ªà¨¢¨§­¥ ¯à®áâà ­áâ¢ , ¯à¨ç¥¬ ¯®á«¥¤­ïï ®â«¨ç­  ®â ­ã«ï.

3. �à®¥ªâ¨¢­ ï ¨­â¥à¯à¥â æ¨ï ª¢ §¨¯á¥¢¤®à¨¬ ­®¢  ¯à®áâà ­áâ¢  ¯®áâ®ï­­®© ªà¨¢¨§­ë.

�ãáâì à §¬¥à­®áâì ª¢ §¨¯á¥¢¤®à¨¬ ­®¢  ¯à®áâà ­áâ¢  à ¢­  âà¥¬ ¨ ¥£® ªà¨¢¨§­  ¯®áâ®ï­­ .
� ([6], á. 403) ¯®ª § ­®, çâ® íâ® ¯à®áâà ­áâ¢® ¬®¦¥â ¡ëâì ª¢ §¨¯á¥¢¤®¥¢ª«¨¤®¢ë¬ ¯à®áâà ­-
áâ¢®¬ R

1

3
¨«¨ ª¢ §¨¯á¥¢¤®í««¨¯â¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬ S

1

3
, ¨«¨ ª¢ §¨¯á¥¢¤®£¨¯¥à¡®«¨ç¥áª¨¬

¯à®áâà ­áâ¢®¬ H
1

3
. �à¨¢¨§­  íâ¨å ¯à®áâà ­áâ¢ à ¢­  á®®â¢¥âáâ¢¥­­® 0, 1=r2, �1=r2. � áá¬®-

âà¨¬ ¯à®¥ªâ¨¢­ãî ¨­â¥à¯à¥â æ¨î íâ¨å ¯à®áâà ­áâ¢. �àã£¨¬¨ á«®¢ ¬¨, ¡ã¤¥¬ à áá¬ âà¨¢ âì
íâ¨ ¯à®áâà ­áâ¢  ª ª ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® P3 á § ¤ ­­ë¬ ¢ ­¥¬  ¡á®«îâ®¬. � á«ãç ¥
¯à®áâà ­áâ¢  R

1

3
 ¡á®«îâ á®áâ®¨â ¨§ ¯«®áª®áâ¨, ¯àï¬®©, «¥¦ é¥© ¢ íâ®© ¯«®áª®áâ¨, ¨ ¯ àë

¤¥©áâ¢¨â¥«ì­ëå â®ç¥ª ­  íâ®© ¯àï¬®©. �¡á®«îâ ¯à®áâà ­áâ¢  S
1

3
(á®®â¢¥âáâ¢¥­­® H

1

3
) á®áâ®¨â

¨§ ¯ àë ¬­¨¬ëå (á®®â¢¥âáâ¢¥­­® ¤¥©áâ¢¨â¥«ì­ëå) ¯¥à¥á¥ª îé¨åáï ¯«®áª®áâ¥© ¨ ¯ àë ¤¥©áâ¢¨-
â¥«ì­ëå â®ç¥ª ­  «¨­¨¨ ¨å ¯¥à¥á¥ç¥­¨ï.

�ã¤¥¬ à áá¬ âà¨¢ âì ¯à®¥ªâ¨¢­ë¥ à¥¯¥àë,  ¤ ¯â¨à®¢ ­­ë¥ ª áâàãªâãà¥ íâ¨å ¯à®áâà ­áâ¢.
�ãáâì â®çª  E0 à¥¯¥à  ­¥ ¯à¨­ ¤«¥¦¨â  ¡á®«îâã; â®çª  E1 ¯à¨­ ¤«¥¦¨â  ¡á®«îâ­®© ¯«®áª®-
áâ¨, ­® ­¥ ¯à¨­ ¤«¥¦¨â  ¡á®«îâ­®© ¯àï¬®© ¢ á«ãç ¥ ¯à®áâà ­áâ¢  R

1

3
; ¢ á«ãç ¥ ¯à®áâà ­áâ¢ S

1

3
¨

H
1

3
â®çª  E1 ­¥ ¯à¨­ ¤«¥¦¨â  ¡á®«îâã, ¯à¨ç¥¬ ¯àï¬ ï E0E1 ¯¥à¥á¥ª ¥â  ¡á®«îâ­ë¥ ¯«®áª®áâ¨

¢ â®çª å, £ à¬®­¨ç¥áª¨ à §¤¥«ïîé¨å â®çª¨ E0 ¨ E1. �®çª¨ E2 ¨ E3 ¢® ¢á¥å âà¥å ¯à®áâà ­áâ¢ å
«¥¦ â ­   ¡á®«îâ­®© ¯àï¬®© ¨ £ à¬®­¨ç¥áª¨ à §¤¥«ïîâ  ¡á®«îâ­ë¥ â®çª¨. �à¨ â ª®¬ ¢ë¡®à¥
à¥¯¥à®¢ g00 6= 0, gIJ = 0 ¯à¨ I 6= J (I; J;K = 0; 1; 2; 3), g33 = �g22. �ã¤¥¬ ¯®« £ âì g22 = �1.

�§ ãá«®¢¨© ¢ë¡®à  ¡ §¨á­ëå â®ç¥ª E0 ¨ E1 ¢ ¯à®áâà ­áâ¢¥ R
1

3
¢ëâ¥ª ¥â g11 = 0. �«ï íâ®£®

¯à®áâà ­áâ¢  ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® ¯®«®¦¨âì g00 = 1.
� ¯à®áâà ­áâ¢ å S

1

3
¨ H

1

3
­®à¬¨àã¥¬ ª®®à¤¨­ âë â®ç¥ª ãá«®¢¨¥¬

g00(x
0)2 + g11(x

1)2 = �r2:

�§ íâ®£® ãá«®¢¨ï ¨ ãá«®¢¨© ¢ë¡®à  ¡ §¨á­ëå â®ç¥ª E0 ¨ E1 ¯®«ãç ¥¬ g00 = �r2, g11 = "g00,
£¤¥ " = 1 ¤«ï ¯à®áâà ­áâ¢  S

1

3
¨ " = �1 ¤«ï ¯à®áâà ­áâ¢  H

1

3
. �¥§ ­ àãè¥­¨ï ®¡é­®áâ¨ ¬®¦¥¬

¯®« £ âì ¤«ï íâ¨å ¯à®áâà ­áâ¢ g00 = r2, g11 = "r2. �®£¤  ãà ¢­¥­¨ï  ¡á®«îâ­ëå ¯«®áª®áâ¥©
§ ¯¨áë¢ îâáï ¢ ¢¨¤¥

(x0)2 + "(x1)2 = 0;

£¤¥ " = 0; 1;�1 ¤«ï ¯à®áâà ­áâ¢ R
1

3
, S

1

3
¨ H

1

3
á®®â¢¥âáâ¢¥­­®; ãà ¢­¥­¨ï  ¡á®«îâ­®© ¯àï¬®© |

x0 = x1 = 0;

  ª®®à¤¨­ âë  ¡á®«îâ­ëå â®ç¥ª ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î

g22(x
2)2 + g33(x

3)2 = 0

­   ¡á®«îâ­®© ¯àï¬®©, £¤¥ g22g33 = �1, g22 = �1. �®£¤  ¤¥à¨¢ æ¨®­­ë¥ ãà ¢­¥­¨ï íâ¨å ¯à®-
áâà ­áâ¢ ¨¬¥îâ ¢¨¤

dea = !a
IeI ; de� = !�

�e�; (2)

£¤¥ ä®à¬ë !I
J à ¢­ë

!I
I = 0; !1

0 = �"!0

1; !�
0 = 0; !3

2 = �!2

3; (3)

  ¨­¤¥ªáë ¯à®¡¥£ îâ §­ ç¥­¨ï I; J = 0; 1; 2; 3; a; b = 0; 1; �; � = 2; 3; i; j = 1; 2; 3. �à ¢­¥­¨ï
áâàãªâãàë íâ¨å ¯à®áâà ­áâ¢ ¯®«ãç îâáï ¨§ ãà ¢­¥­¨© áâàãªâãàë ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢ 
P3 á ãç¥â®¬ (3). �­¨ ¨¬¥îâ ¢¨¤

D!0

1 = D!2

3 = 0; D!0

� = !0

i ^ !i
�; D!1

� = �"!0

1 ^ !0

� + !1

� ^ !�
�; (4)
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£¤¥ D | á¨¬¢®« ¢­¥è­¥£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï.

4. �®¢¥àå­®áâ¨ ®¡é¥£® ¯®«®¦¥­¨ï ¢ ª¢ §¨¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ ¯®áâ®ï­­®© ªà¨-

¢¨§­ë. �ã¤¥¬ à áá¬ âà¨¢ âì ¯®¢¥àå­®áâì, ª ¦¤ ï ª á â¥«ì­ ï ¯«®áª®áâì ª®â®à®© ¯¥à¥á¥ª ¥â
 ¡á®«îâ­ãî ¯àï¬ãî ¢ â®çª¥. �ã¤¥¬ ¯à¥¤¯®« £ âì â ª¦¥, çâ® íâ  â®çª  ­¥ ï¢«ï¥âáï  ¡á®«îâ-
­®©. � ªãî ¯®¢¥àå­®áâì ¡ã¤¥¬ ­ §ë¢ âì ¯®¢¥àå­®áâìî ®¡é¥£® ¯®«®¦¥­¨ï. �«ï ­¥¥ ¢ ª ¦¤®©
â®çª¥ ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ­®à¬ «ì | ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã, ç¥â¢¥àâãî £ à¬®-
­¨ç¥áªãî ª  ¡á®«îâ­ë¬ â®çª ¬ ¨ â®çª¥ ¯¥à¥á¥ç¥­¨ï ª á â¥«ì­®© ¯«®áª®áâ¨ ª ¯®¢¥àå­®áâ¨ ¢
§ ¤ ­­®© â®çª¥ á  ¡á®«îâ­®© ¯àï¬®©.

�¥¬¥©áâ¢® ¯«®áª®áâ¥©, á®¤¥à¦ é¨å  ¡á®«îâ­ãî ¯àï¬ãî, ¢ëá¥ª ¥â ¨§ ¯®¢¥àå­®áâ¨ ®¡é¥£®
¯®«®¦¥­¨ï á¥¬¥©áâ¢® «¨­¨©, ª®â®àë¥ ¡ã¤¥¬ ­ §ë¢ âì á¯¥æ¨ «ì­ë¬¨ «¨­¨ï¬¨ ¯®¢¥àå­®áâ¨. �ã-
¤¥¬ ¯à¥¤¯®« £ âì, çâ® íâ¨ «¨­¨¨ ­¥ ï¢«ïîâáï ¯àï¬ë¬¨.

�à¨á®¥¤¨­¨¬ ª ¯®¢¥àå­®áâ¨ ¯®¤¢¨¦­®© à¥¯¥à â ª, çâ®¡ë â®çª  E0 á®¢¯ ¤ «  á â®çª®© ¯®-
¢¥àå­®áâ¨, â®çª¨ E1 ¨ E2 «¥¦ «¨ ¢ ª á â¥«ì­®© ¯«®áª®áâ¨ ¯®¢¥àå­®áâ¨ ¢ íâ®© â®çª¥, ¯à¨ç¥¬
¯àï¬ ï E0E2 ª á « áì ¡ë á¯¥æ¨ «ì­®© «¨­¨¨ ¯®¢¥àå­®áâ¨ ¢ â®çª¥ E0. �®£¤  ¨§ ¯¥à¢®© ä®à¬ã«ë
(2) ¯à¨ a = 0 ¯®«ãç ¥¬ de0 = !0

1e1 + !0
2e2, â. ¥. ­  ¯®¢¥àå­®áâ¨

!0

3 = 0; (5)

  á¯¥æ¨ «ì­ë¥ «¨­¨¨ ­  ¯®¢¥àå­®áâ¨ ¨¬¥îâ ãà ¢­¥­¨¥ !0
1. �¡®§­ ç¨¬

!0

i = !i: (6)

� íâ¨å ®¡®§­ ç¥­¨ïå á¯¥æ¨ «ì­ë¥ «¨­¨¨ ­  ¯®¢¥àå­®áâ¨ ¨¬¥îâ ãà ¢­¥­¨¥ !1 = 0.
�àï¬ ï E0E3 ï¢«ï¥âáï ­®à¬ «ìî ¯®¢¥àå­®áâ¨ ¢ â®çª¥ E0 ¢ á¬ëá«¥ ¯à¨¢¥¤¥­­®£® ¢ëè¥ ®¯à¥-

¤¥«¥­¨ï. � ¬¥â¨¬, çâ® ­®à¬ «¨ ¯®¢¥àå­®áâ¨ ¢¤®«ì ª ¦¤®© á¯¥æ¨ «ì­®© «¨­¨¨ «¥¦ â ¢ ¯«®áª®-
áâ¨ íâ®© «¨­¨¨, ¯®íâ®¬ã á¯¥æ¨ «ì­ë¥ «¨­¨¨ ®¡à §ãîâ ®¤­® á¥¬¥©áâ¢® «¨­¨© ªà¨¢¨§­ë ¯®¢¥àå-
­®áâ¨. �â®à®¥ á¥¬¥©áâ¢® «¨­¨© ªà¨¢¨§­ë ¯®¢¥àå­®áâ¨ ®¡à §ãîâ «¨­¨¨, ¢¤®«ì ª®â®àëå ­®à¬ «¨
ª ¯®¢¥àå­®áâ¨ ®¡à §ãîâ ª®­ãáë á ¢¥àè¨­ ¬¨ ­   ¡á®«îâ­®© ¯àï¬®©. �§ ä®à¬ã« (2) ¨ (3) ¨¬¥-
¥¬ de3 = �!2

3e2, ¯®íâ®¬ã «¨­¨¨ ªà¨¢¨§­ë ¢â®à®£® á¥¬¥©áâ¢  ­  ¯®¢¥àå­®áâ¨ ¨¬¥îâ ãà ¢­¥­¨ï
!2

3 = 0.
� á®®â¢¥âáâ¢¨¨ á ®¡é¥© â¥®à¨¥© ª¢ §¨à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ ([6], á. 405) à ááâ®ï­¨¥ s ¬¥¦¤ã

â®çª ¬¨ X(x0; x1; x2; x3) ¨ Y (y0; y1; y2; y3) ¯à®áâà ­áâ¢ S
1

3
(H

1

3
) ¢ á«ãç ¥, ª®£¤  ¯àï¬ ï XY ­¥

¯¥à¥á¥ª ¥â  ¡á®«îâ­ãî ¯àï¬ãî, ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

cos2
s

r
=

(g00x0y0 + g11x
1y1)2

(g00(x0)2 + g11(x1)2)(g00(y0)2 + g11(y1)2)
:

�®«®¦¨¢ ¢ íâ®© ä®à¬ã«¥ X = E0, Y = E0 + dE0, £¤¥ dE0 = !1E1 + !2E2, ¯®«ãç ¥¬, çâ® ¤«ï
¢á¥å ­ ¯à ¢«¥­¨© ­  ¯®¢¥àå­®áâ¨, ªà®¬¥ á¯¥æ¨ «ì­ëå, ¯¥à¢ ï ª¢ ¤à â¨ç­ ï ä®à¬  ¯®¢¥àå­®áâ¨
à ¢­ 

I = (dE0)2 = g11(!1)2 = "r2(!1)2; (a)

I = (!1)2: (b)

�¤¥áì ¨ ¢áî¤ã ¢ ¤ «ì­¥©è¥¬ ä®à¬ã«ë ( ) ®â­®áïâáï ª ¯à®áâà ­áâ¢ ¬ S
1

3
¨ H

1

3
, ¯à¨ç¥¬ "=1 ¤«ï

¯à®áâà ­áâ¢  S
1

3
¨ " = �1 ¤«ï ¯à®áâà ­áâ¢  H

1

3
, ä®à¬ã«ë (b) | ª ¯à®áâà ­áâ¢ã R

1

3
. �«ï á¯¥æ¨-

 «ì­ëå ­ ¯à ¢«¥­¨© ­  ¯®¢¥àå­®áâ¨ ¢® ¢á¥å âà¥å ¯à®áâà ­áâ¢ å ¢¢®¤¨âáï ¯¥à¢ ï ª¢ ¤à â¨ç­ ï
ä®à¬ 

I1 = g22(!2)2:

�ã¤¥¬ ­ §ë¢ âì ¯®¢¥àå­®áâì ¢ ¯à®áâà ­áâ¢ å S
1

3
¨ H

1

3
(á®®â¢¥âáâ¢¥­­® ¢ ¯à®áâà ­áâ¢¥ R

1

3
)

¯à®áâà ­áâ¢¥­­®¯®¤®¡­®©, ¥á«¨ g22 = " (á®®â¢¥âáâ¢¥­­® g22 = 1). � á«ãç ¥, ¥á«¨ g22 = �"
(á®®â¢¥âáâ¢¥­­® g22 = �1), ¡ã¤¥¬ ­ §ë¢ âì ¯®¢¥àå­®áâì ¢à¥¬¥­¨¯®¤®¡­®©.
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�¨ää¥à¥­æ¨àãï (5) á ãç¥â®¬ (3) ¨ (6) ¨ ¯à¨¬¥­ïï «¥¬¬ã � àâ ­ , ¯®«ãç ¥¬

!1

3 = a!1 + b!2; !2

3 = b!1 + c!2: (7)

�«ï ¢â®à®© ª¢ ¤à â¨ç­®© ä®à¬ë ¨¬¥¥¬ ¢ëà ¦¥­¨¥

II = (d2E0; E3) = g33(!
1!1

3 + !2!2

3) = g33[a(!
1)2 + 2b!1!2 + c(!2)2]:

�à¨¬¥¬ «¨­¨¨ ªà¨¢¨§­ë !1 = 0 ¨ !2
3 = 0 ¯®¢¥àå­®áâ¨ §  ª®®à¤¨­ â­ë¥ «¨­¨¨, â®£¤  ¢

ä®à¬ã« å (7)

b = 0: (8)

�§ ¯¥à¢ëå ¤¢ãå ä®à¬ã« (4) ¢ëâ¥ª ¥â, çâ® ¬ë ¬®¦¥¬ ¢¢¥áâ¨ ­  ¯®¢¥àå­®áâ¨ «®ª «ì­ë¥ ª®®à¤¨-
­ âë u, v, ¯®« £ ï

!1 = du; !2

3 = dv: (9)

�®®à¤¨­ â­ë¥ «¨­¨¨ u = const ¨ v = const íâ®© á¨áâ¥¬ë ï¢«ïîâáï «¨­¨ï¬¨ ªà¨¢¨§­ë ¯®¢¥àå-
­®áâ¨.

�« ¢­ë¥ ªà¨¢¨§­ë ¯®¢¥àå­®áâ¨ à ¢­ë

k1 =
II
I1
= �c (10)

¤«ï á¯¥æ¨ «ì­ëå «¨­¨© !1 = 0 (u = const),

k2 = "g33a=r
2 (a); k2 = g33a (b)

¤«ï «¨­¨© !2
3 = 0 (v = const). �®íâ®¬ã £ ãáá®¢  ªà¨¢¨§­  ¯®¢¥àå­®áâ¨ à ¢­ 

K = k1k2 = �"g33ac=r
2 = "g22ac=r

2 (a); K = �g33ac = g22ac (b): (11)

�¡®§­ ç¨¬ ç¥à¥§


 = 1=k1 (12)

à ¤¨ãá ªà¨¢¨§­ë á¯¥æ¨ «ì­ëå «¨­¨©. �®£¤  ¢ á¨«ã (7){(9) ¨ (12) ¯®«ãç ¥¬

!2 = �
dv: (13)

� ¯¨è¥¬ ãà ¢­¥­¨ï (4) ¤«ï ¯®¢¥àå­®áâ¨, ¯®¤áâ ¢«ïï ¢ ­¨å §­ ç¥­¨ï ä®à¬ !I
J ¨§ á®®â­®è¥­¨©

(5){(13) ¨ ãç¨âë¢ ï â®, çâ® ä®à¬  !1
2 â®¦¥ ï¢«ï¥âáï £« ¢­®© ä®à¬®©. �®£¤  ãà ¢­¥­¨ï (4)

á¢®¤ïâáï ª ®¤­®¬ã ãà ¢­¥­¨î

�avv + 
uu = �"(1 + g22r
2K)
 (a); �avv + 
uu = a (b): (14)

5. �®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ã¤¥¬ ¯®« £ âì £ ãáá®¢ã ªà¨¢¨§­ã (11) ¯®¢¥àå­®áâ¨ ¯®áâ®-
ï­­®©, â. ¥.

K = �m2; m = const 6= 0; � = �1: (15)

�à ¢­¨¢ ï ¢ëà ¦¥­¨ï (11) ¨ (15) á ãç¥â®¬ ®¡®§­ ç¥­¨© (10) ¨ (12), ­ å®¤¨¬

a = ��"g22m2r2
 (a); a = ��g22m2
 (b): (16)

�®¤áâ ¢¨¢ §­ ç¥­¨ï (16) ¢ (14), ¯®«ãç¨¬

�"g22m
2r2
vv + 
uu = �"(1 + g22�r

2m2)
; (a)

�g22m
2
vv + 
uu = ��g22m2
: (b)

(17)

�«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®£® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë ¯®ª ¦¥¬, çâ® ä®à¬ã«ë (17) ¯à¨ ãª -
§ ­­ëå ¢ â¥®à¥¬¥ ãá«®¢¨ïå ¯à¨­¨¬ îâ ¢¨¤ (1), £¤¥ ¢ à®«¨ äã­ªæ¨¨ u ¢ëáâã¯ ¥â äã­ªæ¨ï 
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| à ¤¨ãá ªà¨¢¨§­ë á¯¥æ¨ «ì­ëå «¨­¨© ¯®¢¥àå­®áâ¨. �§ ¯. 3 ¢ëâ¥ª ¥â, çâ® ¤«ï g22 ¢®§¬®¦­ë
â®«ìª® ¤¢  §­ ç¥­¨ï: 1 ¨«¨ �1. � áá¬®âà¨¬ ®¡  íâ¨å á«ãç ï.

1) �ãáâì g22 = 1. �®£¤  ãà ¢­¥­¨¥ (17( )) á¢®¤¨âáï ª ¢¨¤ã (1) ¯à¨ " = 1, � = �1, çâ® á®-
®â¢¥âáâ¢ã¥â ¯à®áâà ­áâ¢¥­­®¯®¤®¡­®© ¯®¢¥àå­®áâ¨ (â. ª. g22 = ") á ¯®áâ®ï­­®© ®âà¨æ â¥«ì­®©
£ ãáá®¢®© ªà¨¢¨§­®© (15) ¢ ¯à®áâà ­áâ¢¥ S

1

3
, ¨ ¯à¨ " = �1, � = 1, çâ® á®®â¢¥âáâ¢ã¥â á«ãç î

¢à¥¬¥­¨¯®¤®¡­®© ¯®¢¥àå­®áâ¨ (â. ª. g22 = �") á ¯®áâ®ï­­®© ¯®«®¦¨â¥«ì­®© £ ãáá®¢®© ªà¨¢¨§-
­®© (15) ¢ ¯à®áâà ­áâ¢¥ H

1

3
. �à ¢­¨¢ ï ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (17( )) ¨ (1), ­ å®¤¨¬, çâ®

ª®íää¨æ¨¥­â M 2 ¢ ãà ¢­¥­¨¨ (1) à ¢¥­

M 2 = �"+ r2m2: (18)

�à ¢­¥­¨¥ (17(b)) ¯à¨ ãª § ­­®¬ ãá«®¢¨¨ g22 = 1 á¢®¤¨âáï ª ¢¨¤ã (1) ¯à¨ � = �1, çâ® á®®â¢¥â-
áâ¢ã¥â á«ãç î ¯®¢¥àå­®áâ¨ ¯®áâ®ï­­®© ®âà¨æ â¥«ì­®© ªà¨¢¨§­ë (15) ¢ ª¢ §¨¯á¥¢¤®¥¢ª«¨¤®¢®¬
¯à®áâà ­áâ¢¥ R

1

3
. �à ¢­¨¢ ï ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (17(b)) ¨ (1), ­ å®¤¨¬, çâ® ª®íää¨æ¨¥­â

M 2 ¢ ãà ¢­¥­¨¨ (1) à ¢¥­

M 2 = m2: (19)

2) �ãáâì g22 = �1. �®£¤  ãà ¢­¥­¨¥ (17( )) á¢®¤¨âáï ª ¢¨¤ã (1) ¯à¨ " = � = �1, çâ® á®®â¢¥â-
áâ¢ã¥â á«ãç î ¢à¥¬¥­¨¯®¤®¡­®© ¯®¢¥àå­®áâ¨ ¯à¨ " = 1 á ¯®áâ®ï­­®© ¯®«®¦¨â¥«ì­®© ªà¨¢¨§­®©
(15) ¢ ¯à®áâà ­áâ¢¥ S

1

3
¨ á«ãç î ¯à®áâà ­áâ¢¥­­®¯®¤®¡­®© ¯®¢¥àå­®áâ¨ ¯à¨ " = �1 á ¯®áâ®ï­­®©

®âà¨æ â¥«ì­®© ªà¨¢¨§­®© (15) ¢ ¯à®áâà ­áâ¢¥ H
1

3
. �à ¢­¨¢ ï ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (17( )) ¨

(1) ¢ íâ®¬ á«ãç ¥, ¯®«ãç ¥¬ ¤«ï ª®íää¨æ¨¥­â  M 2 â¥ ¦¥ §­ ç¥­¨ï (18), çâ® ¨ ¢ á«ãç ¥ 1).
�à ¢­¥­¨¥ (17(b)) ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ á¢®¤¨âáï ª ¢¨¤ã (1) ¯à¨ � = 1, çâ® á®®â¢¥âáâ¢ã-

¥â ¢à¥¬¥­¨¯®¤®¡­®© ¯®¢¥àå­®áâ¨ á ¯®áâ®ï­­®© ¯®«®¦¨â¥«ì­®© ªà¨¢¨§­®© (15) ¢ ª¢ §¨¯á¥¢¤®¥¢-
ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ R

1

3
, ¯à¨ç¥¬ ¤«ï ª®íää¨æ¨¥­â M 2 ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (19). �â¨ ¤¢ 

á«ãç ï ¤®ª §ë¢ îâ ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.
�«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë ¨§ ¢ëà ¦¥­¨ï ¤«ï ¢â®à®© ª¢ ¤à â¨ç­®©

ä®à¬ë ¨ ãá«®¢¨ï (8) ­ å®¤¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï  á¨¬¯â®â¨ç¥áª¨å «¨­¨© ¢ ¢¨¤¥

a(!1)2 + c(!2)2 = 0;

®âªã¤  á ãç¥â®¬ (16), (10), (11), (12) ¨ (15) ¯®«ãç ¥¬ ãà ¢­¥­¨ï

��"g22m
2r2
2(!1)2 � (!2)2 = 0 (a); ��g22m

2
2(!1)2 � (!2)2 = 0 (b) (20)

¤«ï ­ å®¦¤¥­¨ï  á¨¬¯â®â¨ç¥áª¨å «¨­¨©. �­®¢  ­¥®¡å®¤¨¬® à áá¬®âà¥âì ¤¢  á«ãç ï: g22 = 1 ¨
g22 = �1. � ¯¥à¢®¬ á«ãç ¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯¥à¢®£® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë ¡ë«® ¯®«ãç¥­®,
çâ® ¤«ï à áá¬ âà¨¢ ¥¬ëå ¯®¢¥àå­®áâ¥© "� = �1, ¯®íâ®¬ã ãà ¢­¥­¨¥ (20( )) ¯à¨­¨¬ ¥â ¢¨¤

r2m2
2(!1)2 � (!2)2 = 0: (21)

�§ ãà ¢­¥­¨ï (21) á«¥¤ã¥â, çâ®  á¨¬¯â®â¨ç¥áª¨¥ «¨­¨¨ ­  à áá¬ âà¨¢ ¥¬ëå ¯®¢¥àå­®áâïå ¤¥©-
áâ¢¨â¥«ì­ë, à §«¨ç­ë ¨ ¨¬¥îâ ­ ¯à ¢«¥­¨ï !2 : !1 = �mr
, ®âªã¤  ¢ëâ¥ª ¥â, çâ® ã£®« ¬¥¦¤ã
íâ¨¬¨ «¨­¨ï¬¨ à ¢¥­

' = 2mr
; m = const 6= 0: (22)

� ª ª ª äã­ªæ¨ï 
 ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1), â® ¨ ã£®« (22) ¬¥¦¤ã  á¨¬¯â®â¨ç¥áª¨¬¨
«¨­¨ï¬¨ ã¤®¢«¥â¢®àï¥â íâ®¬ã ãà ¢­¥­¨î.

�à¨ ¤®ª § â¥«ìáâ¢¥ ¯¥à¢®£® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë ¡ë«® ¯®«ãç¥­®, çâ® � = �1, ¯®íâ®¬ã
ãà ¢­¥­¨¥ (20(b)) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

m2
2(!1)2 � (!2)2 = 0: (23)
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�§ ¯®á«¥¤­¥£® á«¥¤ã¥â, çâ®  á¨¬¯â®â¨ç¥áª¨¥ «¨­¨¨ ¤¥©áâ¢¨â¥«ì­ë, à §«¨ç­ë ¨ ¨¬¥îâ ­ ¯à -
¢«¥­¨ï !2 : !1 = �m
, ¯®íâ®¬ã ã£®« ' ¬¥¦¤ã  á¨¬¯â®â¨ç¥áª¨¬¨ «¨­¨ï¬¨ ¯®¢¥àå­®áâ¨ à ¢¥­

' = 2m
; (24)

á«¥¤®¢ â¥«ì­®, íâ®â ã£®« â ª¦¥ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1).
� á«ãç ¥ g22 = �1 ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯¥à¢®£® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë ¯®ª § ­®, çâ® ¢ë¯®«-

­ï¥âáï ãá«®¢¨¥ " = � = �1. �à¨ íâ®¬ ãá«®¢¨¨ ãà ¢­¥­¨¥ (20( )) ¨¬¥¥â ¢¨¤ (21), ®âªã¤  á«¥¤ã¥â,
çâ® ã£®« (22) ¬¥¦¤ã  á¨¬¯â®â¨ç¥áª¨¬¨ «¨­¨ï¬¨ íâ¨å ¯®¢¥àå­®áâ¥© â ª¦¥ ã¤®¢«¥â¢®àï¥â ãà ¢-
­¥­¨î (1). �à ¢­¥­¨¥ (20(b)) ¯à¨­¨¬ ¥â ¢¨¤ (23), â. ª. ¢ íâ®¬ á«ãç ¥ � = 1. �âáî¤  á«¥¤ã¥â, çâ®
ã£®« ¬¥¦¤ã  á¨¬¯â®â¨ç¥áª¨¬¨ «¨­¨ï¬¨ ¯®¢¥àå­®áâ¨ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ (24) ¨ ¤«ï ­¥£®
â ª¦¥ ¢ë¯®«­ï¥âáï ãà ¢­¥­¨¥ (1).

�®ª § â¥«ìáâ¢® âà¥âì¥£® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë ®á­®¢ ­® ­  ä®à¬ã« å (18) ¨ (19). �®à¬ã« 
(19) ¯®ª §ë¢ ¥â, çâ® M 6= 0, â. ª. m 6= 0. �«¥¤®¢ â¥«ì­®, ¨¬¥¥âáï ¥¤¨­áâ¢¥­­ ï ¢®§¬®¦­®áâì
à ¢¥­áâ¢  M = 0, ¥á«¨ ¢ ä®à¬ã«¥ (18) ¯®«®¦¨âì m2 = "=r2. �â® ãá«®¢¨¥ ®§­ ç ¥â, çâ® £ ãáá®¢ 
ªà¨¢¨§­  ¯®¢¥àå­®áâ¨, à ¢­ ï �"m2, ¯à®â¨¢®¯®«®¦­  ªà¨¢¨§­¥ ¯à®áâà ­áâ¢ , à ¢­®© "=r2 (" =
�1).
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