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1. �¢¥¤¥¨¥

� à ¡®â¥ ¯®«ãç¥ë ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ¯¥à¢®£® ¯®àï¤ª  ¢ ä®à¬¥ ¯à¨æ¨-
¯  ¬ ªá¨¬ã¬  (��) ¢ § ¤ ç¥ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á âà ¥ªâ®à¨ï¬¨ ®£à ¨ç¥®© ¢ à¨ æ¨¨
¯à¨  «¨ç¨¨ ®¡é¨å ¬®£®â®ç¥çëå ä §®®£à ¨ç¥¨©. � ¤ ç  ®¯â¨¬ «ì®£® ¨¬¯ã«ìá®£® ã¯à -
¢«¥¨ï à áá¬ âà¨¢ ¥âáï ¡¥§ ¯à¥¤¯®«®¦¥¨© ® £« ¤ª®áâ¨   ¢å®¤ë¥ ¤ ë¥ | ¯à¥¤¯®« £ ¥âáï
¨§¬¥à¨¬ ï § ¢¨á¨¬®áâì ¯® ¢à¥¬¥¨ ¨ «¨¯è¨æ¥¢ ï ¯® ä §®¢ë¬ ª®®à¤¨ â ¬. �à®¬¥ â®£®, ¥
¯à¥¤¯®« £ ¥âáï ¢ë¯®«¥¨¥ ãá«®¢¨ï ª®àà¥ªâ®áâ¨, çâ® ¯à¨¢®¤¨â ª ¥®¤®§ ç®áâ¨ à¥ ªæ¨¨
¤¨ ¬¨ç¥áª®© á¨áâ¥¬ë   ¨¬¯ã«ìá®¥ ã¯à ¢«¥¨¥ (¢¥ªâ®àãî ¬¥àã); ª ª á«¥¤áâ¢¨¥, ¨¬¯ã«ìá-
®¬ã ã¯à ¢«¥¨î ¨  ç «ì®¬ã ãá«®¢¨î ¬®¦¥â á®®â¢¥âáâ¢®¢ âì ¢®à®ª  ®¡®¡é¥ëå à¥è¥¨©.

�à¨¢¥¤¥¬ ®¯à¥¤¥«¥¨¥ ®¡®¡é¥®£® (®¡.) à¥è¥¨ï, ãáâ®ï¢è¥¥áï ¢ â¥®à¨¨ ®¯â¨¬ «ìëå ¨¬-
¯ã«ìáëå ¯à®æ¥áá®¢ [1], [2]. � áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = f(t; x; V; u) +G(t; x; V )v; _V = kvk; (1)

u(t) 2 U; v(t) 2 K; t 2 [t0; t1]: (2)

�¤¥áì x(�), V (�) |  ¡á®«îâ® ¥¯à¥àë¢ë¥, u(�), v(�) | ¨§¬¥à¨¬ë¥ ®£à ¨ç¥ë¥ äãªæ¨¨, U

| ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® ¢ Rd(u), K | ¢ë¯ãª«ë© § ¬ªãâë© ª®ãá ¢ Rd(v), kvk =
d(v)P
j=1

jvj j, d(z)
®¡®§ ç ¥â à §¬¥à®áâì ¢¥ªâ®à  z. �á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, â® â¥à¬¨ë \¨§¬¥à¨¬®áâì" ¨
\®£à ¨ç¥®áâì" ¯à¨¬¥¨â¥«ì® ª äãªæ¨ï¬ ®â®áïâáï ª ¬¥à¥ �¥¡¥£  L,   ¢á¥ á®®â®è¥¨ï,
á®¤¥à¦ é¨¥ ¨§¬¥à¨¬ë¥ äãªæ¨¨, áç¨â îâáï ¢ë¯®«¥ë¬¨ L-¯®çâ¨ ¢áî¤ã.

�¯à¥¤¥«¥¨¥ ([1]). � à  äãªæ¨© x(�), V (�), ¥¯à¥àë¢ëå á¯à ¢    (t0; t1] ¨ ¨¬¥îé¨å ®£à -
¨ç¥ãî ¢ à¨ æ¨î,  §ë¢ ¥âáï ®¡®¡éeë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (1), (2), ¥á«¨ áãé¥áâ¢ã¥â â ª ï
¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© fxn(�), Vn(�); un(�), vn(�)g, ã¤®¢«¥â¢®àïîé¨å á¨áâ¥¬¥ (1), (2), çâ®

sup
n

kvn(�)kL1
<1; (xn; Vn)! (x; V ) á« ¡®� ¢ BV

(â®£¤  (xn(t); Vn(t))! (x(t); V (t)) ¢ â®çª å ¥¯à¥àë¢®áâ¨ (x; V ) ¨ ¢ ª®æ å ®âà¥§ª  T ).

�á«¨ ¯®«®¦¨âì wn(t) =
tR
t0

vn(�)d�; â® ¨§ â¥®à¥¬ë �¥««¨ á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì

fwn(�)g ¬®¦® áç¨â âì á« ¡®� áå®¤ïé¥©áï ª ¥ª®â®à®© äãªæ¨¨ ®£à ¨ç¥®© ¢ à¨ æ¨¨ w(�).
�à¨ íâ®¬ ¯®à®¦¤¥ ï ¥î ¬¥à  �¥¡¥£ {�â¨«ìâì¥á  dw ®ª §ë¢ ¥âáï K-§ ç®© ¢á«¥¤áâ¢¨¥ ¢ë-
¯ãª«®áâ¨ ¨ § ¬ªãâ®áâ¨ ª®ãá  K. � ¬¥â¨¬ â ª¦¥, çâ® å®âï Vn(t) = var

[t0;t]
wn(�); ¯à¥¤¥«ì ï

äãªæ¨ï V (�) ¥ ®¡ï§   á®¢¯ ¤ âì á ¢ à¨ æ¨¥© ¢¥ªâ®à-äãªæ¨¨ w(�).
� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©

(£à â ò98-01-00837).
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� [1] ¯®ª § ®, çâ® ¯à¨ áâ ¤ àâëå ¯à¥¤¯®«®¦¥¨ïå ¥¯à¥àë¢®áâ¨, «¨¯è¨æ¥¢®áâ¨ ¨ ¥
¡®«¥¥ ç¥¬ «¨¥©®£® à®áâ  äãªæ¨© f , G ¯® (x; V ),   â ª¦¥ ¢ë¯ãª«®áâ¨ £®¤®£à ä , ¤«ï
«î¡®£® ®¡®¡é¥®£® à¥è¥¨ï (x(�); V (�))  ©¤ãâáï K-§ ç ï ¬¥à  �¥¡¥£ {�â¨«ìâì¥á  dw,
L- ¨ dV -¨§¬¥à¨¬ ï ®£à ¨ç¥ ï äãªæ¨ï u(�), L-¨§¬¥à¨¬ë¥ äãªæ¨¨ !s(�), ®¯à¥¤¥«¥ë¥ ¤«ï
ª ¦¤®£® ¬®¬¥â  s 2 Sd(V ) = fs j [V (s)] := V (s)� V (s�) > 0g   ®âà¥§ª¥ [0; ds] = [0; [V (s)]], ¤«ï
ª®â®àëå ¢ë¯®«ïîâáï ãá«®¢¨ï

!s(�) 2 K1 := fv 2 K j kvk � 1g;
Z ds

0

!s(�)d� = [w(s)]; (3)

äãªæ¨¨ (x(�); V (�)) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ¬¥à®©
dx(t) = f(t; x(t); V (t); u(t))dt +G(t; x(t); V (t))dwc(t) +

X
s2Sd(V )
s�t

[x(s)]�(t � s); (4)

V (t) = var
[t0;t]

wc(�) +
X

s2Sd(V )
s�t

[V (s)]; V (t0�) = 0; (5)

£¤¥ wc | ¥¯à¥àë¢ ï á®áâ ¢«ïîé ï ¢ à §«®¦¥¨¨ �¥¡¥£  äãªæ¨¨ w; áª çª¨ ®¡. à¥è¥¨ï ¢
â®çª å s 2 Sd(V )  å®¤ïâáï ¨§ ãá«®¢¨©

[x(s)] = zs(ds)� x(s�); [V (s)] = zV s(ds)� V (s�); (6)

£¤¥ äãªæ¨¨ zs(�), zV s(�) ï¢«ïîâáï à¥è¥¨ï¬¨ ¯à¥¤¥«ì®© á¨áâ¥¬ë

dzs
d�

= G(s; zs; zV s)!s(�); zs(0) = x(s�);
dzV s
d�

= 1; zV s(0) = V (s�); � 2 [0; ds]:
(7)

� ª¨¬ ®¡à §®¬, ¨¤¨¢¨¤ã «ì ï ®¡. âà ¥ªâ®à¨ï ï¢«ï¥âáï ¢¥â¢ìî ¨â¥£à «ì®© ¢®à®ª¨ ®¡.
à¥è¥¨©, á®®â¢¥âáâ¢ãîé¥© (x0; u(�); dw). �â  ¢¥â¢ì ®¯à¥¤¥«ï¥âáï ¢á¯®¬®£ â¥«ìë¬¨ ¯à¥¤¥«ì-
ë¬¨ ã¯à ¢«¥¨ï¬¨ !s(�), ª®â®àë¥ ®âà ¦ îâ á¯®á®¡ ¯à¨¡«¨¦¥¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fwng
ª äãªæ¨¨ w ¨ ®¯¨áë¢ îâ áª ç®ª âà ¥ªâ®à¨¨ ¢ ¬®¬¥âë à §àë¢  äãªæ¨¨ V . �¡®¡é¥ë©,
¨¬¯ã«ìáë© ¯à®æ¥áá á¨áâ¥¬ë (1), (2) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ã«ìâ¨ ¡®à

e = [x(�); V (�); u(�); dw; fzi(�); ziV (�); !i(�)gsi2Sd(V )];

¢ ª®â®à®¬ zi(�) = zsi , si 2 Sd(V ), ¨   «®£¨ç® ®¯à¥¤¥«¥ë äãªæ¨¨ ziV , !
i.

� ¤ ®© à ¡®â¥ ¬ë ¨á¯®«ì§ã¥¬ ¯à¨¢¥¤¥®¥ ®¯¨á ¨¥ ¬®¦¥áâ¢  ®¡. à¥è¥¨© ¯à¨ ®á« -
¡«¥ëå ¯à¥¤¯®«®¦¥¨ïå ®â®á¨â¥«ì® äãªæ¨© f ¨ G,   ¬®¦¥áâ¢® U áç¨â ¥¬ ¯¥à¥¬¥ë¬.
�â® ¥áâ¥áâ¢¥®, ¯®áª®«ìªã ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¥®¡å®¤¨¬ëå ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ä ªâ áã-
é¥áâ¢®¢ ¨ï ¨áá«¥¤ã¥¬®£® à¥è¥¨ï ¯®áâã«¨àã¥âáï, â ª çâ® ãá«®¢¨ï â¨¯  ¥¯à¥àë¢®áâ¨ ¯® t
¨ à®áâ  ¯® (x; V ) áâ ®¢ïâáï ¨§«¨è¨¬¨. �à®¬¥ â®£®, ®á« ¡«¥¨¥ âà¥¡®¢ ¨© ª á ¥âáï ¢ ®á®¢-
®¬ äãªæ¨¨ f , á¢®©áâ¢  ª®â®à®© ¯à¨ ¯¥à¥å®¤¥ ª ¨¬¯ã«ìá®¬ã «¨¥©®¬ã ã¯à ¢«¥¨î ¨£à îâ
¢â®à®áâ¥¯¥ãî à®«ì ¨ ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ ¤®¯ãáª îâ ®á« ¡«¥¨¥ ([2], ác. 173, 182). � ¬¥â¨¬
â ª¦¥, çâ® ¤®ª § â¥«ìáâ¢® ¯à¥¤áâ ¢«¥®£® �� ¥ ¨á¯®«ì§ã¥â ãá«®¢¨©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨.

�â¬¥â¨¬, çâ®  ¨¡®«¥¥ ®¡é¨© �� ¤«ï £« ¤ª¨å § ¤ ç ®¯â¨¬ «ì®£® ¨¬¯ã«ìá®£® ã¯à ¢«¥-
¨ï ¯à¨ ¥¢ë¯®«¥¨¨ ãá«®¢¨ï ª®àà¥ªâ®áâ¨ ¯®«ãç¥ ¢ [1] ¬¥â®¤®¬ à §àë¢®© § ¬¥ë ¢à¥¬¥¨.
�¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ¯à¨ ¥£« ¤ª®© § ¢¨á¨¬®áâ¨ ¢å®¤ëå ¤ ëå ¯®«ãç¥ë ¢
[3], [4] ¤«ï ¡®«¥¥ ç áâëå ¢ à¨ â®¢ § ¤ ç¨ (¯à¨ ®âáãâáâ¢¨¨ ¬®£®â®ç¥çëå ä §®®£à ¨ç¥¨© ¨
¢ë¯®«¥¨¨ ãá«®¢¨ï ª®àà¥ªâ®áâ¨); ¢ ®á®¢ã ¨å ¤®ª § â¥«ìáâ¢  ¯®«®¦¥ ¢ à¨ æ¨®ë© ¯à¨-
æ¨¯ �ª« ¤ . � [5] ¤®ª §  ¢ à¨ â �� ¤«ï ¥£« ¤ª®© § ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á
âà ¥ªâ®à¨ï¬¨ ®£à ¨ç¥®© ¢ à¨ æ¨¨   ä¨ªá¨à®¢ ®¬ ®âà¥§ª¥ ¢à¥¬¥¨ ¡¥§ ¯à®¬¥¦ãâ®çëå
ä §®®£à ¨ç¥¨©, â¥å¨ª  ¥£® ¤®ª § â¥«ìáâ¢  à á¯à®áâà ï¥âáï   ¡®«¥¥ á«®¦ë© ª« áá § ¤ ç
¤ ®© áâ âì¨.
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2. �®áâ ®¢ª  § ¤ ç¨ ¨ ¯à¥¤¯®«®¦¥¨ï

�ãáâì � = (�0; �1; : : : ; �n) | ¢¥ªâ®à ¥ä¨ªá¨à®¢ ëå ¬®¬¥â®¢ ¢à¥¬¥¨ â ª¨å, çâ® �0 � �1 �
� � � � �n, n <1, x(�), V (�), x(��), V (��) | ¢¥ªâ®àë, á®áâ ¢«¥ë¥ ¨§ ®¤®áâ®à®¨å ¯à¥¤¥«®¢
¢ ¬®¬¥âë �j ¥¯à¥àë¢ëå á¯à ¢  äãªæ¨© ®£à ¨ç¥®© ¢ à¨ æ¨¨ x(�), V (�), â. ¥.

x(�) = (x(�0); : : : ; x(�n)); x(��) = (x(�0�); : : : ; x(�n�));
V (�) = (V (�0); : : : ; V (�n)); V (��) = (V (�0�); : : : ; V (�n�)):

� áá¬ âà¨¢ ¥âáï § ¤ ç  P(�) ¬¨¨¬¨§ æ¨¨ äãªæ¨® « 
l(b); b = (�; x(��); x(�); V (��); V (�));

  ¬®¦¥áâ¢¥ ¨¬¯ã«ìáëå ¯à®æ¥áá®¢ e = [�; x(�); V (�); u(�); dw; fzi(�); ziV (�); !i(�)gsi2Sd(V )]; ã¤®¢«¥-
â¢®àïîé¨å á«¥¤ãîé¨¬ ãá«®¢¨ï¬ ¤®¯ãáâ¨¬®áâ¨:

1) x(�), V (�) | ¥¯à¥àë¢ë¥ á¯à ¢    (�0; �n] äãªæ¨¨ ®£à ¨ç¥®© ¢ à¨ æ¨¨;
2) u(�) | ¨§¬¥à¨¬ ï äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ®£à ¨ç¥¨î

u(t) 2 U(t); t 2 [�0; �n];

£¤¥ U(t) | á¥ç¥¨¥ ¬®¦¥áâ¢  U�R�Rd(u) ¯à¨ ä¨ªá¨à®¢ ®¬ t, â. ¥. U(t)=fu j (t; u)2Ug;
3) dw(t) | K-§ ç ï ¬¥à  �¥¡¥£ {�â¨«ìâì¥á    [�0; �n], â. ¥. dw(B) 2 K ¤«ï «î¡®£® ¡®à¥-

«¥¢áª®£® ¬®¦¥áâ¢  B � [�0; �n];
4) ª®¬¯®¥âë  ¡®à  e ã¤®¢«¥â¢®àïîâ ®£à ¨ç¥¨ï¬ (3){(7);
5) ¢ë¯®«ï¥âáï ¬®£®â®ç¥ç®¥ ä §®®£à ¨ç¥¨¥

b 2 C: (8)

�¥à¥§ e = [�; x(�); V (�); u(�); dw; fzi(�); ziV (�); !i(�)gsi2Sd(V )] ¡ã¤¥¬ ®¡®§ ç âì ¤®¯ãáâ¨¬ë© ¨¬-
¯ã«ìáë© ¯à®æ¥áá, ¨áá«¥¤ã¥¬ë©   ®¯â¨¬ «ì®áâì.

�®áâ ¢«¥ ï § ¤ ç  à áá¬ âà¨¢ ¥âáï ¯à¨ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥¨ïå:

(B1) ¬®¦¥áâ¢® Sd(V ) ª®¥ç® ¨ ¬¥à  dw ¥ ¨¬¥¥â ¥¯à¥àë¢®© á¨£ã«ïà®© á®áâ ¢«ïîé¥©,
â. ¥.

dw(t) = v(t)dt+
X

si2Sd(V )

ci�(t� si);

¯à¨ç¥¬ v 2 L1([�0; �n]; Rd(w));
(B2) ¬®¦¥áâ¢® U � R � Rd(u) ¡®à¥«¥¢áª®¥, K � Rd(v) | § ¬ªãâë© ¢ë¯ãª«ë© ª®ãá, C |

§ ¬ªãâ®¥ ¬®¦¥áâ¢®;
(B3) ¯à¨ ¢á¥å (x; V ) äãªæ¨ï (t; u)! f(t; x; V; u) L� B-¨§¬¥à¨¬ ;
(B4) áãé¥áâ¢ãîâ ®ªà¥áâ®áâì Q ¬®¦¥áâ¢ 

graphfx(�); V (�)g = f(t; x; V ) j t 2 �; x 2 [x(t�); x(t+)]; V 2 [V (t�); V (t+)]g;
£¤¥ � � [�0; �n] ¨ ç¨á«® M > 0 â ª¨¥, çâ® ¢ë¯®«ïîâáï ãá«®¢¨¥ �¨¯è¨æ 

jf(t; x; V; u) � f(t; x0; V 0; u)j �M(jx� x0j+ jV � V 0j) 8 (t; x; V; u); (t; x0; V 0; u) 2 Q � U(t)

¨ ãá«®¢¨¥ ®£à ¨ç¥®áâ¨

jf(t; x; V; u)j �M 8 (t; x; V; u) 2 Q � U(t);

(B5) ¬ âà¨æ  G ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ;
(B6) äãªæ¨ï l «®ª «ì® «¨¯è¨æ¥¢ ;
(B7) ¥á«¨ �i 2 Sd(V ), â® �i 6= �j ¯à¨ j 6= i.
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� ¬¥ç ¨ï. 1) �à¥¤¯®«®¦¥¨¥ (B1) ¥®¡å®¤¨¬® ¤«ï ¨á¯®«ì§ã¥¬®£® ¬¥â®¤  ¤®ª § â¥«ìáâ¢ ,
®® ¯®§¢®«ï¥â ®å¢ â¨âì ¡®«ìè¨áâ¢® ¯à¨«®¦¥¨©.

2) �à¥¤¯®«®¦¥¨¥ (B3) ¢ë¯®«ï¥âáï, ¥á«¨,  ¯à¨¬¥à, äãªæ¨ï f ¨§¬¥à¨¬  ¯® t ¨ ¥¯à¥àë¢ 
¯® u.

3) �®¦¥áâ¢® graphfx(�); V (�)g ¯®«ãç ¥âáï ¨§ £à ä¨ª  à §àë¢®© ¢¥ªâ®à-äãªæ¨¨ (x(�); V (�))
¯ãâ¥¬ ¥£® ¤®¯®«¥¨ï ¢¥àâ¨ª «ìë¬¨ ®âà¥§ª ¬¨, á®¥¤¨ïîé¨¬¨ ®¤®áâ®à®¨¥ ¯à¥¤¥«ë ¢ â®ç-
ª å à §àë¢ .

4) � § ¤ ç¥ P(�) ®¤®áâ®à®¨¥ ¯à¥¤¥«ë ®¡. âà ¥ªâ®à¨© ¢ ¥ä¨ªá¨à®¢ ë¥ ¬®¬¥âë �j
áâ¥á¥ë ®¡é¨¬ ®£à ¨ç¥¨¥¬ (8) (¤«ï á¨¬¬¥âà¨¨ ®â ãá«®¢¨ï V (�0�) = 0 ¬ë ®âª §ë¢ ¥¬áï).
�®¬¥âë �j ¬®£ãâ á®¢¯ ¤ âì á ¤¥©áâ¢¨¥¬ ¨¬¯ã«ìá®¢, ® ¯à¥¤¯®«®¦¥¨¥ (B7) ¨áª«îç ¥â ¢ íâ®¬
á«ãç ¥ á®¢¯ ¤¥¨¥ ¥áª®«ìª¨å ª®¬¯®¥â ¢¥ªâ®à  � á ¬®¬¥â®¬ ¨¬¯ã«ìá .

� ª¨¬ ®¡à §®¬, P(�) | íâ® ¥ª®â®à ï § ¤ ç  ®¯â¨¬¨§ æ¨¨ á à §àë¢ë¬¨ âà ¥ªâ®à¨ï¬¨ ¯à¨
 «¨ç¨¨ ä §®®£à ¨ç¥¨© ¢ ¯à®¬¥¦ãâ®çë¥ ¨ ª®¥çë¥ ¬®¬¥âë ¢à¥¬¥¨. �®¥ç®, ¢ë¯®«¥-
¨¥ íâ¨å ®£à ¨ç¥¨©   ®¡. à¥è¥¨¨ ¥ ®¡¥á¯¥ç¨¢ ¥â ¢ë¤¥à¦¨¢ ¨¥ ¨å    ¯¯à®ªá¨¬¨àãîé¨å
®¡ëçëå à¥è¥¨ïå: â ª¨å  ¯¯à®ªá¨¬ æ¨© ¬®¦¥â ¢®¢á¥ ¥ áãé¥áâ¢®¢ âì ã¦¥ ¢ á«ãç ¥ ¡®«¥¥
¯à®áâëå â¥à¬¨ «ìëå ®£à ¨ç¥¨© [4], [6] ¨«¨ ¦¥ á®¡«î¤¥¨¥ ®£à ¨ç¥¨ï (8) ®ª §ë¢ ¥âáï
¢®§¬®¦ë¬ «¨èì   ¥ª®â®àëå  ¯¯à®ªá¨¬ æ¨ïå. � áá¬ âà¨¢ ¥¬ë© ¨¦¥ ¯à¨¬¥à 1 ¨««îáâà¨-
àã¥â ¤ ®¥ á¢®©áâ¢®. � ¯®ª §ë¢ ¥â â ª¦¥, çâ® ¯à®¥ªæ¨ï ®£à ¨ç¥¨ï (8) ¢ ç¨áâ® ä §®¢®¥
®£à ¨ç¥¨¥ ¤«ï ¯à¥¤¥«ìëå ¯®¤¯à®æ¥áá®¢ ¯à¨¢®¤¨â ª á®¢¥àè¥® ¤àã£®© § ¤ ç¥ ®¯â¨¬ «ì®£®
¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï.

3. �à¨æ¨¯ ¬ ªá¨¬ã¬ 

�¢¥¤¥¬ ¥®¡å®¤¨¬ë¥ ®¡®§ ç¥¨ï ¨ ¯®ïâ¨ï. �ãáâì

H(t; x; V;  ; u; v) = h ; f(t; x; V; u) +G(t; x; V )vi;
H0(t; x; V;  ; u) = h ; f(t; x; V; u)i; H1(t; x; V;  ; v) = h ;G(t; x; V )vi;

H0(t; s) = sup
u2U(t)

H0(t; x(s); V (s);  (s); u):

�á«¨ '(t; x; V;  ; v) | § ¤  ï äãªæ¨ï, â® ç¥à¥§ 'j�(si)(si; zi; ziV ; pi; !i) ¡ã¤¥â ®¡®§ ç âìáï
§ ¬¥  ¯¥à¥¬¥ëå (t; x; V;  ; v) ! (si; zi; ziV ; p

i; !i) ¢ äãªæ¨¨ '. � ¯¨áì â¨¯  H0(t) ¡ã¤¥â ®§ -
ç âì ¢ëç¨á«¥¨¥ äãªæ¨¨ H0 ¢¤®«ì ¨áá«¥¤ã¥¬®£® ¯à®æ¥áá  e,   § ¯¨áì H0(t; u) | ä¨ªá¨à®¢ ¨¥
¢á¥å ®¯ãé¥ëå  à£ã¬¥â®¢ äãªæ¨¨ H0 ¢¤®«ì ¯à®æ¥áá  e (¢ ¤ ®¬ á«ãç ¥ x = x(t), V = V (t),
 =  (t), £¤¥  (t) | âà ¥ªâ®à¨ï ¤¢®©áâ¢¥ëå ¯¥à¥¬¥ëå). �®ç® â ª ¦¥ á«¥¤ã¥â ¯®¨¬ âì
®¡®§ ç¥¨¥ 'j�(si)(�).

�®áª®«ìªã ¬®¬¥âë ¤¥©áâ¢¨ï ¨¬¯ã«ìá®¢ ¤«ï ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢ ¥ ä¨ªá¨àãîâáï,   § -
¢¨á¨¬®áâì äãªæ¨¨ f ¯® t «¨èì ¨§¬¥à¨¬ ï, â® ¤«ï ª®àà¥ªâ®© § ¯¨á¨ ãá«®¢¨© ®¯â¨¬ «ì®áâ¨
¬®¬¥â®¢ áª çª  âà ¥ªâ®à¨¨ ¨á¯®«ì§ã¥¬ á«¥¤ãîé¥¥ ¯®ïâ¨¥ ¨§ â¥®à¨¨ äãªæ¨© [7].

�ãáâì I | ¨â¥à¢ « ¨§ R, s 2 I | § ¤  ï â®çª  ¨ ' : I ! Rn | ¨§¬¥à¨¬ ï äãªæ¨ï.
�¯à¥¤¥«¨¬ ¬®¦¥áâ¢® ess

t!s
'(t) áãé¥áâ¢¥ëå § ç¥¨© äãªæ¨¨ ' ¢ â®çª¥ s ª ª á®¢®ªã¯®áâì

¢á¥å ¢¥ªâ®à®¢ � 2 Rn, ¤«ï ª®â®àëå ¯à¨ «î¡®¬ " > 0

L-measft j s� " < t < s+ "; j� � '(t)j < "g > 0:

�¥£ª® ¯à®¢¥à¨âì, çâ® ¥á«¨ s | â®çª  ¥¯à¥àë¢®áâ¨ ', â® ess
t!s

'(t) = f'(s)g,   ¥á«¨ s | â®çª 

à §àë¢  1-£® à®¤ , â® ess
t!s

'(t) = f'(s�); '(s+)g.
�á«¨ g(x; y) | «¨¯è¨æ¥¢  äãªæ¨ï, â® á¨¬¢®« @g(x; y) ®¡®§ ç ¥â ®¡®¡é¥ë© £à ¤¨¥â

�« àª  ¯® (x; y), ¢ëç¨á«¥ë© ¢ â®çª¥ (x; y) ([8], á. 17). �¨¬¢®« coC ®§ ç ¥â ¢ë¯ãª«ãî ®¡®-
«®çªã ¬®¦¥áâ¢  C,   NC(b) | ®à¬ «ìë© ª®ãá ª C ¢ â®çª¥ b ([8], c. 54).

�ä®à¬ã«¨àã¥¬ ¯à¨æ¨¯ ¬ ªá¨¬ã¬ .
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�¥®à¥¬  1. �ãáâì e| ®¯â¨¬ «ìë© ¯à®æ¥áá ¢ § ¤ ç¥ P(�). �®£¤  áãé¥áâ¢ãîâ ç¨á«® �0 2
f0; 1g, ç¨á«  h�s , h

+
s , ®¯à¥¤¥«¥ë¥ ¤«ï ª ¦¤®£® ¬®¬¥â  s 2 f�0; : : : ; �ng, äãªæ¨¨ ( ; V ) :

[�0; �n] ! Rd(x) � R ¨ äãªæ¨¨ (pi; piV ) : [0; di] ! Rd(x) � R, ®¯à¥¤¥«¥ë¥ ¤«ï ª ¦¤®£® ¬®¬¥â 

si 2 Sd(V ), £¤¥ di = [V (si)], â ª¨¥, çâ® ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:
1) ãá«®¢¨¥ ¥âà¨¢¨ «ì®áâ¨

�0 + j e (�n+)j+ nX
j=0

j e (�j�)j+ X
si2Sd(V )\f�0;:::;�ng

jepi([V (si)])j > 0;

£¤¥ e = ( ; V ), epi = (pi; piV );
2) äãªæ¨¨  (�),  V (�) ªãá®ç®  ¡á®«îâ® ¥¯à¥àë¢ë,   ¨â¥à¢ « å  ¡á®«îâ®© ¥¯à¥-

àë¢®áâ¨ ã¤®¢«¥â¢®àïîâ á®¯àï¦¥®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ¢ª«îç¥¨î� _ (t) +H1x(t); _ V (t) +H1V (t)
� 2 �@(x;V )H0(t); (9)

äãªæ¨¨ pi(�), piV (�)  ¡á®«îâ® ¥¯à¥àë¢ë, ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬

dpi(�)
d�

= �H1x

��
�(si)

(�);
dpiV (�)
d�

= �H1V

��
�(si)

(�) (10)

¨ á¢ï§ ë á  (�),  V (�) ¢ ¬®¬¥âë si 2 Sd(V ) n f�0; : : : ; �ng ãá«®¢¨ï¬¨ ¤®¯ãáâ¨¬®áâ¨ áª çª 

 (si+) = pi(di);  (si�) = pi(0);

 V (si+) = piV (di);  V (si�) = piV (0);

3) ãá«®¢¨ï ¬ ªá¨¬ã¬ 

H0(t) = max
u2U(t)

H0(t; x(t); V (t);  (t); u); t 2 [�0; �n];

hHv(t); v(t)i+  V (t)kv(t)k = 0 = max
v2K

(hHv(t); vi +  V (t)kvk); t 2 [�0; �n]; (11)

hHv

��
�(si)

(�); !i(�)i + piV (�) = 0 = max
!2K1

hHv

��
�(si)

(�); !i + piV (�); � 2 [0; di]; si 2 Sd(V ); (12)

4) ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ¬®¬¥â®¢ �j ¨ si :

h+s 2 co ess
t!s

H0(t; s+); h�s 2 co ess
t!s

H0(t; s�) 8s 2 f�0; : : : ; �ng;Z [V (s)]

0

H1t

��
�(s)

(�)d� 2 co ess
t!s

H0(t; s+)� co ess
t!s

H0(t; s�) 8s 2 Sd(V ) n f�0; : : : ; �ng;

5) ãá«®¢¨¥ âà á¢¥àá «ì®áâ¨�
��; �x(��); �x(�); �V (��); �V (�)

� 2 �0@l(b) +NC(b);

£¤¥ b = (�; x(��); x(�); V (��); V (�));
�� = ((�h+

�0
+ r(�0)); (h

�

�j
� h+

�j
+ r(�j))j=1;n�1; (h

�

�n
+ r(�n)));

�x(��) = ( (�0�); (� (�j�) + p�j (0))j=1;n);

�x(�) = (( (�j+)� p�j ([V (�j)]))j=0;n�1;� (�n+));
�V (��) = ( V (�0�); (� V (�j�) + pV �j (0))j=1;n);

�V (�) = (( V (�j+)� pV �j ([V (�j)]))j=0;n�1;� V (�n+));
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 (�0�) = p�0(0);  (�n+) = p�n([V (�n)]);

 V (�0�) = pV �0(0);  V (�n+) = pV �n([V (�n)]);

p�j (�) =

(
pi(�); ¥á«¨ �j = si 2 Sd(V );
const; ¥á«¨ �j =2 Sd(V );

pV �j (�) =

(
piV (�); ¥á«¨ �j = si 2 Sd(V );
const; ¥á«¨ �j =2 Sd(V );

r(�j) =

8><>:
Z di

0
H1t

��
�(si)

(�)d�; �j = si 2 Sd(V );
0; �j =2 Sd(V ):

� ¬¥ç ¨ï. 1) �á«¨ ¢ § ¤ ç¥ P(�) äãªæ¨® « l ¨ ¬®¦¥áâ¢® C, § ¤ îé¥¥ ¬®£®â®ç¥çë¥
ä §®®£à ¨ç¥¨ï, ¥ § ¢¨áïâ ®â § ç¥¨© x(�0), V (�0), x(�n�), V (�n�), â® ¤®¯®«¨â¥«ì® ª
ãá«®¢¨ï¬ â¥®à¥¬ë 1 ¢ë¯®«ïîâáï ãá«®¢¨ï

h�
�0
� h+

�0
+ r(�0) = �a0; h�

�n
� h+

�n
+ r(�n) = a1

¯à¨ ¥ª®â®àëå a0, a1 � 0.
2) �á«¨ ¯à®æ¥áá e ¨¬¥¥â á®¢¯ ¤ îé¨¥ ¬®¬¥âë

�j = �j+1 = � � � = �j+k;

â® h+
�i
= h�

�i+1
, i = j; j + k � 1:

4. �¡áã¦¤¥¨¥ ¯à¨æ¨¯  ¬ ªá¨¬ã¬  ¨ ç áâë¥ á«ãç ¨

�á«®¢¨ï âà á¢¥àá «ì®áâ¨ ¨ ®¯â¨¬ «ì®áâ¨ ¯à®¬¥¦ãâ®çëå ¬®¬¥â®¢ â¥®à¥¬ë 1 ¢ë£«ï¤ïâ
£à®¬®§¤ª®, çâ® á¢ï§ ® á  «¨ç¨¥¬ ®¡é¥£® ®£à ¨ç¥¨ï â¨¯  ¢ª«îç¥¨ï   ¯à®¬¥¦ãâ®çë¥ ¬®-
¬¥âë ¢à¥¬¥¨ ¨ § ç¥¨ï âà ¥ªâ®à¨¨. �¨¦¥ ¬ë ¯à¨¢¥¤¥¬ ¡®«¥¥ ª®¬¯ ªâãî ä®à¬ã«¨à®¢ªã
�� ¤«ï § ¤ ç¨, ¢ ª®â®à®© ¯à®¬¥¦ãâ®çë¥ ¨ â¥à¬¨ «ìë¥ ä §®®£à ¨ç¥¨ï § ¤ ë äãªæ¨-
® «ì®.

4.1. �«ãç © äãªæ¨® «ì®£® § ¤ ¨ï ¬®£®â®ç¥çëå ä §®®£à ¨ç¥¨©

� áá¬®âà¨¬ § ¤ çã P1(�), ¢ ª®â®à®© ¬®¦¥áâ¢® C § ¤ ® äãªæ¨® «ì® ¢ ¢¨¤¥

'(b) � 0; k(b) = 0; V (�0�) = 0;

£¤¥ ¢¥ªâ®à-äãªæ¨¨ ', k ¨¬¥îâ à §¬¥à®áâ¨ d('), d(k) á®®â¢¥âáâ¢¥® ¨ ã¤®¢«¥â¢®àïîâ ¯à¥¤-
¯®«®¦¥¨î

(B8) äãªæ¨¨ l, 'j , j = 1; d('), «®ª «ì® «¨¯è¨æ¥¢ë ¨ à¥£ã«ïàë ([8], á. 44); ¢¥ªâ®à-äãªæ¨ï
k ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ .

�ãªæ¨® «ì®¥ § ¤ ¨¥ ¬®¦¥áâ¢  C ¨ «®ª «ì ï «¨¯è¨æ¥¢®áâì äãªæ¨© l, ', k ¯®§¢®«ï¥â
áä®à¬ã«¨à®¢ âì �� ¢ â¥à¬¨ å ¬®¦¨â¥«¥© � £à ¦ . �¢¥¤¥¬ äãªæ¨î � £à ¦ 

L(b) = �0l(b) + h�;'(b)i + h�; k(b)i:
�à¥¤¯®«®¦¥¨¥ (B8) ®¡¥á¯¥ç¨¢ ¥â à¥£ã«ïà®áâì äãªæ¨¨ � £à ¦ , çâ® ¯®§¢®«ï¥â ¯à¥¤áâ -
¢¨âì �� ¢ ¡®«¥¥ ª®¬¯ ªâ®© ä®à¬ã«¨à®¢ª¥, â. ª. ¢ íâ®¬ á«ãç ¥ ®¡®¡é¥ë© £à ¤¨¥â @L(b)
á®¤¥à¦¨âáï ¢ ¯àï¬®¬ ¯à®¨§¢¥¤¥¨¨ ç áâëå ®¡®¡é¥ëå £à ¤¨¥â®¢.

�� ¤«ï § ¤ ç¨ P1(�) ¤ ¥â
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�¥®à¥¬  2. �ãáâì e | ®¯â¨¬ «ìë© ¯à®æ¥áá ¢ § ¤ ç¥ P1(�). �®£¤  áãé¥áâ¢ãîâ ç¨á«® �0,

¢¥ªâ®àë � 2 Rd('), � 2 Rd(k), äãªæ¨¨ ( ; V ) : [�0; �n]! Rd(x) �R ¨ äãªæ¨¨ (pi; piV ) : [0; di]!
Rd(x) � R, di = [V (si)], ®¯à¥¤¥«¥ë¥ ¤«ï ª ¦¤®£® ¬®¬¥â  si 2 Sd(V ), â ª¨¥, çâ® ¢ë¯®«¥ë

á«¥¤ãîé¨¥ ãá«®¢¨ï:
1) ãá«®¢¨¥ ¥âà¨¢¨ «ì®áâ¨ â¥®à¥¬ë 1, �0 � 0, � � 0, h�;'(b)i = 0;
2) äãªæ¨¨  (�),  V (�) ªãá®ç®  ¡á®«îâ® ¥¯à¥àë¢ë,   ¨â¥à¢ « å  ¡á®«îâ®© ¥¯à¥-

àë¢®áâ¨ ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥æ¨ «ì®¬ã ¢ª«îç¥¨î (9), äãªæ¨¨ pi(�), piV (�)  ¡á®«îâ®
¥¯à¥àë¢ë, ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬ (10);

3) ãá«®¢¨ï ¬ ªá¨¬ã¬  â¥®à¥¬ë 1;
4) ãá«®¢¨ï áª çª  ¨ âà á¢¥àá «ì®áâ¨:

 ) ¤«ï ¢á¥å s 2 f�1; : : : ; �n�1g n Sd(V )

 (s+)�  (s�) 2
X
�j=s

(@x(�j�)L(b) + @x(�j)L(b));

 V (s+)�  V (s�) 2
X
�j=s

(@V (�j�)L(b) + @V (�j)L(b));

¡) ¤«ï ¢á¥å si 2 Sd(V ) n f�0; : : : ; �ng

 (si+)� pi(di) = 0; pi(0) �  (si�) = 0;

 V (si+)� piV (di) = 0; piV (0)�  V (si�) = 0;

¢) ¤«ï ¢á¥å si 2 Sd(V ) \ f�1; : : : ; �n�1g

 (si+)� pi(di) 2 @x(si)L(b); pi(0)�  (si�) 2 @x(si�)L(b);
 V (si+)� piV (di) 2 @V (si)L(b); piV (0) �  V (si�) 2 @V (si�)L(b);

£)  (�0+)� p�0([V (�0)]) 2 Lx(�0)(b), � (�n�) + p�n(0) 2 Lx(�n�)(b),

� V (�n�) + pV �n(0) 2 LV (�n�)(b);

( (�0�);� (�n+);� V (�n+)) 2 @(x(�0�);x(�n);V (�n))L(b);

5) ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ¬®¬¥â®¢ 8s 2 f�1; : : : ; �n�1g [ Sd(V ), s 6= �0; �n,Z [V (s)]

0

H1t

��
�(s)

(�)d� 2 co ess
t!s

H0(t; s+)� co ess
t!s

H0(t; s�) +
X
�j=s

@�jL(b);

Z [V (�0)]

0

H1t

��
�(�0)

(�)d� 2 co ess
t!�0

H0(t; �0+) +
X
�j=�0

@�jL(b);

Z [V (�n)]

0

H1t

��
�(�n)

(�)d� 2 � co ess
t!�n

H0(t; �n�) +
X
�j=�n

@�jL(b):

�¥®à¥¬  2 á«¥¤ã¥â ¨§ â¥®à¥¬ë 1 á ãç¥â®¬ á¢®©áâ¢ ®¡®¡é¥ëå £à ¤¨¥â®¢ ¨ ®à¬ «¥©.
�ë¤¥«¨¬ á«ãç © £« ¤ª®© § ¤ ç¨ Ps, ¯à¥¤¯®«®¦¨¢ ¤®¯®«¨â¥«ì®, çâ® äãªæ¨ï f(t; x; V; u)

¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¯® ¯¥à¥¬¥ë¬ t, x, V ¨ ¥¯à¥àë¢  ¯® u, äãªæ¨¨ l, ' ¨ k
¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¥. �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® äãªæ¨¨ l, ' ¨ k ¥ § ¢¨áïâ ®â x(�0),
V (�0), x(�n�), V (�n�).

�� ¤«ï § ¤ ç¨ Ps á®¤¥à¦¨â ãá«®¢¨ï 1){4) â¥®à¥¬ë 2 á § ¬¥®© ¢ª«îç¥¨©   à ¢¥áâ¢  ¨
®¡®¡é¥ëå £à ¤¨¥â®¢   ®¡ëçë¥ ç áâë¥ ¯à®¨§¢®¤ë¥. �®¯®«¨â¥«ì® ¢ ¥¬ ãâ¢¥à¦¤ ¥âáï
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áãé¥áâ¢®¢ ¨¥ äãªæ¨©  t : [�0; �n]! R, pit : [�0; �n]! R, si 2 Sd(V ), £¤¥  t(�) ªãá®ç®  ¡á®«îâ-
® ¥¯à¥àë¢ , ã¤®¢«¥â¢®àï¥â   ¨â¥à¢ « å  ¡á®«îâ®© ¥¯à¥àë¢®áâ¨ ¤¨ää¥à¥æ¨ «ì®¬ã
ãà ¢¥¨î

_ t(t) = �Ht(t);

  äãªæ¨¨ pit(�)  ¡á®«îâ® ¥¯à¥àë¢ë   [0; di] ¨ ã¤®¢«¥â¢®àïîâ á®®â¢¥âáâ¢ãîé¨¬ ¯à¥¤¥«ìë¬
á®¯àï¦¥ë¬ ãà ¢¥¨ï¬

dpit(�)
d�

= �H1t

��
�(si)

(�):

�à¨ íâ®¬ ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï áª çª  ¨ âà á¢¥àá «ì®áâ¨:

 t(s+)�  t(s�) =
X
�j=s

L�j(b) 8s 2 f�1; : : : ; �n�1g n Sd(V );

 t(si+)� pit(di) = 0; pit(0)�  t(si�) = 0 8 si 2 Sd(V ) n f�1; : : : ; �n�1g;
 t(si+)� pit(di) = Lsi(b); pit(0)�  t(si�) = 0 8 si 2 Sd(V ) \ f�1; : : : ; �n�1g;

 t(�0�) = L�0(b);  t(�n+) = �L�n(b):

�á«®¢¨¥ 5) â¥®à¥¬ë 2 á ãç¥â®¬ § ¬¥ç ¨ï 1) ª â¥®à¥¬¥ 1 ¯à¨¬¥â ¢¨¤

H0(t) +  t(t)

8>><>>:
� 0; t = �0;

= 0; t 2 (�0; �n);

� 0; t = �n:

4.2. � áâë¥ á«ãç ¨ ãá«®¢¨© ¬ ªá¨¬ã¬ 

 ) � áá¬®âà¨¬ â¨¯¨çë© ¤«ï ¯à¨«®¦¥¨© á«ãç © K = R
d(v)
+ . �®£¤  Sd(V ) = Sd(w); ãá«®¢¨¥

¬ ªá¨¬ã¬  (11) ¯à¨¬¥â ¢¨¤

Hvj (t) +  V (t)

(
� 0 8 t 2 [�0; �n];

= 0; t 2 Sac(wj);
j = 1; d(v);

£¤¥ Sac(w) | ¬®¦¥áâ¢® ¬®¬¥â®¢ ¢à¥¬¥¨,   ª®â®à®¬ á®áà¥¤®â®ç¥   ¡á®«îâ® ¥¯à¥àë¢ ï
á®áâ ¢«ïîé ï ¬¥àë w; ãá«®¢¨¥ ¬ ªá¨¬ã¬  (12) ¯à¥®¡à §ã¥âáï ª á«¥¤ãîé¥¬ã:

Hvj

��
�(si)

(�) + piV (�)

(
� 0 8 � 2 [0; di];

= 0; !ij(�) > 0;
j = 1; d(v):

�à¨ íâ®¬, ¥á«¨ piV (�) < 0, â® ¤«ï â ª¨å � !i(�) = 1; ¯à¨ áâà®£®¬ ¥à ¢¥áâ¢¥   [0; di] íâ®
à ¢®á¨«ì® à ¢¥áâ¢ã di = jcij.

¡) � á«ãç ¥ K = Rd(v) ãá«®¢¨ï ¬ ªá¨¬ã¬  â ª¦¥ à á¯¨áë¢ îâáï ¯®ª®¬¯®¥â®: ãá«®¢¨¥
(11) ¯à¨¬¥â ¢¨¤ ��Hvj (t)

��+  V (t)

(
� 0 8 t 2 [�0; �n];

= 0; t 2 Sac(wj);
j = 1; d(v);

¢ ¬®¬¥âë t 2 Sac(wj) § ª Hvj (t) á®¢¯ ¤ ¥â á® § ª®¬  ¡á®«îâ® ¥¯à¥àë¢®© á®áâ ¢«ïîé¥©
vj(t); ãá«®¢¨¥ (12) ¯à¥®¡à §ã¥âáï ª á«¥¤ãîé¥¬ã:

��Hvj j�(si)(�)
��+ piV (�)

(
� 0 8 � 2 [0; di];

= 0; !ij(�) 6= 0;
j = 1; d(v);

§ ªHvj

��
�(si)

(�) á®¢¯ ¤ ¥â á® § ª®¬ ¯à¥¤¥«ì®£® ã¯à ¢«¥¨ï !ij(�)   ¬®¦¥áâ¢¥, £¤¥ ¯®á«¥¤¥¥
®â«¨ç® ®â ã«ï.
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5. �««îáâà¨àãîé¨¥ ¯à¨¬¥àë

�«¥¤ãîé¨© ¬®¤¨ä¨æ¨à®¢ ë© ¯à¨¬¥à ¨§ [9] ¥ â®«ìª® ¨««îáâà¨àã¥â ��, ® ¨ ¯®ª §ë-
¢ ¥â, çâ® ¯à¨  ¯¯à®ªá¨¬ æ¨¨ ®¡®¡é¥®© âà ¥ªâ®à¨¨ ®¡ëçë¬¨ âà ¥ªâ®à¨ï¬¨ ¯à®¬¥¦ãâ®çë¥
ä §®®£à ¨ç¥¨ï ¨ ¨å   «®£¨ ¢ ¯à¥¤¥«ìëå ¯®¤á¨áâ¥¬ å ¬®£ãâ ¥ ¢ë¤¥à¦¨¢ âìáï.

�à¨¬¥à 1. �ãáâì ã¯à ¢«ï¥¬ ï á¨áâ¥¬  ®¯¨áë¢ ¥âáï ãà ¢¥¨ï¬¨

_x1(t) = x2(t)v(t); x1(0) = 0;

_x2(t) = �x1(t)v(t); x2(0) = 1:
(13)

�â ¢¨âáï § ¤ ç  ¬¨¨¬¨§ æ¨¨ äãªæ¨® «  J = (x2(�)+1)2   ¬®¦¥áâ¢¥ ®¡. à¥è¥¨© á¨áâ¥¬ë
(13) ¯à¨ ®£à ¨ç¥¨ïå

v(t) � 0;
Z 1

0

v(t)dt � �;

� 2 [0; 1]; x1(��) � 0; x1(�) � 0: (14)

(� [9] à áá¬®âà¥ íâ®â ¯à¨¬¥à á ä §®¢ë¬ ®£à ¨ç¥¨¥¬ x1(t) � 0.) �á«¨ ¥ ãç¨âë¢ âì ®£à ¨-
ç¥¨¥ z1(�) � 0 ¢ ¯à¥¤¥«ì®© á¨áâ¥¬¥ (ª ª ¢ ¯®áâ ®¢ª¥ § ¤ ç¨ P(�)), â® ®¯â¨¬ «ìë¬ ¡ã¤¥â
à¥è¥¨¥

V (t) =

(
0; t < �;

�; t � �;
x1(t) � 0; x2(t) =

(
1; t < �;

�1; t � �;
dw = ��(t � �);

£¤¥ ¬®¬¥â � | «î¡ ï â®çª  ¨§ (0; 1), ¨ minJ = 0.
� áá¬®âà¨¬ ¯à¥¤¥«ìãî á¨áâ¥¬ã, á®®â¢¥âáâ¢ãîéãî ¬®¬¥âã �,

_z1(�) = z2(�)!(�); z1(0) = 0; z1([V (�)]) = 0;

_z2(�) = �z1(�)!(�); z2(0) = 1; z2([V (�)]) = �1:
�®áª®«ìªã !(�) � 1, â® z1(�) = sin � , z2(�) = cos �: �ç¥¢¨¤®, ¯à¨ � 2 (0; �=2) z1(�) > 0.
� ª¨¬ ®¡à §®¬, å®âï ®£à ¨ç¥¨¥ (14) ¢ë¯®«ï¥âáï   ®¯â¨¬ «ì®¬ à¥è¥¨¨, á®®â¢¥âáâ¢ãî-
é¥¥ ¯à¥¤¥«ì®¥ à¥è¥¨¥, ®¯à¥¤¥«ïîé¥¥ áª ç®ª ¨§ x(��) ¢ x(�), ¥ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã
z1(�) � 0. �á«¨ ®¯â¨¬ «ìãî à §àë¢ãî äãªæ¨î V (t) = ��

[�;1]
(t)  ¯¯à®ªá¨¬¨à®¢ âì ¯®á«¥-

¤®¢ â¥«ì®áâìî fVn(t)g â ª®©, çâ® �=2 � Vn(�) � �, â® á®®â¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì®áâì
®¡ëçëå âà ¥ªâ®à¨© fxng ¡ã¤¥â ã¤®¢«¥â¢®àïâì ®£à ¨ç¥¨î (14); ¯à¨ 0 < Vn(�) < �=2 ®£à ¨-
ç¥¨¥ (14) ¡ã¤¥â  àãè âìáï.

�á«¨ ¦¥ ¢¢¥áâ¨ ¢ ¯à¥¤¥«ìãî á¨áâ¥¬ã ä §®¢®¥ ®£à ¨ç¥¨¥ z1(�) � 0 8 � ,  á«¥¤ã¥¬®¥ ®â
(14), â® ¥¤¨áâ¢¥®© ¤®¯ãáâ¨¬®© (¨ ¯®íâ®¬ã ®¯â¨¬ «ì®©) ®ª ¦¥âáï âà ¥ªâ®à¨ï ex1 � 0, ex2 � 1,eV � 0, ¤«ï ª®â®à®© eJ = 4 > minJ .

�à¨¬¥à 2. �à¥¡ã¥âáï ¬¨¨¬¨§¨à®¢ âì äãªæ¨® « J(dw) = x3(20)� �x2(20)   ¬®¦¥áâ¢¥
®¡®¡é¥ëå ¯à®æ¥áá®¢ (x(�); dw) ¥«¨¥©®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë

_x1 = jx2j; _x2 = 1� v; _x3 = x1;

x1(0) = 1; x2(0) = 5; x3(0) = 0;

� = 10; x1(�) � 19; v(t) � 0:

� § ¢¨á¨¬®áâ¨ ®â § ç¥¨ï ¯ à ¬¥âà  � �� ¢ë¤¥«ï¥â á«¥¤ãîé¨¥ íªáâà¥¬ «¨:
1) � � 200) dw � 0;
2) � 2 [128; 200) ) dw(t) = �5�(t) + �

[0;�]
dt; £¤¥ � = 20�p2�;

3) � 2 [50; 128) ) dw(t) = �5�(t) + �
[0;4]
dt;

4) � 2 (0; 50)) dw(t) = �5�(t) � 6�(t� 10) + �
[0;4]
dt+ �

[10;�]
dt; £¤¥ � = 20 �p2�.
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6. �®ª § â¥«ìáâ¢® ¯à¨æ¨¯  ¬ ªá¨¬ã¬ 

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ®â«¨ç ¥âáï ®â ¤®ª § â¥«ìáâ¢  �� à ¡®âë [5] ¢ ¤¥â «ïå à áè¨-
äà®¢ª¨ ãá«®¢¨© âà á¢¥àá «ì®áâ¨ ¨ ®¯â¨¬ «ì®áâ¨ ¬®¬¥â®¢,   â ª¦¥ | ¢ ¯¥à¥å®¤¥ ª á®-
áâ ¢®© § ¤ ç¥. �®á«¥¤¥¥ ®â«¨ç¨¥ á®áâ®¨â ¢ â®¬, çâ®  ç «ì®© ¨ ª®¥ç®© â®çª ¬ �0, �n
á®¯®áâ ¢«ï¥âáï ¨¬¯ã«ìá (¢®§¬®¦®, ä¨ªâ¨¢ë©). �â® á¢ï§ ® á  «¨ç¨¥¬ ®£à ¨ç¥¨©   ®¤-
®áâ®à®¨¥ ¯à¥¤¥«ë x(�0), V (�0), x(�n�), V (�n�).

� ä¨ªá¨àã¥¬ ã¯®àï¤®ç¥®¥ ¬®¦¥áâ¢® ¬®¬¥â®¢ ¢à¥¬¥¨ S, ¢ª«îç¨¢ ¢ ¥£® â®çª¨ à §àë¢ 
äãªæ¨¨ V , ¯à®¬¥¦ãâ®çë¥ ¨ £à ¨çë¥ ¬®¬¥âë, â. ¥.

S = fs0; : : : ; sNg � Sd(V ) [ f�0; : : : ; �ng;
£¤¥ �0 = s0 � s1 � � � � � sN = �n: �à¨ íâ®¬, ¥á«¨ ¢¥ªâ®à � ¨¬¥¥â á®¢¯ ¤ îé¨¥ ª®¬¯®¥âë, â®
¨¬ á®®â¢¥âáâ¢ãîâ áâ®«ìª® ¦¥ á®¢¯ ¤ îé¨å â®ç¥ª ¬®¦¥áâ¢  S, ¨ ¤àã£¨å á®¢¯ ¤ îé¨å â®ç¥ª ¢
S ¥â.

�ãáâì !i 2 L1([0; di];K1) ¯à®¨§¢®«ì®, di = [V (si)] = 0 8 si =2 Sd(V ). � ª¨¬ ®¡à §®¬, ¢á¥
â®çª¨ ¨§ S ¤¥«ïâáï   âà¨ â¨¯ : 1) si 2 Sd(V ), ® si 6= �j 8 j 2 f0; : : : ; ng; 2) si 2 Sd(V ) ¨ si = �j
¯à¨ ¥ª®â®à®¬ j 2 f0; : : : ; ng (á¬. ¯à¥¤¯®«®¦¥¨¥ (B7)); 3) si =2 Sd(V ), ® ¬®¦¥â á®¢¯ ¤ âì á
¥ª®â®àë¬¨ â®çª ¬¨ íâ®£® ¦¥ â¨¯ , ¥á«¨ ¨¬ á®®â¢¥âáâ¢ãîâ á®¢¯ ¤ îé¨¥ â®çª¨ ¨§ f�0; : : : ; �ng.

�¡®§ ç¨¬ ç¥à¥§ xi(�), V i
(�), ui(�), vi(�) áã¦¥¨ï äãªæ¨© x, V , u, v   ®âà¥§ª¨ [si�1; si], i =

1; N (¢ ¯à ¢ëå ª®æ å ®âà¥§ª®¢ âà ¥ªâ®àë¥ ª®¬¯®¥âë ¤®®¯à¥¤¥«ïîâáï ¯® ¥¯à¥àë¢®áâ¨,
â ª çâ® xi, V

i 2 AC).
�¥à¥©¤¥¬ ª ¢á¯®¬®£ â¥«ì®© á®áâ ¢®© § ¤ ç¥ PN(�)   «®£¨ç® ¤®ª § â¥«ìáâ¢ã �� à ¡®âë

[5]. � § ¤ ç¥ PN (�) ¨¬¥îâáï á«¥¤ãîé¨¥ ®£à ¨ç¥¨ï:
ãà ¢¥¨ï ¤¨ ¬¨ª¨ ¯® t

_xi = f(t; xi; V i; ui) +G(t; xi; V i)vi; _V i = kvik;
ui(t) 2 U(t); vi(t) 2 K; t 2 [si�1; si]; i = 1; N ;

ãà ¢¥¨ï ¤¨ ¬¨ª¨ ¯® �

dzi

d�
= G(si; z

i; ziV )!
i;

dziV
d�

= 1;

!i(�) 2 K1; � 2 [0; di]; i = 0; N

(á«¥¤®¢ â¥«ì®, ¢ ª ¦¤ë© ¬®¬¥â si ¨¬¨â¨àã¥âáï ¨¬¯ã«ìá), ¨ ¤®¯®«¨â¥«ìë¥ ãà ¢¥¨ï, ¯®-
§¢®«ïîé¨¥ ¨§¡ ¢¨âìáï ®â ¯ à ¬¥âà®¢ ¢ ¯à¥¤¥«ìëå ¯®¤á¨áâ¥¬ å,

dsi
d�

= 0; i = 0; N ;

ãà ¢¥¨ï, á¢ï§ë¢ îé¨¥ ª®æ¥¢ë¥ § ç¥¨ï ä §®¢ëå âà ¥ªâ®à¨© íâ ¯®¢,

xi+1(si)� zi(di) = 0; V i+1(si)� ziV (di) = 0;

xi+1(si+1)� zi+1(0) = 0; V i+1(si+1)� zi+1V (0) = 0; i = 0; N � 1; (15)

s0 � s1 � � � � � sN ; di � 0; i = 0; N ; (16)

®£à ¨ç¥¨¥, á¢ï§ë¢ îé¥¥ £à ¨çë¥ § ç¥¨ï ¬®¬¥â®¢ ¢à¥¬¥¨ ¨ ª®æë âà ¥ªâ®à¨© íâ -
¯®¢,

� 2 C; (17)

£¤¥ � | ª®æ¥¢®© ¢¥ªâ®à, ª®â®àë© ¡ã¤¥â ®¯à¥¤¥«¥ ¨¦¥.
�à¥¡ã¥âáï ¬¨¨¬¨§¨à®¢ âì äãªæ¨® « l(�).
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�¥à¥å®¤ ª®æ¥¢®£® ¢¥ªâ®à  b ¢ ª®æ¥¢®© ¢¥ªâ®à � ®áãé¥áâ¢«ï¥âáï ¯® á«¥¤ãîé¥© áå¥¬¥ (á
¯¥à¥®¡®§ ç¥¨¥¬ ti0 = si�1, ti1 = si ¤«ï i = 1; N ):

� ! (t10; (t
ik
1 )ik2I ; t

N
1 );

x(��)! (z0(0); (xik (tik1 ))ik2I ; x
N(tN1 )); x(�)! (x1(t10); (x

ik+1(tik+10 ))ik2I ; z
N (dN ));

V (��)! (z0V (0); (V
ik(tik1 ))ik2I ; V

N(tN1 )); V (�)! (V 1(t10); (V
ik+1(tik+10 ))ik2I ; z

N
V (dN));

£¤¥ I | ¬®¦¥áâ¢® ¨¤¥ªá®¢ (á¢®¥ ¤«ï ª ¦¤®£® ¤®¯ãáâ¨¬®£® ¯à®æ¥áá  § ¤ ç¨ PN(�))

I =
�
1 � ik � N � 1; k = 1; n� 1 j ik < ik+1

	
:

�®¦¥áâ¢® I ¢ á®¢®ªã¯®áâ¨ á ®¬¥à ¬¨ i = 0; N ®¯à¥¤¥«ï¥â n+ 1 ®¬¥à®¢ íâ ¯®¢, £à ¨çë¥
¬®¬¥âë ¢à¥¬¥¨ ª®â®àëå ¨ § ç¥¨ï ª®æ®¢ âà ¥ªâ®à¨© ¢å®¤ïâ ¢ äãªæ¨® « ¨ ®£à ¨ç¥¨¥
(17).

�á®, çâ® ¯à®æ¥áá e ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¯®à®¦¤ ¥â ¬ã«ìâ¨¯à®æ¥áá �, ¤®¯ãáâ¨¬ë© ¢ § ¤ ç¥
PN(�) ¨ ï¢«ïîé¨©áï ¢ ¥© ®¯â¨¬ «ìë¬. �à¨ íâ®¬ ¢¥ªâ®à b ¯¥à¥å®¤¨â ¢ ª®æ¥¢®© ¢¥ªâ®à �
(ãá«®¢ ï § ¯¨áì b! �) ¯® á«¥¤ãîé¥© áå¥¬¥:

�! (s0; (si)i2I ; sN);

x(��)! (z0(0); (xi(si))i2I ; x
N(sN)); x(�)! (x1(s0); (xi+1(si))i2I ; z

N(dN));

V (��)! (z0V (0); (V
i
(si))i2I ; V

N
(sN)); V (�)! (V

1
(s0); (V

i+1
(si))i2I ; z

N
V (dN));

£¤¥
I =

�
1 � ik � N � 1; ik < ik+1 j 9 �j = sik

	
:

(�®¦¥áâ¢® I ¢ ®¡ê¥¤¨¥¨¨ á f0; Ng | íâ® ¬®¦¥áâ¢® ®¬¥à®¢ â®ç¥ª ¨§ S, á®®â¢¥âáâ¢ãîé¨å
¬®¬¥â ¬ �j , j = 0; n.)

� ¬¥¨¬ ®£à ¨ç¥¨¥ vi(t) 2 K   vi(t) 2 Kj = K\Bj, £¤¥ j > kv(�)k1. � à¥§ã«ìâ â¥ ¯®«ãç¨¬
á¥¬¥©áâ¢® (¯® j) ¬®£®íâ ¯ëå § ¤ ç PNj(�), ¢ ¤®¯ãáâ¨¬ë¥ ¬®¦¥áâ¢  ª®â®àëå ¨áá«¥¤ã¥¬ë©
¬ã«ìâ¨¯à®æ¥áá � ¢ª« ¤ë¢ ¥âáï ®ç¥¢¨¤ë¬ ®¡à §®¬ ¨ ï¢«ï¥âáï ¢ íâ¨å § ¤ ç å ®¯â¨¬ «ìë¬. �
ª ¦¤®© § ¤ ç¥ PNj(�) ¯à¨¬¥¨¬ �� à ¡®âë [7] ¨ ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ®áâ ¥âáï à á-
è¨äà®¢ âì ¥£® ãá«®¢¨ï. �¯¥æ¨ä¨ç®© ¯® áà ¢¥¨î á ¤®ª § â¥«ìáâ¢®¬ �� ¨§ [5] ¡ã¤¥â â®«ìª®
à áè¨äà®¢ª  ãá«®¢¨ï âà á¢¥àá «ì®áâ¨ �� ¤«ï § ¤ ç¨ PNj(�),   ª®â®à®© ¬ë ¨ ®áâ ®¢¨¬áï
¢ ¤ ®© à ¡®â¥.

� ¨®© ä®à¬¥ ®£à ¨ç¥¨ï (15){(17)   £à ¨çë¥ § ç¥¨ï ¬®¬¥â®¢ ¢à¥¬¥¨ ¨ ª®æë
âà ¥ªâ®à¨© íâ ¯®¢ ¢ § ¤ ç¥ PNj(�) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥�
�;
�
zik(0); zik (dik ); z

ik
V (0); z

ik
V (dik ); sik(0); t

ik+1
0

�
ik2I

; (z0(d0); z
0
V (d0); s0(0)); (z

N (0); zNV (0); sN (0))
�
2 Q;

xi+1(ti+10 )� zi(di) = 0; xi(ti1)� zi(0) = 0;

V i+1(ti+10 )� ziV (di) = 0; V i(ti1)� ziV (0) = 0;

(si(0); t
i+1
0 ; ti1) 2 f(a; a; a) j a 2 Rg; i 2 f1; : : : ; N � 1g n I;

� i0 = 0; di � 0; i = 0; N:

�¤¥áì ¬®¦¥áâ¢® Q ®¯à¥¤¥«ï¥âáï ãá«®¢¨ï¬¨

� 2 C;
xik+1(tik+10 )� zik(dik ) = 0; V ik+1(tik+10 )� zikV (dik ) = 0; ik 2 I [ f0g;

xik(tik1 )� zik(0) = 0; V ik(tik1 )� zikV (0) = 0; ik 2 I [ fNg;
tik1 = tik+10 = sik(0); ik 2 I; t10 = s0(0); sN(0) = tN1 :
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� áè¨äà®¢ª  ãá«®¢¨© âà á¢¥àá «ì®áâ¨ ¤«ï íâ ¯®¢, ®¬¥à  ª®â®àëå ¥ ¢å®¤ïâ ¢ ¬®¦¥-
áâ¢® I [ f0; Ng (¨, á«¥¤®¢ â¥«ì®, £à ¨çë¥ § ç¥¨ï ¬®¬¥â®¢ ¢à¥¬¥¨ ¨ ª®æë âà ¥ªâ®à¨©,
á®®â¢¥âáâ¢ãîé¨¥ íâ¨¬ íâ ¯ ¬, ¥ ¢å®¤ïâ ¢ äãªæ¨® « l ¨ ¥ á¢ï§ ë ¬®¦¥áâ¢®¬ C, § ¤ î-
é¨¬ ¬®£®â®ç¥çë¥ ä §®®£à ¨ç¥¨ï), ¯à®¢®¤¨âáï â ª ¦¥, ª ª ¢ ¤®ª § â¥«ìáâ¢¥ �� ¢ à ¡®â¥
[5]. �á«¨ i =2 I [ f0; Ng, â®

 i+1(si)� pi(di) = 0; � i(si) + pi(0) = 0;

 i+1
V (si)� piV (di) = 0; � i

V (si) + piV (0) = 0;

pis(0) � hi+10 + hi1 = 0;

¯à¨ç¥¬ pis(di) = 0, i = 0; N: �à¨ íâ®¬ 8 i = 1; N ç¨á«  hi0, h
i
1 ã¤®¢«¥â¢®àïîâ ¢ª«îç¥¨ï¬

hi+10 2 co ess
t!si

H0(t; si+); hi1 2 co ess
t!si

H0(t; si�):

�á«®¢¨ï âà á¢¥àá «ì®áâ¨ ®â®á¨â¥«ì® ¢¥ªâ®à  � á ãç¥â®¬ áâàãªâãàë ¬®¦¥áâ¢  Q ¨¬¥îâ
¢¨¤��

(�h10 + p0s(0)); (p
i
s(0) + hi1 � hi+10 )i2I ; (h

N
1 + pNs (0))

�
;�

p0(0); (� i(si) + pi(0))i2I ; (� N (sN) + pN(0))
�
;�

( 1(s0)� p0(d0)); ( i+1(si)� pi(di))i2I ; �pN(dN)
�
;�

p0V (0); (� i
V (si) + piV (0))i2I ; (� N

V (sN) + pNV (0))
�
;�

( 1
V (s0)� p0V (d0)); ( 

i+1
V (si)� piV (di))i2I ; �pNV (dN)

��
2 �0@l(�) +NC(�): (18)

�¢¥¤¥¬ ®¡®§ ç¥¨ï

h+s0 = h10; h�sN = hN1 ; h+si = hi+10 ; h�si = hi1; i = 1; N � 1;

¨ ¯®«®¦¨¬  (si�1+) =  i(ti0),  (si�) =  i(ti1),  V (si�1+) =  i
V (t

i
0),  V (si�) =  i

V (t
i
1), i = 1; N .

�®£¤  ¨§ (18) á ãç¥â®¬ ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï pis(0) =
diR
0

H1t

��
�(si)

(�)d� ¨ ¯¥à¥®¡®§ ç¥¨ï

b! � ¯®«ãç ¥¬ ãá«®¢¨ï âà á¢¥àá «ì®áâ¨ ¨ ®¯â¨¬ «ì®áâ¨ ¬®¬¥â®¢ â¥®à¥¬ë 1. �

�®ª ¦¥¬ § ¬¥ç ¨ï, á«¥¤ãîé¨¥ §  â¥®à¥¬®© 1.
1) �à¨¢¥¤¥¬ áå¥¬ã ¯¥à¥å®¤  ª ¢á¯®¬®£ â¥«ì®© ¬®£®íâ ¯®© § ¤ ç¥ ¨ à áè¨äà®¢ªã ãá«®-

¢¨© âà á¢¥àá «ì®áâ¨, ¥á«¨ ¢ § ¤ ç¥ P(�) ®âáãâáâ¢ãîâ ®£à ¨ç¥¨ï   § ç¥¨ï x(�0), V (�0),
x(�n�), V (�n�) ¨ íâ¨ § ç¥¨ï ¥ ¢å®¤ïâ ¢ äãªæ¨® « l. �¥¯¥àì  ç «ì®¬ã ¨ ª®¥ç®¬ã ¬®-
¬¥â ¬ ¢à¥¬¥¨ ¥ á®¯®áâ ¢«ï¥âáï ®¡ï§ â¥«ì® ¨¬¯ã«ìá, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ �� ¢ [5]
(�0 � s0, sN � �n), ¨ ¢¥ªâ®à b ¯¥à¥å®¤¨â ¢ ª®æ¥¢®© ¢¥ªâ®à � á«¥¤ãîé¨¬ ®¡à §®¬:

� ! (�0; (si)i2I ; �n);

x(��)! (x0(�0); (xi(si))i2I); x(�)! ((xi+1(si))i2I ; x
N+1(�n));

V (��)! (V
0
(�0); (V

i
(si))i2I); V (�)! ((V

i+1
(si))i2I ; V

N+1
(�n)):

�«ï ¤®¯ãáâ¨¬®£® ¯à®æ¥áá  § ¤ ç¨ PN (�) ¯¥à¥å®¤ ¢¥ªâ®à  b ¢ ª®æ¥¢®© ¢¥ªâ®à � ¯à®¨áå®¤¨â ¯®
á«¥¤ãîé¥© áå¥¬¥ (á ¯¥à¥®¡®§ ç¥¨¥¬ ti0 = si�1, ti1 = si ¤«ï i = 0; N + 1):

� ! (t00; (t
ik
1 )ik2I ; t

N+1
1 );
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x(��)! (x0(t00); (x
ik (tik1 ))ik2I); x(�)! ((xik+1(tik+10 ))ik2I ; x

N+1(tN+1
1 ));

V (��)! (V 0(t00); (V
ik(tik1 ))ik2I); V (�)! ((V ik+1(tik+10 ))ik2I ; V

N+1(tN+1
1 )):

�£à ¨ç¥¨ï   £à ¨çë¥ § ç¥¨ï ¬®¬¥â®¢ ¢à¥¬¥¨ ¨ ª®æë âà ¥ªâ®à¨© íâ ¯®¢ ¢ § ¤ ç¥
PN(�) § ¤ îâáï ãá«®¢¨ï¬¨�

�;
�
zik(0); zik (dik); z

ik
V (0); z

ik
V (dik); sik (0); t

ik+1
0

�
ik2I

; s0(0); sN (dN )
�
2 Q;

xi+1(ti+10 )� zi(di) = 0; xi(ti1)� zi(0) = 0;

V i+1(ti+10 )� ziV (di) = 0; V i(ti1)� ziV (0) = 0; i 2 f0; : : : ; Ng n I;
(si(0); ti+10 ; ti1) 2 f(a; a; a) j a 2 Rg; i 2 f1; : : : ; N � 1g n I;

� i0 = 0; di � 0; i = 0; N:

�¤¥áì ¬®¦¥áâ¢® Q ®¯à¥¤¥«ï¥âáï ãá«®¢¨ï¬¨

� 2 C; xik+1(tik+10 ) = zik(dik); V ik+1(tik+10 ) = zikV (dik );

xik(tik1 ) = zik(0); V ik(tik1 ) = zikV (0); ik 2 I;
tik1 = tik+10 = sik(0); ik 2 I [ f0; Ng;

t00 � s0(0); sN(0) � tN+1
1 :

�á«®¢¨ï âà á¢¥àá «ì®áâ¨ ®â®á¨â¥«ì® ¢¥ªâ®à  � á ãç¥â®¬ áâàãªâãàë ¬®¦¥áâ¢  Q ¯à¨-
¨¬ îâ ¢¨¤��

(�h00 � a0); (p
i
s(0) + hi1 � hi+10 )i2I ; (h

N+1
1 + a1)

�
;
�
 0(�0); (� i(si) + pi(0))i2I

�
;�

( i+1(si)� pi(di))i2I ; � N+1(�n)
�
;
�
 0
V (�0); (� i

V (si) + piV (0))i2I
�
;�

( i+1
V (si)� piV (di))i2I ;� N+1

V (�n)
��

2 �0@l(�) +NC(�);

£¤¥ a0, a1 � 0. �à¨ íâ®¬

p0s(0) + h01 � h10 = �a0; pNs (0) + hN1 � hN+1
0 = a1:

� ª ª ª �0 = s0, �n = sN , â® á®£« á® § ¬¥ç ¨î 2) ª â¥®à¥¬¥ 2 ¨§ [5] h00 = h01, h
N+1
0 = hN+1

1 :
�«¥¤®¢ â¥«ì®,

�h00 � a0 = p0s(0) � h10; hN+1
1 + a1 = pNs (0) + hN1 :

�¥¬ á ¬ë¬ ¤®ª § ® § ¬¥ç ¨¥ 1), á«¥¤ãîé¥¥ ¯®á«¥ â¥®à¥¬ë 1.
2) � áá¬®âà¨¬ á«ãç © á®¢¯ ¤¥¨ï ¯à®¬¥¦ãâ®çëå ¬®¬¥â®¢. �® ¯à¥¤¯®«®¦¥¨î (B7), ¥á«¨

¯à®¬¥¦ãâ®çë¥ ¬®¬¥âë á®¢¯ ¤ îâ, â® íâ  â®çª  ¥ ï¢«ï¥âáï â®çª®© ¨¬¯ã«ìá . �ãáâì

�j = �j+1 = � � � = �j+k;

¨ íâ¨¬ â®çª ¬ á®®â¢¥âáâ¢ãîâ á®¢¯ ¤ îé¨¥ ¬®¬¥âë sm; sm+1; : : : ; sm+k. �®£¤ 

hi0 = hi1; i = m+ 1;m+ k; di = 0; pis(0) = 0; pi(0) = pi(di); i = m;m+ k:
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