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1. �¢¥¤¥­¨¥

� à ªâ¥à­ ï ®á®¡¥­­®áâì ¦¥áâª¨å á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (���) á®áâ®¨â ¢
â®¬ [1]{[9], çâ® ¤ ¦¥ ­¥§­ ç¨â¥«ì­®¥ ã¢¥«¨ç¥­¨¥ è £  ¨­â¥£à¨à®¢ ­¨ï ¢ ¨á¯®«ì§ã¥¬ëå ª« áá¨-
ç¥áª¨å ç¨á«¥­­ëå ¬¥â®¤ å (â¨¯  �¤ ¬á , �ã­£¥{�ãââ  ¨ ¤à.) ¬®¦¥â ¯à¨¢¥áâ¨ ª à¥§ª®¬ã ¢®§à -
áâ ­¨î (\¢§àë¢ã") ¯®£à¥è­®áâ¨. � íâ®¬ ¯à®ï¢«ï¥âáï ¨§¢¥áâ­®¥ ¤«ï â ª¨å ��� ¯à®â¨¢®à¥ç¨¥
¬¥¦¤ã ¤®áâ â®ç­® ¡®«ìè¨¬ è £®¬ ¨­â¥à¯®«ïæ¨¨ ¯®«ãç¥­­®£® à¥è¥­¨ï ¨ ¤®¯ãáâ¨¬ë¬ è £®¬ ¨­-
â¥£à¨à®¢ ­¨ï. � à ¡®â å [3]{[8] ¯à¥¤«®¦¥­ë ç¨á«¥­­ë¥ ¬¥â®¤ë, ¤®¯ãáª îé¨¥ ã¢¥«¨ç¥­¨¥ è £ 
¨­â¥£à¨à®¢ ­¨ï ¢­¥ ¯®£à ­¨ç­®£® á«®ï. �¤­ ª® ¢ ®á­®¢­®¬ à áá¬ âà¨¢ îâáï ­¥ï¢­ë¥ ¬¥â®¤ë,
ª®â®àë¥ ­¥ ­ å®¤ïâ è¨à®ª®£® ¯à¨¬¥­¥­¨ï ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¦¥áâª¨å ���. �®«¥¥ ¯à¥¤¯®çâ¨-
â¥«ì­ë¬ ï¢«ï¥âáï ¬¥â®¤ [9], ¯®§¢®«ïîé¨© ­  ®á­®¢¥ § à ­¥¥ ­ ©¤¥­­ëå ¯¥à¢ëå ¨­â¥£à «®¢ (â ª
­ §ë¢ ¥¬®© ãá¥ç¥­­®© ���) ãáâà ­¨âì ï¢«¥­¨¥ ¦¥áâª®áâ¨ ¨, ª ª á«¥¤áâ¢¨¥, ®¡¥á¯¥ç¨âì âà¥¡ã-
¥¬ãî ãáâ®©ç¨¢®áâì ¨á¯®«ì§ã¥¬ëå ç¨á«¥­­ëå ¬¥â®¤®¢. �á­®¢­®© ­¥¤®áâ â®ª ãª § ­­®£® ¬¥â®¤ 
á®áâ®¨â ¢ â®¬, çâ®  ¯à¨®à­® áç¨â ¥âáï ¨§¢¥áâ­ë¬  ­ «¨â¨ç¥áª®¥ ¢ëà ¦¥­¨¥ ¤«ï ¯¥à¢ëå ¨­â¥-
£à «®¢ ãá¥ç¥­­®© ���. �ç¥¢¨¤­®, ­  ¯à ªâ¨ª¥ â ª®¥ ¢ëà ¦¥­¨¥ ¬®¦¥â ¡ëâì ¯®áâà®¥­® «¨èì
¯à¨¡«¨¦¥­­® ¨ ¢®§­¨ª îé ï ¯à¨ íâ®¬ ¯®£à¥è­®áâì § ç áâãî ¢­®á¨â áãé¥áâ¢¥­­ë¥ ¨áª ¦¥­¨ï
¢ ª®­¥ç­ë¥ à¥§ã«ìâ âë ç¨á«¥­­®£® ¨­â¥£à¨à®¢ ­¨ï ¦¥áâª¨å ���. � [4], [5] à §¢¨â ¯ à ¬¥âà¨-
ç¥áª¨© ¯®¤å®¤ ª ãáâà ­¥­¨î ¦¥áâª®áâ¨, ®á­®¢ ­­ë© ­  ¨¤¥¥ ¯à®¤®«¦¥­¨ï à¥è¥­¨ï ��� ¯®
¤®¯®«­¨â¥«ì­®¬ã ¯ à ¬¥âàã | ¤«¨­¥ ¤ã£¨ ¨­â¥£à «ì­®© ªà¨¢®©. �á­®¢­®© ­¥¤®áâ â®ª ¤ ­­®£®
¯®¤å®¤  á®áâ®¨â ¢ â®¬, çâ® à¥§ã«ìâ¨àãîé¨¥ ¢ëç¨á«¨â¥«ì­ë¥ § âà âë à¥§ª® ¢®§à áâ îâ, ¥á«¨
ãª § ­­ ï ¤«¨­  ¯à¨­¨¬ ¥â ¤®áâ â®ç­® ¡®«ìè¨¥ §­ ç¥­¨ï.

� ¤ ­­®© áâ âì¥ ­  ®á­®¢¥ ãª § ­­®© ¢ëè¥ ¨¤¥¨ ¯à®¤®«¦¥­¨ï à¥è¥­¨ï ¯® ¯ à ¬¥âàã (­¥
®¡ï§ â¥«ì­® ¯® ¤«¨­¥ ¤ã£¨ ¨­â¥£à «ì­®© ªà¨¢®©) à §¢¨¢ ¥âáï ®¡é¨© ¯®¤å®¤ ª ¨­â¥£à¨à®¢ ­¨î
¦¥áâª¨å ���, á­¨¬ îé¨© àï¤ ®£à ­¨ç¥­¨©, ¯à¨­ïâëå ¢ à ¡®â å [1]{[9] ¨ ¯®§¢®«ïîé¨© ¯®¢ëá¨âì
ãáâ®©ç¨¢®áâì ¨á¯®«ì§ã¥¬ëå ç¨á«¥­­ëå ¬¥â®¤®¢ ¨­â¥£à¨à®¢ ­¨ï.

2. �¢«¥­¨¥ ¦¥áâª®áâ¨. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ § ¤ çã �®è¨

dx

dt
= f(t; x); x(t0) = x0; x 2 X = X1 � � � � �Xn 2 R

n; t 2 [t0; T ] � R1; (2.1)

£¤¥ f(t; x) | n-¬¥à­ ï ¢¥ªâ®à-äã­ªæ¨ï á ª®¬¯®­¥­â ¬¨ f1(t; x); : : : ; fn(t; x), ­¥¯à¥àë¢­ ï ¯® ¢à¥-
¬¥­­®© ª®®à¤¨­ â¥ t ¨ ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î �¨¯è¨æ  ¢ ®£à ­¨ç¥­­®© ®âªàëâ®© ®¡« áâ¨
G = (t0; T )�X:

jfi(t; x
0

1; x
0

2; : : : ; x
0

n)� fi(t; x
00

1 ; x
00

2 ; : : : ; x
00

n)j � Lfjx01 � x
00

1 j+ jx
0

2 � x
00

2 j+ � � �+ jx
0

n� x
00

njg; i = 1; 2; : : : ; n;

x0i; x
00

i 2 Xi � R1, X1 �X2 � � � � �Xn = X, L | ª®­áâ ­â  �¨¯è¨æ .
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�¢¥¤¥¬ ¯® ¯¥à¥¬¥­­®© t à ¢­®¬¥à­ãî á¥âªã á è £®¬ � > 0

!� = ftj = t0 + j � �; j = 0; 1; : : : ; J� ; tJ� � Tg: (2.2)

�«ï à¥è¥­¨ï § ¤ ç¨ �®è¨ (2.1) ­  á¥âª¥ (2.2) ¢ à¥ «ì­®¬ ¢à¥¬¥­¨ ­ ¨¡®«¥¥ ¯®¤å®¤ïâ ï¢­ë¥
¬¥â®¤ë �¤ ¬á  áâ¥¯¥­¨ p [1], [2]

zj = zj�1 + �
mX
k=1

bkfj�k; j = m;m+ 1; : : : ; J� ; zj 2 R
n; (2.3)

£¤¥ zj = z(tj), fj�k = f(tj�k; zj�k), tj�k = t0 + �(j � k), fbkgmk=1 | ç¨á«®¢ë¥ ª®íää¨æ¨¥­âë, ­¥
§ ¢¨áïé¨¥ ®â j.

�§ (2.3) ¢¨¤­®, çâ® ¤«ï ­ ç «  à áç¥â  ­¥®¡å®¤¨¬® §­ âìm ­ ç «ì­ëå §­ ç¥­¨© z0; z1; :::; zm�1,
¯à¨ íâ®¬ z0 ®¯à¥¤¥«ï¥âáï ¨áå®¤­®© § ¤ ç¥© (2.1),   ¨¬¥­­®, ¯®« £ îâ z0 = x0. �¥«¨ç¨­ë
z1; z2; : : : ; zm�1 ¬®¦­® ¢ëç¨á«¨âì, ­ ¯à¨¬¥à, á ¯®¬®éìî ¬¥â®¤  �ã­£¥{�ãââ . � ¤ «ì­¥©è¥¬
¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ­ ç «ì­ë¥ §­ ç¥­¨ï z0; z1; : : : ; zm�1 § ¤ ­ë.

� [3] ¦¥áâª®áâì ��� (2.1) ¯®­¨¬ ¥âáï ¢ è¨à®ª®¬ á¬ëá«¥ ¨ á¢ï§ë¢ ¥âáï á ­ «¨ç¨¥¬ ¯®-
£à ­¨ç­®£® á«®ï �ps, å à ªâ¥à¨§ãîé¥£®áï â¥¬, çâ® §­ ç¥­¨ï ¯à®¨§¢®¤­ëå ¢­¥ ¥£® ¯®« £ îâáï
¬¥­ìè¨¬¨, ç¥¬ §­ ç¥­¨ï ¯à®¨§¢®¤­ëå ¢­ãâà¨ ­¥£®, ¢ Nps à §, £¤¥ Nps � 1. �à¨ íâ®¬  ­ «¨§
¬ âà¨æë �ª®¡¨ @f

@x

�� t=t0
x=x0

¢ § ¤ ç¥ (2.1) ¯®§¢®«ï¥â ã¡¥¤¨âìáï ¢ â®¬, çâ® ¤«ï ¢®§­¨ª­®¢¥­¨ï ¡®«ì-

è¨å ¯à®¨§¢®¤­ëå ¢­ãâà¨ ¯®£à ­¨ç­®£® á«®ï ®­  ¤®«¦­  ¨¬¥âì ¡®«ìè¨¥ ¯® ¬®¤ã«î á®¡áâ¢¥­­ë¥
ç¨á« .

�®  ­ «®£¨¨ á [3] ��� (2.1) ¡ã¤¥¬ ­ §ë¢ âì ¦¥áâª®© ­  ®âà¥§ª¥ [t00; T
0], ¥á«¨ ¯à¨ «î¡®¬

­ ç «ì­®¬ ãá«®¢¨¨ (t0; x0) ¨§ ®£à ­¨ç¥­­®© ®¡« áâ¨ G0 = [t00; T
0]�X ¨ ­  «î¡®¬ ®âà¥§ª¥ [t0; T ] �

[t00; T
0] ­ ©¤ãâáï ç¨á«  �ps, Lps ¨ Nps, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

�ps � T � t0;

0 < Lps � �f@f=@xg
�� t=t0
x=x0

� k@f=@xk
�� t=t0
x=x0

;

jdxi=dtjt>t0+�ps �
Lps

Nps

max
t2[t0;T ]

jxij; i = 1; 2; : : : ; n; Nps � 1;

£¤¥ �f@f=@xg | á¯¥ªâà «ì­ë© à ¤¨ãá ¬ âà¨æë �ª®¡¨ @f=@x = [@fi=@xj ; i; j = 1; n], k@f=@xk =

max
i

nP
k=1

j@fi=@xkj, i = 1; 2; : : : ; n.

�«ï ¯à ªâ¨ç¥áª¨å à áç¥â®¢ ­ ¨¡®«¥¥ ã¤®¡¥­ á«¥¤ãîé¨© ªà¨â¥à¨© ¯à®¢¥àª¨ ¦¥áâª®áâ¨:

j�ij exp[(Re �i)�ps] � LpsN
�1
ps ; Re�i < 0; i = 1; 2; : : : ; n;

j�ij � Lps=Nps; Re �i � 0; i = 1; 2; : : : ; n;
(2.4)

£¤¥ f�igni=1 | á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë @f=@x
�� t=t0
x=x0

, Lps = max
i
j�ij, i = 1; 2; : : : ; n, Nps � 1,

�ps � T � t0.
�¥¯®áà¥¤áâ¢¥­­® ¨§ (2.4) á«¥¤ã¥â, çâ® ¢ ¦¥áâª®© ��� ­¥ ¬®¦¥â ¡ëâì ¡®«ìè¨å ¯® ¬®¤ã«î

á®¡áâ¢¥­­ëå ç¨á¥« (¯®àï¤ª  Lps) á ¯®«®¦¨â¥«ì­®© ¤¥©áâ¢¨â¥«ì­®© ç áâìî. �«ï á®¡áâ¢¥­­ëå
ç¨á¥«, ¨¬¥îé¨å ¢¥«¨ç¨­ã ¬®¤ã«ï ¯®àï¤ª  Lps, ¤®«¦­® ¨¬¥âì ¬¥áâ® ­¥à ¢¥­áâ¢®

exp[(Re �i)�ps] � N�1
ps ; Nps � 1;

â. ¥. ®­¨ ¤®«¦­ë ®¡« ¤ âì ¡®«ìè¨¬¨ ¯® ¬®¤ã«î ®âà¨æ â¥«ì­ë¬¨ ¤¥©áâ¢¨â¥«ì­ë¬¨ ç áâï¬¨.
�ëï¢¨âì ¦¥áâª®áâì ��� (2.1) ¬®¦­® ¯ãâ¥¬ ¥¥ ¨­â¥£à¨à®¢ ­¨ï ­  ­ ç «ì­®¬ ãç áâª¥, ­ -

¯à¨¬¥à, ¬¥â®¤®¬ �©«¥à . �à¨ íâ®¬ à¥è¥­¨¥ á ¬ «ë¬ è £®¬ ¤¨áªà¥â­®áâ¨ (� � k@f=@xk�1
�� t=t0
x=x0

)
¯à¨¢®¤¨â ª â®¬ã, çâ® ¯à¨ ¯®¯ëâª¥ ã¢¥«¨ç¥­¨ï è £  íªá¯®­¥­æ¨ «ì­® ¢®§à áâ ¥â ¯®£à¥è­®áâì
(\¢§àë¢" ¯®£à¥è­®áâ¨).
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� áá¬®âà¥­­®¥ ¢ëè¥ ï¢«¥­¨¥ ¦¥áâª®áâ¨, ª ª ¯à ¢¨«®, ï¢«ï¥âáï ¯à¨ç¨­®© ­ àãè¥­¨ï ãáâ®©-
ç¨¢®áâ¨ ç¨á«¥­­ëå ¬¥â®¤®¢, ¯à¨¢«¥ª ¥¬ëå ¤«ï ¨­â¥£à¨à®¢ ­¨ï ��� (2.1). �ç¥¢¨¤­®, ¤«ï ®¡¥á-
¯¥ç¥­¨ï ãáâ®©ç¨¢®áâ¨ ­¥®¡å®¤¨¬® ¢ë¡¨à âì ¤®áâ â®ç­® ¬¥«ª¨© è £ ¨­â¥£à¨à®¢ ­¨ï. �â® ¢ á¢®î
®ç¥à¥¤ì ¯à¨¢®¤¨â ª ­¥à æ¨®­ «ì­®¬ã ¨á¯®«ì§®¢ ­¨î ¢ëç¨á«¨â¥«ì­ëå áà¥¤áâ¢ ¯à¨ ¨­â¥£à¨à®-
¢ ­¨¨ ¦¥áâª¨å ���.

� ¤ ­­®© áâ âì¥ à §¢¨¢ ¥âáï ®¡é¨© ¯®¤å®¤ ª ¨­â¥£à¨à®¢ ­¨î ¦¥áâª¨å ���, ¯®§¢®«ïîé¨©
áãé¥áâ¢¥­­® à áè¨à¨âì £à ­¨æã ®¡« áâ¨  ¡á®«îâ­®© ãáâ®©ç¨¢®áâ¨ ¬¥â®¤®¢ �¤ ¬á  (2.3), a á«¥-
¤®¢ â¥«ì­®, §­ ç¨â¥«ì­® ã¢¥«¨ç¨âì è £ ç¨á«¥­­®£® ¨­â¥£à¨à®¢ ­¨ï.

3. � à ¬¥âà¨ç¥áª¨© ¯®¤å®¤ ª ç¨á«¥­­®¬ã ¨­â¥£à¨à®¢ ­¨î
á ¨á¯®«ì§®¢ ­¨¥¬ à¥£ã«ïà¨§¨àãîé¥£® ¯ à ¬¥âà 

�ãâì à §¢¨¢ ¥¬®£® ¯®¤å®¤  á®áâ®¨â ¢ â®¬, çâ® ¤«ï ��� (2.1) ¢á¥£¤  ¬®¦­® ãª § âì â ª®©
áª «ïà­ë© ¯ à ¬¥âà y = y(t; x), ª®â®àë© ®¤­®§­ ç­® á¢ï§ ­ á â®çª®© (t; x(t)) ¤®áâ â®ç­® £« ¤-
ª¨¬ ®¯¥à â®à®¬, áâà®£® ¬®­®â®­­® ¢®§à áâ ¥â á ã¢¥«¨ç¥­¨¥¬ ¢à¥¬¥­­�®© ª®®à¤¨­ âë t 2 [t0; T ]
¨ ¨¬¥¥â ïá­ë© ä¨§¨ç¥áª¨© ¨«¨ £¥®¬¥âà¨ç¥áª¨© á¬ëá«. � ¯à¨¬¥à, ¢ ª ç¥áâ¢¥ â ª®£® ¯ à ¬¥âà 
¬®¦­® à áá¬ âà¨¢ âì ¢ëá®âã ¯®«¥â  «¥â â¥«ì­®£®  ¯¯ à â  ¯à¨ ¥£® ¯®¤ê¥¬¥, ¤«¨­ã ¯à®©¤¥­-
­®£® ¨¬ ¯ãâ¨ ¨ ¤à. � ¤ «ì­¥©è¥¬ ¯ à ¬¥âà y = y(t; x) ¡ã¤¥¬ ­ §ë¢ âì à¥£ã«ïà¨§¨àãîé¨¬
¯ à ¬¥âà®¬ (��), ¯®áª®«ìªã ¨¬¥­­® á ­¨¬ á¢ï§ ­ à §¢¨¢ ¥¬ë© ­¨¦¥ ¯®¤å®¤ ª ¯à¥®¤®«¥­¨î
¦¥áâª®áâ¨ ��� (2.1).

� ¤ ¤¨¬ �� á®®â­®è¥­¨¥¬

dy = ��1(t; F;	)dt; y(t0; x0) = y0; y0 2 R
1; F 2 Rn�r; 	 2 Rl; (3.1)

£¤¥ � : [t0; T ]�Rn�r�Rl ! R1 | ¨§¢¥áâ­ ï ¨ ¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï ®â á¢®¨å  à£ã¬¥­â®¢,
­¥ ®¡à é îé ïáï ¢ ­ã«ì ­¨ ¯à¨ ª ª¨å §­ ç¥­¨ïå  à£ã¬¥­â®¢ t, F ¨ 	 ¨§ ®¡« áâ¨ ¨å ®¯à¥¤¥«¥­¨ï,

F = F (t; x) = [f (k)i (t; x); i = 1; 2; : : : ; n; k = 0; 1; : : : ; r � 1];

f
(k)
i = @kfi=@t

k, f (0)i = fi, 	 | ­ ¡®à ­¥ª®â®àëå ç¨á«®¢ëå ¯ à ¬¥âà®¢.
� ¤ çã �®è¨ (2.1) á ãç¥â®¬ (3.1) ¬®¦­® á¢¥áâ¨ ª ­®¢®© § ¤ ç¥ �®è¨

dx

dy
= f [t(y); x(y)]�ft(y); F [t(y); x(y)];	g; x(y0) = x0; (3.2)

dt

dy
= �ft(y); F [t(y); x(y)];	g; t(y0) = t0: (3.3)

�®  ­ «®£¨¨ á (2.3) ¤«ï ç¨á«¥­­®£® ¨­â¥£à¨à®¢ ­¨ï ��� (3.2), (3.3) ¨á¯®«ì§ã¥¬ m-è £®¢ë¥
¬¥â®¤ë �¤ ¬á  áâ¥¯¥­¨ p á ¯®áâ®ï­­ë¬ è £®¬ h ¨ ­®¢ãî á¥âªã

!h = fyj = y0 + j � h; j = 0; 1; : : : ; Jh; t(yJh) � Tg:

� íâ®¬ á«ãç ¥ ¨¬¥¥¬

ezj = ezj�1 + h
mX
k=1

bk efj�ke�j�k; j = m;m+ 1; : : : ; Jh; ezj 2 Rn; (3.4)

etj = etj�1 + h
mX
k=1

bke�j�k; j = m;m+ 1; : : : ; Jh; (3.5)

£¤¥ ezj = z(yj), etj = t(yj), efj�k = f(etj�k; ezj�k), e�j�k = �(etj�k; eFj�k;	), eFj�k = F (etj�k; ezj�k).
�§ (3.4) ¨ (3.5) ¢¨¤­®, çâ® ¤«ï ­ ç «  à áç¥â  ­¥®¡å®¤¨¬® §­ âì 2m ­ ç «ì­ëå §­ ç¥­¨©ez0; ez1; : : : ; ezm�1 ¨ et0; et1; : : : ; etm�1, ¯à¨ íâ®¬ ez0 = x0 ¨ et0 = t0.
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�¢¥¤¥¬ K(t; u) | ¬ âà¨æã �®è¨ (¬ âà¨æ ­â) ¬ âà¨æë �ª®¡¨ @f=@x
�� t=t0
x=x0

. �à¥¤¯®« £ ï ¨§-

¢¥áâ­®© ¬ âà¨æã K(t; u) á ãç¥â®¬ [2] ¯®«ãç ¥¬  á¨¬¯â®â¨ç¥áª®¥ à §«®¦¥­¨¥ ­ ª®¯«¥­­®© ¯®-
£à¥è­®áâ¨ áå¥¬ë (3.4), (3.5)

exj � ezj = 1X
i=p

hi
Z ~tj

t0

K(etj ; t)��1(t; F;	)fci[f (i)(t; x)�(t; F;	) �
� f(t; x)�(i)(t; F;	)] + ci+1h[f (i+1)(t; x)�(t; F;	) �

� f(t; x)�(i+1)(t; F;	)]gdt; j = m;m+ 1; : : : ; Jh; (3.6)

£¤¥ exj = x(etj), fcig1i=p | ª®íää¨æ¨¥­âë, ª®â®àë¥ ­¥ § ¢¨áïâ ®â h ¤«ï «î¡ëå ¤®áâ â®ç­® ¬ «ëå
h.

�§ ä®à¬ã«ë (3.6) ¢¨¤­®, çâ® ¢ë¡®à®¬ äã­ªæ¨¨ �(t; F;	) ¨ ­ ¡®à  ç¨á«®¢ëå ¯ à ¬¥âà®¢ 	
¬®¦­® ¢«¨ïâì ­  ¯®£à¥è­®áâì ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (3.4), (3.5) á �� y = y(t; x).

4. �¥ª®¬¥­¤ æ¨¨ ¯® ¢ë¡®àã à¥£ã«ïà¨§¨àãîé¥£® ¯ à ¬¥âà 

�®®â­®è¥­¨¥ (3.1) ¤®¯ãáª ¥â á«¥¤ãîéãî ª®­ªà¥â¨§ æ¨î:

dy =
� nX

i=1

DiX
k=0

QX
j=0

LX
l=0

PX
p=0

 ikjlpt
lx2j [f (k)i (t; x)]2p

�q

dt; (4.1)

£¤¥ q > 0.
�á«¨ ¢ ª ç¥áâ¢¥ �� ¢ë¡¨à ¥âáï ¤«¨­  ¤ã£¨ ¨­â¥£à «ì­®© ªà¨¢®©, â® á ãç¥â®¬ (4.1) ¨¬¥¥¬

dy =
�
1 +

nX
i=1

f 2i (t; x)
�1=2

dt: (4.2)

�®« £ ï y0 = 0, á ãç¥â®¬ (3.2), (3.3) ¨ (4.2) ¯à¨å®¤¨¬ ª ­®¢®© § ¤ ç¥ �®è¨

dx

dy
= f(t; x)

�
1 +

nX
i=1

f 2i (t; x)
��1=2

; x(0) = x0; (4.3)

dt

dy
=
�
1 +

nX
i=1

f 2i (t; x)
��1=2

; t(0) = t0: (4.4)

�¥á«®¦­® ã¡¥¤¨âìáï, çâ® ¥¢ª«¨¤®¢  ­®à¬  ¯à ¢®© ç áâ¨ á¨áâ¥¬ë ��� (4.3), (4.4) à ¢­  ¥¤¨-
­¨æ¥, çâ® ¢® ¬­®£®¬ ¡« £®¯à¨ïâáâ¢ã¥â ç¨á«¥­­®¬ã ¨­â¥£à¨à®¢ ­¨î ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨© á ®á®¡¥­­®áâï¬¨ ¢ ¯à ¢ëå ç áâïå.

� àï¤¥ á«ãç ¥¢ ¡®«¥¥ ¯à¥¤¯®çâ¨â¥«ì­ë¬ ®ª §ë¢ ¥âáï �� y = y(t; x), ¤«ï ª®â®à®£® á¯à ¢¥¤-
«¨¢® á®®â­®è¥­¨¥

dy =
�
1 +

nX
i=1

x2i + (t2 + 1)
nX
i=1

f 2i (t; x)
�1=2

dt:

�à¨¬¥­¥­¨¥ â ª®£® �� ¯®§¢®«ï¥â ¢® ¬­®£¨å á«ãç ïå à áè¨à¨âì ®¡« áâì  ¡á®«îâ­®© ãáâ®©ç¨-
¢®áâ¨ ¨á¯®«ì§ã¥¬®£® ç¨á«¥­­®£® ¬¥â®¤  (­ ¯à., ¬¥â®¤  �©«¥à ).

� á«¥¤ãîé¥¬ ¯ à £à ä¥ ¨§ãç ¥âáï ¢®¯à®á, á¢ï§ ­­ë© á ãáâà ­¥­¨¥¬ ¦¥áâª®áâ¨ ­  ¯à®áâ®¬,
­® ¤®áâ â®ç­® å à ªâ¥à­®¬ â¥áâ®¢®¬ ¯à¨¬¥à¥.
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5. �«¨ï­¨¥ à¥£ã«ïà¨§¨àãîé¥£® ¯ à ¬¥âà 
­  ®¡« áâì ãáâ®©ç¨¢®áâ¨ ç¨á«¥­­ëå ¬¥â®¤®¢

� áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ â¥áâ®¢®£® ¯à¨¬¥à  áª «ïà­ãî § ¤ çã �®è¨

dx

dt
= ax2; x(0) = x0; x0 > 0; a 2 R1; a < 0; t 2 [0; T ]; (5.1)

£¤¥ jaj ¯à¨­¨¬ ¥â ¡®«ìè¨¥ §­ ç¥­¨ï.
�á«¨ ¢ (2.3) ¯®«®¦¨âì m = 1 ¨ bk = 1, â® ¯à¨¬¥­¨â¥«ì­® ª (5.1) ¯®«ãç¨¬ ï¢­ãî à §­®áâ­ãî

áå¥¬ã ¬¥â®¤  �©«¥à 

zj = zj�1 + �az2j�1 = (1 + �azj�1)zj�1; z0 = x0; j = 1; 2; : : : ; J� :

�ç¥¢¨¤­®, ¤ ­­ ï áå¥¬   ¡á®«îâ­  ãáâ®©ç¨¢ , ¥á«¨ 0 < 1 + �azj�1 < 1, ¯à¨ íâ®¬ ®¡« áâ¨
 ¡á®«îâ­®© ãáâ®©ç¨¢®áâ¨ ï¢­®© áå¥¬ë �©«¥à  á®®â¢¥âáâ¢ã¥â ­¥à ¢¥­áâ¢® a < 0, ¨, ªà®¬¥ â®£®,

0 < � <
1

jajzj�1
: (5.2)

�®á¯®«ì§®¢ ¢è¨áì �� ¢¨¤  (3.1), á ãç¥â®¬ (4.1) ¯à¨¬¥¬

dy = f(x � dt)2 + (dt)2 + (dx)2g1=2; (5.3)

£¤¥ á« £ ¥¬ë¥ (x � dt)2 ¨ (dt)2 + (dx)2 ¨¬¥îâ ¢¯®«­¥ ®ç¥¢¨¤­ë© £¥®¬¥âà¨ç¥áª¨© á¬ëá«. � ç áâ-
­®áâ¨, ¯®¤ (dt)2 + (dx)2 ¯®­¨¬ ¥âáï ª¢ ¤à â ¤«¨­ë í«¥¬¥­â  ¤ã£¨ ¨­â¥£à «ì­®© ªà¨¢®© x(t).
�®« £ ï t0 = 0 ¨ y0 = 0, á ãç¥â®¬ (3.2), (3.3) ¨ (5.1), (5.3) ¯à¨å®¤¨¬ ª ­®¢®© § ¤ ç¥ �®è¨

dx

dy
= ax2[x2(a2x2 + 1) + 1]�1=2; x(0) = x0; (5.4)

dt

dy
= [x2(a2x2 + 1) + 1]�1=2; t(0) = 0: (5.5)

� ¤ ­­®© ��� à¥è¥­¨¥ ãà ¢­¥­¨ï (5.5) ®¯à¥¤¥«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5.4), ¯®íâ®¬ã
 ­ «¨§ ¦¥áâª®áâ¨ ¯à®¢¥¤¥¬ ­  ¡ §¥ (5.4). �¨­¥ à¨§ãï ¯à ¢ãî ç áâì ãà ¢­¥­¨ï (5.4) ¢ ®ªà¥áâ-
­®áâ¨ x = zj�1 ¯®  ­ «®£¨¨ á [5], ¯®«ãç¨¬ «¨­¥ à¨§®¢ ­­®¥ ãà ¢­¥­¨¥

d
�

x

dy
=

azj�1(z2j�1 + 2)
�

x

[z2j�1(a2z
2
j�1 + 1) + 1]3=2

; j 2 0; 1; : : : ; Jh:

�¡« áâì ãáâ®©ç¨¢®áâ¨ ï¢­®© áå¥¬ë �©«¥à  ¤«ï íâ®£® ãà ¢­¥­¨ï ®¯à¥¤¥«ï¥âáï ­¥à ¢¥­áâ¢®¬

0 < 1 +
ahzj�1(z2j�1 + 2)

[z2j�1(a2z
2
j�1 + 1) + 1]3=2

< 1;

£¤¥ h | è £ ¨­â¥£à¨à®¢ ­¨ï ¯® �� y = y(t; x). �âáî¤  ¯®«ãç ¥¬

0 < h <
[z2j�1(a

2z2j�1 + 1) + 1]3=2

jajzj�1(z2j�1 + 2)
: (5.6)

�§  ­ «¨§  ä®à¬ã« (5.2) ¨ (5.6) ¢¨¤­®, çâ® ¯à¨¬¥­¥­¨¥ �� ¢¨¤  (5.3) à áè¨àï¥â ®¡« áâì
 ¡á®«îâ­®© ãáâ®©ç¨¢®áâ¨ ï¢­®© áå¥¬ë �©«¥à .

�á«¨ ¢ ª ç¥áâ¢¥ �� à áá¬ âà¨¢ âì «¨èì ¤«¨­ã ¤ã£¨ ¨­â¥£à «ì­®© ªà¨¢®©

dy = f(dx)2 + (dt)2g1=2; (5.7)
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â® ¯®  ­ «®£¨¨ á ¢ëè¥¨§«®¦¥­­ë¬ ­¥á«®¦­® ¯®«ãç¨âì ®æ¥­ªã

0 < h <
(a2z4j�1 + 1)3=2

2jajzj�1
: (5.8)

�­ «¨§ ä®à¬ã« (5.6) ¨ (5.8) ¯®ª §ë¢ ¥â, çâ® �� ¢¨¤  (5.3) ®¡¥á¯¥ç¨¢ ¥â ¬ ªá¨¬ «ì­ë©
íää¥ªâ ¯à¨ ¡®«ìè¨å §­ ç¥­¨ïå zj�1, j 2 0; 1; : : : ; Jh, ¨ ¡®«¥¥ ¯à¥¤¯®çâ¨â¥«¥­ ¯® áà ¢­¥­¨î á ��
¢¨¤  (5.7).

�¥á«®¦­® ã¡¥¤¨âìáï, çâ® ¥é¥ ¡®«¥¥ è¨à®ª¨¥ ¢®§¬®¦­®áâ¨ ¢ ¯« ­¥ ¯à¥®¤®«¥­¨ï ¦¥áâª®áâ¨
��� (2.1) ®âªàë¢ ¥â �� y = y(t), ®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢®¬

dy = f 1(x � dt)
2 +  2(tdx)

2 +  3(dt)
2 +  4(dx)

2g1=2;

£¤¥  1,  2,  3,  4 | ¯à®¨§¢®«ì­ë¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ¢ë¡¨à ¥¬ë¥ á ãç¥â®¬ (3.6) ¨§
ãá«®¢¨ï ¤®áâ¨¦¥­¨ï âà¥¡ã¥¬®© â®ç­®áâ¨ ¢ëç¨á«¥­¨©.

�¥à­¥¬áï â¥¯¥àì ª à áá¬®âà¥­¨î �� ¢¨¤  (5.3). �ç¥¢¨¤­® , çâ® ¥£® ¯à¨¬¥­¥­¨¥ íää¥ªâ¨¢­®
«¨èì ¢ â®¬ á«ãç ¥, ¥á«¨, ¤¢¨£ ïáì ¯® ¯ à ¬¥âàã y, ¬®¦­® ¯à¨©â¨ ¨§ ­ ç «ì­®© â®çª¨ (0; x0)
¨­â¥£à «ì­®© ªà¨¢®© x(t) ¢ ª®­¥ç­ãî â®çªã (T; x(T )) §  ¬¥­ìè¥¥ ç¨á«® è £®¢, ç¥¬ ¯à¨ ¤¢¨¦¥­¨¨
¯® ¯ à ¬¥âàã t. �®áª®«ìªã ¯à¨ ¡®«ìè¨å §­ ç¥­¨ïå jaj ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

Z T

0

x(t)dt�
Z T

0

�
1 +

�
dx

dt

�2�1=2
dt;

¯à¨ íâ®¬ ¢¥«¨ç¨­ 
TR
0

x(t)dt ¡«¨§ª  ª ­ã«î, â® ¤«ï ®¡®á­®¢ ­¨ï ­¥®¡å®¤¨¬®áâ¨ ¯à¨¬¥­¥­¨ï ��

¢¨¤  (5.3) ¤®áâ â®ç­® ¤®ª § âì ­¥à ¢¥­áâ¢® hmin cos'j > �min, £¤¥ 'j |ã£®« ¬¥¦¤ã ª á â¥«ì­®© ª
ªà¨¢®© x(t) ¨ ®áìî t ¢ â®çª¥ tj ,   hmin ¨ �min | ­ ¨¬¥­ìè¨¥ è £¨ ¨­â¥£à¨à®¢ ­¨ï ¯® ¯¥à¥¬¥­­ë¬
y ¨ t á®®â¢¥âáâ¢¥­­®, ¯à¨ ª®â®àëå ¨â¥à æ¨®­­ë© ¯à®æ¥áá, ®¯¨áë¢ ¥¬ë© ï¢­®© ä®à¬ã«®© �©«¥à ,
¯¥à¥áâ ¥â áå®¤¨âìáï.

� ¬¥â¨¢, çâ®

�min = 2
1

jajzj�1
; hmin =

(a2z4j�1 + 1)3=2

2jajzj�1
;

cos'j =
�
1 +

�
dx

dt

�2

t=tj

��1=2
= [1 + a2 � z4j�1]

�1=2;

¯®«ãç¨¬

��1minhmin cos'j =
a2z4j�1 + 1

2
> 1:

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¤®ª §ë¢ ¥â ¢ëç¨á«¨â¥«ì­ãî íää¥ªâ¨¢­®áâì à §¢¨¢ ¥¬®£® ¯®¤å®¤ .

6. �«¨ï­¨¥ à¥£ã«ïà¨§¨àãîé¥£® ¯ à ¬¥âà  ­  á¯¥ªâà «ì­ë¥ å à ªâ¥à¨áâ¨ª¨

�áá«¥¤ã¥¬ â¥¯¥àì, ª ª ¢«¨ï¥â ¯à¨¬¥­¥­¨¥ �� ­  á¯¥ªâà «ì­ë¥ å à ªâ¥à¨áâ¨ª¨ â¥áâ®¢®©
§ ¤ ç¨ �®è¨

dx1
dt

= a1x1; x10 = x1(t0); (6.1)

dx2
dt

= a2x2; x20 = x2(t0): (6.2)

�®  ­ «®£¨¨ á (5.3) ¤«ï ��� (6.1), (6.2) ¨á¯®«ì§ã¥¬ á«¥¤ãîé¨© ��:

dy = f(x1 � dt)2 + (x2 � dt)2 + (dt)2 + (dx1)2 + (dx2)2g1=2:
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� íâ®¬ á«ãç ¥ ¢¬¥áâ® (6.1), (6.2) ¯®«ãç ¥¬ ­®¢ãî § ¤ çã �®è¨

dx1
dy

= a1x1[1 + (a21 + 1)x21 + (a22 + 1)x22]
�1=2; x1(y0) = x10; (6.3)

dx2
dy

= a2x2[1 + (a21 + 1)x21 + (a22 + 1)x22]
�1=2; x2(y0) = x20; (6.4)

dt

dy
= [1 + (a21 + 1)x21 + (a22 + 1)x22]

�1=2; t(y0) = t0: (6.5)

�¯à¥¤¥«ïîé¨¬¨ ¢ (6.3), (6.4) ¨ (6.5) ï¢«ïîâáï ãà ¢­¥­¨ï (6.3), (6.4), ¯®áª®«ìªã ¯à ¢ ï ç áâì
ãà ¢­¥­¨ï (6.5) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¯¥à¢ëå ¤¢ãå.

�®  ­ «®£¨¨ á [5] ¤«ï  ­ «¨§  á¯¥ªâà «ì­ëå å à ªâ¥à¨áâ¨ª ��� (6.3), (6.4) ¢®á¯®«ì§ã¥¬áï
«¨­¥ à¨§®¢ ­­®© ���

d
�

x1
dy

= 
(a11
�

x1 + a12
�

x2); (6.6)

d
�

x2
dy

= 
(a21
�

x1 + a22
�

x2); (6.7)

£¤¥ a11 = a1[1+(a22+1)x
2
2j ], a12 = �a1(a22+1)x1jx2j , a21 = �(a21+1)a2x1jx2j , a22 = a2[1+(a21+1)x

2
1j ],


 = [1 + (a21 + 1)x21j + (a22 + 1)x22j ]
�3=2.

� ¯®á«¥¤­¨å ä®à¬ã« å ¯®¤ (x1j ; x2j) 2 R2 ¯®­¨¬ ¥âáï â ª ï â®çª , ¢ ¬ «®© ®ªà¥áâ­®áâ¨
ª®â®à®© «¨­¥ à¨§®¢ ­  ��� (6.3), (6.4).

�á«¨ ja1j � ja2j, â® ¤«ï ª®à­¥© �1 ¨ �2 á®®â¢¥âáâ¢ãîé¥£® å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï
��� (6.6), (6.7) á¯à ¢¥¤«¨¢®  á¨¬¯â®â¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥

�1(2) = 2�1
fa11 + a22 � [(a11 � a22)
2 + 4'a221]

1=2g =

= 2�1
fa11 + a22 � (a11 � a22)[1 + 2'a221(a11 � a22)
�1]g+O('2);

£¤¥ ' = a2=a1.
�«ï ¨áå®¤­®© ��� (6.1), (6.2) á¯¥ªâà «ì­®¥ ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ Kt = ja1j � ja2j

�1 = j'j�1,
¢ â® ¢à¥¬ï ª ª ¤«ï ��� (6.6), (6.7) ¯à¨ j'j � 1 ®­® à ¢­® Ky = j�1j � j�2j

�1 = ja11 + 'a221(a11 �
a22)�1j ja22 � 'a221(a11 � a22)�1j�1.

�®  ­ «®£¨¨ á [5] ­¥á«®¦­® ¯®ª § âì, çâ® Ky < Kt.
�¥¯¥àì ®æ¥­¨¬ à §¡à®á á¯¥ªâà  ¨áå®¤­®© ��� (6.1), (6.2) ¨ ­®¢®© ��� (6.6), (6.7). �«ï ���

(6.1), (6.2) à §¡à®á à ¢¥­ St = ja1 � a2j,   ¤«ï ��� (6.6), (6.7) ¨¬¥¥¬

Sy = j�1 � �2j = j
(a11 � a22)[1� 2'a221(a11 � a22)�2]j+O('2):

�à¥­¥¡à¥£ ï ç«¥­ ¬¨ ¢ëáè¥£® ¯®àï¤ª  ¬ «®áâ¨, ¢®á¯®«ì§ã¥¬áï ¡®«¥¥ £àã¡ë¬¨ ®æ¥­ª ¬¨
ç¨á«  ®¡ãá«®¢«¥­­®áâ¨ ¨ à §¡à®á 

�1 = 
a11; �2 = 
a22;

Ky = Ktj1 + (a22 + 1)x22j j j1 + (a21 + 1)x21j j
�1;

Sy = Stj1 + (a22 + 1)x22j � a1a2x
2
1j j j1 + (a21 + 1)x21j + (a22 + 1)x22j j

�3=2:

�§ ¯®á«¥¤­¥£® ¢ëà ¦¥­¨ï á«¥¤ã¥â  á¨¬¯â®â¨ç¥áª ï ®æ¥­ª  Sy < St.
�¥á«®¦­®, ¯®  ­ «®£¨¨ á [5], ¯®«ãç¨âì á®®â¢¥âáâ¢ãîé¨¥ ®æ¥­ª¨ ¤«ï á¯¥ªâà «ì­ëå å à ª-

â¥à¨áâ¨ª ��� (6.6), (6.7) ¢ á«ãç ¥, ª®£¤  ja1j > ja2j, ­® ­¥ ®¡ï§ â¥«ì­® ja1j � ja2j. �­ «¨§
¯®ª §ë¢ ¥â, çâ® ¨ ¢ íâ®¬ á«ãç ¥ ã¬¥­ìè îâáï á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï, ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¨
à §¡à®á ¬ âà¨æë ���.
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7. � ª«îç¥­¨¥

�®«ãç¥­­ë¥ ¢ áâ âì¥ à¥§ã«ìâ âë ¬®£ãâ ­ ©â¨ ¯à¨¬¥­¥­¨¥ ¯à¨ à¥è¥­¨¨ è¨à®ª®£® ª« áá 
¦¥áâª¨å ��� ¢ à ¬ª å ®¯®à­®-¯à®¥ªâ¨¢­®© â¥®à¨¨ [10], ¯®§¢®«ïîé¥© ¯®«ãç âì ¯à¨¡«¨¦¥­­ë¥
 ­ «¨â¨ç¥áª¨¥ à¥è¥­¨ï ¢ § ¤ ­­®© ®£à ­¨ç¥­­®© ®¡« áâ¨ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥. �®áª®«ìªã
¤ ­­ ï â¥®à¨ï ¡ §¨àã¥âáï ­  ¯à¨¬¥­¥­¨¨ ª®­¥ç­®£® á¥¬¥©áâ¢  ®¯®à­ëå à¥è¥­¨© ¨áå®¤­®© ���,
â® ¯®áâà®¥­¨¥ ¯®á«¥¤­¨å á ¯®¬®éìî à §¢¨âëå ­¥¦¥áâª¨å  «£®à¨â¬®¢ ®¡¥á¯¥ç¨â ¢ ª®­¥ç­®¬
¨â®£¥ ¢ëá®ªãî ãáâ®©ç¨¢®áâì ¢ëç¨á«¨â¥«ì­ëå ¯à®æ¥¤ãà, ¢®§­¨ª îé¨å ¯à¨ à¥è¥­¨¨ ¦¥áâª¨å
���.
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