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1. �®áâ ®¢ª  § ¤ ç¨

�  ï áâ âìï ¯®á¢ïé¥  â¥®à¥â¨ç¥áª®¬ã ®¡®á®¢ ¨î ¢ á¬ëá«¥ ([1], £«. 14; [2], £«. 1) ¬¥â®¤ 
¬¥å ¨ç¥áª¨å ª¢ ¤à âãà à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨© �à¥¤£®«ì¬  ¢¨¤ 

Kx � x(t)� 1
�

Z 1

�1

h(t; �)x(�)p
1� � 2

d� = y(t); �1 6 t 6 1; (1.1)

®á®¢ ®£®   ª¢ ¤à âãà®© ä®à¬ã«¥

1
�

Z 1

�1

f(t)p
1� t2

dt =
1
n

nX0

k=0

f(tk) +Rn[f ]; f 2 C[�1; 1]; n 2 N; (1.2)

tk = tkn = cos
k�

n
; k = 0; n; n 2 N; (1.3)

£¤¥ x(t) | ¨áª®¬ ï äãªæ¨ï, h(t; �) ¨ y(t) | ¨§¢¥áâë¥ ¥¯à¥àë¢ë¥ äãªæ¨¨ ¢ ®¡« áâïå á®-
®â¢¥âáâ¢¥® [�1; 1;�1; 1] � [�1; 1]2 ¨ [�1; 1], Rn[f ] | ®áâ â®çë© ç«¥ ª¢ ¤à âãà®© ä®à¬ã«ë
¤«ï ¥¯à¥àë¢®© äãªæ¨¨ f(t),   èâà¨å ã § ª  áã¬¬ë ®§ ç ¥â, çâ® ¥¥ ª®íää¨æ¨¥âë ¯à¨
k = 0 ¨ k = n á«¥¤ã¥â à §¤¥«¨âì   2.

�à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1.1) ¨é¥âáï ¢ ¢¨¤¥ ¬®£®ç«¥ 

xn(t) =
nX

k=0

�klk(t) =
nX

k=0

�kt
k; n 2 N; (1.4)

  â ª¦¥ ¢ ¢¨¤¥ äãªæ¨¨ [3]

exn(t) = y(t) +
1
n

nX0

k=0

h(t; tk)�k; n 2 N; (1.5)

£¤¥ lk(t) | äã¤ ¬¥â «ìë¥ ¬®£®ç«¥ë � £à ¦  ¤«ï ã§«®¢ (1.3). �¥¨§¢¥áâë¥ ª®íää¨æ¨-
¥âë �0; �1; : : : ; �n (  á«¥¤®¢ â¥«ì®, ¨ �0; �1; : : : ; �n) ¡ã¤¥¬ ®¯à¥¤¥«ïâì á®£« á® (1.2){(1.3) ¨§
á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����)

�j � 1
n

nX0

k=0

h(tj ; tk)�k = y(tj); j = 0; n; n 2 N: (1.6)
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2. �á®¢ë¥ à¥§ã«ìâ âë

�¡®§ ç¨¬ ç¥à¥§ En(y)  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ y(t) 2 C[�1; 1] ¢á¥¢®§-
¬®¦ë¬¨  «£¥¡à ¨ç¥áª¨¬¨ ¬®£®ç«¥ ¬¨ ¢¨¤  (1.4),   ç¥à¥§ Et

n(h) ¨ E
�
n(h) | á®®â¢¥âáâ¢ãîé¨¥

ç áâë¥  ¨«ãçè¨¥ à ¢®¬¥àë¥ ¯à¨¡«¨¦¥¨ï äãªæ¨¨ h(t; �) ¯® ¯¥à¥¬¥ë¬ t 2 [�1; 1] ¨
á®®â¢¥âáâ¢¥® � 2 [�1; 1].

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (1.1){(1.6) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ àã§ã«ìâ âë.

�¥®à¥¬  1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï

a) äãªæ¨¨ h (¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå) ¨ y ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¨{�¨¯è¨æ ;
¡) ãà ¢¥¨¥ (1:1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ x�(t) ¯à¨ «î¡®© ¥¯à¥àë¢®©

¯à ¢®© ç áâ¨.

�®£¤  ¯à¨ ¢á¥å n > n0 (n0 2 N ®¯à¥¤¥«ï¥âáï áâàãªâãàë¬¨ á¢®©áâ¢ ¬¨ ï¤à  h(t; �)) ����
(1:6) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��0; �

�

1; : : : ; �
�

n (  á«¥¤®¢ â¥«ì®, ¨ ��0 ; �
�

1 ; : : : ; �
�

n). �à¨¡«¨-
¦¥ë¥ à¥è¥¨ï

x�n(t) =
nX

k=0

��klk(t) =
nX

k=0

��kt
k (1:4�)

à ¢®¬¥à® áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î x�(t)   [�1; 1], ¯à¨ç¥¬
max
�16t61

jx�(t)� x�n(t)j 6 c1fEt
n(h) +E�

n�1(h) +En(y)g lnn; (2.1)

£¤¥ (§¤¥áì ¨ ¤ «¥¥) c1; c2; : : : | ¢¯®«¥ ®¯à¥¤¥«¥ë¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, ¥ § ¢¨áïé¨¥

®â n 2 N.

�«¥¤áâ¢¨¥. �ãáâì áãé¥áâ¢ãîâ ¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥

dry(t)
dtr

2 Lip�;
@rh(t; �)

@tr
2 Lip� (¯® t);

@rh(t; �)
@� r

2 Lip� (¯® �); (2.2)

£¤¥ r 2 R
+ , � 2 (0; 1]. �®£¤  ¬¥â®¤ áå®¤¨âáï à ¢®¬¥à® á ¥ã«ãçè ¥¬®© ¯® ¯®àï¤ªã áª®à®áâìî

max
�16t61

jx�(t)� x�n(t)j 6
c2 lnn
nr+�

: (2.3)

� á«¥¤ãîé¨å ¤¢ãå â¥®à¥¬ å ãà ¢¥¨¥ (1.1) á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨ à áá¬ âà¨-
¢ ¥âáï ¢ ¯à®áâà áâ¢ å ¢¥é¥áâ¢¥ëå äãªæ¨© (á¬. â ª¦¥ ¨¦¥ § ¬¥ç ¨¥ 4.3).

�¥®à¥¬  2. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥

q � max
�16t;�61

jh(t; �) + h(�; t)j
2

< 1: (2.4)

�®£¤ 

 ) ãà ¢¥¨¥ (1:1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� 2 C[�1; 1] ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y 2
C[�1; 1], ¯à¨ç¥¬

max
�16t61

jx�(t)j 6 f1 + (1� q)�1khkCg max
�16t61

jy(t)j; (2.5)

£¤¥ khkC = max
�16t;�61

jh(t; �)j;
¡) ¯à¨ «î¡ëå n 2 N ���� (1:6) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��0; �

�

1; : : : ; �
�

n, ¯à¨ç¥¬�
1
n

nX0

k=0

j��kj2
�1=2

6
1

1� q

�
1
n

nX0

k=0

jy(tk)j2
�1=2

; n 2 N; (2.6)
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¢) ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï

ex�n(t) = y(t) +
1
n

nX0

k=0

h(t; tk)��k; n 2 N; (1:5�)

à ¢®¬¥à® áå®¤ïâáï ¯à¨ n ! 1 ª â®ç®¬ã à¥è¥¨î x�(t) 2 C[�1; 1], ¯à¨ç¥¬ ¯®£à¥è®áâì

¯à¨¡«¨¦¥®© ä®à¬ã«ë x�(t) � ex�n(t), �1 6 t 6 1, ¯à¨ «î¡ëå n 2 N ¬®¦¥â ¡ëâì ®æ¥¥ 

¥à ¢¥áâ¢®¬

max
�16t61

jx�(t)� ex�n(t)j 6 2f1 + (1� q)�1khkCgE�
2n�1(hx

�); n 2 N; (2.7)

£¤¥ hx� = h(t; �)x�(�) ¨

E�
2n�1(hx

�) 6 E�
2n�1(h(t; �)y(�)) +E�

2n�1(h(t; �)h(�; �))(1 � q)�1 max
�16t61

jy(t)j; (2.8)

  E�
2n�1(g(t; �; �)) ¥áâì ç áâ®¥  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ g(t; �; �) 2 C[�1; 1]3

¯® ¯¥à¥¬¥®© � à ¢®¬¥à® ®â®á¨â¥«ì® (t; �) 2 [�1; 1]2.
�«¥¤áâ¢¨¥. �á«¨ ¢ë¯®«¥® ãá«®¢¨¥ (2.2), â® ¢ ãá«®¢¨ïå â¥®à¥¬ë ¬¥â®¤ áå®¤¨âáï à ¢®-

¬¥à® á® áª®à®áâìî

max
�16t61

jx�(t)� ex�n(t)j 6 c3
nr+�

: (2.9)

�¥®à¥¬  3. �ãáâì h(t; �) = �h(�; t). �®£¤  ª ª ãà ¢¥¨¥ (1:1), â ª ¨ ���� (1:6) ¯à¨

«î¡ëå n 2 N ®¤®§ ç® à §à¥è¨¬ë, ¯à¨ç¥¬

max
�16t61

jx�(t)j 6 f1 + khkCg max
�16t61

jy(t)j; (2.10)

�
1
n

nX0

k=0

j��kj2
�1=2

6

�
1
n

nX0

k=0

jy(tk)j2
�1=2

; n 2 N: (2.11)

�à¨ íâ®¬ ¯®£à¥è®áâì ¯à¨¡«¨¦¥®© ä®à¬ã«ë

x�(t) � x�n(t); �1 6 t 6 1; n 2 N; (2.12)

¬®¦¥â ¡ëâì ®æ¥¥  ¥à ¢¥áâ¢®¬

max
�16t61

jx�(t)� x�n(t)j 6
�
8
�
+
4
�
ln
4n
�

�
fEn(x�) + (1 + khkC)E�

2n�1(hx
�)g; n 2 N; (2.13)

£¤¥ E�
2n�1(hx

�) ®æ¥¥® ¢ (2:8),  

En(x�) 6 En(y) +Et
n(h) max

�16t61
jy(t)j: (2.14)

3. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª § â¥«ìáâ¢  â¥®à¥¬ 1{3 ¡ã¤¥¬ ¢¥áâ¨   ®á®¢¥ à¥§ã«ìâ â®¢ ([1], £«. 14; [2], £«. 1; [4], £«. 4),
  â ª¦¥ à ¡®âë [5], á¯¥æ¨ «ì® ¯®á¢ïé¥®© á¢®©áâ¢ ¬ ª¢ ¤à âãà®© ä®à¬ã«ë (1.2){(1.3). �à¨
íâ®¬ áãé¥áâ¢¥® ¡ã¤¥¬ ¯®«ì§®¢ âìáï â ª¦¥ à¥§ã«ìâ â ¬¨ â¥®à¨¨ ¯®«¨®¬¨ «ìëå ¯à¨¡«¨¦¥-
¨© äãªæ¨© [6]{[8].

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì, ª ª ®¡ëç®, C[�1; 1] � C | ¯à®áâà áâ¢® ¢á¥å ¥¯à¥-
àë¢ëå   [�1; 1] äãªæ¨© á ç¥¡ëè¥¢áª®© ®à¬®© kfkC = max

�16t61
jf(t)j, f 2 C. �®£¤  ¨â¥£à «ì-

®¥ ãà ¢¥¨¥ (1.1) íª¢¨¢ «¥â® «¨¥©®¬ã ®¯¥à â®à®¬ã ãà ¢¥¨î

Kx � x�Hhx = y (x; y 2 C); (3.1)
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£¤¥

K = E �Hh : C ! C; (Hhx)(t) � 1
�

1Z
�1

h(t; �)x(�)p
1� � 2

d�;

¥áâì ¥¯à¥àë¢ë© ®¯¥à â®à, ¯à¨ç¥¬

kHhkC!C = max
�16t61

1
�

Z 1

�1

jh(t; �)jp
1� � 2

d� 6 max
�16t;�61

jh(t; �)j � khkC :

�§ ãá«®¢¨ï ¡) â¥®à¥¬ë 1 ¨ ¨§¢¥áâëå â¥®à¥¬ �à¥¤£®«ì¬  ( ¯à., [1], £«. 13) ¢ ¡  å®¢®¬ ¯à®-
áâà áâ¢¥ C á«¥¤ã¥â, çâ® ®¯¥à â®à K : C ! C ¨¬¥¥â ¥¯à¥àë¢ë© ®¡à âë© ®¯¥à â®à K�1

¨

kK�1k 6 c4 <1; K�1 : C ! C: (3.2)

�ãáâì IHn | ¬®¦¥áâ¢® ¢á¥å  «£¥¡à ¨ç¥áª¨å ¬®£®ç«¥®¢ ¢¨¤  (1.4); ®ç¥¢¨¤®, IHn � C ¨
dim IHn = n+1 <1. �¡®§ ç¨¬ ç¥à¥§ Pn : C ! IHn � C ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï ¯à®áâà áâ¢ 
C   ¯®¤¯à®áâà áâ¢® IHn, ®¯à¥¤¥«ï¥¬ë© ¯® ä®à¬ã«¥

Pn(f ; t) =
nX0

k=0

f(tk)lk(t); t 2 [�1; 1]; n 2 N; f 2 C; (3.3)

£¤¥ ( ¯à., [7], áá. 7, 169)

lk(t) =
(�1)k+1

n

sinn� sin �
cos � � cos �k

; k = 0; n; n 2 N; (3.4)

t = cos �; � = arccos t; �k =
k�

n
; tk = cos �k:

�®íâ®¬ã ¢ á¨«ã [5] ���� (1.6) íª¢¨¢ «¥â  «¨¥©®¬ã ®¯¥à â®à®¬ã ãà ¢¥¨î

Knxn � xn � PnHP �
n (hxn) = Pny (xn; Pny 2 IHn); (3.5)

£¤¥ P �
n ®§ ç ¥â, çâ® ®¯¥à â®à � £à ¦  Pn ¯à¨¬¥ï¥âáï ª äãªæ¨¨ hxn = h(t; �)xn(�) ¯® ¯¥à¥-

¬¥®© � 2 [�1; 1].
�®ª ¦¥¬ ¡«¨§®áâì ®¯¥à â®àëå ãà ¢¥¨© (3.1) ¨ (3.5) ¢ á¬ëá«¥ â¥®à¥¬ 7 ¨ 14 ([2], £«. 1).

� íâ®© æ¥«ìî ãáâ ®¢¨¬ áâàãªâãàë¥ ¨  ¯¯à®ªá¨¬ â¨¢ë¥ á¢®©áâ¢  ®¯à¥¤¥«¥®£® ¢ (3.3){(3.4)
®¯¥à â®à  Pn : C ! C. �§ à¥§ã«ìâ â®¢ ([7], [8] ¨ [2], £«. 3) á«¥¤ã¥â

kPnk � 2
�
lnn; n!1; Pn : C ! C; (3.6)

2
�
lnn 6 kPnk 6 4

�
+
2
�
ln
4n
�
; n 2 N; (3.7)

£¤¥ � ¥áâì § ª á¨«ì®© íª¢¨¢ «¥â®áâ¨. �âáî¤  á ãç¥â®¬ â®¦¤¥áâ¢  P 2
n = Pn ¯®«ãç ¥¬

�n � ky � Pnyk 6 2kPnkEn(y); y 2 C; n 2 N: (3.8)

�®íâ®¬ã ¡« £®¤ àï ¯¥à¢®© â¥®à¥¬¥ �¦¥ªá®  ( ¯à., [6], £«. 6), ¥à ¢¥áâ¢ ¬ (3.7) ¨ ãá«®¢¨î a)
â¥®à¥¬ë 1, ¨¬¥¥¬

�n � ky � Pnyk 6 6kPnk!(y; 1=n) = O(!(y; 1=n) lnn)! 0; n!1; (3.9)

£¤¥ !(y; �) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ y(t) á è £®¬ � 2 [0; 2].
�®ª ¦¥¬, çâ® ®¯¥à â®àë K : C ! C ¨ Kn : IHn ! IHn � C ¡«¨§ª¨ ¢ â®¬ á¬ëá«¥, çâ®

"n � kK �KnkIHn!C 6 2kPnkfEt
n(h) +E�

n�1(h)g; n 2 N: (3.10)
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�¥©áâ¢¨â¥«ì®, ¨§ (3.1) ¨ (3.5) ¤«ï «î¡®£® xn 2 IHn  å®¤¨¬

kKxn �Knxnk = kHhxn � PnHP �
n (hxn)k 6

6 kHhxn � PnHhxnk+ kPnH(h�Q)xnk+ kPn[HQxn �HP �
n (hxn)]k � "

(n)
1 + "

(n)
2 + "

(n)
3 ;
(3.11)

£¤¥ Q(t; �) 2 C[�1; 1]2 ¥áâì  «£¥¡à ¨ç¥áª¨© ¬®£®ç«¥  ¨«ãçè¥£® à ¢®¬¥à®£® ¯à¨¡«¨¦¥¨ï
áâ¥¯¥¨ ¥ ¢ëè¥ n� 1 äãªæ¨¨ h(t; �) ¯® ¯¥à¥¬¥®© � .

�®áª®«ìªã (Hhxn)(t) 2 C, â® ¢ á¨«ã (3.8) ¨ (3.11) ¤«ï «î¡®£® xn 2 Xn  å®¤¨¬

"
(n)
1 � kHhxn � PnHhxnk = kH(h � P t

nh)xnk 6 2kPnkEt
n(h)kH(jxnj)k =

= 2kPnkEt
n(h)

1
�

Z 1

�1

jxn(�)jp
1� � 2

d� 6 2kPnkEt
n(h)kxnk: (3.12)

�§ (3.11) ¯à¨ «î¡ëå xn 2 IHn ãáâ  ¢«¨¢ ¥¬

"
(n)
2 � kPnH(Q� h)xnk 6 kPnkkH(Q� h)xnk 6

6 kPnk max
�16t;�61

jh(t; �) �Q(t; �)j kH(jxnj)k 6 kPnkE�
n�1(h)kxnk: (3.13)

�®áª®«ìªã ¤«ï «î¡®£® xn 2 IHn äãªæ¨¨ Q(t; �)xn(�) ¯à¨ ¤«¥¦ â IH2n�1,   äãªæ¨¨
P �
n [h(t; �)xn(�)] ¯à¨ ¤«¥¦ â IHn ¯® ¯¥à¥¬¥®© � (à ¢®¬¥à® ®â®á¨â¥«ì® t), â® ¢ á¨«ã à¥-

§ã«ìâ â®¢ [5] ®â®á¨â¥«ì® ª¢ ¤à âãà®© ä®à¬ã«ë (1.2){(1.3)  å®¤¨¬

"
(n)
3 � kPn[HQxn �HP �

n (hxn)]k 6 kPnk
 1n

nX0

k=0

Q(t; tk)xn(tk)� 1
n

nX0

k=0

h(t; tk)xn(tk)
 6

6 kPnk max
�16t;�61

jh(t; �) �Q(t; �)j 1
n

nX0

k=0

jxn(tk)j 6 kPnkE�
n�1(h)kxnk; xn 2 IHn: (3.14)

�§ ¥à ¢¥áâ¢ (3.11){(3.14) ¯®«ãç ¥¬ ®æ¥ªã (3.10),   ¨§ ¥¥ á ãç¥â®¬ ¯¥à¢®© â¥®à¥¬ë �¦¥ª-
á®  [6], ¥à ¢¥áâ¢ (3.7) ¨ ãá«®¢¨ï a) â¥®à¥¬ë 1 á«¥¤ã¥â

"n � kK �KnkIHn!C 6 6kPnk
�
!t

�
h; 1=n

�
+ !�

�
h; 1=n

�	
=

= O
��
!t

�
h; 1=n

�
+ !�

�
h; 1=n

��
lnn

	! 0; n!1; (3.15)

£¤¥ !t(h; �) ¨ !�(h; �) | ç áâë¥ ¬®¤ã«¨  ¯à¥àë¢®áâ¨ äãªæ¨¨ h(t; �) ¯® ¯¥à¥¬¥ë¬ t ¨ �
á®®â¢¥âáâ¢¥®.

� á¨«ã á®®â®è¥¨© (3.2), (3.8){(3.10), (3.15) ¤«ï ãà ¢¥¨© (3.1) ¨ (3.5) ¢ë¯®«¥ë ¢á¥
ãá«®¢¨ï â¥®à¥¬ 7 ¨ 14 ([2], £«. 1), ¨§ ª®â®àëå á«¥¤ãîâ ãâ¢¥à¦¤¥¨ï

�) ¤«ï ¢á¥å n 2 N â ª¨å, çâ®

qn � 2kK�1kkPnk
�
Et
n(h) +E�

n�1(h)
	
< 1; n > n0;

®¯¥à â®àë Kn ¨§ (3.5) ¥¯à¥àë¢® ®¡à â¨¬ë (  á«¥¤®¢ â¥«ì®, ���� (1.6) ¨¬¥¥â ¥¤¨áâ¢¥®¥
à¥è¥¨¥), ¯à¨ç¥¬

kK�1
n k 6 kK�1k

1� qn
6 2kK�1k; n > n1 > n0; (3.16)

�) ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï (1:4�) à ¢®¬¥à® áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î x�(t), ¯à¨ç¥¬
¯®£à¥è®áâì ¯à¨¡«¨¦¥®© ä®à¬ã«ë

x�(t) � x�n(t); t 2 [�1; 1]; n > n0;
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á ãç¥â®¬ (3.16) ¬®¦¥â ¡ëâì ®æ¥¥  ¥à ¢¥áâ¢ ¬¨

kx� � x�nk 6
kK�1k
1� qn

�ky � Pnyk+ qnkyk
�
6 c5kPnk

�
Et
n(h) +E�

n�1(h) +En(y)
	
6

6 c6 lnn
�
!t

�
h; 1=n

�
+ !�

�
h; 1=n

�
+ !

�
y; 1=n

�	
; (3.17)

¨§ ª®â®àëå ¨ á«¥¤ã¥â ®æ¥ª  (2.1).

�«¥¤áâ¢¨¥ â¥®à¥¬ë á ®æ¥ª®© (2.3) «¥£ª® ¢ë¢®¤¨âáï ¨§ ¥à ¢¥áâ¢ (3.17) ¨ ¢â®à®© â¥®à¥¬ë
�¦¥ªá®  ( ¯à., [6], £«. 6).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �¡®§ ç¨¬ ç¥à¥§ L2((1 � t2)�
1
2 ; [�1; 1]) � L2(�) ¢¥á®¢®¥ £¨«ì-

¡¥àâ®¢® ¯à®áâà áâ¢® ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ëå ¯® �¥¡¥£ã äãªæ¨©   [�1; 1] á® áª «ïàë¬
¯à®¨§¢¥¤¥¨¥¬ ¨ ®à¬®© á®®â¢¥âáâ¢¥®

(f; g) =
1
�

Z 1

�1

f(t)g(t)p
1� t2

dt; kfkL2(�) =
�
1
�

Z 1

�1

jf(t)j2dtp
1� t2

�1=2

(f; g 2 L2(�)):

�¥¯¥àì ¨â¥£à «ì®¥ ãà ¢¥¨¥ (1.1) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ L2(�) ª ª «¨¥©®¥ ®¯¥à â®à®¥
ãà ¢¥¨¥ ¢¨¤ 

Kx � (x�H�x)�H+x = y (x; y 2 L2(�)); (3.18)

£¤¥

H�x = Hh�x; h�(t; �) =
h(t; �)� h(�; t)

2
: (3.19)

�«¥¤ãï [4] (£«. 4), ¨§ á®®â®è¥¨© (3.18){(3.19) ¤«ï «î¡®© äãªæ¨¨ x 2 L2(�)  å®¤¨¬

(Kx; x) = (x; x)� (H�x; x)� (H+x; x) = (x; x)� (H+x; x) >

> (x; x) � kH+kL2(�)kxk2L2(�) > kxk2L2(�)(1� kH+kL2(�));
£¤¥ ¢ á¨«ã (3.19) ¨ (2.4)

kH+kL2(�) = kH+kL2(�)!L2(�) 6

�
1
�2

Z 1

�1

Z 1

�1

�(t)�(�)jh+(t; �)j2dt d�
�1=2

6

6 max
�16t;�61

jh+(t; �)j 1
�

Z 1

�1

�(s) ds = kh+(t; �)kC = q < 1:

�®íâ®¬ã (Kx; x) > (1 � q)kxk2L2(�), x 2 L2(�). �âáî¤  á«¥¤ã¥â ¥à ¢¥áâ¢® kKxkL2(�) >

(1� q)kxkL2(�), x 2 L2(�), ®¡¥á¯¥ç¨¢ îé¥¥ ( ¯à., [1], £«. 5) áãé¥áâ¢®¢ ¨¥ «¥¢®£® ¥¯à¥àë¢®£®
®¡à â®£® ®¯¥à â®à  K�1

l ¢ L2(�) ¨

kK�1
l kL2(�) 6 (1� q)�1 <1: (3.20)

�®áª®«ìªã ®¯¥à â®à K = E � Hh ¥¯à¥àë¢¥,   Hh | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à ¢ ¡ -
 å®¢®¬ ¯à®áâà áâ¢¥ L2(�), â® ¢ á¨«ã â¥®à¥¬ �à¥¤£®«ì¬  ( ¯à., [1], £«. 13) ¨§ (3.20) á«¥¤ã¥â
áãé¥áâ¢®¢ ¨¥ ¤¢ãáâ®à®¥£® ®¡à â®£® ®¯¥à â®à  K�1 ¨ ®æ¥ª 

kK�1kL2(�) = kK�1kL2(�)!L2(�) 6
1

1� q
<1: (3.21)

� ª ª ª K = E�Hh : C ! C ¥¯à¥àë¢¥,   Hh : C ! C | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à, â® á
¯®¬®éìî (3.21), ª ª ¨ ¢ à ¡®â¥ [9], ¤®ª §ë¢ ¥âáï, çâ® ®¯¥à â®à K ¨¬¥¥â ¥¯à¥àë¢ë© ®¡à âë©
K�1 ¢ ¯à®áâà áâ¢¥ C, ¯à¨ç¥¬

kK�1kC!C 6 1 + (1� q)�1kh(t; �)kC <1: (3.22)

�§ (3.22) á«¥¤ã¥â ®æ¥ª  (2.5), â. ¥. ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¤®ª § ®.
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�«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë ¢ ¯à®áâà áâ¢¥ (n+ 1)-¬¥àëå ¢¥ªâ®à®¢
R
n+1 ¢¢¥¤¥¬ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¨ ®à¬ã ä®à¬ã« ¬¨ á®®â¢¥âáâ¢¥®

(f; g) =
1
n

nX0

k=0

fkgk; kfk =
�
1
n

nX0

k=0

jfkj2
�1=2

;

£¤¥ f = (f0; f1; : : : ; fn), g = (g0; g1; : : : ; gn) 2 R
n+1 . �®£¤  ���� (1.6) ¬®¦® § ¯¨á âì ¢ R

n+1 ¢
¢¨¤¥ íª¢¨¢ «¥â®£® ¥© «¨¥©®£® ®¯¥à â®à®£® ãà ¢¥¨ï

Kx � (x�H�x)�H+x = y (x; y 2 R
n+1 ); (3.23)

£¤¥ x = (�0; �1; : : : ; �n), y = (y(t0); y(t1); : : : ; y(tn)),  

H�x = z� = (z�0 ; z
�

1 ; : : : ; z
�

n ); z�j =
1
n

nX0

k=0

h�(tj ; tk)�k:

�«¥¤ãï [4] (£«. 4), ¨§ (3.23) ¤«ï «î¡®£® ¢¥ªâ®à  x 2 Rn+1  å®¤¨¬

(Kx; x) = (x; x)� (H�x; x)� (H+x; x) = (x; x)� (H+x; x) >

> (x; x)� kH+xkRn+1kxkRn+1 > (1� kH+kRn+1)kxk2Rn+1;

£¤¥ ¢ á¨«ã (3.19) ¨ (2.4) ¨¬¥¥¬

kH+kRn+1 = kH+kRn+1�!Rn+1 6
�
1
n2

nX0

k=0

nX0

j=0

jh+(tj ; tk)j2
� 1

2

6 max
�16�61

jh+(t; �)j = q < 1; n 2 N:

�âáî¤  á«¥¤ã¥â ®æ¥ª  kKxkRn+1 > (1 � q)kxkRn+1, x 2 R
n+1 , ®¡¥á¯¥ç¨¢ îé ï ( ¯à., [2], £«. 1)

áãé¥áâ¢®¢ ¨¥ ¤¢ãáâ®à®¥£® ®¡à â®£® ®¯¥à â®à  K
�1

¨ á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢

kK�1k 6 (1� q)�1 <1; K�1 : Rn+1 �! R
n+1 ; n 2 N: (3.24)

�§ á®®â®è¥¨© (3.23) ¨ (3.24) á«¥¤ã¥â (2.6), â¥¬ á ¬ë¬ ¢â®à®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¤®ª § ®.
�§ ä®à¬ã« (1.1){(1.3) ¯à¨ x = x�(t), t = tj, j = 0; n,  å®¤¨¬ â®¦¤¥áâ¢ 

x�(tj)� 1
n

nX0

k=0

h(tj ; tk)x�(tk) = y(tj) + rn(tj); j = 0; n; (3.25)

£¤¥ rn(t) = R�
n[h(t; �)x

�(�)]. � «®£¨ç®, ¯à¨ �k = ��k, k = 0; n, ¨§ (1.6) ¯®«ãç ¥¬ â®¦¤¥áâ¢ 

��j �
1
n

nX0

k=0

h(tj ; tk)��k = y(tj); j = 0; n: (3.26)

�ëç¨â ï ¨§ (3.25) ¯®ç«¥® (3.26),  å®¤¨¬ ����

"j � 1
n

nX0

k=0

h(tj ; tk)"k = rn(tj); j = 0; n; (3.27)

®â®á¨â¥«ì® "k = x�(tk)� ��k, k = 0; n. �¨áâ¥¬  (3.27) íª¢¨¢ «¥â  ®¯¥à â®à®¬ã ãà ¢¥¨î

K" � "�H" = r ("; r 2 Rn+1); (3.28)
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£¤¥ " = ("0; "1; : : : ; "n), r = (rn(t0); rn(t1); : : : ; rn(tn)). �§ (3.24) ¨ (3.28) ¯à¨ «î¡ëå n 2 N ¯®«ãç ¥¬
®æ¥ª¨

k"kRn+1 =
�
1
n

nX0

k=0

j"kj2
�1=2

= kK�1rkIRn+1 6 (1� q)�1krkRn+1 =

=
1

1� q

�
1
n

nX0

j=0

jrn(tj)j2
�1=2

6 (1� q)�1 max
06j6n

jrn(tj)j; n 2 N: (3.29)

�®áª®«ìªã ¢ á¨«ã (1.1){(1.3) ¨ (1.5)

x�(t) � y(t) +
1
n

nX0

k=0

h(t; tk)x�(tk) + rn(t);

ex�n(t) � y(t) +
1
n

nX0

k=0

h(t; tk)�
�

k; t 2 [�1; 1]; n 2 N;

â® ¤«ï «î¡ëå n 2 N á ¯®¬®éìî (3.29)  å®¤¨¬

kx�(t)� ex�n(t)kC 6
 1n

nX0

k=0

h(t; tk)"k


C

+ krn(t)kC 6

6 khkCk"kRn+1 + krn(t)kC 6 f1 + (1� q)�1khkCgkrn(t)kC : (3.30)

�§ (3.30) á ãç¥â®¬ ãáâ ®¢«¥ëå ¢ [5] á¢®©áâ¢ ª¢ ¤à âãà®© ä®à¬ã«ë (1.2){(1.3) á«¥¤ã¥â ®æ¥ª 
(2.7). �à¨ íâ®¬ ¨§ â®¦¤¥áâ¢

x�(t) � y(t) + (Hhx�)(t); �1 6 t 6 1;

hx� � h(t; �)x�(�) � h(t; �)y(�) +
h(t; �)
�

Z 1

�1

h(�; �)x�(�)p
1� �2

d�; �1 6 t; � 6 1;

 å®¤¨¬

E�
2n�1(hx

�) 6 E�
2n�1(h(t; �)y(�)) +E�

2n�1(h(t; �)h(�; �))
1
�

Z 1

�1

jx�(�)jp
1� �2

d�;

£¤¥ ¢ á¨«ã ¥à ¢¥áâ¢  �ãïª®¢áª®£® ¨ ®æ¥ª¨ (3.21) ¨¬¥¥¬

1
�

Z 1

�1

jx�(�)jp
1� �2

d� 6

�
1
�

Z 1

�1

jx�(�)j2d�p
1� �2

�1=2

= kx�kL2(�) 6 kK�1kL2(�)kykL2(�) 6 (1� q)�1kykC :

�§ ¯®á«¥¤¨å ¥à ¢¥áâ¢ á«¥¤ã¥â ®æ¥ª  (2.8),   ¨§ ¥¥ ¨ ¨§ (2.7) á ãç¥â®¬ ¯¥à¢®© â¥®à¥¬ë
�¦¥ªá®  [6] ¯®«ãç ¥¬ âà¥âì¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

�§ á®®â®è¥¨© (2.2), (2.7), (2.8) ¨ ¢â®à®© â¥®à¥¬ë �¦¥ªá®  [6] á«¥¤ã¥â ®æ¥ª  (2.9).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �¥à¢®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë á ®æ¥ª ¬¨ (2.10) ¨ (2.11) á«¥-
¤ã¥â ¨§ ãâ¢¥à¦¤¥¨© a) ¨ ¡) â¥®à¥¬ë 2.

� á¨«ã á®®â®è¥¨© (1.2){(1.3), (1:4�), (1.5) ¨ (3.3){(3.5)  å®¤¨¬

Pnex�n(t) = Pny(t) + Pn

1
n

nX0

k=0

h(t; tk)��k = Pny + PnHP �
n (hx

�

n) � x�n(t);

£¤¥ x�n(t) | à¥è¥¨¥ ãà ¢¥¨ï (3.5). �®íâ®¬ã ¢ ¯à®áâà áâ¢¥ C ¨¬¥¥¬

kx�(t)� x�n(t)k 6 kx� � Pnx
�k+ kPnx

� � Pnex�nk 6 2kPnkEn(x
�) + kPnkkx� � ex�nk; n 2 N:

(3.31)
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�§ (3.31) ¨ (2.7)  å®¤¨¬

kx� � x�nk 6 2kPnkfEn(x
�) + (1 + khkC)E�

2n�1(hx
�)g; n 2 N; (3.32)

£¤¥ E�
2n�1(hx

�) ®æ¥¥® ¢ (2.8),   ¢ á¨«ã (1.1) ¨ (3.21) (¯à¨ q = 0) ¨¬¥¥¬

En(x
�) = En(y +Hhx�) 6 En(y) +En(Hhx�) 6 En(y) +Et

n(h)
Hjx�j  6

6 En(y) +Et
n(h)kx�kL2(�) 6 En(y) +Et

n(h)kykL2(�) 6 En(y) +Et
n(h)kykC : (3.33)

�§ á®®â®è¥¨© (3.32), (3.33), (3.6){(3.7) ¨ (2.12) á«¥¤ãîâ ®æ¥ª¨ (2.13) ¨ (2.14).

4. �¥ª®â®àë¥ § ¬¥ç ¨ï

4.1. �á¥ ãç áâ¢ãîé¨¥ ¢ â¥®à¥¬ å 2 ¨ 3 ¯®áâ®ïë¥ ¬®£ãâ ¡ëâì ¢ëç¨á«¥ë ¢ ï¢®¬ ¢¨¤¥.
�®íâ®¬ã ¯à¥¤«®¦¥ë¥ ¢ ¨å ®æ¥ª¨ ¯®£à¥è®áâ¨ ¬¥â®¤  ¬¥å ¨ç¥áª¨å ª¢ ¤à âãà ¬®¦® áç¨-
â âì ¯à ªâ¨ç¥áª¨ íää¥ªâ¨¢ë¬¨. � ª®¥ ãâ¢¥à¦¤¥¨¥ ¯® ®â®è¥¨î ª â¥®à¥¬¥ 1 ¨ ¥¥ á«¥¤-
áâ¢¨î ¬®¦® áç¨â âì á¯à ¢¥¤«¨¢ë¬ «¨èì ¯à¨  «¨ç¨¨ § ç¥¨ï ®à¬ë kK�1kC ¨«¨ å®âï ¡ë
¥¥ ¯à¨¥¬«¥¬®© ®æ¥ª¨ á¢¥àåã (á¬. ¥à ¢¥áâ¢  (3.2)). � ª¨¥ ®æ¥ª¨ ãáâ ®¢«¥ë,  ¯à¨¬¥à, ¢
â¥®à¥¬ å 2 ¨ 3; ªà®¬¥ â®£®, ¯®áâ®ï ï c4 ¬®¦¥â ¡ëâì íää¥ªâ¨¢® ¢ëç¨á«¥ , ¥á«¨ h(t; �) = 0
¯à¨ �1 6 � 6 t 6 1 ¨«¨ ¦¥ ¯à¨ �1 6 t 6 � 6 1; ¢ íâ®¬ á«ãç ¥ â¥®à¥¬  1 ¨ ¥¥ á«¥¤áâ¢¨¥
§ ç¨â¥«ì® ã¯à®é îâáï ¨ ¥áª®«ìª® ãá¨«¨¢ îâáï. �¤ ª® á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¤ ¦¥ ¢ íâ®¬
á«ãç ¥ ®æ¥ª  (2.3) ¥ ¬®¦¥â ¡ëâì ã«ãçè¥  ¢ á¬ëá«¥ ¯®àï¤ª , çâ® á«¥¤ã¥â ¨§  ¯¯à®ªá¨¬ â¨¢-
ëå á¢®©áâ¢ ¨â¥à¯®«ïæ¨®®£® ¯®«¨®¬  (3.3){(3.4), ª®â®àë¥, ¢ á¢®î ®ç¥à¥¤ì, áãé¥áâ¢¥ë¬
®¡à §®¬ ®¯¨à îâáï   ®æ¥ª¨ (3.6){(3.7).

4.2. �¥®à¥¬  1 ¬®¦¥â ¡ëâì ¥áª®«ìª® ãá¨«¥ , ¥á«¨ ¨á¯®«ì§®¢ âì ¤®ª § ®¥ ¢ ([10], á. 53{55)
¥à ¢¥áâ¢®

kPnkC!L2(�) �
p
�; n 2 N:

�®£¤ , § ¬¥ïï ¯à®áâà áâ¢® C   ¯à®áâà áâ¢® L2(�) ¨ á«¥¤ãï à ¡®â¥ [9], ¢ â¥®à¥¬¥ 1 ¬®¦®
®á¢®¡®¤¨âìáï ®â ãá«®¢¨ï a); ¤àã£¨¬¨ á«®¢ ¬¨, ¢ ¬¥¥¥ á¨«ì®© ®à¬¥ ¬®¦® ¯®«ãç¨âì ¡®«¥¥
á¨«ì®¥, ç¥¬ ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 1, ãâ¢¥à¦¤¥¨¥ ® ¢ëç¨á«¨â¥«ì®© áå¥¬¥ (1.1){(1.6).

4.3. �¥®à¥¬ë 2 ¨ 3 á¯à ¢¥¤«¨¢ë â ª¦¥ ¢ á«ãç ¥ ª®¬¯«¥ªá®§ çëå äãªæ¨© h(t; �) ¨ y(t),
¥á«¨ ¢ ¯à®áâà áâ¢¥ ª®¬¯«¥ªá®§ çëå äãªæ¨© L2(�) áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ®¯à¥¤¥«¨âì ¯®
ä®à¬ã«¥

(f; g) =
1
�

Z 1

�1

f(t)g(t)p
1� t2

dt (f; g 2 L2(�));

¢ íâ®¬ á«ãç ¥ ¢¥«¨ç¨ã q ¢ â¥®à¥¬¥ 2 á«¥¤ã¥â § ¬¥¨âì  

q = max
�16t;�61

jh+(t; �)j = max
�16t;�61

jh(t; �) + h(�; t)j
2

< 1;

£¤¥ g(t) ¨ h(�; t) | á®®â¢¥âáâ¢ãîé¨¥ ª®¬¯«¥ªá®-á®¯àï¦¥ë¥ äãªæ¨¨; ªà®¬¥ â®£®, §¤¥áì ¢
¯à®áâà áâ¢¥ Rn+1 áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¢®¤¨âáï ¯® ä®à¬ã«¥

( ef; eg) = 1
n

nX0

k=0

fkgk (f; g 2 R
n+1);

£¤¥ ef = (f0; f1; : : : ; fn) ¨ eg = (g0; g1; : : : ; gn),   gk | á®®â¢¥âáâ¢ãîé¨¥ ª®¬¯«¥ªá®-á®¯àï¦¥ë¥
¢¥«¨ç¨ë.
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