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�  ¯à®áâà áâ¢¥ ¯ à ¬¥âà¨§®¢ ëå ªà¨¢ëå ¢ ¤¢ã¬¥à®¬ à¨¬ ®¢®¬ ¬®£®®¡à §¨¨ (M; g)
®¯à¥¤¥«¥ë ¤¢  ¥áâ¥áâ¢¥ëå äãªæ¨® « : äãªæ¨® « ¤«¨ë

l[] =
Z t1

t0

q
g( _; _) dt;

£¤¥ _ | ª á â¥«ìë© ¢¥ªâ®à ¯ à ¬¥âà¨§®¢ ®© ªà¨¢®© , ¨ äãªæ¨® «  ¡á®«îâ®£® ¯®¢®à®â 

�[] =
Z l1

l0

k1(l)dl;

£¤¥ l | ¤«¨  ¤ã£¨   ªà¨¢®© , k1(l) | ¯¥à¢ ï ªà¨¢¨§  ªà¨¢®©.
� [1], [2] ¡ë«® ¯®ª § ®, çâ® áâ æ¨® àë¥ ªà¨¢ë¥ ¨§®¯¥à¨¬¥âà¨ç¥áª®© ¢ à¨ æ¨®®© § ¤ ç¨

á ä¨ªá¨à®¢ ë¬¨ ª®æ ¬¨

extremum �[]; (t0) = p0; (t1) = p1; l[] = const = bl;
«¨¡® ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î

K = bck; (1)

£¤¥ K | ªà¨¢¨§  ¬¥âà¨ª¨ g, bc | ¨§®¯¥à¨¬¥âà¨ç¥áª ï ¯®áâ®ï ï, § ¢¨áïé ï ®â bl, «¨¡® ï¢«ï-
îâáï £¥®¤¥§¨ç¥áª¨¬¨.

�à¨¢ë¥, ã¤®¢«¥â¢®àïîé¨¥ ãà ¢¥¨î (1),   â ª¦¥ £¥®¤¥§¨ç¥áª¨¥ ªà¨¢ë¥  §¢ ë ¨§®¯¥à¨-
¬¥âà¨ç¥áª¨¬¨ íªáâà¥¬ «ï¬¨ ¯®¢®à®â  (���) [1]. �¥®¤¥§¨ç¥áª¨¥ ¥áâ¥áâ¢¥®  §¢ âì âà¨¢¨ «ì-
ë¬¨ ���.

�«ï ¬®£®®¡à §¨ï ã«¥¢®© ªà¨¢¨§ë K = 0 ¢áïª ï ¤®¯ãáâ¨¬ ï ªà¨¢ ï ï¢«ï¥âáï ¯à¨ bc = 0
¥£® ���. �á«¨ K 6= 0, â® (1) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

k = cK; (10)

£¤¥ k ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

k =
(g11g22 � g2

12
)1=2

(gij _ui _uj)3=2
[ _u1(�u2 + �2ij _u

i _uj)� _u2(�u1 + �1ij _u
i _uj)];

¨ á«ãç ¥¬ c = 0 ®å¢ âë¢ îâáï â ª¦¥ âà¨¢¨ «ìë¥ ���. �¥¬ á ¬ë¬ ¨§ãç¥¨¥ ��� á®¤¥à¦ -
â¥«ì® ¯à¨ K 6= 0.

�§¢¥áâ® [3], çâ® ¥á«¨ M 2 | á¢ï§ ï ¤¢ã¬¥à ï £àã¯¯  �¨, â® ®  ¨§®¬®àä  ®¤®© ¨§
á«¥¤ãîé¨å £àã¯¯:

I ( ¡¥«¥¢ë £àã¯¯ë) 1) R2 , 2) T 1 � R, 3) T 2;
II (¥  ¡¥«¥¢  £àã¯¯ ) 4) A�0 R1 | £àã¯¯  á®¡áâ¢¥ëå  ää¨ëå ¯à¥®¡à §®¢ ¨© ¯àï¬®©

x1 = b2x+ b1, b2 > 0.
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�¤¥áì T 1 = fz 2 C j z = ei'g, T 2 = T 1 � T 1 | á®®â¢¥âáâ¢¥® ®¤®¬¥àë© ¨ ¤¢ã¬¥àë© â®àë.
� á«ãç ¥ I £àã¯¯®¢ë¥ äãªæ¨¨ ¨¬¥îâ ¢¨¤ f 1(a; b) = a1 + b1, f 2(a; b) = a2 + b2 ¨ e = (0; 0) |

¥¤¨¨æ  £àã¯¯ë. �âáî¤  ¯®«ãç ¥¬ ª®®à¤¨ â®¥ ¯à¥¤áâ ¢«¥¨¥ ¤¨ää¥à¥æ¨ «  «¥¢®£® á¤¢¨£ 
La:

L
� a

: Li
j(a) =

@f i(a; b)
@bj

����
b=e

= �ij :

�®¬¯®¥âë «¥¢®¨¢ à¨ â®© ¬¥âà¨ª¨ (L
�
g = g) ¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥ [4]

gij(a) = gpq(e)V
p
i (a)V

q
j (a); V i

j L
j
k = �ik; (2)

£¤¥ gpq(e) (ª®¬¯®¥âë ¬¥âà¨ª¨ ¢ ¥¤¨¨æ¥ £àã¯¯ë) ¬®£ãâ ¢ë¡¨à âìáï ¯à®¨§¢®«ì®. �®§ì¬¥¬ ¨å
ª ®¨ç¥áª¨¥ § ç¥¨ï gpq(e) = �pq ¨ ¢ ¤ «ì¥©è¥¬ á®®â¢¥âáâ¢ãîé¨¥ à¨¬ ®¢ë ¨¢ à¨ âë¥
¬¥âà¨ª¨ g   M 2 ¡ã¤¥¬  §ë¢ âì ª ®¨ç¥áª¨¬¨. � ª ª ª ¤«ï á«ãç ï I V i

j (a) = �ij , â® ª ®¨-
ç¥áª ï «¥¢®¨¢ à¨ â ï à¨¬ ®¢  ¬¥âà¨ª  ¨¬¥¥â ª®¬¯®¥âë gij = �ij .

� «®£¨ç® à áá¬ âà¨¢ îâáï ¯à ¢ë¥ á¤¢¨£¨ Rb : x ! xb, ¨ ¯®«ãç ¥âáï ª®®à¤¨ â®¥ ¯à¥¤-
áâ ¢«¥¨¥ ¤¨ää¥à¥æ¨ « 

R
� b : R

i
j(b) =

@f i(a; b)
@aj

����
a=e

= �ij :

�®¬¯®¥âë ¯à ¢®¨¢ à¨ â®© ¬¥âà¨ª¨ (R
�
g = g) ¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥

gij(a) = gpq(e)U
p
i (a)U

q
j (a); U i

jL
j
k = �ik: (3)

� á«ãç ¥ I U i
j(b) = �ij ¨ ¤«ï ª ®¨ç¥áª®© ¯à ¢®¨¢ à¨ â®© ¬¥âà¨ª¨ ¯®«ãç ¥¬ gij(a) = �ij .

� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â ¡¨¨¢ à¨ â ï ª ®¨ç¥áª ï ¬¥âà¨ª  gij(a) = �ij ¨ (M 2; g) á íâ®©
¬¥âà¨ª®© ï¢«ï¥âáï à¨¬ ®¢ë¬ ¬®£®®¡à §¨¥¬ ã«¥¢®© ªà¨¢¨§ëK = 0. �â¬¥â¨¬, çâ®M ¬®¦¥â
¡ëâì £®¬¥®¬®àä® ¯«®áª®áâ¨, æ¨«¨¤àã ¨«¨ â®àã ( 1), 2), 3) á®®â¢¥âáâ¢¥®).

� á«ãç ¥ II £àã¯¯®¢ë¥ äãªæ¨¨ ¨¬¥îâ ¢¨¤

f 1(a; b) = a1 + a2b1; f 2(a; b) = a2b2; a2; b2 > 0:

�âáî¤  e = (0; 1), ¨

Li
j(a) =

�
a2 0
0 a2

�
= a2�hi ; V i

j (a) =
1
a2
�ij ;

Ri
j(b) =

�
1 b1

0 b2

�
; U i

j (b) =

0
BB@
1 �

b1

b2

0
1
b2

1
CCA ;

¯®íâ®¬ã «¥¢®¨¢ à¨ â ï ª ®¨ç¥áª ï ¬¥âà¨ª  ¢ á®®â¢¥âáâ¢¨¨ á (2) ¨¬¥¥â ª®¬¯®¥âë

gij(a) = �pq
1
a2
�pi

1
a2
�qj =

1
(a2)2

�ij :

�®«ãç¥ ï ¬¥âà¨ª  ¨¬¥¥â ¯®áâ®ïãî ªà¨¢¨§ã K = �1, ¨ à¨¬ ®¢® ¬®£®®¡à §¨¥ (M; g)
¬®¦¥â ¡ëâì ®â®¦¤¥áâ¢«¥® á ¬®¤¥«ìî �ã ª à¥ ¯«®áª®áâ¨ �®¡ ç¥¢áª®£®   ¢¥àå¥© ¯®«ã¯«®á-
ª®áâ¨. �§ (10) ¢ëâ¥ª ¥â, çâ® ¢ ¤ ®¬ á«ãç ¥ ��� | £¥®¤¥§¨ç¥áª¨¥ ®ªàã¦®áâ¨ ¯«®áª®áâ¨
�®¡ ç¥¢áª®£®. �§¢¥áâ® [5], çâ® ¯®á«¥¤¨¥ ¢ ¬®¤¥«¨ �ã ª à¥ á®áâ®ïâ ¨§ ¤¢ãå á¥¬¥©áâ¢:

1. ¯àï¬ë¥ y = kx+ b, k1 = 1p
1+k2

¨«¨ x = x0, k1 = 0;
2. ®ªàã¦®áâ¨ (¨«¨ ¨å ç áâ¨) (x� x0)2 + (y � y0)2 = r2, k1 = y0=r.
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� á¨«ã (3) ¢ ¤ ®¬ á«ãç ¥ ¯à ¢®¨¢ à¨ â ï ¬¥âà¨ª  ¨¬¥¥â ª®¬¯®¥âë

(gij(b)) =

0
BBB@

1 �
b1

b2

�
b1

b2
1 + (b1)2

(b2)2

1
CCCA :

�â  ¬¥âà¨ª  ¨¬¥¥â â ª¦¥ ¯®áâ®ïãî ®âà¨æ â¥«ìãî ªà¨¢¨§ã K = �1. � ª ¢¨¤® ¨§ ¢ëè¥¨§-
«®¦¥®£®,   £àã¯¯¥ A�0<1 ¥ áãé¥áâ¢ã¥â ¡¨¨¢ à¨ â®© ª ®¨ç¥áª®© à¨¬ ®¢®© ¬¥âà¨ª¨.

�â¬¥â¨¬ ¢ § ª«îç¥¨¥, çâ® ¢ë¡®à ¥ ª ®¨ç¥áª®£® § ç¥¨ï gij(e) ¯à¨¢®¤¨â ª ¨¢ à¨ â-
ë¬ à¨¬ ®¢ë¬ ¬¥âà¨ª ¬, ª®â®àë¥ ¡ã¤ãâ ¯®«ãç âìáï ¨§ ª ®¨ç¥áª¨å ¨¢ à¨ âëå ¬¥âà¨ª
 ää¨ë¬ ¯à¥®¡à §®¢ ¨¥¬ ª®®à¤¨ â. �¥¬ á ¬ë¬ ¯®«ãç¥® ®¯¨á ¨¥ ��� á â®ç®áâìî ¤®
â ª¨å ¯à¥®¡à §®¢ ¨©.
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