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@'1(u)
@t

�
2X
i=1

@

@xi
(ai(x; u)ki(x;ru)) = f1; x 2 
� = 
 n �; (1)

@'2(u)
@t

�
@

@s

�
a�(x; u)k�

�
@u

@s

��
+
� 2X
i=1

ai(x; u)ki(x;ru) cos(n; xi)
�
�

= f2; [u]� = 0; x 2 �; (2)

u(x; 0) = u0(x); uj� = g(x): (3)

�¤¥áì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  R2, � | à §à¥§ ¢­ãâà¨ 
, ¤¥«ïé¨© ¥¥ ­  ¤¢¥
á¢ï§­ë¥ ®¡« áâ¨, � | £à ­¨æ  
, [�]� | áª ç®ª äã­ªæ¨¨ ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ à §à¥§ �, n |
­®à¬ «ì ª �, @

@s
| ¯à®¨§¢®¤­ ï ¯® ­ ¯à ¢«¥­¨î �.

�à ¢­¥­¨ï (1), (2) ¢®§­¨ª îâ ¯à¨ ¬®¤¥«¨à®¢ ­¨¨ ¯à®æ¥áá  ä¨«ìâà æ¨¨ ¯®¤§¥¬­ëå ¢®¤ á
ãç¥â®¬ ãà®¢­ï ¢®¤ë ¢ ®âªàëâ®¬ àãá«¥ (­ ¯à., [1]). � íâ®¬ á«ãç ¥ 
 | ®¡« áâì, ¢ ª®â®à®© ¯à®¨á-
å®¤¨â ¯à®æ¥áá ä¨«ìâà æ¨¨ ¯®¤§¥¬­ëå ¢®¤, � á®®â¢¥âáâ¢ã¥â àãá«ã à¥ª¨ (ª ­ « ), u ®¯à¥¤¥«ï¥â
¢ëá®âã á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ¦¨¤ª®áâ¨ ®â­®á¨â¥«ì­® ­ã«¥¢®£® ­¥¯à®­¨æ ¥¬®£® ®á­®¢ ­¨ï.

�«ï § ¤ ç¨ (1){(3) ¢ [2] ¡ë«  ¤®ª § ­  â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï. �â®
ª á ¥âáï ¥¤¨­áâ¢¥­­®áâ¨, â® íâ®â ¢®¯à®á ¤®«£®¥ ¢à¥¬ï ®áâ ¢ «áï ®âªàëâë¬ ¨ ¤«ï ¡®«¥¥ ç áâ­®£®
á«ãç ï, ª®£¤  [1]

'(�) = � 8� 2 R1; ki(x; �) = �i 8� 2 R2:

�¨âã æ¨ï ¨§¬¥­¨« áì á ¯®ï¢«¥­¨¥¬ áâ âì¨ [3], £¤¥ ¡ë«  ¯à¥¤«®¦¥­  ­®¢ ï ¬¥â®¤¨ª  ¤®ª § -
â¥«ìáâ¢  ¥¤¨­áâ¢¥­­®áâ¨ ¤«ï ¢ëà®¦¤ îé¨åáï ãà ¢­¥­¨©. � ¨á¯®«ì§®¢ ­¨¥¬ ¨¤¥¨ íâ®© áâ âì¨
¢ ¤ ­­®© à ¡®â¥ ãáâ ­ ¢«¨¢ ¥âáï ¥¤¨­áâ¢¥­­®áâì ®¡®¡é¥­­®£® à¥è¥­¨ï ¤«ï á«ãç ï, ª®£¤  £à -
­¨ç­ë¥ ãá«®¢¨ï áâ æ¨®­ à­ë.

1. �®áâ ­®¢ª  § ¤ ç¨

�¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(3) ®¯à¥¤¥«¨¬, á«¥¤ãï [2]. �à¨ íâ®¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥-
¤ãîé¨¥ ®¡®§­ ç¥­¨ï. �ãáâì V , V (0;�),W (0; T ) | ¡ ­ å®¢ë ¯à®áâà ­áâ¢  äã­ªæ¨©, ¯®«ãç¥­­ë¥
§ ¬ëª ­¨¥¬ C1(
) ¨ C1(0; T ;C1(
)) ¢ á«¥¤ãîé¨å ­®à¬ å:

kukV = kukW 1
p1
(
) + kukW 1

p2
(�);

kukV (0;T ) = kukLp1
(0;T ;W 1

p1
(
)) + kukLp2

(0;T ;W 1
p2
(�));

kukW (0;T ) = kukV (0;T ) + kukL1(0;T ;L�1
(
)) + kukL1(0;T ;L�2

(�)):

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ 98-01-00260).
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�®®â¢¥âáâ¢¥­­®
�

V (
�

V (0;�),
�

W (0; T )) | § ¬ëª ­¨¥ äã­ªæ¨©, ä¨­¨â­ëå ¢ 
 (QT ), ¢ á®®â¢¥â-
áâ¢ãîé¥© ­®à¬¥. � ª¨¥ ¯à®áâà ­áâ¢  ¢ «¨â¥à âãà¥ ¯®«ãç¨«¨ ­ §¢ ­¨¥ ãá¨«¥­­ëå á®¡®«¥¢áª¨å
¯à®áâà ­áâ¢. �§ãç¥­¨î ¯à®áâà ­áâ¢ â¨¯  V ¢ £¨«ì¡¥àâ®¢®¬ á«ãç ¥ ¯®á¢ïé¥­  à ¡®â  [4], ¢ [5]
¨áá«¥¤ã¥âáï ®¡é¨© á«ãç ©, ¢ª«îç îé¨© ¯à®áâà ­áâ¢  V ¨ V (0; T ).

�¢¥¤¥¬ ¤ «¥¥ äã­ªæ¨®­ « J(z(t)), §­ ç¥­¨¥ ª®â®à®£® ¯à¨ t 2 [0; T ] ­  í«¥¬¥­â å v 2
�

V
®¯à¥¤¥«¨¬ ¯® ¯à ¢¨«ã

hJ(z(t)); vi� =
d

dt

�Z


'1(z(t))v(x)dx +

Z
�
'2(z(t))v(s)ds

�
;

§¤¥áì z 2 V (0; T ):

�¯à¥¤¥«¥­¨¥. �ã­ªæ¨î u(x; t) 2W (0; T ) â ªãî, çâ®

u(x; t)� uD(x) 2
�

W (0; T ); u(x; 0) = u0(x) ¯. ¢. ¢ 
 ¨ ¢ �;Z T

0

hJ(u); �i�dt 2 (
�

V (0; T ))�;

­ §®¢¥¬ ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1){(3), ¥á«¨ ¤«ï «î¡®© äã­ªæ¨¨ v 2
�

W (0; T ) á¯à ¢¥¤-
«¨¢® ¨­â¥£à «ì­®¥ â®¦¤¥áâ¢®Z T

0

hJ(u); vi�dt+
Z T

0

Z



2X
i=1

ai(x; u)ki(x;ru)
@v

@xi
dx dt+

+
Z T

0

Z
�

a�(x; u)k�

�
@u

@s

�
@v

@s
ds dt =

Z T

0

hf1; vidt +
Z T

0

hf2; vi�dt: (4)

�¤¥áì uD | ¯à®¤®«¦¥­¨¥ äã­ªæ¨¨ g ­  QT , hf; vi (hf; vi�) | §­ ç¥­¨¥ äã­ªæ¨®­ «  f 2

Lp0
1
(0; T ;W�1

p0
1

(
)) (f 2 Lp0
2
(0; T ;W�1

p0
2

(�))) ­  í«¥¬¥­â¥ v ¨§
�

W (0; T ).

� [2] ¤®ª § ­®, çâ® ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(3) áãé¥áâ¢ã¥â ¯à¨ «î¡ëå

f1 2 Lp0
1
(0; T ;W�1

p0
1

(
)); f2 2 Lp0
2
(0; T ;W�1

p0
2

(�));

u0 2 L�1(
); u0 2 L�2(�);

uD 2W (0; T );
@uD

@t
2 L�1(QT );

@uD

@t
2 L�2(�T );

u0 � uD(0) 2 V
\

L�1(
):

�à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨¨ 'i ¬®­®â®­­® ¢®§à áâ îé¨¥, 'i(0) = 0, ã¤®¢«¥â¢®àïî-
é¨¥ ¯à¨ «î¡®¬ � 2 R1 ­¥à ¢¥­áâ¢ ¬

b0ij�j
�i � b1i � �i(�) =

Z �

0

'0i(�)�d� � b2ij�j
�i + b3i; (5)

b0i > 0; b1i > 0; b2i > 0; b3i � 0; �i > 1;

j'i(�)j � b4ij�j
�i�1 + b5i; b4i > 0; b5i > 0: (6)

�á«®¢¨ï ­  äã­ªæ¨¨ ai, ki, a�, k� â ª®¢ë, çâ® ¯à®áâà ­áâ¢¥­­ë¥ ®¯¥à â®àë

L :W 1
p1
(
)!W�1

p0
1

(
); L� : W
1
p2
(�)!W�1

p0
2

(�);

®¯à¥¤¥«ï¥¬ë¥ á«¥¤ãîé¨¬ ®¡à §®¬:

Lu = �
nX
i=1

@

@xi
(ai(x; u)ki(x;ru)); L�u = �

@

@s

�
a�(x; u)k�

�
@u

@s

��
;
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ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨, ®£à ­¨ç¥­­ë¬¨, ª®íàæ¨â¨¢­ë¬¨. �à®¬¥ â®£®, ¯à¥¤¯®« £ ¥âáï, çâ® ¯à¨
«î¡ëå x 2 
, �0; �0 2 R1, �; �1; �2 2 R2 ¢ë¯®«­¥­ë á®®â­®è¥­¨ï

0 < �01 � ai(x; �0) � �11; 0 < �02 � a�(x; �0) � �12;

2X
i=1

ai(x; �0)(ki(x; �
1)� ki(x; �

2))(�1i � �2i ) � 0;

(k�(�0)� k�(�1))(�0 � �1) � 0: (7)

� ¬¥â¨¬, çâ® ¨§ íâ¨å ãá«®¢¨©, ¢ ç áâ­®áâ¨, á«¥¤ã¥â ¬®­®â®­­®áâì ¯® £à ¤¨¥­âã ®¯¥à â®à®¢ L ¨
L�.

2. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

�¥¬¬  1. �ãáâì äã­ªæ¨¨ 'i áâà®£® ¢®§à áâ îé¨¥, 'i(0) = 0, ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­-

áâ¢ ¬ (5), (6), � | ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï á ­¥ã¡ë¢ îé¥© ¯à®¨§¢®¤­®©. �®£¤  ¤«ï äã­ª-

æ¨®­ «®¢ �i
�, ®¯à¥¤¥«¥­­ëå ¯® ¯à ¢¨«ã

�i
�(u; z; v) =

Z u

v

�0(� � v)'i0(� + z)d� 8u; z; v 2 R1 (i = 1; 2);

¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢ :

�i
�(u; z; v) � �i

�(eu; z; v) � �0(eu� v)('i(u+ z)� 'i(eu+ z)); (8)

�i
�(u; z; v) � �i

�(eu; z; v) � �0(u� v)('i(u+ z)� 'i(eu+ z)): (9)

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ ¤¢  ®ç¥¢¨¤­ëå à ¢¥­áâ¢ 

�i
�(u; z; v) � �i

�(eu; z; v) = Z u

eu �0(� � v)'i
0(� + z)d�;

�0(eu� v)('i(u+ z)� 'i(eu+ z)) =
Z u

eu �0(eu� v)'i0(� + z)d�:

�ëçâ¥¬ ¨§ ¯¥à¢®£® à ¢¥­áâ¢  ¢â®à®¥. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

�i
�(u; z; v) � �i

�(eu; z; v) � �0(eu� v)('i(u+ z)� 'i(eu+ z)) =

=
Z u

eu 'i
0(� + z)(�0(� � v)� �0(eu� v))d�; i = 1; 2:

�¥®âà¨æ â¥«ì­®áâì ¯®á«¥¤­¥£® ¨­â¥£à «  á«¥¤ã¥â ¨§ ¬®­®â®­­®áâ¨ 'i ¨ ãá«®¢¨© ­  äã­ªæ¨î �.
�­ «®£¨ç­® ¯à®¢¥àï¥âáï ­¥à ¢¥­áâ¢® (9).

� ¬¥ç ­¨¥. � á«ãç ¥, ª®£¤  �0 | ­¥¢®§à áâ îé ï äã­ªæ¨ï, ¤«ï äã­ªæ¨®­ «®¢ �i
� ¨¬¥îâ

¬¥áâ® ­¥à ¢¥­áâ¢ , ¯à®â¨¢®¯®«®¦­ë¥ (8), (9).

�¥¬¬  2. �ãáâì äã­ªæ¨¨ 'i ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ «¥¬¬ë 1, � ®¯à¥¤¥«¥­  ä®à¬ã«®©

�(z) =

8>><>>:
0; z � 0;

z2=2; 0 � z � 1;

z � 1=2; z � 1;

��(z) = ��(��1z), ��(z) = ��(���1z). �®£¤  ¯à¨ � ! 0 ¨¬¥îâ ¬¥áâ® ¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï

�i
��
(u; z; v) ! ('i(u+ z)� 'i(v + z))+; (10)

�i
��
(u; z; v)! ('i(v + z)� 'i(u+ z))+: (11)

�¤¥áì w+ | ¯®«®¦¨â¥«ì­ ï ç áâì äã­ªæ¨¨ w.
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�®ª § â¥«ìáâ¢®. �ãáâì u�v. �®£¤  ¯® ®¯à¥¤¥«¥­¨î äã­ªæ¨®­ «  �i
��
¨¬¥¥¬ �i

��
(u; z; v)=0

8z 2 R1. � ¤àã£®© áâ®à®­ë, ¨§ ¬®­®â®­­®áâ¨ äã­ªæ¨¨ 'i á«¥¤ã¥â, çâ® ('i(u+z)�'i(v+z))+ = 0.
�®íâ®¬ã (10) á¯à ¢¥¤«¨¢®.

� áá¬®âà¨¬ á«ãç ©, ª®£¤  u > v. �ãáâì � â ª®¢®, çâ® v + � � u. (�â® ãá«®¢¨¥, ®ç¥¢¨¤­®, ­¥
ï¢«ï¥âáï ®£à ­¨ç¥­¨¥¬, ¯®áª®«ìªã á¯à ¢¥¤«¨¢®áâì (10) ãáâ ­ ¢«¨¢ ¥âáï ¯à¨ � ! 0.) �¬¥¥¬

�i
��
(u; z; v) =

Z v+�

v
��
0(� � v)'i

0(� + z)d� +
Z u

v+�
��
0(� � v)'i

0(� + z)d� =

=
Z v+�

v

��
0(� � v)'i

0(� + z)d� + 'i(u+ z)� 'i(v + � + z)!

! ('i(u+ z)� 'i(v + z)) ¯à¨ � ! 0:

�®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§  ¡á®«îâ­®© ­¥¯à¥àë¢­®áâ¨ ¨­â¥£à «  ¨ ­¥¯à¥àë¢­®áâ¨
äã­ªæ¨¨ 'i. � ¬¥â¨¬ â ª¦¥, çâ® ¯à¨ u > v

'i(u+ z)� 'i(v + z) = ('i(u+ z)� 'i(v + z))+:

�â¢¥à¦¤¥­¨¥ (10) ¤®ª § ­®. �­ «®£¨ç­® ãáâ ­ ¢«¨¢ ¥âáï á¯à ¢¥¤«¨¢®áâì (11).

�¥¬¬  3. �ãáâì u | ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(3), u = u � uD, � 2 C1(R1), �0 |
¬®­®â®­­ ï äã­ªæ¨ï, j�00(�)j � k, 
(x; t) 2 C1

0 ((�1; T ]; R2) | §­ ª®¯®áâ®ï­­ ï äã­ªæ¨ï, v |

¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§
�

V
T
L�1(
). �®£¤  ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®Z T

0

hJ(u); �0(u� v)
i�dt =
Z T

0

Z



(�1
�(u0; u

D; v)� �1
�(u; u

D; v))
@


@t
dx dt+

+
Z T

0

Z
�
(�2

�(u0; u
D; v) � �2

�(u; u
D; v))

@


@t
ds dt: (12)

�¤¥áì u = u� uD:

�®ª § â¥«ìáâ¢®. �­ ç «  à áá¬®âà¨¬ á«ãç ©, ª®£¤  �0 ¬®­®â®­­® ¢®§à áâ îé ï. �¡®§­ -
ç¨¬

I =
Z T

0

Z



'1(u(t)) � '1(u(t� �))
�

�0(u(t)� v)
 dx dt+

+
Z T

0

Z
�

'2(u(t)) � '2(u(t� �))
�

�0(u(t)� v)
 ds dt:

�á¯®«ì§ãï ­¥à ¢¥­áâ¢® (9) ¯à¨ u = u, eu = u(t� �), z = uD, ­¥âàã¤­® ¯®«ãç¨âì ¤«ï I ®æ¥­ªã
¢¨¤ 

I �
1
�

Z T

0

Z



(�1
�(u(t); u

D ; v)� �1
�(u(t� �)uD; v))
 dx dt+

+
1
�

Z T

0

Z
�

(�2
�(u(t); u

D; v)� �2
�(u(t� �)uD; v))
 ds dt:

�®« £ ï u(t) = u0 ¯à¨ t � 0, ¯®«ãç¥­­®¥ ­¥à ¢¥­áâ¢® ¯à¥®¡à §ã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

I � �

Z T

0

Z



�1
�(u; u

D; v)

(t+ �)� 
(t)

�
dx dt�

Z T

0

Z
�

�2
�(u; u

D; v)

(t+ �)� 
(t)

�
ds dt+

+
Z



�1
�(u; u

D; v)
�
1
�

Z �

0


 dt

�
dx+

Z
�

�2
�(u0; u

D; v)
�
1
�

Z �

0


 dt

�
ds: (13)
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� «¥¥ ¤®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ¯à¥¤¥«ì­®£® á®®â­®è¥­¨ïZ T

0

�Z



'1(u(t)) � '1(u(t� �))
�

z dx+
Z T

0

Z
�

'2(u(t)) � '2(u(t� �))
�

z ds

�
dt!

!

Z T

0

hJ(u); zi�dt; � ! 0 8z 2 V (0; T ): (14)

�«ï ¥£® ¤®ª § â¥«ìáâ¢  à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨®­ «®¢ fG�g, §­ ç¥­¨¥ ª®â®àëå

­  í«¥¬¥­â¥ z 2
�

V (0;�) ®¯à¥¤¥«¥­® ä®à¬ã«®©

hhG� (u); zii =
Z T

0

Z



'1(u(t)) � '1(u(t� �))
�

z(t)dx dt +
Z T

0

Z
�

'2(u(t)) � '2(u(t� �))
�

z(t)dx dt:

�®ª ¦¥¬, çâ®

kG�k
(
�

V (0;�))�
� const : (15)

�®áª®«ìªã u(t) = u(0) 8t 2 [��; 0], â®

jhhG� (u); ziij =
���� Z T

�

Z



'1(u(t)) � '1(u(t� �))
�

z(t)dx dt+

+
Z T

�

Z
�

'2(u(t))� '2(u(t� �))
�

z(t)dx dt
����:

�«¨

jhhG� (u); ziij =
����1�
Z T

�

Z t

t��

@

@�

�Z


'1(u(�))z(t)dx +

+
Z
�
'2(u(�))z(t)dx

�
d� dt

���� = ����1�
Z T

�

Z t

t��
hJ(u(�)); z(t)i�d� dt

����:
�¥­ïï ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï, ¡ã¤¥¬ ¨¬¥âì

jhhG� (u); ziij =
����1�
Z T

�

Z min(T;�+�)

max(�;�)

hJ(u(�)); z(t)i�dtd�
���� =

=
���� Z T

0

hJ(u(�));
1
�

Z min(T;�+�)

max(�;�)

z(t)dti�d�
���� � kJ(u)k

(
�

V (0;�))�





1�
Z min(T;�+�)

max(�;�)

z(t)dt





V (0;T )

:

�¥âàã¤­® ¢¨¤¥âì, çâ® 



1�
Z min(T;�+�)

max(�;�)

z(t)dt





V (0;T )

� ckz(t)kV (0;T ):

� ª¨¬ ®¡à §®¬, ®æ¥­ª  (15) ¤®ª § ­ . �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì f� 0g �
f�g â ª ï, çâ®

G� 0 * G ¢ (
�

V (0;�))�: (16)

�®ª ¦¥¬, çâ®

G =
Z T

0
hJ(u(t)); :i�dt: (17)
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�«ï íâ®£® § ¯¨è¥¬ á«¥¤ãîé¥¥ «¥£ª® ¯à®¢¥àï¥¬®¥ à ¢¥­áâ¢®:

hhG� (u); zii = �

Z T

0

Z



'1(u(t))ztdx dt�
Z T

0

Z
�

'2(u(t))ztdx dt+

+
1
�

Z T

T��

Z


'1(u(t))z(t + �)dx dt+

1
�

Z T

T��

Z
�
'2(u(t))z(t + �)dx dt �

�
1
�

Z 0

��

Z


'1(u(t))z(t + �)dxdt�

1
�

Z 0

��

Z
�
'2(u(t))z(t + �)dx dt: (18)

�¤¥áì z | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ C1

0 (QT ). � ¬¥â¨¬, çâ® ¯® ®¯à¥¤¥«¥­¨î äã­ªæ¨¨ z

1
�

Z T

T��

Z

i

'i(u(t))z(t + �)dx dt = 0; i = 1; 2: (19)

�®ª ¦¥¬, çâ® ¯à¨ � ! 0

1
�

Z 0

��

�Z



'1(u(t))z(t+ �)dx+
Z
�

'2(u(t))z(t + �)dx
�
dt �! 0: (20)

�®áª®«ìªã u(t) = u(0) ¤«ï «î¡®£® t 2 [��; 0],   z | £« ¤ª ï äã­ªæ¨ï, â®

	(t) =
Z


'1(u(0))z(t + �)dx+

Z
�
'2(u(0))z(t + �)dx

­¥¯à¥àë¢­  ¯® t, á«¥¤®¢ â¥«ì­®, (20) ¨¬¥¥â ¬¥áâ®.
� «¥¥, ¢ à ¢¥­áâ¢¥ (18), ãç¨âë¢ ï á®®â­®è¥­¨ï (16), (19), (20), ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨

� ! 0, � à¥§ã«ìâ â¥ ¯®«ãç¨¬

hhG; zii = �

Z T

0

�Z



'1(u)
@z

@t
dx+

Z
�

'2(u)
@z

@t
dx

�
dt:

�§ ¯®á«¥¤­¥£® à ¢¥­áâ¢  á«¥¤ã¥â (17),   á«¥¤®¢ â¥«ì­®, ¨ (14).
� «¥¥, ãç¨âë¢ ï (14), ¢ ­¥à ¢¥­áâ¢¥ (13) ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ � ! 0. � à¥§ã«ìâ â¥ ¡ã¤¥¬

¨¬¥âìZ T

0

hJ(u); �0(u� v)
i�dt � �

Z T

0

�Z



�1
�(u; u

D; v)
@


@t
dx+

Z
�

�2
�(u; u

D; v)
@


@t
ds

�
dt+

+
Z



�1
�(u0; u

D; v)
(x; 0)dx +
Z
�

�2
�(u0; u

D; v)
(s; 0)ds: (21)

�«ï ¯®«ãç¥­¨ï ®¡à â­®£® (21) ­¥à ¢¥­áâ¢  à áá¬®âà¨¬ ¢ëà ¦¥­¨¥

I1 =
Z T

0

Z



'1(u(t+ �))� '1(u(t))
�

�0(u(t)� v)
 dx dt+

+
Z T

0

Z
�

'2(u(t+ �))� '2(u(t))
�

�0(u(t)� v)
 ds dt:

�æ¥­¨¬ I1 á ¯®¬®éìî ­¥à ¢¥­áâ¢  (8), ¯®« £ ï ¯à¨ íâ®¬ eu = u(t), u = u(t + �). �áâ «ì­ ï
ç áâì ¤®ª § â¥«ìáâ¢  ¯®¢â®àï¥â ¯à¥¤ë¤ãé¨© á«ãç ©. � á«ãç ¥, ª®£¤  �0 ¬®­®â®­­® ã¡ë¢ îé ï,
à ááã¦¤¥­¨ï  ­ «®£¨ç­ë¥.
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�¥¬¬  4. �ãáâì u | ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(3), â®£¤  ¯à¨ «î¡ëå äã­ªæ¨ïå z 2
�

V
T
L�1, �, 
, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ «¥¬¬ë 3, ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®Z T

0

Z



(�1
�(u0; u

D; z)� �1
�(u; u

D; z))
@


@t
dx dt+

+
Z T

0

Z
�

(�2
�(u0; u

D; z) � �2
�(u; u

D; z))
@


@t
ds dt+

+
Z T

0

Z



2X
i=1

ai(x; u)ki(x;ru)
@

@xi
(�0(u� z)
)dx dt +

+
Z T

0

Z
�
a�(x; u)k�

�
@u

@s

�
@

@s
(�0(u� z)
)ds dt =

=
Z T

0

hf1; �
0(u� z)
idt+

Z T

0

hf2; �
0(u� z)
i�dt: (22)

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© «¥¬¬ë á«¥¤ã¥â, çâ® äã­ªæ¨ï �0(u � z)
(x; t) 2
�

W (0; T ). �®-
íâ®¬ã ¢ à ¢¥­áâ¢¥ (4) ¢ë¡¥à¥¬ v = �0(u � z)
(x; t) ¨ ¢®á¯®«ì§ã¥¬áï ãâ¢¥à¦¤¥­¨¥¬ «¥¬¬ë 3. �
à¥§ã«ìâ â¥ ¯®«ãç¨¬ (22).

�¥¬¬  5. �ãáâì u | ®¡®¡é¥­­®e à¥è¥­¨e § ¤ ç¨ (1){(3), v | £« ¤ª ï ­¥®âà¨æ â¥«ì­ ï

äã­ªæ¨ï. �®£¤  ¯à¨ "! 0 á¯à ¢¥¤«¨¢ë ¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï

2X
i=1

Z t0

0

Z

i

('i(u("t)) � 'i(u0))+v dx dt! 0;

2X
i=1

Z t0

0

Z

i

('i(u0)� 'i(u("t)))
+v dx dt! 0 8t 2 [0; T ]:

�¤¥áì 
1 = 
, 
2 = �.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ áã¬¬ã ¨­â¥£à «®¢

I =
2X

i=1

Z t0

0

Z

i

�i
��
(u("t); uD ; u0)v dx dt; t0 2 [0; T ];

§¤¥áì u = u � uD, �� ¨¬¥¥â â®â ¦¥ ¢¨¤, çâ® ¨ ¢ «¥¬¬¥ 2. �á¯®«ì§ãï ¢¨¤ äã­ªæ¨®­ «®¢ �i
��
,

§ ¯¨è¥¬ I ¢ ¢¨¤¥

I =
2X

i=1

�Z t0

0

Z

+
i

Z u("t)

u0

��
0(� � u0)'i0(� + uD)v d� dx dt+

+
Z t0

0

Z

�
i

Z u("t)

u0

��
0(� � u0)'i

0(� + uD)v d� dx dt+

+
Z t0

0

Z

�
i

Z u("t)

u0

��
0(� � u0)'i

0(� + uD)v d� dx dt
�
�

2X
i=1

(I1;i + I2;i + I3;i); (23)

£¤¥


+
i = fx 2 
i j u(x; "t)� u0(x) � � > 0g;


�i = fx 2 
i j u(x; "t)� u0(x) < 0g;


�
i = fx 2 
i j 0 < u(x; "t) � u0(x) � �g:
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�á­®, çâ® 
i = 
+
i

T

�i

T

�
i . �§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ �� ¨ ®¡« áâ¥© 


�

i , 

+
i á«¥¤ã¥â

I1;i =
Z t0

0

Z

+
i

('i(u("t)) � 'i(u0))+v dx dt;

I2;i =
Z t0

0

Z

�
i

('i(u("t)) � 'i(u0))+v dx dt:

�®íâ®¬ã (23) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

I =
2X

i=1

�Z t0

0

Z

i

('i(u("t)) � 'i(u0))+v dx dt+

+
Z t0

0

Z

�
i

Z u("t)

u0

(��
0(� � u0)� 1)'i

0(� + uD)v d� dx dt
�

¨«¨
2X

i=1

Z t0

0

Z

i

(('iu("t))� 'i(u0))
+v dx dt =

2X
i=1

Z t0

0

Z

i

�i
��
(u("t); uD ; u0)v dx dt+

+
2X
i=1

Z t0

0

Z

�
i

Z u("t)

u0

(1� ��
0(� � u0))'i0(� + uD)v d� dx dt � J1 + J2:

�®ª ¦¥¬, çâ® ª ¦¤®¥ Ji ¬®¦¥â ¡ëâì á¤¥« ­® áª®«ì ã£®¤­® ¬ «ë¬ §  áç¥â ¢ë¡®à  ¯ à ¬¥âà®¢
" ¨ �. � ¬¥â¨¬, çâ® ¨§ ®¯à¥¤¥«¥­¨ï ®¡« áâ¨ 
�

i , ¬®­®â®­­®áâ¨ äã­ªæ¨© 'i ¨ ­¥à ¢¥­áâ¢  0 �
��
0 � 1 á«¥¤ã¥â

0 � J2 �
2X
i=1

Z t0

0

Z

�
i

�Z u0+�

u0

'i
0(� + uD)d�

�
v dx dt =

2X
i=1

Z t0

0

Z

�
i

('i(u0 + �)� 'i(u0))
+v dx dt �

�
2X
i=1

Z t0

0

Z

i

('i(u0 + �) � 'i(u0))+v dx dt:

�®áª®«ìªã äã­ªæ¨¨ 'i ­¥¯à¥àë¢­ë, â® J2 ¬®¦¥â ¡ëâì á¤¥« ­ áª®«ì ã£®¤­® ¬ «ë¬ §  áç¥â
¢ë¡®à  �.

�«ï ®æ¥­ª¨ J1 § ¯¨è¥¬ à ¢¥­áâ¢® (12) ¯à¨ v = u0, � = ��, 
(x; t) = v(x)w(t), £¤¥ v 2 C1(R2)
¨ ­¥®âà¨æ â¥«ì­ , w 2 C1

0 (�1; t0):Z t0

0

hJ(u); �� 0(u� u0)vi�w dt = �
2X

i=1

Z t0

0

Z

i

�i
��
(u; uD; u0)v

dw

dt
dx dt: (24)

�ç¥¢¨¤­®, íâ® à ¢¥­áâ¢® ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¨ ¤«ï «î¡®© äã­ªæ¨¨ w 2 W 1
1
(0; t0) â ª®©, çâ®

w(t0) = 0. �®«®¦¨¬ ¢ (24)

w(t) =

(
t0 � t; 0 < t < t0;

0; t � t0;

  t0 = "t�: � à¥§ã«ìâ â¥, ãç¨âë¢ ï, çâ® w0 = �1 8t 2 (0; "t�), ¡ã¤¥¬ ¨¬¥âì

2X
i=1

Z "t�

0

Z

i

�i
��
(u; uD; u0)v dx dt =

Z "t�

0
hJ(u); ��

0(u� u0)vi�w dt � eI: (25)

�á¯®«ì§ãï ®æ¥­ªã jw(t)j � " 8t 2 (0; "t�), ®æ¥­¨¬ ¯à ¢ãî ç áâì ­¥à ¢¥­áâ¢  (25):

jeIj � "

Z "t�

0

Z

i

jhJ(u); �� 0(u� u0)vi�jdt:
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� ¬¥â¨¬, çâ®

jhJ(u); �� 0(u� u0)vi�j � kJ(u(t))kV �k��
0(u� u0)vkV ;

k��
0(u� u0)vkV � c=�

�
max
x2


�
jv(x)j;

���� @v@x1
����; ���� @v@x2

����; ����@v@s
�����(kukV + ku0kV )

�
:

�®íâ®¬ã

jeIj � "

�

Z "t�

0

�
max
x2


�
jv(x)j;

���� @v@x1
����; ���� @v@x2

����; ����@v@s
�����(kukV + ku0kV )

�
dt:

�®áª®«ìªã ¢ ¯®á«¥¤­¥¬ ­¥à ¢¥­áâ¢¥ ¢ëà ¦¥­¨¥, áâ®ïé¥¥ ¢ ä¨£ãà­ëå áª®¡ª å, ï¢«ï¥âáï äã­ª-
æ¨¥© ¨§ L1(0; T ), â® ¤«ï eI á¯à ¢¥¤«¨¢  ®æ¥­ª 

jeIj � "

�
�(");

¯à¨ç¥¬ �(")! 0 ¯à¨ "! 0. � ª¨¬ ®¡à §®¬, ¨§ (25) ¡ã¤¥¬ ¨¬¥âì

1
"

2X
i=1

Z "t�

0

Z

i

�i
��
(u; uD; u0)v dx dt �

�(")
�

:

�¥¢ ï ç áâì ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢ , ®ç¥¢¨¤­®, á®¢¯ ¤ ¥â á J1;   ¯à ¢ ï ç áâì áâà¥¬¨âáï ª
­ã«î, ¥á«¨ ¢ë¡à âì, ­ ¯à¨¬¥à, � =

p
�(").

3. �¥®à¥¬  ¥¤¨­áâ¢¥­­®áâ¨

�¥®à¥¬ . �ãáâì äã­ªæ¨¨ 'i, ai, ki, a�, k� ã¤®¢«¥â¢®àïîâ ¯¥à¥ç¨á«¥­­ë¬ ¢ëè¥ ãá«®¢¨ï¬,

ªà®¬¥ â®£®, ¤«ï «î¡ëå �1; �2 2 R1 ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

jai(x; �1)� ai(x; �2)j � �1j�1 � �2j;

ja�(x; �1)� a�(x; �2)j � �2j�1 � �2j:
(26)

�®£¤  ¯à¨ «î¡ëå f1 2 L1(QT ), f2 2 L1(�T ), u0 2 V
T
L�1(
), u

D 2 V
T
L�1(
) ®¡®¡é¥­­®¥

à¥è¥­¨¥ § ¤ ç¨ (1){(3) ¨§ ¯à®áâà ­áâ¢  W (0; T ) ®¯à¥¤¥«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ ¤¢  ®¡®¡é¥­­ëå à¥è¥­¨ï u1, u2. �ç¥¢¨¤-
­®, ¤«ï ª ¦¤®£® ¨§ ­¨å á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® (22). �ãáâì e
(t1; t2) | ¯à®¨§¢®«ì­ ï ­¥®âà¨-
æ â¥«ì­ ï äã­ªæ¨ï ¨§ C1

0 ((�1; T ]2). � ¯¨è¥¬ (22) ¤«ï u1(x; t1), ¯®«a£ ï 
(x; t1) = e
(t1; t2),
�(�) = ��(�), z = u2(x; t2). �®«ãç¥­­®¥ à ¢¥­áâ¢® ¯à®¨­â¥£à¨àã¥¬ ¯® ¯ à ¬¥âàã t2. �®  ­ «®£¨¨
§ ¯¨è¥¬ (22) ¤«ï u2(x; t2), ¢ë¡¨à ï 
(x; t2) = e
(t1; t2), �(�) = ��(�), z = u1(x; t1), ¨ ¯à®¨­â¥-
£à¨àã¥¬ ¯® ¯¥à¥¬¥­­®© t1. �ª« ¤ë¢ ï ¯®«ãç¥­­ë¥ à ¢¥­áâ¢  ¨ ãç¨âë¢ ï, çâ® ��

0(�) = ���
0(�),

­¥âàã¤­® ¯®«ãç¨âìZ T

0

Z T

0

Z



(�1
��
(u0; uD; u2(t2))� �1

��
(u1(t1); uD; u2(t2)))

@e

@t1

dx dt1 dt2 +

+
Z T

0

Z T

0

Z



(�1
��
(u0; uD; u1(t1))��1

��
(u2(t2); uD; u1(t1)))

@e

@t2

dx dt1 dt2 +

+
Z T

0

Z T

0

Z
�

(�2
��
(u0; u

D; u2(t2))� �2
��
(u1(t1); u

D; u2(t2)))
@e

@t1

ds dt1 dt2 +

+
Z T

0

Z T

0

Z
�
(�2

��
(u0; u

D; u1(t1))� �2
��
(u2(t2); u

D; u1(t1)))
@e

@t2

ds dt1 dt2 +

+
Z T

0

Z T

0

Z



2X
i=1

(ai(x; u1(t1))ki(x;ru1(t1))�

� ai(x; u2(t2))ki(x;ru2(t2)))
@

@xi
(�� 0(u1(t1)� u2(t2)))e
 dx dt1 dt2 +
20



+
Z T

0

Z T

0

Z
�

�
a�(x; u1(t1))k�

�
@u1(t1)
@s

�
�

� a�(x; u2(t2))k�

�
@u2(t2)
@s

��
@

@s
(��

0(u1(t1)� u2(t2)))e
 ds dt1 dt2 =
=
Z T

0

Z T

0

hf1(t1)� f1(t2); ��
0(u1(t1)� u2(t2))ie
 dt1 dt2 +

+
Z T

0

Z T

0

hf2(t1)� f2(t2); �� 0(u1(t1)� u2(t2))i�e
 dt1 dt2: (27)

� «ì­¥©è¥¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë á®áâ®¨â ¨§ ¤¢ãå íâ ¯®¢. �  ¯¥à¢®¬ íâ ¯¥ ¢ à ¢¥­áâ¢¥
(27) á®¢¥àè ¥¬ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯à¨ � ! 0. �à¨ ®¡oá­®¢ ­¨¨ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¢ á« -
£ ¥¬ëå, á®¤¥à¦ é¨å äã­ªæ¨®­ «ë �i

��
¨«¨ �i

��
, ¢®á¯®«ì§ã¥¬áï «¥¬¬®© 2 ¨ â¥®à¥¬®© �¥¡¥£  ®

¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ ¯®¤ §­ ª®¬ ¨­â¥£à « . � à¥§ã«ìâ â¥, ­ ¯à¨¬¥à, ¯®«ãç¨¬Z T

0

Z T

0

Z

i

�i
��
(u0; u

D; uk(tk))
@e


@t3�k
dx dt1 dt2 !

Z T

0

Z T

0

Z

i

('i(u0)� 'i(uk(tk)))
+ @e

@t3�k

dx dt1 dt2;Z T

0

Z T

0

Z

i

�i
��
(u0; uD; uk(tk))

@e

@t3�k

dx dt1 dt2 !

Z T

0

Z T

0

Z

i

('i(uk(tk))� 'i(u0))+
@e


@t3�k
dx dt1 dt2;

k = 1; 2:

� áá¬®âà¨¬ ¤ «¥¥ á« £ ¥¬ë¥, á®¤¥à¦ é¨¥ ¯à®áâà ­áâ¢¥­­ë¥ ®¯¥à â®àë. �¬¥¥¬

I =
Z



2X
i=1

(ai(x; u1(t1))ki(x;ru1(t1))�

� ai(x; u2(t2))ki(x;ru2(t2)))
@

@xi
��
0(u1(t1)� u2(t2))dx =

=
Z



2X
i=1

ai(x; u1(t1))(ki(x;ru1(t1))�

� ki(x;ru2(t2)))
@

@xi
(u1(t1)� u2(t2))��

00(u1 � u2)dx+

+
Z



2X
i=1

(ai(x; u1(t1))� ai(x; u2(t2)))ki(x;ru2(t2))
@

@xi
(u1(t1)�

� u2(t2))��
00(u1 � u2)dx = I1 + I2:

�§ (7) ¨ ­¥®âà¨æ â¥«ì­®áâ¨ ��
00 á«¥¤ã¥â, çâ® I1 � 0. �®£¤  ¤«ï I ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

I � �jI2j:

� «¥¥, ¨á¯®«ì§ãï (26) ¨ ãá«®¢¨ï ­  à®áâ äã­ªæ¨© ki, ¯®«ãç¨¬

jI2j � c�

Z



2X
i=1

ju1(t1)� u2(t2)j�� 00(u1(t1)� u2(t2))
�
1 +

+
2X
i=1

����@u2(t2)@xi

����p1�1����� @@xi (u1(t1)� u2(t2))
����dx: (28)

�¥âàã¤­® ¢¨¤¥âì, çâ®

jzj��
00(z) =

jzj

�
�00
�
z

�

�
; jzj��

00(z) � 1 8z 2 R1:
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�®íâ®¬ã ¯®¤¨­â¥£à «ì­ ï äã­ªæ¨ï ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (28) ¨¬¥¥â ¬ ¦®à ­âã ¨§ L1(
).
�à®¬¥ â®£®, ¯à¨ � ! 0

z

�
�00
�
z

�

�
! 0 ¯. ¢. ¢ R1:

�®£¤  ¯® â¥®à¥¬¥ �¥¡¥£  ® ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ ¡ã¤¥¬ ¨¬¥âì

lim
�!0

I2 = 0:

�à¨ ®¡®á­®¢ ­¨¨ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (27) á«¥¤ã¥â ãç¥áâì, çâ® ¯à¨
� ! 0

�0�(�)! H(�) =

(
1; � > 0;

0; � � 0
8� 2 R1:

� à¥§ã«ìâ â¥ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯® � ¢ (27) ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® ¢¨¤ 

�
2X

i=1

Z T

0

Z

i

('i(u0)� 'i(u2(t2)))+e
(0; t2)dx dt2 �
�

2X
i=1

Z T

0

Z

i

('i(u0)� 'i(u1(t1)))+e
(t1; 0)dx dt1 �
�

2X
i=1

Z T

0

Z T

0

Z

i

('i(u1(t1))� 'i(u2(t2)))
+

�
@e

@t1

+
@e

@t2

�
dx dt1 dt2 �

�
2X

i=1

Z T

0

Z T

0

Z

i

(fi(t1)� fi(t2))H(u1 � u2)e
 dx dt1 dt2: (29)

� «¥¥, ¯ãáâì 
, q | ­¥®âà¨æ â¥«ì­ë¥ äã­ªæ¨¨ â ª¨¥, çâ® 
 2 C1

0 (�1; T=2), q 2 C1

0 (R
1),

q(��) = q(�),
1R
�1

q(�)d� = 1. � ­¥à ¢¥­áâ¢¥ (29) ¢ë¡¥à¥¬

e
(t1; t2) = 1
"
q

�
t1 � t2
"

�



�
t1 + t2
2

�
;

¢¢¥¤¥¬ ­®¢ë¥ ¯¥à¥¬¥­­ë¥

t = t1; � =
t1 � t2
"

:

� à¥§ã«ìâ â¥, ãç¨âë¢ ï
@e

@t1

+
@e

@t2

=
1
"
q

�
t1 � t2
"

�
d
(�)
d�

����
�=

t1+t2
2

;

¡ã¤¥¬ ¨¬¥âì

�
3X

i=1

Ii � �
2X
i=1

Z T="

0

Z

i

('i(u0)� 'i(u2("�)))
+q(�)


�
"�

2

�
dx d� �

�
2X
i=1

Z T="

0

Z

i

('i(u0)� 'i(u1("�)))+q(�)

�
"�

2

�
dx d� �

�
2X
i=1

Z T="

�T="

Z min(T;T+"�)

max(0;"�)

Z

i

('i(u1(t)) � 'i(u2(t� "�)))+q(�)
0
�
t�

"�

2

�
dx dt d� �

�
2X
i=1

Z T="

�T="

Z min(T;T+"�)

max(0;"�)

Z

i

H(u1(t)� u2(t� "�))(fi(t)� fi(t� "�))q(�)

�
t�

"�

2

�
dx dt d�: (30)
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�«¥¤ãîé¨© íâ ¯ ¤®ª § â¥«ìáâ¢  | ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯® ¯ à ¬¥âàã " ¢ ­¥à ¢¥­áâ¢¥ (30).
�®ª ¦¥¬, çâ®

I1 ! 0 ¯à¨ "! 0:

�«ï íâ®£® ¯à¥¤áâ ¢¨¬ I1 ¢ ¢¨¤¥ á«¥¤ãîé¥© áã¬¬ë:

I1 =
2X
i=1

Z M

0

q(�)
Z

i

('i(u0)� 'i(u2("�)))+

�
"�

2

�
dx d� +

+
2X
i=1

Z T="

M
q(�)

Z

i

('i(u0)� 'i(u2("�)))
+


�
"�

2

�
dx d� � I1;1 + I1;2:

�®ª ¦¥¬, çâ® ª ¦¤®¥ I1;i ¬®¦¥â ¡ëâì á¤¥« ­® áª®«ì ã£®¤­® ¬ «ë¬ §  áç¥â ¢ë¡®à  M ¨ ".
�ç¨âë¢ ï, çâ® ('i(u0)� 'i(u2("�)))+ ¯à¨­ ¤«¥¦¨â L1(0; T=";L�i (
i)), ¤«ï I1;2 ¯®«ãç¨¬ ®æ¥­ªã

I1;2 � c

Z T="

M
q(�)d�: (31)

�ë¡¥à¥¬ M â ª, çâ® ¯à ¢ ï ç áâì (31) ¡ë«  ­¥ ¡®«ìè¥ ­ ¯¥à¥¤ § ¤ ­­®© ¬ «®© ¢¥«¨ç¨­ë �.
� áá¬®âà¨¬ I1;1. �¬¥¥¬

I1;1 =
2X

i=1

Z M

0
q(�)

Z

i

('i(u0)� 'i(u2("�)))
+

�



�
"�

2

�
� 
(0)

�
dx d� +

+
2X
i=1

Z M

0

q(�)
Z

i

('i(u0)� 'i(u2("�)))+
(0)dx d�:

�á¯®«ì§ãï ­¥¯à¥àë¢­®áâì äã­ªæ¨© 
, q ¨ «¥¬¬ã 5, ­¥âàã¤­® ¤®ª § âì, çâ® áãé¥áâ¢ã¥â ¬ «®¥ "0
â ª®¥, çâ®

I1;1 � � 8" � "0:

�§ áª § ­­®£® ¢ëè¥ á«¥¤ã¥â, çâ® ¨ I1 ! 0 ¯à¨ " ! 0. �­ «®£¨ç­ë© à¥§ã«ìâ â ¨¬¥¥â ¬¥áâ®
¤«ï I2.

�®ª ¦¥¬ ¤ «¥¥, çâ®

I3 !
2X
i=1

Z T

0

Z

i

('i(u1)� 'i(u2))
+ d
(t)

dt
dx dt d� � I4:

� ¬¥â¨¬, çâ®

I4 =
2X
i=1

Z
1

�1

q(�)
Z T

0

Z

i

('i(u1)� 'i(u2))
+ d
(t)

dt
dx dt d�:

� áá¬®âà¨¬ à §­®áâì I3 � I4. �¬¥¥¬

I3 � I4 = �
2X
i=1

Z �

�1

q(�)
Z T

0

Z

i

('i(u1(t)) � 'i(u2(t)))+
d


dt
dx dt d� �

�
2X
i=1

Z
1

M

q(�)
Z T

0

Z

i

('i(u1(t)) � 'i(u2(t)))
+ d


dt
dx dt d� +

+
2X
i=1

Z
��

�T="

q(�)
Z min(T;T+"�)

max(0;"�)

Z

i

('i(u1(t))� 'i(u2(t� "�)))+
d

dt



�
t�

"�

2

�
dx dt d� +

+
2X
i=1

Z T="

M
q(�)

Z min(T;T+"�)

max(0;"�)

Z

i

('i(u1(t))� 'i(u2(t� "�)))+
d

dt



�
t�

"�

2

�
dx dt d� +

+
2X

i=1

Z M

�M

q(�)
Z max(0;"�)

0

Z

i

('i(u1(t))� 'i(u2(t� "�)))+
d

dt



�
t�

"�

2

�
dx dt d� +
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+
2X
i=1

Z M

�M

q(�)
Z T

min(T;T+"�)

Z

i

('i(u1(t))� 'i(u2(t� "�)))+
d

dt



�
t�

"�

2

�
dx dt d� +

+
2X

i=1

Z �

�M
q(�)

Z T

0

Z

i

�
('i(u1(t))� 'i(u2(t� "�)))+

d

dt



�
t�

"�

2

�
dx dt d� �

� ('i(u1(t))� 'i(u2(t)))+
d
(t)
dt

�
dx dt d�: (32)

�¥âàã¤­® ¯®ª § âì ¯®  ­ «®£¨¨ á ¯à¥¤ë¤ãé¨¬ á«ãç ¥¬, çâ® ¯¥à¢ë¥ ç¥âëà¥ ¨­â¥£à «  ¢ ¯à ¢®©
ç áâ¨ (32) ¬®£ãâ ¡ëâì á¤¥« ­ë áª®«ì ã£®¤­® ¬ «ë¬¨ §  áç¥â ¢ë¡®à M . �â® ª á ¥âáï á«¥¤ãîé¨å
¤¢ãå á« £ ¥¬ëå, â® ¨å §­ ç¥­¨ï ¬ «ë ¯à¨ ¬ «®¬ ". �®á«¥¤­¥¥ á« £ ¥¬®¥ (®¡®§­ ç¨¬ ¥£® eJ) ¢
¯à ¢®© ç áâ¨ (32) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

eJ =
2X
i=1

Z �

�M

q(�)
Z T

0

Z

i

('i(u1(t))� 'i(u2(t� "�)))+
�
d

dt



�
t�

"�

2

�
�
d
(t)
dt

�
dx dt d� +

+
2X
i=1

Z �

�M

q(�)
Z T

0

Z

i

[('i(u1(t))� 'i(u2(t� "�)))+ � ('i(u1(t))� 'i(u2(t)))
+]
d
(t)
dt

dx dt d�:

�¥à¢ë© ¨­â¥£à « ¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢  áâà¥¬¨âáï ª ­ã«î, ¯®áª®«ìªã äã­ªæ¨ï

 £« ¤ª ï,   äã­ªæ¨¨ 'i(u1) ¨ 'i(u1) ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ ¬ L1(0; T ;L�i(
i)). �â®à®©
¨­â¥£à « â ª¦¥ áâà¥¬¨âáï ª ­ã«î ¯® á¢®©áâ¢ã ­¥¯à¥àë¢­®áâ¨ ¢ æ¥«®¬ ¨­â¥£à¨àã¥¬ëå ¯® �¥¡¥£ã
äã­ªæ¨©. � ª¨¬ ®¡à §®¬,

I3 � I4 ! 0 ¯à¨ "! 0:

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® á« £ ¥¬ë¥, á®¤¥à¦ é¨¥ äã­ªæ¨¨ fi, áâà¥¬ïâáï ª ­ã«î.
� ª¨¬ ®¡à §®¬, ¢ à¥§ã«ìâ â¥ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¢ (30) ¯® ¯ à ¬¥âàã " ¯®«ãç¨¬ ­¥à ¢¥­-

áâ¢®

�
2X
i=1

Z T

0

Z

i

('i(u1)� 'i(u2))+
d
(t)
dt

dx dt � 0: (33)

�á­®, çâ® (33) ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¨ ¤«ï 
(t) 2W 1
1
(0; T ), 
(T ) = 0. �ë¡¥à¥¬ ¢ (33)


(t) =

(
t� � t; 0 � t � t�;

0; t � t�;

£¤¥ t� 2 [0; T ]. � à¥§ã«ìâ â¥ ¡ã¤¥¬ ¨¬¥âì

Z t�

0

Z



('1(u1)� '1(u2))
+dx dt+

Z t�

0

Z
�

('2(u1)� '2(u2))
+ds dt � 0:

�§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¢ á¨«ã ¬®­®â®­­®áâ¨ 'i ¨ ¯à®¨§¢®«ì­®áâ¨ t� á«¥¤ã¥â, çâ® u1 � u2
¯®çâ¨ ¢áî¤ã ¢ QT=2. �®áª®«ìªã äã­ªæ¨¨ u1, u2 ¢® ¢á¥å à ááã¦¤¥­¨ïå ¬®¦­® ¯®¬¥­ïâì ¬¥áâ ¬¨,
â® ¨§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â ¥¤¨­áâ¢¥­­®áâì ®¡®¡é¥­­®£® à¥è¥­¨ï § ¤ ç¨ (1){(3). �â®-
¡ë ¯®«ãç¨âì ¥¤¨­áâ¢¥­­®áâì ­  [0; T ], ­ã¦­® ãà ¢­¥­¨ï (1), (2) à áá¬®âà¥âì ­  [0; 2T ], ¯®« £ ï
fi(t) = 0 ¯à¨ t > T .

�¢â®àë ¢ëà ¦ îâ ¨áªà¥­­îî ¡« £®¤ à­®áâì �.�.�ïèª® §  ¢­¨¬ ­¨¥ ª à ¡®â¥.
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