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�§ãç¥­¨î ¢®¯à®á®¢ â¥®à¨¨ ãáà¥¤­¥­¨ï ¤«ï ¯¥àä®à¨à®¢ ­­ëå ®¡« áâ¥© ¯®á¢ïé¥­® ¬­®£® à -
¡®â (á¬. [1]{[3]), ¢ ª®â®àëå ­  ¯®¢¥¤¥­¨¥ à¥è¥­¨© ¯à¨ ¯à¨¡«¨¦¥­¨¨ ª ¤ëà ¬ áâ ¢ïâáï ª ª¨¥-«¨¡®
®£à ­¨ç¥­¨ï, ­ ¯à¨¬¥à, £à ­¨ç­ë¥ ãá«®¢¨ï. �¤­ ª® ¤«ï ãáà¥¤­¥­¨ï à¥è¥­¨© ãà ¢­¥­¨© á ¤®-
áâ â®ç­® á¨«ì­ë¬ ­¥«¨­¥©­ë¬ ¯®£«®é¥­¨¥¬ â ª¨¥ ®£à ­¨ç¥­¨ï ­¥ ­ã¦­ë. �®¤®¡­ ï á¨âã æ¨ï
¡ë«  ®¡­ àã¦¥­  ¨ ¢ â¥®à¨¨ ãáâà ­¥­¨ï ®á®¡¥­­®áâ¥©. � á¢ï§¨ á íâ¨¬ ®â¬¥â¨¬ à ¡®âë [4]{[7].
�®¯à®áë ãáà¥¤­¥­¨ï ¯®«ã«¨­¥©­ëå í««¨¯â¨ç¥áª¨å § ¤ ç ¢ ¯¥àä®à¨à®¢ ­­ëå ®¡« áâïå ¡ë«¨
¨§ãç¥­ë ¢ à ¡®â å [8], [9] á ¨á¯®«ì§®¢ ­¨¥¬ ®æ¥­ª¨ �®­¤à âì¥¢ {� ­¤¨á  ([10], x 1, ¯. 3).

� ¤ ­­®© à ¡®â¥ ¤«ï á« ¡®-­¥«¨­¥©­®£® ¤¨¢¥à£¥­â­®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£®
¯®àï¤ª  á ¬« ¤è¨¬ ç«¥­®¬, à áâãé¨¬ ¯® ­¥¨§¢¥áâ­®© äã­ªæ¨¨ áâ¥¯¥­­ë¬ ®¡à §®¬, ¤®ª §ë-
¢ ¥âáï, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì à¥è¥­¨© ¢ ¯¥àä®à¨à®¢ ­­®¬ æ¨«¨­¤à¥ áâà¥¬¨âáï ª à¥è¥­¨î
¢ ­¥¯¥àä®à¨à®¢ ­­®¬ æ¨«¨­¤à¥, ¥á«¨ à ¤¨ãáë ¢ë¡à®è¥­­ëå æ¨«¨­¤à®¢ áâà¥¬ïâáï ª ­ã«î á®
áª®à®áâìî, § ¢¨áïé¥© ®â ¯®ª § â¥«ï áâ¥¯¥­¨ ¢ ¬« ¤è¥¬ ç«¥­¥. �®ª § â¥«ìáâ¢  â¥®à¥¬ ¤ ­­®©
à ¡®âë ®á­®¢ë¢ îâáï ­   ­ «®£¨ç­®© ®æ¥­ª¥ à¥è¥­¨ï ¯®«ã«¨­¥©­®£® ¯ à ¡o«¨ç¥áª®£® ãà ¢­¥-
­¨ï ç¥à¥§ à ááâ®ï­¨¥ ®â â®çª¨ ¤® £à ­¨æë ®¡« áâ¨ ¢ á®®â¢¥âáâ¢ãîé¥© ¬¥âà¨ª¥, ¯®«ãç¥­­®© ¢
à ¡®â¥ [11].

�ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬¨ ®¡®§­ ç¥­¨ï¬¨:

x = (x1; : : : ; xn) 2 R
n ; n > 2; u = (u1; : : : ; un); ux = (ux1 ; : : : ; uxn);

juxj
2 =

nX
i=1

(uxi)
2; ut = @u=@t; 0 � t < T <1;


 � R
n | ¯à®¨§¢®«ì­®¥ ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® Rn á £à ­¨æ¥© @
, 
 = 


S
@
| § ¬ëª ­¨¥


; Q = 
� (0; T ) | æ¨«¨­¤à ¢ ¯à®áâà ­áâ¢¥ â®ç¥ª (x; t) 2 Rn+1 , x 2 
, t 2 [0; T ], 0 < T <1;
S(Q) = @
 � [0; T ] | ¡®ª®¢ ï ¯®¢¥àå­®áâì æ¨«¨­¤à  Q � R

n+1 ; �(Q) = S(Q) [ �0(
) |
¯ à ¡®«¨ç¥áª ï £à ­¨æ  æ¨«¨­¤à  Q � R

n+1 , £¤¥ �t(
) = 
� ftg 8t 2 [0; T ];
Q(x0; t0; R; T ) = B(x0; R)� [t0; t0+T ] | æ¨«¨­¤à ¢ Rn+1 à ¤¨ãá  R ¨ ¢ëá®âë T , £¤¥ B(x0; R) =

fx 2 Rn : jx� x0j � Rg | § ¬ª­ãâë© è à ¢ Rn à ¤¨ãá  R á æ¥­âà®¬ ¢ â®çª¥ x0;
C(Q) | á®¢®ªã¯­®áâì ­¥¯à¥àë¢­ëå ¢ Q äã­ªæ¨©;
Lp;r(Q) | ¯à®áâà ­áâ¢®, á®áâ®ïé¥¥ ¨§ ¢á¥å ¨§¬¥à¨¬ëå ­  Q äã­ªæ¨© á ª®­¥ç­®© ­®à¬®©

ku;Lp;r(Q)k =
�Z T

0

�Z



ju(x; t)jpdx
�r=p

dt

�1=r

; p � 1; r � 1;

Lp;r(Q) ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ Lp(Q) ¨ ­®à¬ã k � ;Lp;r(Q)k ç¥à¥§ k � ;Lp(Q)k ¯à¨ p = r; W 1;1
p (Q)

| ¯à®áâà ­áâ¢® �®¡®«¥¢ , á®áâ®ïé¥¥ ¨§ í«¥¬¥­â®¢ Lp(Q), ¨¬¥îé¨å ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥
¯® x ¨ ¯® t á ­®à¬®© ku;W 1;1

p (Q)k = ku;Lp(Q)k+ kux;Lp(Q)k+ kut;Lp(Q)k;
W 1;0

p (Q) | ¯à®áâà ­áâ¢® �®¡®«¥¢ , á®áâ®ïé¥¥ ¨§ í«¥¬¥­â®¢ Lp(Q), ¨¬¥îé¨å ®¡®¡é¥­­ë¥
¯à®¨§¢®¤­ë¥ ¯® x á ­®à¬®© ku;W 1;0

p (Q)k = ku;Lp(Q)k+ kux;Lp(Q)k.
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�ãáâì L, L | ®¯¥à â®àë ¢¨¤ 

L �
nX

i;j=1

@

@xi

�
aij(x)

@

@xj

�
; L � L�

@

@t
;

£¤¥ (x; t) = (x1; : : : ; xn; t) 2 R
n+1 , ª®íää¨æ¨¥­âë aij(x) : Rn ! R

1 | ®£à ­¨ç¥­­ë¥ ¨§¬¥à¨¬ë¥
äã­ªæ¨¨ â ª¨¥, çâ® aij(x) � aji(x) ¤«ï ¢á¥å x 2 Rn , ¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï

��1j�j2 �
nX

i;j=1

aij(x)�i�j � �j�j2; � = const > 0; (1)

¤«ï ¢á¥å � = (�1; : : : ; �n) 2 Rn , j�j2 =
nP
i=1

�2i .

�ã¤¥¬ ¨§ãç âì à¥è¥­¨¥ § ¤ ç¨

Lu(x; t) = f(x; t; u(x; t)); (x; t) 2 Q = 
� (0; T ); (2)

u(x; t) = '(x; t); (x; t) 2 �(Q) = S(Q) [�0(
); (3)

£¤¥ '(x; t) 2 W 1;1
2 (Q),   äã­ªæ¨ï f(x; t; u) : Rn+1 � R

1 ! R
1 ¯à¥¤¯®« £ ¥âáï ¨§¬¥à¨¬®© ¨ â ª®©,

çâ® ª®¬¯®§¨æ¨ï f(x; t; u(x; t)) ï¢«ï¥âáï ¨§¬¥à¨¬®© «®ª «ì­® ®£à ­¨ç¥­­®© äã­ªæ¨¥© ¯¥à¥¬¥­-
­ëå (x; t) ¯à¨ «î¡®© äã­ªæ¨¨ u(x; t) 2W 1;1

2 (Q) \ C(Q).

�¯à¥¤¥«¥­¨¥ 1. �ã­ªæ¨ï u(x; t) 2 W 1;1
2;loc(Q)

T
C(Q) ­ §ë¢ ¥âáï ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § -

¤ ç¨ (2), (3), ¥á«¨ ¤«ï «î¡®© äã­ªæ¨¨  (x; t) 2
0

W 1;0
2 (Q) ®­  ã¤®¢«¥â¢®àï¥â ¨­â¥£à «ì­®¬ã

á®®â­®è¥­¨î
nX

i;j=1

Z
Q

aij(x)uxj xidx dt+
Z
Q

ut(x; t) (x; t)dx dt +
Z
Q

f(x; t; u) (x; t)dx dt = 0 (4)

¨ ¯à¨ «î¡®© äã­ªæ¨¨ �(x; t) 2 C1(Q), à ¢­®© ­ã«î ¢ ®ªà¥áâ­®áâ¨ �T (
), ¢ë¯®«­¥­® ¢ª«îç¥­¨¥

�(x; t)(u(x; t) � '(x; t)) 2
0

W 1;1
2 (Q).

�®¯à®áë à §à¥è¨¬®áâ¨,   â ª¦¥ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ (2), (3) ¨§ãç¥­ë ¢ ([12],
£«. V, x 6, á. 524).

1. �ãáâì ¢ ®¡« áâ¨ Q «¥¦ â m æ¨«¨­¤à®¢ ¢¨¤  Q(yk;"; 0; R"; T ) á æ¥­âà ¬¨ ¢ â®çª å yk;"
®¤¨­ ª®¢®£® à ¤¨ãá  R" ¨ ¢ëá®â ¬¨ T , " = m�1 | ¬ «ë© ¯ à ¬¥âà, m | ­ âãà «ì­®¥ ç¨á«®;
k = 1; : : : ;m. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® à ááâ®ï­¨¥ ¬¥¦¤ã æ¥­âà ¬¨ íâ¨å è à®¢ ­¥ ¬¥­ìè¥,

ç¥¬ 4R". �®«®¦¨¬ Q" = Q nQ(R"; T ), £¤¥ Q(R"; T ) =
mS
k=1

Q(yk;"; 0; R"; T ).

�ãáâì u"(x; t) { à¥è¥­¨¥ § ¤ ç¨

Lu"(x; t) = a(x)ju"(x; t)j
��1u"(x; t); (x; t) 2 Q"; (5)

u"(x; t) = '(x; t); (x; t) 2 S(Q); (6)

u"(x; 0) = u0(x); x 2 
; (7)

£¤¥ a(x) | ®£à ­¨ç¥­­ ï ¨§¬¥à¨¬ ï äã­ªæ¨ï, a(x) � a0 = const > 0, '(x) 2W 1;1
2 (Q").

�¯à¥¤¥«¥­¨¥ 2. �ã­ªæ¨ï u"(x; t) 2 W 1;1
2;loc(Q")

T
C(Q") ­ §ë¢ ¥âáï ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬

§ ¤ ç¨ (5){(7), ¥á«¨ ¤«ï «î¡®© äã­ªæ¨¨  (x; t) 2
0

W 1;0
2 (Q") ®­  ã¤®¢«¥â¢®àï¥â ¨­â¥£à «ì­®¬ã

á®®â­®è¥­¨î
nX

i;j=1

Z
Q"

aij(x)uxj xidx dt+
Z
Q"

ut(x; t) (x; t)dx dt +
Z
Q"

a(x)ju"(x; t)j
��1u"(x; t) (x; t)dx dt = 0;
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¯à¨­¨¬ ¥â §­ ç¥­¨¥ u0(x) ¯à¨ t = 0 ¨ ¯à¨ «î¡®© äã­ªæ¨¨ �(x; t) 2 C1(Q), à ¢­®© ­ã«î ¢

®ªà¥áâ­®áâïå Q(R"; T ) ¨ �T (
), ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ �(x; t)(u"(x; t)� '(x; t)) 2
0

W 1;1
2 (Q").

�«ï § ¤ ç¨ (5){(7) ­¥ ¢ë¯®«­ïîâáï, ¢®®¡é¥ £®¢®àï, â¥®à¥¬ë ¥¤¨­áâ¢¥­­®áâ¨, â. ª. ­  £à -
­¨æ å ¤ëà®ª ¯¥àä®à¨à®¢ ­­®© ®¡« áâ¨ Q" ­¥ § ¤ ­ë ­¨ª ª¨¥ £à ­¨ç­ë¥ ãá«®¢¨ï. �®ª ¦¥¬,
çâ® ¯à¨ ­¥ª®â®àëå ãá«®¢¨ïå ¯à¥¤¥« à¥è¥­¨© § ¤ ç¨ (5){(7) ¡ã¤¥â áãé¥áâ¢®¢ âì, ¯à¨ç¥¬ íâ®â
¯à¥¤¥« ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¯®á«¥¤®¢ â¥«ì­®áâ¨ u"(x; t); §¤¥áì u"(x; t) | «î¡®¥ à¥è¥­¨¥ § ¤ ç¨
(5){(7).

�ãáâì u(x; t) | à¥è¥­¨¥ á«¥¤ãîé¥© § ¤ ç¨:

Lu(x; t) = a(x)ju(x; t)j��1u(x; t); (x; t) 2 Q; (8)

u(x; t) = '(x; t); (x; t) 2 S(Q); (9)

u(x; 0) = u0(x); x 2 
: (10)

�¥®à¥¬  1. �ãáâì � > n
n�2

¨

R" � "� ¯à¨ "! 0; £¤¥ � >
� � 1

(n� 2)� � n
: (11)

�®£¤  à¥è¥­¨¥ § ¤ ç¨ (5){(7) áâà¥¬¨âáï ª à¥è¥­¨î § ¤ ç¨ (8){(10) ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ¤«ï
«î¡®£® ¯®«®¦¨â¥«ì­®£® ¯®áâ®ï­­®£® d

sup
x2
";d; t2[0;T ]

ju"(x; t) � u(x; t)j ! 0 ¯à¨ "! 0; (12)

£¤¥


";d = fx 2 
 : dist(x; @B(yk;"; R")) > d; k = 1; : : : ;mg:

�â¬¥â¨¬, çâ® ¯à¨ íâ®¬ ®¡é¨© ®¡ê¥¬ ¤ëà®ª Vol[Q(R"; T )] áâà¥¬¨âáï ª ­ã«î ¯à¨ "! 0.

�«¥¤áâ¢¨¥ 1. �á«¨ ¢ ¯¥àä®à¨à®¢ ­­®© ®¡« áâ¨ Q" áãé¥áâ¢ã¥â ¬­®¦¥áâ¢®, ®â¤¥«¥­­®¥ ®â
¢á¥å ¤ëà®ª ä¨ªá¨à®¢ ­­®© ¯®áâ®ï­­®©, â® ­  íâ®¬ ¬­®¦¥áâ¢¥ áå®¤¨¬®áâì ¡ã¤¥â à ¢­®¬¥à­®©.

�¥¬¬  1. �«ï «î¡ëå a; b 2 R ¨ � > 1 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®��jaj��1a� jbj��1b
�� � C�ja� bj� = C�ja� bj��1ja� bj;

£¤¥ C� | ­¥ª®â®à ï ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, § ¢¨áïé ï ®â �, ­® ­¥ § ¢¨áïé ï ®â a ¨ b.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï â ª ¦¥, ª ª ¢ à ¡®â å [8], [9] ¤«ï
í««¨¯â¨ç¥áª¨å ®¯¥à â®à®¢. �«ï à §­®áâ¨ w"(x; t) = u"(x; t)� u(x; t) ¨¬¥¥¬

Lw"(x; t)� a(x)(ju"(x; t)j
��1u"(x; t) � ju(x; t)j��1u(x; t)) = 0:

�¬­®¦¨¬ íâ® à ¢¥­áâ¢® ­  sgnw"(x; t) ¨ ¯à¨¬¥­¨¬ «¥¬¬ã 1, â®£¤ 

0 = sgnw"(x; t)Lw"(x; t)� a(x)
��ju"(x; t)j��1u"(x; t)� ju(x; t)j��1u(x; t)

�� �
� sgnw"(x; t)Lw"(x; t)� C�a0ju"(x; t) � u(x; t)j� = sgnw"(x; t)Lw"(x; t)� C�a0jw"(x; t)j

� ; (x; t) 2 Q":

� ª¨¬ ®¡à §®¬, äã­ªæ¨ï w"(x; t) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

sgnw"(x; t)Lw"(x; t) � b0jw"(x; t)j
� � 0; (x; t) 2 Q"; (13)

á £à ­¨ç­ë¬ ãá«®¢¨¥¬

w"(x; t) = 0; (x; t) 2 S(Q) = @
� [0; T ]; (14)

¨ á ­ã«¥¢ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬

w"(x; 0) = 0; x 2 
; (15)

§¤¥áì b0 = C�a0.
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�®£« á­® â¥®à¥¬¥ 8.2 à ¡®âë [11] ¤«ï à¥è¥­¨© ¯®«ã«¨­¥©­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©
¢¨¤  (8) ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

jw"(x; t)j � C
�
min(R2; T )

� 1
1�� ;

£¤¥ R, T | á®®â¢¥âáâ¢¥­­® à ¤¨ãá ¨ ¢ëá®â  æ¨«¨­¤à , ¢ ª®â®à®¬ ®¯à¥¤¥«¥­® à¥è¥­¨¥ u(x; t)
ãà ¢­¥­¨ï (8). � ª ª ª ª®íää¨æ¨¥­âë ®¯¥à â®à  ­¥ § ¢¨áïâ ®â t, â® ¨§ ¯®á«¥¤­¥© ®æ¥­ª¨ ¬®¦-
­® ¨áª«îç¨âì § ¢¨á¨¬®áâì ®â T , ¯®áª®«ìªã w(x; t) ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ t = 0. �¥©áâ¢¨â¥«ì­®,
w(x; t) ¢á¥£¤  ¬®¦­® áç¨â âì à¥è¥­¨¥¬ ¢ ¤®áâ â®ç­® ¢ëá®ª®¬ æ¨«¨­¤à¥ ä¨ªá¨à®¢ ­­®£® à ¤¨-
ãá , ¥á«¨ ¤®®¯à¥¤¥«¨âì w(x; t) ­ã«¥¬ ¯à¨ t < 0. �«¥¤®¢ â¥«ì­®,

jw"(x; t)j � C
�
min(R2; 0)

� 1
1�� = CR

2
1�� : (16)

�­ «®£¨ç­® à ¡®â¥ [10] íâã ®æ¥­ªã ¬®¦­® ¯®«ãç¨âì ¨ ¤«ï à¥è¥­¨© ­¥à ¢¥­áâ¢ ¢¨¤  (13).
�ãª¢®© C §¤¥áì ¨ ¤ «¥¥ ¡ã¤¥¬ ®¡®§­ ç âì «î¡ãî ¯®«®¦¨â¥«ì­ãî ¯®áâ®ï­­ãî, ­¥ § ¢¨áïéãî
®â x, t ¨ ".

�à¥¤¯®«®¦¨¬, çâ® u"(x; t) ­¥ áâà¥¬¨âáï ª u(x; t) ¢ á¬ëá«¥ (12) ¯à¨ " ! 0. �®£¤  ­ ©¤¥âáï
¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï C0 â ª ï, çâ® ¤«ï «î¡®£® "0 = m�1

0 áãé¥áâ¢ãîâ " = m�1 < "0 ¨
(x"; t) 2 
";d � [0; T ] â ª¨¥, çâ® jw"(x"; t)j > C0, â. ¥. w"(x"; t) > C0 «¨¡® w"(x"; t) < �C0. �ã¤¥¬
áç¨â âì, çâ® ¯¥à¢ë© á«ãç © à¥ «¨§ã¥âáï ¯à¨ à §«¨ç­ëå " ¡¥áª®­¥ç­® ¬­®£® à § (¤«ï ¢â®à®£®
á«ãç ï w"(x"; t) < �C0 à áá¬®âà¥­¨¥  ­ «®£¨ç­®).

�¡®§­ ç¨¬ ç¥à¥§ �(x; x0) äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ®¯¥à â®à  L, ¨¬¥îé¥¥ ®á®¡¥­­®áâì ¢
â®çª¥ x0, â. ¥. L�(x) = �(x0). �§¢¥áâ­® [13], çâ® â ª®¥ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â ¨
ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬

C1jx� x0j
2�n � �(x; x0) � C2jx� x0j

2�n; (17)

£¤¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ C1 ¨ C2 § ¢¨áïâ ®â � ¨§ ãá«®¢¨ï (1).
�®«®¦¨¬

g"(x) =
1
m

mX
k=1

�(x� yk;"): (18)

� áá¬®âà¨¬ äã­ªæ¨î

v"(x; t) = w"(x; t) � h"(x); (19)

£¤¥ h"(x) = C0

2

g"(x)

g"(x")
. �®£¤  ¢ë¯®«­ï¥âáï v"(x"; t) = C0

2
> 0.

�®ª ¦¥¬, ¨á¯®«ì§ãï ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ , çâ® íâ® ­¥¢®§¬®¦­®. �®£« á­® (16) ­  £à ­¨æ å
æ¨«¨­¤à®¢ Q(yk;"; 0; 2R"; T ) = B(yk;"; 2R")� [0; T ], ª® ªá¨ «ì­ëå á Q(yk;"; 0; R"; T ) = B(yk;"; R")�
[0; T ], ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

jw"(x; t)j < CR
2

1��
" : (20)

�§ ­¨¦­¥© ®æ¥­ª¨ (17) á¤¥« ¥¬ § ª«îç¥­¨¥, çâ® ­  £à ­¨æ å è à®¢ B(yk;"; 2R") ¨¬¥¥â ¬¥áâ®

g"(x) > C 0
1"R

2�n
" ; (21)

£¤¥ C 0
1 = 22�nC1. �à¨ íâ®¬ ¨§ (11) á«¥¤ã¥â

R
2

1��
" = o("R2�n

" ) ¯à¨ "! 0: (22)

� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬, çâ® ¯à¨ � > n
n�2

¤«ï ¢ë¯®«­¥­¨ï (22) ­¥®¡å®¤¨¬®, çâ®¡ë
� > ��1

(n�2)��n
.

� ª ª ª â®çª  x" 2 
";d, â® g"(x"; ) < Cd2�n. �®íâ®¬ã ¢ á¨«ã (22) ­  £à ­¨æ å æ¨«¨­¤à®¢
Q(yk;"; 0; 2R"; T ) ¡ã¤¥â ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® w"(x; t) < g"(x), â. ¥. ¢ë¯®«­¥­® v"(x; t) < 0. �à¨
(x; t) 2 @
 � [0; T ] á®£« á­® (14) ¨ (18) ¨¬¥¥¬ w"(x; t) = 0, g"(x) � 0 ¨ ¯®íâ®¬ã v"(x; t) � 0 ¯à¨
(x; t) 2 S(Q). �à¨ t = 0 ¨¬¥¥¬ w"(x; t) = 0, v"(x; t) � 0. �à®¬¥ â®£®, ¨§ ®æ¥­®ª (16), (17) á ãç¥â®¬
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®¯à¥¤¥«¥­¨ï (18) á«¥¤ã¥â, çâ® w"(x; t)! 0 ¨ g"(x)! 0 ¯à¨ jxj ! 1. � ª¨¬ ®¡à §®¬, ¨§ ¯à¨­æ¨¯ 
¬ ªá¨¬ã¬  § ª«îç ¥¬, çâ® v"(x; t) � 0 ­  ¯ à ¡®«¨ç¥áª®© £à ­¨æ¥ �(Q).

�¯à¥¤¥«¨¬ ¬­®¦¥áâ¢® D � f(x; t) 2 
" � [0; T ] : v"(x; t) > 0g 6= ;. �¡®§­ ç¨¬ ç¥à¥§ D0

ª®¬¯®­¥­âã á¢ï§­®áâ¨ ¬­®¦¥áâ¢  D, á®¤¥à¦ éãî â®çªã (x"; t).
�®ª ¦¥¬, çâ® Lv"(x; t) > 0 ¯à¨ (x; t) 2 D. �¥©áâ¢¨â¥«ì­®, ¯® ®¯à¥¤¥«¥­¨î ¬­®¦¥áâ¢  D

u"(x; t)� u(x; t) = w"(x; t) > h"(x) > 0, â. ¥. u"(x; t) > u(x; t) ¯à¨ (x; t) 2 D. �®£¤ 

Lv"(x; t) = L(u"(x; t)� u(x; t))�Lh"(x) = a(x)
�
ju"(x; t)j

��1u"(x; t)� ju(x; t)j��1u(x; t)
�
> 0:

(23)

�®áª®«ìªã v"(x"; t) > 0 á®£« á­® (19), v"(x; t) < 0 ¯à¨ x 2 @(Q(2R"; T )), v"(x; 0) < 0 ¨ v"(x; t)! 0
¯à¨ jxj ! 1, â® äã­ªæ¨ï v"(x; t) ¤®áâ¨£ ¥â «®ª «ì­®£® ¬ ªá¨¬ã¬  ¢® ¢­ãâà¥­­¥© â®çª¥ ®¡« áâ¨
D0, çâ® á ãç¥â®¬ (23) ¯à®â¨¢®à¥ç¨â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  ¤«ï äã­ªæ¨¨ v"(x; t).

�«¥¤®¢ â¥«ì­®, ­ è¥ ¯à¥¤¯®«®¦¥­¨¥ ­¥¢¥à­®, â. ¥. u"(x; t) áâà¥¬¨âáï ª u(x; t) ¢ á¬ëá«¥ (12)
¯à¨ "! 0.

�«ï ®¡ê¥¬  è à  à ¤¨ãá  R ¢ ¯à®áâà ­áâ¢¥ Rn ¢ë¯®«­¥­® à ¢¥­áâ¢® Vol[B(0; R)] = �nR
n,

£¤¥ ¯®áâ®ï­­ ï �n | ®¡ê¥¬ ¥¤¨­¨ç­®£® è à  ¢ Rn , § ¢¨á¨â â®«ìª® ®â n. �æ¥­¨¬ ®¡é¨© ®¡ê¥¬
¤ëà®ª:����

m[
k=1

Q(yk;"; 0; R"; T )
���� � mVol[Q(0; 0; R"; T )] = T�nmR

n
" = o

�
"

2�
(n�2)��n

�
! 0 ¯à¨ "! 0:

2. �ã¤¥¬ â¥¯¥àì ¯à¥¤¯®« £ âì, çâ® à ááâ®ï­¨¥ ¬¥¦¤ã æ¥­âà ¬¨ íâ¨å è à®¢ ­¥ ¬¥­¥¥, ç¥¬
8R".

�®«®¦¨¬ Q(4R"; T ) =
mS
k=1

Q(yk;"; 0; 4R"; T ).

�¥¬¬  2 (o¡®¡é¥­­®¥ ­¥à ¢¥­áâ¢® �­£ ). �ãáâì a; b; � > 0, 0 < � < 1. �®£¤ 

ab �
�

�
a

1
� +

1� �

��
�

1��
b

1
1�� :

� ç áâ­®áâ¨, ¯à¨ � = 1
2
¨¬¥¥¬ 2ab � a2

�
+ �b2.

�¥®à¥¬  2. �à¨ «î¡®¬ � > 1 ¨ R" = O("
) ¯à¨ "! 0, £¤¥ 
 > 1
n�2

, ¢ë¯®«­¥­®Z
QnQ(4R";T )

j 5 (u"(x; t)� u(x; t))j2 + ju"(x; t)� u(x; t)j�+1

1 + ju"(x; t)� u(x; t)j2
dx dt! 0 ¯à¨ "! 0:

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ äã­ªæ¨î �"(x) 2 C1(
) â ªãî, çâ® 0 � �"(x) � 1, x 2 
,

�"(x) =

8<
:
1; x 2 
 n

m
[
k=1

B(yk;"; 4R");

0; x 2
m
[
k=1

B(yk;"; 2R");

j 5 �"(x)j < C


R"
, x 2 
; §¤¥áì C
 § ¢¨á¨â ®â ®¡« áâ¨ 
 ¨ ­¥ § ¢¨á¨â ®â ".

� áá¬®âà¨¬ äã­ªæ¨î

 (x; t) = �p"(x)�(u"(x; t)� u(x; t)); (24)

£¤¥ �(�) =

(
�; j� j � 1;

j� jq�1�; j� j > 1;
q > �1 â ª®¢, çâ® � > n+2q

n�2
; ®â¬¥â¨¬, çâ® â ª®¥ q ¬®¦­® ¯®¤®¡à âì

¯à¨ «î¡®¬ � > 1, p = p(q) > 2 | à¥è¥­¨¥ ãà ¢­¥­¨ï p = (p�2)(�+q)
1+q

, â. ¥.

p = 2
� + q

� � 1
; (25)
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âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢® p > 2 ¢ë¯®«­¥­® ¯à¨ âà¥¡ã¥¬®¬ ãá«®¢¨¨ ­  q > �1. �â¬¥â¨¬ â ª¦¥, çâ®
äã­ªæ¨î  (x; t) ¬®¦­® ¯®¤áâ ¢«ïâì ¢ ¨­â¥£à «ì­®¥ â®¦¤¥áâ¢® ¨§ ®¯à¥¤¥«¥­¨ï ®¡®¡é¥­­®£®
à¥è¥­¨ï, â. ª. ®­  ¯à¨­ ¤«¥¦¨â ª« ááã W 1;0

2 (Q") ¢ á¨«ã ¯à ¢¨«  æ¥¯­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï
([14], á. 151) ¨ ®¡à é ¥âáï ¢ ­ã«ì ­  £à ­¨æ¥ ®¡« áâ¨ Q", ­  £à ­¨æ¥ ®¡« áâ¨ Q §  áç¥â â®£®, çâ®
à §­¨æ  u"(x; t)�u(x; t) ®¡à é ¥âáï ¢ ­ã«ì ­  @Q,   ­  £à ­¨æ¥ ¤ëà®ª §  áç¥â ¬­®¦¨â¥«ï �p"(x).
�â¬¥â¨¬ â ª¦¥, çâ® ¯®áª®«ìªã ­  ¢á¥å ¤ëàª å íâ®â ¬­®¦¨â¥«ì à ¢¥­ ­ã«î, ¢ ¨­â¥£à «ì­®¬
â®¦¤¥áâ¢¥ ¬ë ¬®¦¥¬ ¢ ª ç¥áâ¢¥ ®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï ¯¨á âì Q.

� ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ®¡®§­ ç¨¬ w"(x; t) = u"(x; t)� u(x; t). �«ï ãà ¢­¥­¨ï

Lw"(x; t)�
@w"(x; t)

@t
= a(x)(ju"(x; t)j��1u"(x; t) � ju(x; t)j��1u(x; t))

§ ¯¨è¥¬ ¨­â¥£à «ì­®¥ â®¦¤¥áâ¢®, ¢§ï¢ ¢ ª ç¥áâ¢¥ ¯à®¡­®© äã­ªæ¨¨  (x; t) ¨§ (24), ¯®«ãç¨¬

Z
Q

� nX
i;j=1

@

@xi

�
aij(x)

@w"(x; t)
@xj

�
�
@w"(x; t)

@t

�
 (x; t)dx dt =

=
Z
Q
a(x)

�
ju"(x; t)j

��1u"(x; t)� ju(x; t)j��1u(x; t)
�
 (x; t)dx dt: (26)

�¡®§­ ç¨¬ Q1 = f(x; t) 2 Q : ju"(x; t) � u(x; t)j � 1g � Q ¨ Q2 = f(x; t) 2 Q :
ju"(x; t)� u(x; t)j > 1g � Q.

�æ¥­¨¬ ¯à ¢ãî ç áâì à ¢¥­áâ¢  (26), ¨á¯®«ì§ãï «¥¬¬ã 1 ¯à¨ a = u"(x; t), b = u(x; t),Z
Q

a(x)
�
ju"(x; t)j��1u"(x; t)� ju(x; t)j��1u(x; t)

�
 (x; t)dx dt =

=
Z
Q1

a(x)(ju"(x; t)j
��1u"(x; t)� ju(x; t)j��1u(x; t))w"(x; t)�

p
"(x)dx dt +

+
Z
Q2

a(x)(ju"(x; t)j��1u"(x; t)� u(x; t)��1u(x; t))jw"(x; t)jq�1w"(x; t)�p"(x)dx dt �

� a0C�

Z
Q1

jw"(x; t)j
�+1�p"(x)dx dt + a0C�

Z
Q2

jw"(x; t)j
�+q�p"(x)dx dt: (27)

�®á«¥ â®¦¤¥áâ¢¥­­ëå ¯à¥®¡à §®¢ ­¨© ¨ ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¢ «¥¢®© ç áâ¨ à ¢¥­áâ¢  (26)
¯®«ãç¨¬

J1 + J2 + J3 + J4 ��
Z
Q1

nX
i;j=1

aij(x)
@w"(x; t)
@xj

@w"(x; t)
@xi

�p"(x)dx dt�

�
Z
Q1

nX
i;j=1

aij(x)
@w"(x; t)
@xj

w"(x; t)p�
p�1
" (x)

@�"(x)
@xi

dx dt�

�
Z
Q2

nX
i;j=1

aij(x)
@w"(x; t)
@xj

qjw"(x; t)jq�1 @w"(x; t)
@xi

�p"(x)dx dt �

�
Z
Q2

nX
i;j=1

aij(x)
@w"(x; t)
@xj

jw"(x; t)j
q�1w"(x; t)p�

p�1
" (x)

@�"(x)
@xi

dx dt:
(28)

�æ¥­¨¬ ¯¥à¢®¥ ¨ âà¥âì¥ á« £ ¥¬ë¥ ¯à ¢®© ç áâ¨ â®¦¤¥áâ¢  (28), ãç¨âë¢ ï (1),

J1 � �
1
�

Z
Q1

j 5 w"(x; t)j
2�p"(x)dx dt; (29)

J3 � �
q

�

Z
Q2

j 5 w"(x; t)j2jw"(x; t)jq�1�p"(x)dx: (30)
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�«ï ®æ¥­ª¨ ¢â®à®£® ¨ ç¥â¢¥àâ®£® á« £ ¥¬ëå ¯à ¢®© ç áâ¨ â®¦¤¥áâ¢  (28) ¨á¯®«ì§ã¥âáï ­¥à -
¢¥­áâ¢® �­£  ¯à¨ � = 1

2
, a = j 5 w"(x; t)j, b = j 5 �"(x)j. �ë¡¨à ï � =

p�2

�"(x)
¨ � = p�2jw"(x;t)j

q�"(x)
¯à¨

ª ¦¤®¬ (x; t), á®®â¢¥âáâ¢¥­­® ¯®«ãç ¥¬

J2 � p�

Z
Q1

j 5 w"(x; t)jj 5 �"(x)j�p�1
" (x)dx dt �

� p�

Z
Q1

�p�1
" (x)

�
�"(x)
2p�2

j 5 w"(x; t)j
2 +

p�2

2�"(x)
j 5 �"(x)j

2

�
dx dt =

=
1
2�

Z
Q1

j 5 w"(x; t)j
2�p"(x)dxdt+ C4

Z
Q1

j 5 �"(x)j
2�p�2

" (x)dx dt; (31)

J4 � p�

Z
Q2

j 5 w"(x; t)jj 5 �"(x)jjw"(x; t)jq�p�1
" (x) �

� p�

Z
Q2

�p�1
" (x)jw"(x; t)j

q

�
q�"(x)

2p�2jw"(x; t)j
j 5 w"(x; t)j

2 +
p�2jw"(x; t)j
2q�"(x)

j 5 �"(x)j
2

�
dx dt =

=
q

2�

Z
Q2

j 5 w"(x; t)j
2jw"(x; t)j

q�1�p"(x)dx+ C5

Z
Q2

j 5 �"(x)j
2jw"(x; t)j

q+1�p�2
" (x)dx dt;

(32)

£¤¥ C4 =
p2�3

2
, C5 =

p2�3

2q
.

�¥¯¥àì ®æ¥­¨¬ ¢â®à®¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (32). �®« £ ï ¢ ­¥à ¢¥­áâ¢¥ �­£ 
a = jw"(x; t)jq+1�p�2

" (x), b = j 5 �"(x)j2 ¯à¨ � =
1+q
�+q

¨ ¢ë¡à ¢ � = 2C5

a0C�
�, á ãç¥â®¬ (25) ¯®«ãç ¥¬

C5

Z
Q2

j 5 �"(x)j
2jw"(x; t)j

q+1�p�2
" (x)dx dt �

a0C�

2

Z
Q2

jw"(x; t)j
�+q�p"(x)dx dt+ C6

Z
Q2

j 5 �"(x)j
pdx dt;

(33)

£¤¥ C6 = C5
��1
�+q

�
2C5

a0C�

1+q
�+q

� q+1
��1 = ��1

�+q

� 2(1+q)
a0C�(�+q)

� q+1
��1C

�+q
��1

5 .
� áá¬®âà¨¬ â¥¯¥àì ç«¥­, á®¤¥à¦ é¨© ¯à®¨§¢®¤­ë¥ ¯® t. �«ï íâ®£® § ¬¥â¨¬, çâ® äã­ªæ¨ï

�(�), ¢å®¤ïé ï ¢ ®¯à¥¤¥«¥­¨¥  (x; t), ®¡« ¤ ¥â ¯¥à¢®®¡à §­®©

�1(�) =

(
1
2
� 2; j� j � 1;
1

q+1
j� jq+1; j� j > 1:

�¥©áâ¢¨â¥«ì­®,�
1

q + 1
j� jq+1

�
�

=
1
2

2
q + 1

(j� j2
q+1
2 )� =

1
2
(j� j2)� (j� j

2)
q�1
2 =

1
2
�(j� j2)

q�1
2 = �(�):

�®íâ®¬ã ç«¥­, á®¤¥à¦ é¨© ¯à®¨§¢®¤­ë¥ ¯® t, ¬®¦¥¬ § ¯¨á âì ¢ ¢¨¤¥

�
Z
Q

@w"(x; t)
@t

 (x; t)dx dt = �
Z
Q

@w"(x; t)
@t

�(w"(x; t))�
p
" (x)dx dt =

= �
Z
Q

@

@t
(�1(w"(x; t))�p" (x))dx dt = �

Z



(�1(w"(x; t))�p" (x))
��T
0
dx � 0: (34)

�®á«¥¤­¥¥ ¢ë¯®«­ï¥âáï, ¯®áª®«ìªã �1(x; t)�p"(x) ¯®«®¦¨â¥«ì­® ¨ ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ t = 0.
�ç¨âë¢ ï à ¢¥­áâ¢  (26), (28) ¨ ®æ¥­ª¨ (29){(34), ¨¬¥¥¬Z

Q

�
Lw"(x; t) (x; t) �

@w"(x; t)
@t

 (x; t)
�
dx dt �

Z
Q

Lw"(x; t) (x; t)dx dt �

� �
1
2�

Z
Q1

j 5 w"(x; t)j2�p"(x)dx dt �
q

2�

Z
Q2

j 5 w"(x; t)j2jw"(x; t)jq�1�p"(x)dx dt+

+ C4

Z
Q1

j 5 �"(x)j2�p�2
" (x)dx dt +

a0C�

2

Z
Q2

jw"(x; t)j�+q�p"(x)dx dt + C6

Z
Q2

j 5 �"(x)jpdx dt: (35)
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�¡ê¥¤¨­ïï (26), (27) ¨ (35), ¯®«ãç ¥¬

�
1
2�

Z
Q1

j 5 w"(x; t)j2�p"(x)dx dt�
q

2�

Z
Q2

j 5 w"(x; t)j2jw"(x; t)jq�1�p"(x)dx dt+

+ C4

Z
Q1

j 5 �"(x)j2�p�2
" (x)dx dt+

a0C�

2

Z
Q2

jw"(x; t)j�+q�p"(x)dx dt+ C6

Z
Q2

j 5 �"(x)j2
�+q
��1 dx dt �

� a0C�

Z
Q1

jw"(x; t)j
�+1�p"(x)dx dt+ a0C�

Z
Q2

jw"(x; t)j
�+q�p"(x)dx dt:

�®á«¥ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç ¥¬

C4

Z
Q1

j 5 �"(x)j
2�p�2

" (x)dx dt+ C6

Z
Q2

j 5 �"(x)j
pdx dt �

� a0C�

Z
Q1

jw"(x; t)j�+1�p"(x)dx dt+
1
2�

Z
Q2

j 5 w"(x; t)j2�p"(x)dx dt+

+
a0C�

2

Z
Q2

jw"(x; t)j�+q�p"(x)dx dt+
q

2�

Z
Q2

j 5 w"(x; t)j2jw"(x; t)jq�1�p"(x)dx dt �

� C7

Z
Q

jw"(x; t)j�+1

1 + jw"(x; t)j2
�p"(x)dx dt+ C8

Z
Q

j 5 w"(x; t)j2

1 + jw"(x; t)j2
�p"(x)dx dt �

� C9

Z
QnQ(4R";T )

j 5 w"(x; t)j2 + jw"(x; t)j�+1

1 + jw"(x; t)j2
dx dt; (36)

£¤¥ C7 = a0C�

2
, C8 = min

�
1
2�
; q
2�

	
, C9 = minfC7; C8g.

�à¥¤¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¯®«ãç¥­® ¨§ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï. �á«¨ 0 � a � 1, â® ¢ë-
¯®«­¥­® ­¥à ¢¥­áâ¢® 1 � 1

1+a2
; ¥á«¨ ¦¥ a > 1, â® ¢ë¯®«­¥­® aq�1 > 1

a2
> 1

1+a2
¯à¨ q > �1.

�¥¯¥àì ¤®ª ¦¥¬, çâ®

Z
Q1

j 5 �"(x)j
2�p�2

" (x)dx dt! 0 ¯à¨ "! 0 (37)

¨

Z
Q2

j 5 �"(x)jpdx dt! 0 ¯à¨ "! 0: (38)

�¥©áâ¢¨â¥«ì­®, â. ª. p > 2, â®

Z
Q1

j 5 �"(x)j2�p�2
" (x)dx dt �

Z
Q

j 5 �"(x)j2dx dt � C10mR
n
"

�
1
R"

�2

= O("�1+(n�2)
)! 0

¯à¨ "! 0, ¥á«¨ â®«ìª® 
 > 1
n�2

, £¤¥ C10 = TC2

�n2

n;

Z
Q2

j 5 �"(x)jpdx dt �
Z
Q

j 5 �"(x)jpdx dt � C11mR
n
"

�
1
R"

�p
= C11"

�1Rn�p
" = O("�1+(n�p)
)! 0

¯à¨ "! 0, â. ª. 
 > 1
n�p

> 1
n�2

; §¤¥áì C11 = TC
2�+q
��1


 �n2n, �n | ®¡ê¥¬ ¥¤¨­¨ç­®£® n-¬¥à­®£® è à .

�§ (36), (37) ¨ (38) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 2.
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