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� ®¡« áâ¨ á ªà¨¢®«¨­¥©­®© £à ­¨æ¥© à áá¬ âà¨¢ ¥âáï ªà ¥¢ ï § ¤ ç  ¤«ï á¨­£ã«ïà­® ¢®§¬ã-
é¥­­ëå í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© à¥ ªæ¨¨{¤¨ääã§¨¨. �®­®â®­­ë¥ ª« áá¨ç¥áª¨¥ à §­®áâ­ë¥
áå¥¬ë ¤«ï § ¤ ç â ª®£® â¨¯  áå®¤ïâáï «¨èì ¯à¨ ãá«®¢¨¨ "� N�1

1 +N�1
2 , £¤¥ "| ¢®§¬ãé îé¨©

¯ à ¬¥âà, ¢¥«¨ç¨­ëN1 ¨ N2 ®¯à¥¤¥«ïîâ ç¨á«® ã§«®¢ á¥âª¨ ¯® ¯¥à¥¬¥­­ë¬ x1 ¨ x2. �®íâ®¬ã ¤«ï
á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ãà ¢­¥­¨© ¢ ®¡« áâ¨ á ªà¨¢®«¨­¥©­®© £à ­¨æ¥© ­¥®¡å®¤¨¬® à §¢¨¢ âì
á¯¥æ¨ «ì­ë¥ ç¨á«¥­­ë¥ ¬¥â®¤ë, ®è¨¡ª¨ à¥è¥­¨© ª®â®àëå ¤®¢®«ì­® á« ¡® § ¢¨áïâ ®â ¯ à ¬¥âà 
" ¨, ¢ ç áâ­®áâ¨, ­¥ § ¢¨áïâ ®â " (â. ¥. "-à ¢­®¬¥à­® áå®¤ïé¨¥áï ¬¥â®¤ë). �áá«¥¤ãîâáï áå¥¬ë
­   ¤ ¯â¨¢­ëå á¥âª å, «®ª «ì­® á£ãé îé¨åáï ¢ ®ªà¥áâ­®áâ¨ ¯®£à ­á«®ï. �ª §ë¢ ¥âáï, çâ® ¢
ª« áá¥ à §­®áâ­ëå áå¥¬ ­  ®á­®¢¥ ª« áá¨ç¥áª¨å  ¯¯à®ªá¨¬ æ¨© § ¤ ç¨ ­  ¯àï¬®ã£®«ì­ëå á¥â-
ª å,  ¯à¨®à­®, «¨¡®  ¯®áâ¥à¨®à­® «®ª «ì­® á£ãé îé¨åáï ¢ ¯®£à ­á«®¥, ­¥ áãé¥áâ¢ã¥â áå¥¬,
áå®¤ïé¨åáï "-à ¢­®¬¥à­® ¨ ¤ ¦¥ ¯à¨ ãá«®¢¨¨ " � N�2

1 +N�2
2 , ¥á«¨ ®¡é¥¥ ç¨á«® ã§«®¢ «®ª «ì­®

á£ãé îé¥©áï á¥âª¨ ¯®àï¤ª  N1N2. � ª¨¬ ®¡à §®¬, ­¥¯®áà¥¤áâ¢¥­­®¥ ¨á¯®«ì§®¢ ­¨¥ â¥å­®«®£¨¨
­  ®á­®¢¥  ¤ ¯â¨¢­ëå á¥â®ª ­¥ ¯®§¢®«ï¥â áãé¥áâ¢¥­­® à áè¨à¨âì ®¡« áâì áå®¤¨¬®áâ¨ ª« áá¨-
ç¥áª¨å ç¨á«¥­­ëå ¬¥â®¤®¢. �á¯®«ì§®¢ ­¨¥ â¥å­¨ª¨ ¯®¯¥à¥ç­¨ª®¢ ¯® �®«¬®£®à®¢ã ¯®§¢®«¨«®
ãáâ ­®¢¨âì ãá«®¢¨ï, ­¥®¡å®¤¨¬ë¥ ¤«ï "-à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ (¯à¨ P ! 1, £¤¥ P | ®¡é¥¥
ç¨á«® ã§«®¢ á¥âª¨)  ¯¯à®ªá¨¬ æ¨© à¥è¥­¨© ªà ¥¢ëå § ¤ ç; âà¥¡®¢ ­¨ï, ¢ëâ¥ª îé¨¥ ¨§ íâ¨å
ãá«®¢¨©, ª« ¤ãâáï ¢ ®á­®¢ã ¯®áâà®¥­¨ï á¯¥æ¨ «ì­ëå á¥â®ª. �á¯®«ì§®¢ ­¨¥ â ª¨å á£ãé îé¨å-
áï (¢ á«®¥) á¥â®ª, ®¤­ ª®, ¢ «®ª «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â,  ¤ ¯â¨àãîé¥©áï ª £à ­¨æ¥ ®¡« áâ¨,
¯®§¢®«ï¥â áâà®¨âì áå¥¬ë, áå®¤ïé¨¥áï "-à ¢­®¬¥à­® ¯à¨ P !1.

1. �¢¥¤¥­¨¥

�¥à¥¤ª® ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¯à®æ¥áá®¢ â¥¯«®¬ áá®®¡¬¥­  ¢ áà¥¤ å á ¬ «ë¬¨ ª®íää¨æ¨¥­-
â ¬¨ â¥¯«®¯à®¢®¤­®áâ¨/¤¨ääã§¨¨ ¢®§­¨ª îâ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå
ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå (á ¢®§¬ãé îé¨¬ ¯ à ¬¥âà®¬ "| ª®íää¨æ¨¥­â®¬ ¯à¨ áâ à-
è¨å ¯à®¨§¢®¤­ëå ãà ¢­¥­¨©), ¢ ç áâ­®áâ¨, ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© à¥ ªæ¨¨{¤¨ääã§¨¨ ¢
®¡« áâïå á ªà¨¢®«¨­¥©­ë¬¨ £à ­¨æ ¬¨. �¥è¥­¨ï â ª¨å § ¤ ç ¯à¨ ¬ «ëå §­ ç¥­¨ïå ¯ à ¬¥âà 
" ¨¬¥îâ ®á®¡¥­­®áâ¨ â¨¯  ¯®£à ­¨ç­ëå á«®¥¢. �â¨ ®á®¡¥­­®áâ¨ ¢ á®ç¥â ­¨¨ á ªà¨¢®«¨­¥©­®-
áâìî £à ­¨æ ¢ë§ë¢ îâ âàã¤­®áâ¨ ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ § ¤ ç¨ (ª« áá¨ç¥áª ï à §­®áâ­ ï
áå¥¬  áå®¤¨âáï «¨èì ¯à¨ ãá«®¢¨¨ " � N�1

1 + N�1
2 , á¬., ­ ¯à., ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 4.1). �«ï

â ª®£® â¨¯  § ¤ ç¨ ¢ [1] ¯®áâà®¥­  á¯¥æ¨ «ì­ ï à §­®áâ­ ï (¨â¥à æ¨®­­ ï) áå¥¬ , áå®¤ïé ïáï
"{à ¢­®¬¥à­® á® áª®à®áâìî O (N�1 lnN + q�n), £¤¥ N = min[N1; N2], q < 1, n | ­®¬¥à ¨â¥-
à æ¨¨. �à¨ ¯®áâà®¥­¨¨ áå¥¬ë ¢ ®ªà¥áâ­®áâ¨ £à ­¨æë ®¡« áâ¨ ¨á¯®«ì§®¢ «¨áì á£ãé îé¨¥áï ¢
¯®£à ­á«®¥ á¥âª¨, ï¢«ïîé¨¥áï ¯àï¬®ã£®«ì­ë¬¨ ¢ ª®®à¤¨­ â å, á¢ï§ ­­ëå á £à ­¨æ¥©. �à¨ ¯®-
áâà®¥­¨¨ â ª¨å á¥â®ª, á®£« á®¢ ­­ëå á £à ­¨æ¥©, ¨á¯®«ì§ãîâáï ªà¨¢®«¨­¥©­ë¥ ª®®à¤¨­ âë, ¢

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (ª®-
¤ë ¯à®¥ªâ®¢ òò04-01-00578, 04-01-89007-��� a) ¨ �¨¤¥à« ­¤áª®© ®à£ ­¨§ æ¨¨ ­ ãç­ëå ¨áá«¥¤®¢ ­¨©
NWO (¯à®¥ªâ ò 047.016.008).
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ª®â®àëå £à ­¨æ  ®¡« áâ¨ ¥áâì ª®®à¤¨­ â­ ï «¨­¨ï. � á¢ï§¨ á ¤®áâ â®ç­®© á«®¦­®áâìî íâ®©
áå¥¬ë ¢®§­¨ª ¥â ¨­â¥à¥á ª  «ìâ¥à­ â¨¢­ë¬ ¬¥â®¤ ¬ ¯®áâà®¥­¨ï á¯¥æ¨ «ì­ëå áå¥¬.

� á«ãç ¥ á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå § ¤ ç ¢ ®¡« áâïå á ªà¨¢®«¨­¥©­ë¬¨ £à ­¨æ ¬¨ ¯à¨ à §-
à ¡®âª¥ á¯¥æ¨ «ì­ëå ç¨á«¥­­ëå ¬¥â®¤®¢, ¯®£à¥è­®áâì à¥è¥­¨© ª®â®àëå ¤®áâ â®ç­® á« ¡® § -
¢¨á¨â ®â ¢¥«¨ç¨­ë ¯ à ¬¥âà  " ¨, ¢ ç áâ­®áâ¨, "-à ¢­®¬¥à­® áå®¤ïé¨åáï ¬¥â®¤®¢, ¯à¥¤áâ -
¢«ï¥âáï æ¥«¥á®®¡à §­ë¬ ¨á¯®«ì§®¢ âì ¬¥â®¤ë ­  ®á­®¢¥ «®ª «ì­® á£ãé îé¨åáï á¥â®ª. � ª¨¥
¬¥â®¤ë ¤®áâ â®ç­® å®à®è® à §à ¡®â ­ë ¤«ï àï¤  á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ªà ¥¢ëå § ¤ ç ­ 
¯àï¬®ã£®«ì­ëå ®¡« áâïå (á¬., ­ ¯à., [1]{[4] ¨ ¡¨¡«¨®£à ä¨î â ¬ ¦¥). � ª, ¢ á«ãç ¥ à¥£ã«ïà-
­ëå ªà ¥¢ëå § ¤ ç, à¥è¥­¨ï ª®â®àëå ¨¬¥îâ ®á®¡¥­­®áâ¨ (¡®«ìè¨¥ ¯à®¨§¢®¤­ë¥), íää¥ªâ ¯®-
¢ëè¥­¨ï â®ç­®áâ¨ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ¬®¦¥â ¡ëâì ¤®áâ¨£­ãâ §  áç¥â  ¯à¨®à­®£® ¨/¨«¨
 ¯®áâ¥à¨®à­®£® «®ª «ì­®£® á£ãé¥­¨ï ¯àï¬®ã£®«ì­®© á¥âª¨ ¢ â¥å ¯®¤®¡« áâïå, £¤¥ ®è¨¡ª¨ ¯à¨-
¡«¨¦¥­­®£® à¥è¥­¨ï ¡®«ìè¨¥ (­ ¯à., [5]{[7]). � á«ãç ¥ á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ãà ¢­¥­¨© ¢
®¡« áâïå á ªà¨¢®«¨­¥©­ë¬¨ £à ­¨æ ¬¨ ¯à¥¤áâ ¢«ïîâ ¨­â¥à¥á ç¨á«¥­­ë¥ ¬¥â®¤ë ­  ®á­®¢¥ (¤®-
áâ â®ç­® ¯à®áâëå) á¥â®ª, «®ª «ì­® á£ãé îé¨åáï ¢ ¯®£à ­¨ç­®¬ á«®¥, ®¤­ ª® ­¥ ¨á¯®«ì§ãîé¨å
ªà¨¢®«¨­¥©­ë¥ ª®®à¤¨­ âë, á¢ï§ ­­ë¥ á £à ­¨æ¥© ®¡« áâ¨ (¨«¨, ª®à®ç¥, ­  ®á­®¢¥ «®ª «ì­®
á£ãé îé¨åáï á¥â®ª, ­¥ á®£« á®¢ ­­ëå ¢ ¯®£à ­á«®¥ á £à ­¨æ¥©).

� ¤ ­­®© à ¡®â¥ ¯®ª § ­®, çâ® ­¥¯®áà¥¤áâ¢¥­­®¥ ¨á¯®«ì§®¢ ­¨¥ â ª®£® ¯®¤å®¤  ¢ á«ãç ¥ á¨­-
£ã«ïà­® ¢®§¬ãé¥­­ëå § ¤ ç ¢ ®¡« áâïå á ªà¨¢®«¨­¥©­ë¬¨ £à ­¨æ ¬¨ ­¥ ï¢«ï¥âáï ¤®áâ â®ç­®
íää¥ªâ¨¢­ë¬. �«ï ª« áá¨ç¥áª¨å  ¯¯à®ªá¨¬ æ¨© § ¤ ç¨ à¥ ªæ¨¨{¤¨ääã§¨¨ ­   ¤ ¯â¨àãîé¨å-
áï, «®ª «ì­® á£ãé îé¨åáï á¥âª å (¯àï¬®ã£®«ì­ëå ¢ ®ªà¥áâ­®áâ¨ ¯®£à ­á«®ï) áå®¤¨¬®áâì á¥-
â®ç­ëå à¥è¥­¨© ­¥¤®áâ¨¦¨¬  ã¦¥ ¯à¨ ãá«®¢¨¨ "1=2 � N�1

1 + N�1
2 (á¬., ­ ¯à., ãâ¢¥à¦¤¥­¨¥

â¥®à¥¬ë 5.1). �á¯®«ì§®¢ ­¨¥ â¥å­¨ª¨ ¯®¯¥à¥ç­¨ª®¢ ¯® �®«¬®£®à®¢ã ¯®§¢®«ï¥â ¤«ï à á¯à¥¤¥«¥-
­¨ï á¥â®ç­ëå ã§«®¢ ãª § âì ãá«®¢¨ï, ­¥®¡å®¤¨¬ë¥,   â ª¦¥ ¨ ¤®áâ â®ç­ë¥, ¤«ï "-à ¢­®¬¥à­®©
áå®¤¨¬®áâ¨ (á à®áâ®¬ ç¨á«  ã§«®¢ á¥âª¨, ®¯à¥¤¥«ïîé¥© âà¨ ­£ã«ïæ¨î ®¡« áâ¨)  ¯¯à®ªá¨¬ -
æ¨© à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (á¬. à §¤¥« 6). � ç áâ­®áâ¨, ¯à¨ ¯®áâà®¥­¨¨ áå¥¬, áå®¤ïé¨åáï,
­ ¯à¨¬¥à, ¯à¨ N�1

1 + N�1
2 = O ("�), � < 4�1, âà¥¡ã¥âáï ¨á¯®«ì§®¢ âì (á£ãé îé¨¥áï ¢ ¯®£à ­-

á«®¥) á¥âª¨ ­  ®á­®¢¥ ªà¨¢®«¨­¥©­®© á¨áâ¥¬ë ª®®à¤¨­ â, á®£« á®¢ ­­®© á £à ­¨æ¥© ®¡« áâ¨. �
â® ¦¥ ¢à¥¬ï «®ª «ì­® á£ãé îé¨¥áï á¥âª¨, á®£« á®¢ ­­ë¥ ¢ ¯®£à ­á«®¥ á £à ­¨æ¥©, ¯®§¢®«ïîâ
¯®áâà®¨âì áå¥¬ã, áå®¤ïéãîáï "-à ¢­®¬¥à­® á® áª®à®áâìî O(N�2

1 ln2N1 + N�2
2 ln2N2) (¯à¨¬¥à

¯®áâà®¥­¨ï á¯¥æ¨ «ì­®© áå¥¬ë á¬. ¢ à §¤¥«¥ 7).
� ¬¥â¨¬, çâ® ¢ [8] ¯à¨ ¯®áâà®¥­¨¨ á¯¥æ¨ «ì­ëå áå¥¬ ¤«ï à áá¬ âà¨¢ ¥¬®£® ª« áá  § ¤ ç

¯à¨¬¥­ï«¨áì «®ª «ì­® á£ãé îé¨¥áï á¥âª¨, ¯®à®¦¤ ¥¬ë¥ ¯àï¬ë¬¨, ¯ à ««¥«ì­ë¬¨ ª®®à¤¨-
­ â­ë¬ ®áï¬. �å¥¬ë ­  â ª¨å á¥âª å áå®¤ïâáï ­  D | ¬­®¦¥áâ¢¥ ®¯à¥¤¥«¥­¨ï à¥è¥­¨ï |
¯à¨ ¡®«¥¥ á« ¡®¬ ãá«®¢¨¨, ­ ª« ¤ë¢ ¥¬®¬ ­  ¯ à ¬¥âà ", ç¥¬ ¢ á«ãç ¥ ª« áá¨ç¥áª¨å à §­®áâ-
­ëå áå¥¬,   â ª¦¥ áå®¤ïâáï "-à ¢­®¬¥à­®, ®¤­ ª® «¨èì ­  ¯®¤¬­®¦¥áâ¢ å ¨§ D,   ¨¬¥­­®,
¢­¥ ¯®£à ­¨ç­®£® á«®ï ¨ ­  ¤®áâ â®ç­® ã§ª¨å ¬­®¦¥áâ¢ å, \¯¥à¥á¥ª îé¨å" ¯®£à ­¨ç­ë© á«®©.
� ª á«¥¤ã¥â ¨§ ¤ ­­®© à ¡®âë, ¤®áâ â®ç­® ¯à®áâë¥ á¯¥æ¨ «ì­ë¥ á¥âª¨, ¨á¯®«ì§ã¥¬ë¥ ¢ [8], ­¥
¯®§¢®«ïîâ áâà®¨âì áå¥¬ë, áå®¤ïé¨¥áï "-à ¢­®¬¥à­® ­  ¢á¥¬ ¬­®¦¥áâ¢¥ D.

2. �®áâ ­®¢ª  § ¤ ç¨. �¥«ì ¨áá«¥¤®¢ ­¨ï

2.1. � ®£à ­¨ç¥­­®© ®¡« áâ¨ D á ¤®áâ â®ç­® £« ¤ª®© £à ­¨æ¥© � = D nD à áá¬®âà¨¬ § ¤ çã
�¨à¨å«¥ ¤«ï á¨­£ã«ïà­® ¢®§¬ãé¥­­®£® í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï à¥ ªæ¨¨{¤¨ääã§¨¨

Lu(x) = f(x); x 2 D; (2.1 )

u(x) = '(x); x 2 �: (2.1¡)

�¤¥áì

L � "2L2 + L0; L0 � �c0(x); L2 �
2X

s;k=1

ask(x)
@2

@xs@xk
+

2X
s=1

bs(x)
@

@xs
� c(x);
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ª®íää¨æ¨¥­âë ¨ ¯à ¢ ï ç áâì ãà ¢­¥­¨ï,   â ª¦¥ £à ­¨ç­ ï äã­ªæ¨ï ¯à¥¤¯®« £ îâáï ¤®áâ -
â®ç­® £« ¤ª¨¬¨ ¨ ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î1

a0(�
2
1 + �22) �

2X
s;k=1

ask(x)�s�k � a0(�21 + �22); c0(x) � c00; c(x) � 0; (2.2)

jf(x)j �M; x 2 D; j'(x)j �M; x 2 �; a0; c00 > 0;

¯ à ¬¥âà " ¯à¨­¨¬ ¥â ¯à®¨§¢®«ì­ë¥ §­ ç¥­¨ï ¨§ ¯®«ã¨­â¥à¢ «  (0; 1].
�à¨ "! 0 ¢ ®ªà¥áâ­®áâ¨ £à ­¨æë � ¯®ï¢«ï¥âáï (à¥£ã«ïà­ë©) ¯®£à ­¨ç­ë© á«®©, íªá¯®­¥­-

æ¨ «ì­® ã¡ë¢ îé¨© ¯à¨ ã¤ «¥­¨¨ ®â � .

2.2. �è¨¡ª¨ à¥è¥­¨© à §­®áâ­ëå áå¥¬, ¯®áâà®¥­­ëå ­  ®á­®¢¥ ª« áá¨ç¥áª¨å à §­®áâ­ëå
 ¯¯à®ªá¨¬ æ¨© § ¤ ç¨ (2.1), § ¢¨áïâ ®â ¢¥«¨ç¨­ë ¯ à ¬¥âà  " ¨ áâ ­®¢ïâáï ¬ «ë¬¨ «¨èì ¯à¨
§­ ç¥­¨ïå ¯ à ¬¥âà  ", áãé¥áâ¢¥­­® ¯à¥¢®áå®¤ïé¨å \íää¥ªâ¨¢­ë¥" è £¨ á¥â®ª ¯® x1, x2. � á¨«ã
®æ¥­ª¨ (4.10) ª« áá¨ç¥áª ï à §­®áâ­ ï áå¥¬  (4.5), (4.9) (á¬. à §¤¥« 4) áå®¤¨âáï ¯à¨ ãá«®¢¨¨

"� N�1
1 +N�1

2 ; (2.3)

£¤¥ ¢¥«¨ç¨­ë N1, N2 ®¯à¥¤¥«ïîâ ç¨á«® ã§«®¢ á¥â®ª ¯® x1, x2. �à¨ ­ àãè¥­¨¨ íâ®£® ãá«®¢¨ï
à¥è¥­¨ï à §­®áâ­®© áå¥¬ë ­¥ áå®¤ïâáï ª à¥è¥­¨î § ¤ ç¨ (2.1).

� á¢ï§¨ á ®â¬¥ç¥­­ë¬ ¯®¢¥¤¥­¨¥¬ á¥â®ç­ëå à¥è¥­¨© ¢®§­¨ª ¥â ¨­â¥à¥á ª ¯®áâà®¥­¨î á¯¥æ¨-
 «ì­ëå à §­®áâ­ëå áå¥¬, ¯®£à¥è­®áâì à¥è¥­¨© ª®â®àëå ­¥ § ¢¨á¨â ®â ¢¥«¨ç¨­ë ¯ à ¬¥âà  ".
� ç áâ­®áâ¨, ¯à¥¤áâ ¢«ïîâ ¨­â¥à¥á à §­®áâ­ë¥ áå¥¬ë, áå®¤ïé¨¥áï ¯à¨ ¡®«¥¥ á« ¡®¬ ãá«®¢¨¨,
ç¥¬ (2.3) | ãá«®¢¨¥ áå®¤¨¬®áâ¨ à¥è¥­¨© á¥â®ç­ëå § ¤ ç (4.5), (4.8) ¨ (4.5), (4.9).

�¥«ì à ¡®âë | ¤«ï ªà ¥¢®© § ¤ ç¨ (2.1) á ¨á¯®«ì§®¢ ­¨¥¬ ¬¥â®¤  á£ãé îé¨åáï á¥â®ª ¯®-
áâà®¨âì à §­®áâ­ë¥ áå¥¬ë, áå®¤ïé¨¥áï "-à ¢­®¬¥à­®,   â ª¦¥ áå¥¬ë, ¡«¨§ª¨¥ ª â ª®¢ë¬,  
¨¬¥­­®, áå®¤ïé¨¥áï ¯à¨ §­ ç¥­¨ïå ", ¬­®£® ¬¥­ìè¨å, ç¥¬ ¢ ãá«®¢¨¨ (2.3). �ª §ë¢ îâáï ãá«®-
¢¨ï, ­ ª« ¤ë¢ ¥¬ë¥ ­  à á¯à¥¤¥«¥­¨¥ á¥â®ç­ëå ã§«®¢, ª®â®àë¥ ®¡¥á¯¥ç¨¢ îâ ¯®áâà®¥­¨¥ áå¥¬
ãª § ­­®£® â¨¯ .

3. �¯à¨®à­ë¥ ®æ¥­ª¨

�à¨¢¥¤¥¬  ¯à¨®à­ë¥ ®æ¥­ª¨ à¥è¥­¨ï § ¤ ç¨ (2.1), ¨á¯®«ì§ã¥¬ë¥ ¢ ¤ «ì­¥©è¨å ¯®áâà®¥­¨ïå
(á¬. â ª¦¥ [1]{[4]).

� ¨á¯®«ì§®¢ ­¨¥¬ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬ ,   â ª¦¥  ¯à¨®à­ëå ®æ¥­®ª ¤«ï à¥£ã«ïà­ëå ªà ¥¢ëå
§ ¤ ç [9] (¢­ãâà¥­­¨å ®æ¥­®ª ¨ ®æ¥­®ª ¢¯«®âì ¤® £« ¤ª¨å ç áâ¥© £à ­¨æë) ãáâ ­ ¢«¨¢ îâáï
®æ¥­ª¨

ju(x)j �M; x 2 D; (3.1 )���� @k

@xk11 @x
k2
2

u(x)
���� �M"�k; x 2 D; k � K; (3.1¡)

¯à¨ ¤®áâ â®ç­® £« ¤ª¨å ¤ ­­ëå § ¤ ç¨ ¢¥«¨ç¨­  K ¬®¦¥â ¡ëâì ¢ë¡à ­  ¤®áâ â®ç­® ¡®«ìè®©.
� ¬¥â¨¬, çâ® ¢ ¯¥à¥¬¥­­ëå � = (�1; �2), �s = "�1xs, s = 1; 2, ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥
ï¢«ï¥âáï à¥£ã«ïà­ë¬.

�à¨ ¢ë¢®¤¥ ®æ¥­®ª ­  ®á­®¢¥  á¨¬¯â®â¨ª¨ à¥è¥­¨¥ § ¤ ç¨ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë äã­ª-
æ¨©

u(x) = U(x) + V (x); x 2 D; (3.2)

1�¤¥áì ¨ ­¨¦¥ ç¥à¥§M (ç¥à¥§m) ®¡®§­ ç ¥¬ ¤®áâ â®ç­® ¡®«ìè¨¥ (¬ «ë¥) ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥,
­¥ § ¢¨áïé¨¥ ®â ¢¥«¨ç¨­ë ¯ à ¬¥âà  " ¨ ®â ¯ à ¬¥âà®¢ à §­®áâ­ëå áå¥¬. � ¯¨áì L(j:k) (M(j:k), Dh(j:k))
®§­ ç ¥â, çâ® íâ¨ ®¯¥à â®àë (¯®áâ®ï­­ë¥, á¥âª¨) ¢¢¥¤¥­ë ¢ ä®à¬ã«¥ (j:k).
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£¤¥ U(x) ¨ V (x) | à¥£ã«ïà­ ï ¨ á¨­£ã«ïà­ ï ç áâ¨ à¥è¥­¨ï. �ã­ªæ¨ï U(x) | áã¦¥­¨¥ ­  D
äã­ªæ¨¨ U 0(x), x 2 R2, ï¢«ïîé¥©áï ®£à ­¨ç¥­­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï

L0U 0(x) = f 0(x); x 2 R2;

®¯¥à â®à L0 ¨ äã­ªæ¨ï f 0(x) | ¯à®¤®«¦¥­¨ï ®¯¥à â®à  L(2:1) ¨ äã­ªæ¨¨ f(2:1)(x) á ¬­®¦¥áâ¢  D
­  R2 á á®åà ­¥­¨¥¬ á¢®©áâ¢. �«ï ¯à®áâ®âë ¢­¥ ¡«¨¦ ©è¥© ®ªà¥áâ­®áâ¨ ¬­®¦¥áâ¢  D äã­ªæ¨î
f 0(x) áç¨â ¥¬ à ¢­®© ­ã«î,   ®¯¥à â®à L0 ®¯à¥¤¥«ï¥¬ á®®â­®è¥­¨¥¬ L0 � "2� � 1. �ã­ªæ¨ï
V (x), x 2 D, | à¥è¥­¨¥ § ¤ ç¨

LV (x) = 0; x 2 D;

V (x) = '(x)� U(x); x 2 �:

�ã­ªæ¨î U 0(x), x 2 R2, ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨©

U 0(x) =
nX

k=0

"2k U 0
k (x) + vnU (x) � U 0n(x) + vnU (x); x 2 R2;

£¤¥ n � 0; vnU(x) { ®áâ â®ç­ë© ç«¥­ à §«®¦¥­¨ï. �ã­ªæ¨¨ U 0
k (x) | ª®¬¯®­¥­âë à¥£ã«ïà­®©

ç áâ¨ à¥è¥­¨ï ï¢«ïîâáï à¥è¥­¨ï¬¨ § ¤ ç

L0
0 U

0
0 (x) � �c

0
0(x)U

0
0 (x) = f 0(x); x 2 R2;

L0
0U

0
k (x) = �L0

2 U
0
k�1(x); x 2 R2; 0 < k � n;

£¤¥

L0
2 �

2X
s;k=1

a0sk(x)
@2

@xs@xk
+

2X
s=1

b0s(x)
@

@xs
� c0(x);

äã­ªæ¨¨ a0sk(x); : : : ; c
0
0(x) | ¯à®¤®«¦¥­¨ï äã­ªæ¨© ask(x); : : : ; c0(x), ®¯à¥¤¥«ïîé¨å ®¯¥à â®à L.

� ãç¥â®¬ ®æ¥­®ª ª®¬¯®­¥­â U 0
k (x), v

n
U (x) ­ å®¤¨âáï ®æ¥­ª  ¤«ï ¯à®¨§¢®¤­ëå äã­ªæ¨¨ U 0(x),

x 2 D (®áâ â®ç­ë© ç«¥­ vnU (x) ®æ¥­¨¢ ¥¬ á ãç¥â®¬ ®æ¥­ª¨ (3.1¡), á¬., ­ ¯à., [2]). �«ï äã­ªæ¨¨
U(x) ¯®«ãç ¥¬ ®æ¥­ªã���� @k

@xk11 @x
k2
2

U(x)
���� �M [1 + "2(n+1)�k]; x 2 D; k � K:

�à¨ n � 2�1K � 1 ¨¬¥¥¬ ���� @k

@xk11 @x
k2
2

U(x)
���� �M; x 2 D; k � K: (3.3 )

�«ï äã­ªæ¨¨ V (x) á ãç¥â®¬ ®æ¥­ª¨ (3.3 ) ­ å®¤¨¬���� @k

@xk11 @x
k2
2

V (x)
���� �M"�k exp(�m"�1r(x; � )); x 2 D; k � K; (3.3¡)

£¤¥ r(x; � ) | à ááâ®ï­¨¥ ®â â®çª¨ x ¤® ¬­®¦¥áâ¢  � .
�â®ç­¨¬ ®æ¥­ªã (3.3¡). �¡« áâì D ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë ¯¥à¥ªàë¢ îé¨åáï ¯®¤®¡« áâ¥©

D = D1 [D2; (3.4)

£¤¥ ¬­®¦¥áâ¢® D1 ¥áâì \ª®«ìæ®" | m1-®ªà¥áâ­®áâì £à ­¨æë � ,   ¬­®¦¥áâ¢® D2 ­¥ ¨¬¥¥â ®¡é¨å
â®ç¥ª á � . �ç¨â ¥¬, çâ® r(x; � ) � m1, x 2 D1, £¤¥ ¯®áâ®ï­­ ï m1 ¬¥­ìè¥ à ¤¨ãá  ªà¨¢¨§­ë
£à ­¨æë � ; r(x2; � ) � m, x2 2 D2; r(x1; x2) � �, xi 2 Di, i = 1; 2, x1; x2 =2 D1 \D2, � | è¨à¨­ 
¬¨­¨¬ «ì­®£® ¯¥à¥ªàëâ¨ï ¯®¤®¡« áâ¥©.

�  ¬­®¦¥áâ¢¥ D1 ¯¥à¥©¤¥¬ ª ¯¥à¥¬¥­­ë¬ � = (�1; �2):

�s = �s(x); s = 1; 2;
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£¤¥ �1(x) | à ááâ®ï­¨¥ ®â â®çª¨ x ¤® £à ­¨æë � , �2(x) | ¤«¨­  ¤ã£¨ £à ­¨æë � (¯à¨ ®¡å®¤¥ ¥¥
¢ § ¤ ­­®¬ ­ ¯à ¢«¥­¨¨) ®â ä¨ªá¨à®¢ ­­®© â®çª¨ x0 2 � ¤® â®çª¨ x1 2 � , ¡«¨¦ ©è¥© ª â®çª¥

x. �«ï äã­ªæ¨© v(x), x 2 D1, W (�), � 2 eD1, £¤¥ eD1 = f� : � = �(x), x 2 D1g, ¡ã¤¥¬ ¨á¯®«ì§®¢ âì
®¡®§­ ç¥­¨ï

v(x(�)) = v�(�) = fv(x)g� ; W (�(x)) =Wx(x);

D0
� = �(D0) = f� : � = �(x); x 2 D0g; D0 � D1:

�¤¥áì x = x(�) | ®â®¡à ¦¥­¨¥, ®¡à â­®¥ � = �(x). �®« £ ¥¬eD0
x = x( eD0) = fx : x = x(�); � 2 eD0g;

£¤¥ eD0 | ­¥ª®â®à®¥ ¯®¤¬­®¦¥áâ¢® ¨§ eD1.
� ­®¢ëå ¯¥à¥¬¥­­ëå ãà ¢­¥­¨¥ (2.1 ) ­  eD1 ¯à¨­¨¬ ¥â ¢¨¤eLU(�) = F (�); � 2 eD1:

�¤¥áì eL = L� � "2
� 2X

s;k=1

Ask(�)
@2

@�s@�k
+

2X
s=1

Bs(�)
@

@�s
�C(�)

�
� C0(�);

ª®íää¨æ¨¥­âë ®¯¥à â®à  eL ®¯à¥¤¥«ïîâáï ç¥à¥§ ª®íää¨æ¨¥­âë ®¯¥à â®à  L(2:1):

Ask(�) =
� X

r;p=1;2

arp(x)
@

@xr
�s(x)

@

@xp
�k(x)

�
�

; s; k = 1; 2;

Bs(�) =
� X

r=1;2

br(x)
@

@xr
�s(x) +

X
r;p=1;2

arp(x)
@2

@xr@xp
�s(x)

�
�

; s = 1; 2;

äã­ªæ¨¨ C, C0, F , U ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨¥¬ V (�) = v�(�).
� ¤ ç¥ (2.1) ¢ á«ãç ¥ à §¡¨¥­¨ï ®¡« áâ¨ (3.4) á®®â¢¥âáâ¢ã¥â § ¤ ç eLU(�) = F (�); � 2 eD1; (3.5 )

U(�) =

(
�(�); � 2 e� 1 \ e� ;
u�(�); � 2 e� 1 n e� ;

Lu(x) = f(x); x 2 D2; (3.5¡)

u(x) = Ux(x); x 2 � 2;

£¤¥ �(�) = '�(�). �®¤§ ¤ ç  (3.5 ) ¥áâì ¯¥à¨®¤¨ç¥áª ï § ¤ ç  (¯® ¯¥à¥¬¥­­®© �2) ­  (¢¥àâ¨ª «ì-
­®©) ¯®«®á¥.

�æ¥­¨¬ ¯à®¨§¢®¤­ãî (@=@�2)U
S(�) � US

1 (�) á¨­£ã«ïà­®© ª®¬¯®­¥­âë US(�) ¢ ¯à¥¤áâ ¢«¥­¨¨

U(�) = UR(�) + US(�); � 2 eD1; (3.6)

§¤¥áì UR(�) ¨ US(�) | à¥£ã«ïà­ ï ¨ á¨­£ã«ïà­ ï ç áâ¨ à¥è¥­¨ï § ¤ ç¨ (3.5 ), UR(�) = fU(x)g�,
US(�) = fV (x)g�, U(x) ¨ V (x) | ª®¬¯®­¥­âë ¨§ (3.2). � á¨«ã ®æ¥­ª¨ (3.3 ) äã­ªæ¨ï US

1 (�)
®£à ­¨ç¥­  "-à ¢­®¬¥à­® ­  ¬­®¦¥áâ¢¥ e� 1 \ e� . �¨ää¥à¥­æ¨àãï ¯® �2 ãà ¢­¥­¨¥eLUS(�) = 0; � 2 eD1;

¨ ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ®æ¥­ªã (3.3¡), ­ å®¤¨¬���� @@�2US(�)
���� �M exp(�m"�1r(�; e� )); � 2 eD1:

�®¤®¡­ë¬ ®¡à §®¬ ®æ¥­¨¢ ¥¬ ¯à®¨§¢®¤­ë¥
�
@k=@�k11 @�

k2
2

�
US(�), � 2 eD1.
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�«ï ª®¬¯®­¥­â ¨§ (3.6) ¯®«ãç îâáï ®æ¥­ª¨���� @k

@�k11 @�
k2
2

UR(�)
���� �M; (3.7)���� @k

@�k11 @�
k2
2

US(�)
���� �M"�k1 exp(�m"�1r(�; e� )); � 2 eD1; k � K:

� ®æ¥­ª å (3.3), (3.7) ¢¥«¨ç¨­  m | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï ¨§ ¨­â¥à¢ «  (0;m0), m0 =
min
D1

1=2[(a0)�1c0(x)], a0 = a0(2:3).

� ª¨¬ ®¡à §®¬, ãáâ ­®¢«¥­  á«¥¤ãîé ï

�¥®à¥¬  3.1. �ãáâì ask; bs; c; c0; f 2 C l+�(D), ' 2 C l+�(� ), � 2 C l+�, l � 0, � > 0, s; k =
1; 2. �®£¤  ¤«ï à¥è¥­¨© § ¤ ç¨ (2:1) ¨ ¥£® ª®¬¯®­¥­â ¨§ ¯à¥¤áâ ¢«¥­¨© (3:2), (3:6) á¯à ¢¥¤«¨¢ë
®æ¥­ª¨ (3:1), (3:3), (3:7), £¤¥ K = 2[(l + 2)=4]; [ � ] | æ¥« ï ç áâì ç¨á« .

4. �« áá¨ç¥áª¨¥ à §­®áâ­ë¥ áå¥¬ë

�ë¯¨è¥¬ ª« áá¨ç¥áªãî à §­®áâ­ãî áå¥¬ã ¤«ï § ¤ ç¨ (2.1) ¨ ãª ¦¥¬ ­¥ª®â®àë¥ âàã¤­®áâ¨,
¢®§­¨ª îé¨¥ ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ ¯à¨ ¬ «ëå §­ ç¥­¨ïå ¯ à ¬¥âà  ".

�  ¯«®áª®áâ¨ R2 ¢¢¥¤¥¬ ¯àï¬®ã£®«ì­ë¥ ¡ §®¢ë¥ á¥âª¨, ­  ®á­®¢¥ ª®â®àëå ¡ã¤¥¬ áâà®¨âì
á¥âª¨ ­  D. �ãáâì

R2
h = !1 � !2; (4.1)

£¤¥ !s | á¥âª  ­  ®á¨ xs, s = 1; 2; !s | á¥âª¨ á ¯à®¨§¢®«ì­ë¬ à á¯à¥¤¥«¥­¨¥¬ ã§«®¢, ã¤®¢«¥-
â¢®àïîé¨¬ «¨èì ãá«®¢¨î h �MN�1, £¤¥ h = max

s
hs, hs = max

i
his, h

i
s = xi+1s � xis, x

i
s; x

i+1
s 2 !s,

N = min[N1; N2], Ns + 1 | ¬¨­¨¬ «ì­®¥ ç¨á«® ã§«®¢ á¥âª¨ !s ­  ®âà¥§ª¥ ¥¤¨­¨ç­®© ¤«¨­ë ­ 
®á¨ xs. � ¨¡®«ìè¨© ¨­â¥à¥á ¤«ï ­ á ¡ã¤ãâ ¯à¥¤áâ ¢«ïâì á¥âª¨, à ¢­®¬¥à­ë¥ ¯® x1 ¨ x2

R2
h = R2

h(4:1); (4.2)

£¤¥ !s | à ¢­®¬¥à­ë¥ á¥âª¨ á è £ ¬¨ hs = N�1
s , s = 1; 2. �  ¬­®¦¥áâ¢¥ D áâà®¨¬ á¥âªã

Dh = Dh(R2
h(4:1)) ­  ®á­®¢¥ ¡ §®¢®© á¥âª¨ R2

h(4:1) (­ ¯à., [10]). �ãáâì Dh = D \ R2
h | ¬­®¦¥-

áâ¢® ¢­ãâà¥­­¨å ã§«®¢ ¨ �h | ¬­®¦¥áâ¢® £à ­¨ç­ëå ã§«®¢, ¥áâì ¬­®¦¥áâ¢® â®ç¥ª ¯¥à¥á¥ç¥­¨ï
¯àï¬ëå xs = xiss , s = 1; 2, á £à ­¨æ¥© � , (xi11 ; x

i2
2 ) 2 Dh. �®« £ ¥¬

Dh = Dh [ �h; (4.3)

¤«ï ª ¦¤®£® ã§«  x 2 Dh ¨¬¥îâáï ¡«¨¦ ©è¨¥ á®á¥¤­¨¥ ã§«ë ¨§ Dh, ®¡à §ãîé¨¥ ¯ïâ¨â®ç¥ç­ë©
è ¡«®­ â¨¯  \¯àï¬®© ªà¥áâ" á æ¥­âà®¬ ¢ â®çª¥ x. � áâà®£® ¢­ãâà¥­­¨¬ ã§« ¬ D(in)

h = D(in)
h(4:3)

®â­¥á¥¬ â¥ ã§«ë x, ¤«ï ª®â®àëå ¢á¥ ã§«ë ¤¥¢ïâ¨â®ç¥ç­®£® è ¡«®­  â¨¯  \ïé¨ª" (á æ¥­âà®¬ x)
¯à¨­ ¤«¥¦ â Dh. � ¬¥â¨¬, çâ® ¢¥«¨ç¨­  P | ç¨á«® ã§«®¢ ¬­®¦¥áâ¢  Dh, ¯®àï¤ª  N1N2.

�¯¥à â®àã L(2:1) ­  á¥âª¥ Dh(4:3) á®¯®áâ ¢¨¬ á¥â®ç­ë© ®¯¥à â®à

� = �(L;Dh) � "2
� 2X

s=1

ass(x)�xs bxs + 2�1�(x)
2X

s;k=1
s6=k

[a+sk(x)(�xs xk + �xs xk) +

+ a�sk(x)(�xs xk + �xs xk)] +
2X

s=1

bs(x)�exs � c(x)
�
� c0(x): (4.4)

�¤¥áì �xs bxsz(x) = zxs bxs(x); : : : ; �xs xkz(x) = zxs xk(x) ¨ �exsz(x) = zexs(x) | ¢â®àë¥ ¨ ¯¥à¢ë¥
(æ¥­âà «ì­ë¥) à §­®áâ­ë¥ ¯à®¨§¢®¤­ë¥, ­ ¯à¨¬¥à, �

x1 bx1z(x) = 2(hi1 + hi�11 )�1[�x1 � �x1]z(x),
�x1x2 z(x) = (hi�11 )�1[�x2 z(x) � �x2 z(x

i�1
1 ; x2)], �x1z(x) = (hi�11 )�1[z(x) � z(xi�11 ; x2)], x = (xi1; x2),

�(x) = 1, x 2 D(in)
h , �(x) = 0, x 2 Dh nD

(in)
h ; v+(x) = 2�1(v(x) + jv(x)j), v�(x) = 2�1(v(x) � jv(x)j).
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� ¤ çã (2.1)  ¯¯à®ªá¨¬¨àã¥¬ à §­®áâ­®© áå¥¬®©

�z(x) = f(x); x 2 Dh;

z(x) = '(x); x 2 �h:
(4.5)

� §­®áâ­ ï áå¥¬  (4.5), (4.3) (¯à¨ N � N0, £¤¥ N0 | ¤®áâ â®ç­® ¡®«ìè®¥ ç¨á«®) ¬®­®â®­­ 
[10], ¥á«¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥

a12 (x) � 0; x 2 D: (4.6)

�à¨ ­ àãè¥­¨¨ íâ®£® ãá«®¢¨ï ­¥¯®áà¥¤áâ¢¥­­® ã¡¥¦¤ ¥¬áï, çâ® áå¥¬  (4.5), (4.3) ¬®­®â®­­ ,
¥á«¨ ¤«ï à á¯à¥¤¥«¥­¨ï ã§«®¢ Dh ¢ë¯®«­ï¥âáï ãá«®¢¨¥

min
s;D

(in)

h

f2(hiss + his�1s )�1ass(x)�max[(hi3�s3�s )
�1; (hi3�s�13�s )�1]ja12(x)j � jbs(x)jg � 0; (4.7)

¯à¨§­ ª¨ ¬®­®â®­­®áâ¨ á¬., ­ ¯à¨¬¥à, ¢ [10]. �â® ãá«®¢¨¥ á¯à ¢¥¤«¨¢®, ­ ¯à¨¬¥à, ¥á«¨ ¬ ª-
á¨¬ «ì­ë© ¨ ¬¨­¨¬ «ì­ë© è £¨ á¥âª¨ !s á®¨§¬¥à¨¬ë, ¢¥«¨ç¨­ë N1 ¨ N2 ®¤­®£® ¯®àï¤ª ,  
ª®íää¨æ¨¥­â a12 (x) ¬ « ¯® áà ¢­¥­¨î á ª®íää¨æ¨¥­â ¬¨ a11(x), a22(x).

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (4.6) «¨¡® (4.7).
�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥  ¯à¨®à­ë¥ ®æ¥­ª¨ (3.3), (3.7), á ¨á¯®«ì§®¢ ­¨¥¬ â¥å­¨ª¨ ¬ ¦®à ­â-

­ëå äã­ªæ¨© ¢ á«ãç ¥ á¥âª¨

Dh = Dh(R2
h(4:1)) (4.8)

ãáâ ­ ¢«¨¢ ¥¬ ®æ¥­ªã

ju(x)� z(x)j �M("+N�1)�1N�1; x 2 Dh:

�¤¥áì ¢ ª ç¥áâ¢¥ ¬ ¦®à ­â­®© ¨á¯®«ì§ã¥¬ äã­ªæ¨î w(x) = const, x 2 D. �  á¥âª¥

Dh = Dh(R
2
h(4:2)) (4.9)

¯®«ãç ¥âáï ®æ¥­ª 

ju(x)� z(x)j �M
X
s=1;2

("+N�1
s )�2N�2

s ; x 2 Dh: (4.10)

�¢¥¤¥¬ ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï. �ãáâì ­  ¬­®¦¥áâ¢¥ EN;" = EN � E", £¤¥ EN | ¯®¤¬­®-
¦¥áâ¢® ¨§ ¬­®¦¥áâ¢  ¯ à ­ âãà «ì­ëå ç¨á¥« N1, N2, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î N1; N2 � M0,
E" = f" : " 2 (0; 1]g, ®¯à¥¤¥«¥­ë äã­ªæ¨¨  i(N

�1
1 ; N�1

2 ; "), i = 1; 2;  i(N
�1
1 ; N�1

2 ; ") > 0. � ¯¨áì
 1(N

�1
1 ; N�1

2 ; ") = bo� 2(N
�1
1 ; N�1

2 ; ")
�
­  EN;" ®§­ ç ¥â, çâ® ­ ©¤¥âáï â ª ï â®çª  ( eN�1

1 ; eN�1
2 ; e"),

¤«ï ª®â®à®© ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

 1(N�1
1 ; N�1

2 ; ")[ 2(N�1
1 ; N�1

2 ; ")]�1 ! 0 ¯à¨ (N�1
1 ; N�1

2 ; ")! ( eN�1
1 ; eN�1

2 ; e");
(N�1

1 ; N�1
2 ; "); ( eN�1

1 ; eN�1
2 ; e") 2 EN;":

�ãáâì ¤«ï á¥â®ç­®© äã­ªæ¨¨ z(x), x 2 Dh, | à¥è¥­¨ï ­¥ª®â®à®© à §­®áâ­®© áå¥¬ë, ¢ë¯®«­ï-
¥âáï ®æ¥­ª 

ju(x)� z(x)j �M�(N�1
1 ; N�1

2 ; "); x 2 Dh:

�ã¤¥¬ £®¢®à¨âì, çâ® íâ  ®æ¥­ª  ­¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥­¨î ¢¥«¨ç¨­ N1, N2, ", ¥á«¨ ®æ¥­ª 

ju(x) � z(x)j �M�0(N
�1
1 ; N�1

2 ; "); x 2 Dh;

¢®®¡é¥ £®¢®àï, ­¥¢¥à­  ¢ â®¬ á«ãç ¥, ª®£¤  �0(N
�1
1 ; N�1

2 ; ") = bo(�(N�1
1 ; N�1

2 ; ")) ­  EN;".
�ãáâì ¯à¨ N1; N2 ! 1, " 2 E", à¥è¥­¨¥ à §­®áâ­®© áå¥¬ë áå®¤¨âáï ª à¥è¥­¨î ªà ¥¢®©

§ ¤ ç¨ ¢ á«ãç ¥ ãá«®¢¨ï N�1
1 ; N�1

2 = o("�), " 2 E", ®¤­ ª® áå®¤¨¬®áâì ¯à¨ ãá«®¢¨¨ N
�1
1 ; N�1

2 =
O ("�), ¢®®¡é¥ £®¢®àï, ­¥ ¨¬¥¥â ¬¥áâ . � íâ®¬ á«ãç ¥ ¡ã¤¥¬ £®¢®à¨âì, çâ® à §­®áâ­ ï áå¥¬ 
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áå®¤¨âáï á ¤¥ä¥ªâ®¬ � ®â­®á¨â¥«ì­® ¯ à ¬¥âà  " (¨«¨, ª®à®ç¥, áå®¤¨âáï á ¤¥ä¥ªâ®¬ �). �à¨
� = 0 áå®¤¨¬®áâì áå¥¬ë "-à ¢­®¬¥à­ ï.

� áá¬ âà¨¢ ï à¥è¥­¨ï ¬®¤¥«ì­ëå § ¤ ç, ã¡¥¦¤ ¥¬áï, çâ® ®æ¥­ª  (4.10) ï¢«ï¥âáï ­¥ã«ãç-
è ¥¬®© ¯® ¢å®¦¤¥­¨î ¢¥«¨ç¨­ N1, N2, ". �âáî¤  ¢ëâ¥ª ¥â, çâ® ãá«®¢¨¥ ("�1N

�1
1 ; "�1N�1

2 ! 0
¯à¨ N1; N2 !1, (N�1

1 ; N�1
2 ; ") 2 EN;")

N�1
1 ; N�1

2 = o("); N1; N2 !1; (4.11)

ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ¤«ï áå®¤¨¬®áâ¨ à¥è¥­¨© à §­®áâ­®© áå¥¬ë (4.5), (4.9);
áå¥¬  áå®¤¨âáï á ¤¥ä¥ªâ®¬ � = 1.

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4.1. �ãáâì ¤«ï ª®¬¯®­¥­â à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (2:1) ¨§ ¯à¥¤áâ ¢«¥­¨© (3:2),
(3:6) ¢ë¯®«­ïîâáï  ¯à¨®à­ë¥ ®æ¥­ª¨ (3:3), (3:7), £¤¥ K = 4, ¨ ¯ãáâì ¢ë¯®«­ïeâáï ãá«®¢¨¥

(4:6) «¨¡® (4:7). �®£¤  à¥è¥­¨¥ à §­®áâ­®© áå¥¬ë (4:5), (4:9) áå®¤¨âáï ¯à¨ ãá«®¢¨¨ (4:11); ¤«ï
á¥â®ç­ëå à¥è¥­¨© á¯à ¢¥¤«¨¢  ®æ¥­ª  (4:10).

� ¬¥ç ­¨¥ 4.1. �  ®á­®¢¥ á¥âª¨ Dh ¯®áâà®¨¬ âà¨ ­£ã«ïæ¨î ®¡« áâ¨ D; âà¥ã£®«ì­ë¥ í«¥-
¬¥­âë, ¯®«ãç ¥¬ë¥ à §¡¨¥­¨¥¬ í«¥¬¥­â à­ëå ç¥âëà¥åã£®«ì­ëå í«¥¬¥­â®¢ ¤¨ £®­ «ìî, ¨¬¥îâ
¢¥àè¨­ ¬¨ ã§«ë ¨§ Dh (­ ¯à., [11]); í«¥¬¥­âë, ¯à¨¬ëª îé¨¥ ª £à ­¨æ¥ � , ¨¬¥îâ ªà¨¢®«¨­¥©-
­ë¥ áâ®à®­ë. � á«ãç ¥ à §­®áâ­®© áå¥¬ë (4.5), (4.9) ¤«ï äã­ªæ¨¨ z(x), x 2 D, ï¢«ïîé¥©áï
«¨­¥©­ë¬ ¨­â¥à¯®«ï­â®¬ z(x) ­  âà¥ã£®«ì­ëå í«¥¬¥­â å, ¢ë¯®«­ï¥âáï ®æ¥­ª , ¯®¤®¡­ ï ®æ¥­-
ª¥ (4.10):

ju(x) � z(x)j �M
X
s=1;2

("+N�1
s )�2N�2

s ; x 2 D;

­¥ã«ãçè ¥¬ ï ¯® ¢å®¦¤¥­¨î ¢¥«¨ç¨­ Ns, ".

5. � ¯®áâà®¥­¨¨ "-à ¢­®¬¥à­® áå®¤ïé¨åáï áå¥¬
­  «®ª «ì­® á£ãé îé¨åáï á¥âª å

� ¬¥â¨¬, çâ® á¨­£ã«ïà­ ï ª®¬¯®­¥­â  à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (2.1) íªá¯®­¥­æ¨ «ì­® ã¡ë-
¢ ¥â ¯à¨ ã¤ «¥­¨¨ ®â £à ­¨æë � . �¨­£ã«ïà­ ï ª®¬¯®­¥­â  ¯à¨ r(x; � ) � � ­¥ ¯à¥¢®áå®¤¨â
¢¥«¨ç¨­ë M�, £¤¥ � | ¤®áâ â®ç­® ¬ «®¥ ç¨á«®, ª®£¤  � = m�1

1 " ln ��1, m1 | ¯à®¨§¢®«ì­®¥ ç¨-
á«® ¨§ ¨­â¥à¢ «  (0;m0), m0 = m0(3:7). �¥¢ï§ª  à §­®áâ­®© áå¥¬ë ­  à¥è¥­¨¨ ªà ¥¢®© § ¤ ç¨
¢¥«¨ª , ®¤­ ª® «¨èì ­  íâ®© ®ªà¥áâ­®áâ¨, ï¢«ïîé¥©áï ¤®áâ â®ç­® ã§ª®© ¯à¨ ¬ «ëå §­ ç¥­¨ïå
¯ à ¬¥âà  " (á¬. [1], [2], [4]). �â® á¢®©áâ¢® à §­®áâ­®© áå¥¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯à¨ ¯®áâà®¥­¨¨
áå¥¬, áå®¤ïé¨åáï á ¢®§¬®¦­® ¬ «ë¬ ¤¥ä¥ªâ®¬.

5.1. �¬¥ï ¢ ¢¨¤ã ¢®§¬®¦­®áâì ¨á¯®«ì§®¢ ­¨ï áå¥¬ ­  ¤®áâ â®ç­® ¯à®¨§¢®«ì­ëå «®ª «ì­®
á£ãé îé¨åáï á¥âª å ¤«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨, ¡ã¤¥â ã¤®¡­® ¢¢¥áâ¨ á¡ « ­á¨à®¢ ­­ë¥ á¥âª¨
| á¥âª¨ á ¯à®¨§¢®«ì­ë¬ à á¯à¥¤¥«¥­¨¥¬ ã§«®¢ (¯® x1 ¨ x2), ®¤­ ª®, ¨¬¥îé¨¥ ­  D ®¡é¥¥ ç¨á«®
ã§«®¢ ¯®àï¤ª  O (N1N2), â. ¥. â ª®£® ¦¥ ¯®àï¤ª , ª ª ¨ ¢ á«ãç ¥ à ¢­®¬¥à­ëå ¡ §®¢ëå á¥â®ª.
� ª¨¬ ®¡à §®¬, ®¡ê¥¬ ¢ëç¨á«¨â¥«ì­®© à ¡®âë (¯à®¯®àæ¨®­ «ì­ë© ç¨á«ã ã§«®¢, ¢ ª®â®àëå âà¥-
¡ã¥âáï ­ ©â¨ à¥è¥­¨¥ á¥â®ç­®© § ¤ ç¨) ®¤­®£® ¯®àï¤ª  ¤«ï á¡ « ­á¨à®¢ ­­ëå ¨ à ¢­®¬¥à­ëå
á¥â®ª. �¡ « ­á¨à®¢ ­­ë¥ á¥âª¨, ¢®®¡é¥ £®¢®àï, ­¥ ï¢«ïîâáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ á¥â®ª ¯® x1
¨ x2. �®¤áâà ¨¢ ­¨¥ ®à¨¥­â æ¨¨ è ¡«®­®¢ á¥â®ç­ëå ãà ¢­¥­¨© ª £à ­¨æ¥ � ­¥ ¯à¥¤¯®« £ ¥âáï.

5.2. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã (2.1) ¨ ª« áá à §­®áâ­ëå áå¥¬ ­  ®á­®¢¥ ª« áá¨ç¥áª¨å  ¯-
¯à®ªá¨¬ æ¨© § ¤ ç¨ ¢ á«ãç ¥ «®ª «ì­® á£ãé îé¨åáï \ªãá®ç­®{à ¢­®¬¥à­ëå" á¥â®ª | á¥â®ª,
à ¢­®¬¥à­ëå ª ª ¢ ¡«¨¦ ©è¥© ®ªà¥áâ­®áâ¨ £à ­¨æë � , â ª ¨ ¢­¥ ­¥áª®«ìª® ¡®«ìè¥© ¥¥ ®ªà¥áâ-
­®áâ¨.
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5.2.1. �«ï ¯à®áâ®âë ¯à¥¤¯®« £ ¥¬, çâ® £à ­¨æ  � ¯à®å®¤¨â ç¥à¥§ ­ ç «® ª®®à¤¨­ â ¨ ­ 
¬­®¦¥áâ¢¥ D0 | m0-®ªà¥áâ­®áâ¨ ­ ç «  ª®®à¤¨­ â, § ¤ ¥âáï ãà ¢­¥­¨¥¬ x2 = x1, ¯à¨ç¥¬, ¬­®-
¦¥áâ¢ã D ¯à¨­ ¤«¥¦ â â®çª¨, ¤«ï ª®â®àëå ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ x2 < x1. �ãáâì ª ª¨¬{â®
®¡à §®¬ ­  D ¯®áâà®¥­  á¥âª 

D�
h = D�

h(D1;D2) = D�
h(�1); (5.1)

£¤¥ �1 > 0 | ¯ à ¬¥âà, ®¯à¥¤¥«ïîé¨© à á¯à¥¤¥«¥­¨¥ ã§«®¢ á¥âª¨ (5.1); íâ®â ¯ à ¬¥âà ¢ë-
¡¨à ¥âáï ­¨¦¥. �â  á¥âª  ï¢«ï¥âáï à ¢­®¬¥à­®© ­  ¬­®¦¥áâ¢ å D1 ¨ D2, D1;D2 � D0, £¤¥
D1 = D1(�1) � D ¥áâì �1-®ªà¥áâ­®áâì £à ­¨æë � (¨§ m0-®ªà¥áâ­®áâ¨ ­ ç «  ª®®à¤¨­ â),
D2 = fD \ D0g n D1(M�1). �¥âª  Dih = Di \ D

�
h(5:1) ¨¬¥¥â è £ his ¯® xs, s = 1; 2. �ç¨â ¥¬

¤«ï ¯à®áâ®âë, çâ® è ¡«®­ë áå¥¬, ¨¬¥îé¨¥ æ¥­âà®¬ ã§«ë ¨§ Dih, ¯à ¢¨«ì­ë¥, â. ¥. ¨å \¯«¥ç¨"
à ¢­ë ª ª ¯® ­ ¯à ¢«¥­¨î x1, â ª ¨ ¯® x2, ¨ çâ® ¢ë¯®«­¥­® ãá«®¢¨¥

ass(x) = c0(x) � 1; a12(x) = bs(x) = c(x) � 0; x 2 D; s = 1; 2:

� áá¬®âà¨¬ äà £¬¥­âë á¥â®ç­®© § ¤ ç¨ ¨§ ª« áá  à §­®áâ­ëå áå¥¬ ­  á¥âª å (5.1),   ¨¬¥­­®,
äà £¬¥­âë ­  ¬­®¦¥áâ¢ å D1h ¨ D2h. �ãáâì zi(x), x 2 Dih, | à¥è¥­¨¥ á¥â®ç­®© § ¤ ç¨

�(4:5)zi(x) = f(x); x 2 Dih; (5.2)

zi(x) = u(x); x 2 �ih; i = 1; 2;

£¤¥ u(x), x 2 D, | à¥è¥­¨¥ § ¤ ç¨ (2.1).
�«ï äã­ªæ¨© zi(x), x 2 Dih, á ãç¥â®¬  ¯à¨®à­ëå ®æ¥­®ª (3.3), (3.7) ¯®«ãç ¥¬ ®æ¥­ª¨

ju(x)� z1(x)j �M
X
s=1;2

("+ h1s)
�2h21s; x 2 D1h; (5.3 )

ju(x)� z2(x)j �M
nh X

s=1;2

("+ h2s)�2h22s
i
max
�2h

jV (x)j+
X
s=1;2

h22s

o
; x 2 D2h; (5.3¡)

£¤¥ V (x) | á¨­£ã«ïà­ ï ª®¬¯®­¥­â  à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ ¨§ ¯à¥¤áâ ¢«¥­¨ï (3.2); ®æ¥­ª¨
(5.3 ) ¨ (5.3¡) ­¥ã«ãçè ¥¬ë ¯® ¢å®¦¤¥­¨î ¢¥«¨ç¨­ h1s, " ¨ h2s, " á®®â¢¥âáâ¢¥­­®. �â¨ ®æ¥­ª¨
ãáâ ­ ¢«¨¢ îâáï ¯®¤®¡­® ®æ¥­ª¥ (4.10).

� á¨«ã ®æ¥­ª¨ (3.3¡) ¤«ï â®£® çâ®¡ë äã­ªæ¨ï z2(x) áå®¤¨« áì "{à ¢­®¬¥à­®, ­¥®¡å®¤¨¬®,
çâ®¡ë ¤«ï ¢¥«¨ç¨­ë �1 ¢ë¯®«­ï«®áì ãá«®¢¨¥ (�1 � ")

" = o(�1); �1 2 (0;m]: (5.4)

�æ¥­ª  ¤«ï äã­ªæ¨¨ z1(x), ®¯â¨¬ «ì­ ï ¯® ¯®àï¤ªã áå®¤¨¬®áâ¨ ®â­®á¨â¥«ì­® h1s, s = 1; 2, ¯à¨
ä¨ªá¨à®¢ ­­®¬ ¨ à ¢­®¬ MN1N2 ç¨á«¥ ã§«®¢ á¥âª¨ D1h ¯®«ãç ¥âáï ¯à¨ ãá«®¢¨¨ h11 � h12:

ju(x)� z1(x)j �M"�2�1(N1N2)
�1[1 + "�2�1(N1N2)

�1]�1; x 2 D1h; (5.5)

®æ¥­ª  ­¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥­¨î ¢¥«¨ç¨­ �1, (N1N2)�1 ¨ ". �§ ®æ¥­ª¨ (5.5) á«¥¤ã¥â, çâ®
äã­ªæ¨ï z1(x) ­¥ áå®¤¨âáï "-à ¢­®¬¥à­® ¯à¨ N1; N2 !1 ¯à¨ ãá«®¢¨¨ (5.4).

� ª¨¬ ®¡à §®¬, ­¥ áãé¥áâ¢ã¥â ªãá®ç­®-à ¢­®¬¥à­ëå á¥â®ªD�
h(5:1), ­  ª®â®àëå à¥è¥­¨ï § ¤ ç

(5.2) ¯à¨ i = 1; 2 áå®¤ïâáï "-à ¢­®¬¥à­® ª à¥è¥­¨î § ¤ ç¨ (2.1). � á«ãç ¥ ¢á¯®¬®£ â¥«ì­ëå § ¤ ç
(5.2) ­  á¥âª å (5.1)  ­ «®£¨ç­® ã¡¥¦¤ ¥¬áï, çâ® ­¥ áãé¥áâ¢ã¥â á¥â®ª, ­  ª®â®àëå à¥è¥­¨ï § ¤ ç
(5.2) áå®¤ïâáï ¤ ¦¥ ¯à¨ ãá«®¢¨¨

N�1
1 +N�1

2 � "1=2: (5.6)

5.2.2. �âáî¤  ¢ëâ¥ª ¥â, çâ® ¢ á«ãç ¥ á¥¬¥©áâ¢  á¥â®ª (5.1), ª ª ¨ á¥¬¥©áâ¢  á¥â®ª

D�
h; (5.7)
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ï¢«ïîé¨åáï à ¢­®¬¥à­ë¬¨ ¢ �-®ªà¥áâ­®áâ¨ ªà¨¢®«¨­¥©­®© £à ­¨æë � , £¤¥ m" � � � M",
¨ ª« áá¨ç¥áª¨å á¥â®ç­ëå  ¯¯à®ªá¨¬ æ¨© § ¤ ç¨, ­¥ áãé¥áâ¢ã¥â áå¥¬, áå®¤ïé¨åáï ¯à¨ ãá«®-
¢¨¨ (5.6).

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5.1. �«ï ªà ¥¢®© § ¤ ç¨ (2:1) ¢ ª« áá¥ á¡ « ­á¨à®¢ ­­ëå à §­®áâ­ëå áå¥¬, áâà®-

ïé¨åáï ­  ®á­®¢¥ ª« áá¨ç¥áª¨å á¥â®ç­ëå  ¯¯à®ªá¨¬ æ¨© § ¤ ç¨ ­  «®ª «ì­® á£ãé îé¨åáï á¥â-

ª å (5:7), ­¥ áãé¥áâ¢ã¥â áå¥¬, ¤¥ä¥ªâ ª®â®àëå ¬¥­ìè¥, ç¥¬ 2�1.

� ¬¥ç ­¨¥ 5.1. �§ ¯à¨¢¥¤¥­­ëå ¯®áâà®¥­¨© ¢ëâ¥ª ¥â, çâ® ¢ á«ãç ¥ § ¤ ç¨ (2.1) ¨á¯®«ì§®-
¢ ­¨¥ «®ª «ì­® á£ãé îé¨åáï á¥â®ª ­¥ ¯®§¢®«ï¥â áãé¥áâ¢¥­­® ®á« ¡¨âì ãá«®¢¨¥ (4.11) | ãá«®-
¢¨¥ áå®¤¨¬®áâ¨ ª« áá¨ç¥áª¨å à §­®áâ­ëå áå¥¬; ­  ¤®áâ â®ç­® ®¡é¨å «®ª «ì­® á£ãé îé¨åáï
á¥âª å ­¥¢®§¬®¦­® ¯®­¨§¨âì ¯®àï¤®ª ¯ à ¬¥âà  " ¢ ãá«®¢¨¨ (2.3) ¡®«ìè¥, ç¥¬ ¢ 2 à § . �â®
ãâ¢¥à¦¤¥­¨¥ á®£« áã¥âáï á ãâ¢¥à¦¤¥­¨¥¬ § ¬¥ç ­¨ï 6.1 ª â¥®à¥¬¥ 6.1 (¨¬¥ï ¢ ¢¨¤ã á®®â­®è¥-
­¨¥ P(6:1) = N1N2).

6. � ¯®áâà®¥­¨¨  ¯¯à®ªá¨¬ æ¨© à¥è¥­¨© § ¤ ç¨ (2.1)

� áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à®¡«¥¬ë, á¢ï§ ­­ë¥ á âà¨ ­£ã«ïæ¨¥© ®¡« áâ¨D, ª®â®àë¥ ¢®§­¨ª îâ
¯à¨  ¯¯à®ªá¨¬ æ¨¨ à¥è¥­¨© á¨­£ã«ïà­® ¢®§¬ãé¥­­®© § ¤ ç¨ (2.1). �à¨ íâ®¬ ¨á¯®«ì§ã¥¬  ­ «®£
¯®¯¥à¥ç­¨ª®¢ ¯® �®«¬®£®à®¢ã (á¬., ­ ¯à., [12], [13] ¨ ¡¨¡«¨®£à ä¨î â ¬ ¦¥).

6.1. �¯¨è¥¬  ¯¯à®ªá¨¬ æ¨¨ ¬­®¦¥áâ¢  U | ¬­®¦¥áâ¢  à¥è¥­¨© ª« áá  ªà ¥¢ëå § ¤ ç (2.1)
(®¯à¥¤¥«ï¥¬®£® ãá«®¢¨ï¬¨ (2.2)) ¢ ¯à®áâà ­áâ¢¥X |¬­®¦¥áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨© á à ¢­®-
¬¥à­®© ­®à¬®©. �¥è¥­¨ï § ¤ ç áç¨â ¥¬ ¤®áâ â®ç­® £« ¤ª¨¬¨ ­ D; ¤«ï à¥è¥­¨© ¨ ¨å ª®¬¯®­¥­â
¨§ ¯à¥¤áâ ¢«¥­¨ï (3.2) ¢ë¯®«­ïîâáï ®æ¥­ª¨ (3.3), (3.7).

�ãáâì Dh | ­ ¡®à â®ç¥ª (\á¥âª ") ­  D. �¥âª¨ Dh ¬®£ãâ ¡ëâì ª ª áâàãªâãà­ë¬¨ (¯®à®¦¤ -
¥¬ë¬¨ ­¥ª®â®àë¬ à¥£ã«ïà­ë¬ á¥¬¥©áâ¢®¬ «¨­¨©), â ª ¨ ­¥áâàãªâãà­ë¬¨. �¨á«® ã§«®¢ á¥âª¨
Dh ®¡®§­ ç¨¬ ç¥à¥§ P . �ãáâì TP ¥áâì âà¨ ­£ã«ïæ¨ï D, ¯®à®¦¤ ¥¬ ï á¥âª®© Dh (­ ¯à., [11]).
�«ï ¯à®áâ®âë áç¨â ¥¬, çâ® ã§«ë á¥âª¨ Dh ï¢«ïîâáï ¢¥àè¨­ ¬¨ âà¥ã£®«ì­ëå í«¥¬¥­â®¢, ¯à¨-
ç¥¬, âà¥ã£®«ì­ë¥ í«¥¬¥­âë ®¡à §®¢ ­ë ®âà¥§ª ¬¨ ¯àï¬ëå, ¯à®å®¤ïé¨å ç¥à¥§ ã§«ë Dh. �ãáâì
­  ¬­®¦¥áâ¢¥ Dh ®¯à¥¤¥«¥­  ­¥ª®â®à ï á¥â®ç­ ï äã­ªæ¨ï uh(x), x 2 Dh, ç¥à¥§ uh(x), x 2 D,
®¡®§­ ç¨¬ ¥¥ «¨­¥©­ë© ¨­â¥à¯®«ï­â. �®¢®ªã¯­®áâì â ª¨å ¨­â¥à¯®«ï­â®¢ ¯à¨ ä¨ªá¨à®¢ ­­®©
âà¨ ­£ã«ïæ¨¨ TP ®¡®§­ ç¨¬ ç¥à¥§ Uh

P ; á®¢®ªã¯­®áâì ¢á¥¢®§¬®¦­ëå ¤®¯ãáâ¨¬ëå á¥â®ç­ëå ¬­®-
¦¥áâ¢ Dh ¨ âà¨ ­£ã«ïæ¨¨ TP ­  ¨å ®á­®¢¥ ®¡®§­ ç¨¬ ç¥à¥§ TP . �â  á®¢®ªã¯­®áâì TP ¨ á®¢®-
ªã¯­®áâì ¨­â¥à¯®«ï­â®¢ Uh

P (¤«ï ª ¦¤®© âà¨ ­£ã«ïæ¨¨ ¨§ TP ) ®¯à¥¤¥«ïîâ ¯à®áâà ­áâ¢® X.
�¯à¥¤¥«¨¬ ¢¥«¨ç¨­ã dP (U ;X) (¯®¯¥à¥ç­¨ª) á®®â­®è¥­¨¥¬

dP (U ;X) = inf
TP

sup
u2U

inf
uh2Uh

P

ku� uhk; (6.1)

£¤¥ k � k | ­®à¬  ¢ C (®¯à¥¤¥«¥­¨¥ ¯®¯¥à¥ç­¨ª  ¯® �®«¬®£®à®¢ã á¬., ­ ¯à., ¢ [13], £«. 3).
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï ¨ ®¯à¥¤¥«¥­¨ï. �¥à¥§ �1(T

j
P ) ¨ �2(T

j
P ), £¤¥ T

j
P | âà¥ã£®«ì­ë© í«¥¬¥­â

¨§ à §¡¨¥­¨ï TP , ®¡®§­ ç¨¬ à ¤¨ãáë ¢¯¨á ­­®© ¨ ®¯¨á ­­®© ®ªàã¦­®áâ¥© ¤«ï í«¥¬¥­â  T j
P , j =

1; : : : ; J ; §¤¥áì J = J(P ) | ç¨á«® âà¥ã£®«ì­ëå í«¥¬¥­â®¢ à §¡¨¥­¨ï TP (áç¨â ¥¬ ¢ë¯®«­¥­­ë¬
ãá«®¢¨¥ J � P ). �à¨ ­£ã«ïæ¨î TP ­ §®¢¥¬ ¨§®âà®¯­®©, ¥á«¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥

��11 (T j
P )�2(T

j
P ) �M; j = 1; : : : ; J;

®¤­ ª® ¢¥«¨ç¨­ë ��11 (T j
P ), �2(T

j
P ) ¬®£ãâ á¨«ì­® ®â«¨ç âìáï ®â í«¥¬¥­â  ª í«¥¬¥­âã, ¨  ­¨§®-

âà®¯­®© (á ª®íää¨æ¨¥­â®¬  ­¨§®âà®¯¨¨ � � M0, £¤¥ M0 ¬®¦¥â ¡ëâì ¤®áâ â®ç­® ¡®«ìè¨¬),
¥á«¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥

��11 (T j
P )�2(T

j
P ) �M�; j = 1; : : : ; J ;

¯®áâ®ï­­ ï M ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà®¢ ", P . �ç¨â ¥¬, çâ® á®¢®ªã¯­®áâì TP ®¯à¥¤¥«ï¥âáï ¢¥-
«¨ç¨­®© �; dP (U ;X) = dP (U ;X; �). �®¤®¡­ë¬ ®¡à §®¬ ¢¢®¤ïâáï ¨§®âà®¯­ ï ¨  ­¨§®âà®¯­ ï
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âà¨ ­£ã«ïæ¨¨ ­  ¯®¤¬­®¦¥áâ¢ å ¨§ D. � â®¬ á«ãç ¥, ª®£¤  ¯®¯¥à¥ç­¨ª¨ à áá¬ âà¨¢ îâáï ­ 
¬­®¦¥áâ¢¥ D0 � D (¢ íâ®¬ á«ãç ¥ ¯®¯¥à¥ç­¨ª ®¡®§­ ç ¥¬ ç¥à¥§ dP (U ;X;D0)), ¢¥«¨ç¨­  ku�uhk
¢ (6.1) ¢ëç¨á«ï¥âáï «¨èì ¯® âà¥ã£®«ì­ë¬ í«¥¬¥­â ¬, æ¥«¨ª®¬ ¯à¨­ ¤«¥¦ é¨¬ D0. �«¥¬¥­âë
âà¨ ­£ã«ïæ¨¨, ¤«ï ª®â®àëå ¢ë¯®«­ï¥âáï ãá«®¢¨¥

� !1; ­ ¯à¨¬¥à, ¯à¨ P !1 ¨/¨«¨ "! 0;

­ §®¢¥¬ áãé¥áâ¢¥­­®  ­¨§®âà®¯­ë¬¨.
�¥«¨ç¨­  dP (U ;X) áâà¥¬¨âáï ª ­ã«î ¯à¨ P ! 1, ®¤­ ª®, íâ  áå®¤¨¬®áâì ª ­ã«î ­¥ ï¢«ï-

¥âáï "-à ¢­®¬¥à­®©. �®®¡é¥ £®¢®àï, ¯à¨¡«¨¦¥­¨ï áå®¤ïâáï ¯à¨ P ! 1 «¨èì ¯à¨ ­¥ª®â®àëå
á®®â­®è¥­¨ïå ¬¥¦¤ã ¢¥«¨ç¨­ ¬¨ P ¨ ".

�ãáâì ¯à¨ P ! 1 ¯®¯¥à¥ç­¨ª dP (U ;X) (¯®£à¥è­®áâì ¯à¨ ®¯â¨¬ «ì­®© â®ç­®áâ¨ ¯à¨¡«¨-
¦¥­¨ï ¬­®¦¥áâ¢  U ¢ ¯à®áâà ­áâ¢¥ X, ¨«¨, ª®à®ç¥, ¯®£à¥è­®áâì ®¯â¨¬ «ì­®©  ¯¯à®ªá¨¬ æ¨¨)
áâà¥¬¨âáï ª ­ã«î ¢ á«ãç ¥ P�1=2 = o("�), " 2 E", ®¤­ ª®, áå®¤¨¬®áâì ¯à¨ ãá«®¢¨¨ P�1=2 = O("�),
¢®®¡é¥ £®¢®àï, ­¥ ¨¬¥¥â ¬¥áâ . � íâ®¬ á«ãç ¥ ¡ã¤¥¬ £®¢®à¨âì, çâ® ¯®¯¥à¥ç­¨ª áå®¤¨âáï ª ­ã«î
á ¤¥ä¥ªâ®¬ �.

� ¨¡®«ìè¨© ¨­â¥à¥á ¯à¥¤áâ ¢«ïîâ ¯à¨¡«¨¦¥­¨ï, áå®¤ïé¨¥áï á ¢®§¬®¦­® ¬¥­ìè¨¬ ¤¥ä¥ª-
â®¬ ¨, ¢ ç áâ­®áâ¨, áå®¤ïé¨¥áï "-à ¢­®¬¥à­®.

6.2. �®«ãç¨¬ ®æ¥­ªã ¯®¯¥à¥ç­¨ª , ª®£¤  £à ­¨æ  � ­  D0
(5:1) ï¢«ï¥âáï ®âà¥§ª®¬ ¯àï¬®©.

�áá«¥¤®¢ ­¨¥ ¬®¤¥«ì­ëå § ¤ ç, ¯®¤®¡­®¥ ¯à¨¢¥¤¥­­®¬ã ¢ à §¤¥«¥ 5, ¯®ª §ë¢ ¥â, çâ® ¢ á«ã-
ç ¥ ¨§®âà®¯­ëå à §¡¨¥­¨© ®¡« áâ¨ D ¤«ï ¯®¯¥à¥ç­¨ª  ¢ë¯®«­ï¥âáï ®æ¥­ª  á­¨§ã

dP (U ;X) � m(1 + "P )�1: (6.2)

�  ¬­®¦¥áâ¢¥

D1 = D1(5:1)(�1); �1 =M"; (6.3)

| �1-®ªà¥áâ­®áâ¨ £à ­¨æë � (¨§ D0
(5:1)), ¯®«ãç ¥âáï ®æ¥­ª 

dP (U ;X;D1
(6:3)) � m(1 + "P )�1; (6.4)

­¥ã«ãçè ¥¬ ï ¯® ¢å®¦¤¥­¨î ¢¥«¨ç¨­ P , ".
� á«ãç ¥  ­¨§®âà®¯­ëå à §¡¨¥­¨© á¯à ¢¥¤«¨¢  ®æ¥­ª 

dP (U ;X) � m(1 + "�P )�1: (6.5)

�  ¬­®¦¥áâ¢¥ D1
(6:3) ¨¬¥¥¬ ®æ¥­ªã

dP (U ;X;D1) � m(1 + "�P )�1; (6.6)

®æ¥­ª  ­¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥­¨î ¢¥«¨ç¨­ P , ", �.

�¥®à¥¬  6.1. �ãáâì ¤«ï ª®¬¯®­¥­â à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (2:1) ¨§ ¨å ¯à¥¤áâ ¢«¥­¨©

(3:2), (3:6) ¢ë¯®«­ïîâáï ®æ¥­ª¨ (3:3), (3:7), £¤¥ K = 2. �®£¤  ¢ á«ãç ¥ ¯àï¬®«¨­¥©­®© £à ­¨æë

� ­  D0 ¤«ï ¯®¯¥à¥ç­¨ª®¢ dP (U ;X), dP (U ;X;D1) ­  ¨§®âà®¯­®© ( ­¨§®âà®¯­®©) âà¨ ­£ã«ïæ¨¨
TP ¢ë¯®«­ïîâáï ®æ¥­ª¨ (6:2), (6:4) (®æ¥­ª¨ (6:5), (6:6)); ®æ¥­ª¨ (6:4) ¨ (6:6) ­¥ã«ãçè ¥¬ë ¯®

¢å®¦¤¥­¨î ¢¥«¨ç¨­ P , " ¨ P , ", � á®®â¢¥âáâ¢¥­­®.

� ¬¥ç ­¨¥ 6.1. � á¨«ã ®æ¥­ª¨ (6.4),   â ª¦¥ ®æ¥­ª¨ (6.6) ¯à¨ ãá«®¢¨¨, çâ® ¢¥«¨ç¨­  �
­¥ § ¢¨á¨â ®â P ¨ ", ­¥ã«ãçè ¥¬ë© ¤¥ä¥ªâ áå®¤¨¬®áâ¨ ¯®£à¥è­®áâ¨ ®¯â¨¬ «ì­®©  ¯¯à®ªá¨-
¬ æ¨¨ ­  ¬­®¦¥áâ¢¥ D1

(6:3) ­¥ ¬¥­ìè¥, ç¥¬ 2�1; ¤¥ä¥ªâ áå®¤¨¬®áâ¨ ¯®¯¥à¥ç­¨ª®¢ dP (U ;X) ­ 
¨§®âà®¯­®© ¨  ­¨§®âà®¯­®© âà¨ ­£ã«ïæ¨ïå ­¥ ¬¥­ìè¥, ç¥¬ 2�1.
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� ¬¥ç ­¨¥ 6.2. �á«®¢¨¥

� !1 ¯à¨ P !1; " 2 E"; "P = O(1)

ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ¤«ï â®£®, çâ®¡ë ¤¥ä¥ªâ áå®¤¨¬®áâ¨ ­   ­¨§®âà®¯­®©
âà¨ ­£ã«ïæ¨¨ TP ¡ë« ¬¥­ìè¥, ç¥¬ 2�1. � ª¨¬ ®¡à §®¬, ¨á¯®«ì§®¢ ­¨¥ áãé¥áâ¢¥­­®  ­¨§®-
âà®¯­ëå âà¨ ­£ã«ïæ¨© ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¤«ï â®£® çâ®¡ë ¯®¯¥à¥ç­¨ª dP (U ;X) áå®¤¨«áï
"-à ¢­®¬¥à­® «¨¡® á ¤¥ä¥ªâ®¬ ¬¥­ìè¨¬, ç¥¬ 2�1.

� ¬¥ç ­¨¥ 6.3. �á«®¢¨¥

� = �(P; ") = "�1�0(P ) (6.7)

ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¤«ï "-à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ ¯®¯¥à¥ç­¨ª , à áá¬ âà¨¢ ¥¬®£® ­ 
D1. �à¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨

�
�0(P )P � 1

�
:

��10 (P ) = o(P ); P �M; (6.8)

¨¬¥¥¬ ®æ¥­ªã á¢¥àåã

dP (U ;X;D1) �M P�1��10 (P );

â. ¥. ¯®¯¥à¥ç­¨ª dP (U ; X; D1) áå®¤¨âáï "-à ¢­®¬¥à­®. �«ï ¯®¯¥à¥ç­¨ª  dP (U ;X;D0 \ D) ¯à¨
ãá«®¢¨¨ (6.7) ¯®«ãç ¥âáï ®æ¥­ª 

dP (U ; X;D0 \D) �M [��10 (P )P�1 lnP + P�1=2];

¯à¨ ãá«®¢¨¨
�
��10 (P )P�1 lnP � 1

�
:

��10 (P ) = o(P ln�1 P ); P !1; (6.9)

¯®¯¥à¥ç­¨ª dP (U ;X;D0 \D) áå®¤¨âáï "-à ¢­®¬¥à­®. � ª¨¬ ®¡à §®¬, ãá«®¢¨ï (6.7), (6.8) ï¢«ï-
îâáï ­¥®¡å®¤¨¬ë¬¨,   ãá«®¢¨ï (6.7), (6.9) | ¤®áâ â®ç­ë¬¨ ¤«ï "-à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ (¯à¨
P !1) ¯®¯¥à¥ç­¨ª  dP (U ;X;D0 \D) ¯à¨  ­¨§®âà®¯­®¬ à §¡¨¥­¨¨.

6.3. �ãáâì ¬­®¦¥áâ¢® � | ªà¨¢®«¨­¥©­ ï £à ­¨æ  ¨§ D0
(5:1) (á ®£à ­¨ç¥­­®© ªà¨¢¨§­®©) ¨

âà¨ ­£ã«ïæ¨ï TP ï¢«ï¥âáï  ­¨§®âà®¯­®© (áâ®à®­ë âà¥ã£®«ì­ëå í«¥¬¥­â®¢ | ®âà¥§ª¨ ¯àï¬ëå).
�¯à¥¤¥«¨¬ ¯®¯¥à¥ç­¨ª d�P (U ;X) á®®â­®è¥­¨¥¬

d�P (U ; X) = inf
�
dP (U ;X; �): (6.10)

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  6.2. �ãáâì ¢ë¯®«­ï¥âáï ãá«®¢¨¥ â¥®à¥¬ë 6:1. �®£¤  ¢ á«ãç ¥ ªà¨¢®«¨­¥©­®© £à -

­¨æë � ­  D0
(5:1) ¤«ï ¯®¯¥à¥ç­¨ª  d

�
P (6:10)(U ;X;D

1), £¤¥ D1 = D1
(6:3), ¢ë¯®«­ï¥âáï ®æ¥­ª 

d�P (U ;X;D
1) � m(1 + "1=2P )�1;

­¥ã«ãçè ¥¬ ï ¯® ¢å®¦¤¥­¨î ¢¥«¨ç¨­ P , ".

� ¬¥ç ­¨¥ 6.4. �¥ä¥ªâ áå®¤¨¬®áâ¨ ¤«ï ¯®¯¥à¥ç­¨ª  d�P (U ;X;D
1) (¢ á«ãç ¥ ªà¨¢®«¨­¥©-

­®© £à ­¨æë � ­  D0) à ¢¥­ 4�1. � ª¨¬ ®¡à §®¬, ­  âà¥ã£®«ì­ëå í«¥¬¥­â å á ¯àï¬®«¨­¥©­ë¬¨
áâ®à®­ ¬¨ ¤¥ä¥ªâ áå®¤¨¬®áâ¨ ¤«ï ¯®¯¥à¥ç­¨ª  d�P (U ;X) ¬¥­ìè¥, ç¥¬ 4�1, ­¥¤®áâ¨¦¨¬. �«ï
¯®áâà®¥­¨ï  ¯¯à®ªá¨¬ æ¨© á ¤¥ä¥ªâ®¬ áå®¤¨¬®áâ¨ ¤«ï ¯®¯¥à¥ç­¨ª  d�P (U ;X) ¬¥­ìè¥, ç¥¬ 4�1,
­¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì âà¥ã£®«ì­ë¥ í«¥¬¥­âë, ï¢«ïîé¨¥áï ¢ ®ªà¥áâ­®áâ¨ ¯®£à ­¨ç­®£® á«®ï
ªà¨¢®«¨­¥©­ë¬¨ ¨ áãé¥áâ¢¥­­®  ­¨§®âà®¯­ë¬¨ á «®ª «ì­®© ­ ¯à ¢«¥­­®áâìî  ­¨§®âà®¯¨¨ (­ -
¯à ¢«¥­¨¥¬ ­ ¨¡®«ìè¥© áâ®à®­ë âà¥ã£®«ì­ëå í«¥¬¥­â®¢), á®£« á®¢ ­­®© á £à ­¨æ¥© � .
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� ¬¥ç ­¨¥ 6.5. �  ¬­®¦¥áâ¢¥ D ¢ ®ªà¥áâ­®áâ¨ ¯®£à ­á«®ï ¬®¦­® ¢¢¥áâ¨ «®ª «ì­ë¥ ª®®à-
¤¨­ âë, ¢ ª®â®àëå ¬­®¦¥áâ¢® � áâ ­®¢¨âáï ¯àï¬®«¨­¥©­ë¬, ¨ ¯®áâà®¨âì âà¨ ­£ã«ïæ¨î (­  âà¥-
ã£®«ì­ëå í«¥¬¥­â å á ¯àï¬®«¨­¥©­ë¬¨ áâ®à®­ ¬¨), ­  ª®â®à®© ¯®¯¥à¥ç­¨ª áå®¤¨âáï ¢ ®ªà¥áâ-
­®áâ¨ ¯¥à¥å®¤­®£® á«®ï "-à ¢­®¬¥à­® (á¬., ­ ¯à., § ¬¥ç ­¨¥ 6.3 ª â¥®à¥¬¥ 6.1). � ¨áå®¤­ëå
¯¥à¥¬¥­­ëå â ª ï âà¨ ­£ã«ïæ¨ï ¯®à®¦¤ ¥âáï ªà¨¢®«¨­¥©­ë¬¨ âà¥ã£®«ì­ë¬¨ í«¥¬¥­â ¬¨. � 
®á­®¢¥ íâ®© «®ª «ì­®© âà¨ ­£ã«ïæ¨¨ áâà®¨âáï âà¨ ­£ã«ïæ¨ï ¬­®¦¥áâ¢  D, ­  ª®â®à®© ¯®¯¥-
à¥ç­¨ª, à áá¬ âà¨¢ ¥¬ë© ­  D, áå®¤¨âáï "-à ¢­®¬¥à­®.

�¢®©áâ¢  ¯®¯¥à¥ç­¨ª®¢, ¯®¤®¡­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ â¥®à¥¬¥ 6.2 ¨ § ¬¥ç ­¨ïå 6.4, 6.5, á®åà -
­ïîâáï ¨ ¢ â®¬ á«ãç ¥, ª®£¤  ¤«ï  ¯¯à®ªá¨¬ æ¨¨ à¥è¥­¨© § ¤ ç¨ (2.1) ¨á¯®«ì§ãîâáï ¨­â¥à¯®-
«ï­âë, ¯à¨¡«¨¦ îé¨¥ à¥è¥­¨ï § ¤ ç¨ (2.1) á ¡®«¥¥ ¢ëá®ª¨¬ ¯®àï¤ª®¬ â®ç­®áâ¨ ¯® áà ¢­¥­¨î
á «¨­¥©­ë¬¨ ¨­â¥à¯®«ï­â ¬¨.

� ¬¥ç ­¨ï 6.4, 6.5 ª â¥®à¥¬¥ 6.2 ãáâ ­ ¢«¨¢ îâ ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï (§ ¬¥ç ­¨¥ 6.4), ¯à¨
ª®â®àëå ¯®£à¥è­®áâì ®¯â¨¬ «ì­®©  ¯¯à®ªá¨¬ æ¨¨ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ á« ¡® § ¢¨á¨â ®â
¯ à ¬¥âà  ", ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï (§ ¬¥ç ­¨¥ 6.5) ¤«ï "-à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ â ª®© ¯®-
£à¥è­®áâ¨. �à¥¡®¢ ­¨ï, ¢ëâ¥ª îé¨¥ ¨§ íâ¨å ãá«®¢¨©, ¯®« £ îâáï ¢ ®á­®¢ã ¯à¨ ¯®áâà®¥­¨¨
á¯¥æ¨ «ì­ëå áå¥¬.

7. �å¥¬  ­  á¥âª å, á®£« á®¢ ­­ëå ¢ ¯®£à ­á«®¥ á £à ­¨æ¥©

�â®¡ë ¯à®¤¥¬®­áâà¨à®¢ âì ¨á¯®«ì§®¢ ­¨¥ à¥§ã«ìâ â®¢ à §¤¥«  6, ¯à¨¢¥¤¥¬ "-à ¢­®¬¥à­®
áå®¤ïéãîáï à §­®áâ­ãî áå¥¬ã ¤«ï § ¤ ç¨ (2.1). �à¨ ¯®áâà®¥­¨¨ áå¥¬ë ¤«ï ªà ¥¢®© § ¤ ç¨
(2.1) (á «ãçè¨¬ ãá«®¢¨¥¬ áå®¤¨¬®áâ¨ ¯® áà ¢­¥­¨î á (4.11)) ¯¥à¥ä®à¬ã«¨àã¥¬ § ¤ çã, ¯¥à¥©¤ï
(¢ ®ªà¥áâ­®áâ¨ ¯®£à ­á«®ï) ª á¢ï§ ­­ë¬ á £à ­¨æ¥© � ¯¥à¥¬¥­­ë¬, ¢ ª®â®àëå £à ­¨æ  ï¢«ï¥âáï
ã¦¥ ¯àï¬®«¨­¥©­®©. �«ï § ¤ ç¨ ¢ ­®¢ëå ¯¥à¥¬¥­­ëå ¯®áâà®¨¬ à §­®áâ­ãî áå¥¬ã ­  ¯àï¬®-
ã£®«ì­ëå á¥âª å (¢ ç áâ­®áâ¨, áå¥¬ã, áå®¤ïéãîáï "-à ¢­®¬¥à­®) ¨ § â¥¬ ¢¥à­¥¬áï ª áâ àë¬
¯¥à¥¬¥­­ë¬. � ¨áå®¤­ëå ¯¥à¥¬¥­­ëå ¯®«ãç îé¨¥áï á¥âª¨ (á¥âª¨, á®£« á®¢ ­­ë¥ á £à ­¨æ¥©)
ã¦¥ ­¥ ¡ã¤ãâ ¯àï¬®ã£®«ì­ë¬¨, çâ®, ¢®®¡é¥ £®¢®àï, ¢«¥ç¥â ­¥ª®â®àë¥ ­¥ã¤®¡áâ¢  ¯à¨ ¯®áâà®-
¥­¨¨ á¥â®ç­ëå ®¡« áâ¥© ¨ ç¨á«¥­­®¬ à¥è¥­¨¨ § ¤ ç¨. �¤­ ª® ¢ á¨«ã à¥§ã«ìâ â®¢ à §¤¥«  6,
¨á¯®«ì§®¢ ­¨¥ \ªà¨¢®«¨­¥©­ëå" á¥â®ª, á®£« á®¢ ­­ëå á £à ­¨æ¥© � , ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬.
� áá¬®âà¨¬ à §­®áâ­ãî áå¥¬ã ­  ®á­®¢¥ â ª®£® ¯®¤å®¤ .

7.1. �®áâà®¨¬ à §­®áâ­ãî áå¥¬ã ­  ®á­®¢¥  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç¨ (3.5), (3.4). �«ï ¯à®áâ®âë
áç¨â ¥¬ ¢ë¯®«­¥­­ë¬ ãá«®¢¨¥

r(x; � ) = m2; x 2 � 2; (7.1)

â. ¥. à ááâ®ï­¨¥ ¬¥¦¤ã £à ­¨æ ¬¨ � ¨ � 2 à ¢­® m2; D2 = D2 [ � 2. �  ¬­®¦¥áâ¢¥ eD1 ¢¢¥¤¥¬
¯àï¬®ã£®«ì­ãî á¥âªã

eD1 = e!1 � e!2; (7.2 )

£¤¥ e!1 ¨ e!2 | á¥âª¨ ­  ®âà¥§ª¥ [0;m1], m1 = m1(3:4) (­  ®á¨ �1) ¨ ­  ®á¨ �2 á®®â¢¥âáâ¢¥­­®; á¥âª e!2 ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª®© (á ¯¥à¨®¤®¬ à ¢­ë¬ ¤«¨­¥ £à ­¨æë � ). �ãáâì eN1 +1 ¨ eN2 | ç¨á«®
ã§«®¢ á®®â¢¥âáâ¢¥­­® á¥â®ª e!1 ¨ e!2 (­  ¨­â¥à¢ «¥ ¯¥à¨®¤¨ç­®áâ¨). �  ¬­®¦¥áâ¢¥ D2 áâà®¨¬
á¥âªã

D2
h (7.2¡)

¯®¤®¡­® ¯®áâà®¥­¨î á¥âª¨ (4.8) ­  D; D2
h = D2

h(R
2
h(4:1)), £¤¥ R

2
h(4:1) | ¡ §®¢ ï á¥âª .

�à¨¢¥¤¥¬ ¨­â¥à¯®«ï­âë á¥â®ç­ëå äã­ªæ¨©, ¨á¯®«ì§ã¥¬ë¥ ¯à¨ ¯®áâà®¥­¨¨ áå¥¬ë. �¥â®ç­ë¥
¬­®¦¥áâ¢  eD1

h ¨D
2
h ®¯à¥¤¥«ïîâ ­¥ª®â®àë¥ à §¡¨¥­¨ï ¬­®¦¥áâ¢ eD1 ¨D2 ­  âà¥ã£®«ì­ë¥ í«¥¬¥­-

âë. �â®à®­ë âà¥ã£®«ì­ëå í«¥¬¥­â®¢, á®¥¤¨­ïîé¨å ã§«ë ¨§ eD1
h,   â ª¦¥ ¢­ãâà¥­­¨¥ ã§«ë ¨§D2,

ï¢«ïîâáï ®âà¥§ª ¬¨ ¯àï¬ëå (â ª¨¥ í«¥¬¥­âë ­ §®¢¥¬ ¯àï¬®«¨­¥©­ë¬¨); áâ®à®­ë í«¥¬¥­â®¢
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¨§ D2, ¯à¨¬ëª îé¨å ª £à ­¨æ¥ � 2, ¬®£ãâ ¡ëâì ªà¨¢®«¨­¥©­ë¬¨ (â ª¨¥ í«¥¬¥­âë ­ §®¢¥¬ ªà¨-

¢®«¨­¥©­ë¬¨). �ãáâì ­  ¬­®¦¥áâ¢ å eD1
h ¨ D

2
h ®¯à¥¤¥«¥­ë ­¥ª®â®àë¥ á¥â®ç­ë¥ äã­ªæ¨¨ Z(�) ¨

z(x) á®®â¢¥âáâ¢¥­­®. �  eD1 áâà®¨¬ ¨­â¥à¯®«ï­â Z(�) («¨­¥©­ë© ­  âà¥ã£®«ì­ëå í«¥¬¥­â å). � 
¬­®¦¥áâ¢¥ D2 áâà®¨¬ ¨­â¥à¯®«ï­â bz(x) á«¥¤ãîé¨¬ ®¡à §®¬. �  ¯àï¬®«¨­¥©­ëå âà¥ã£®«ì­ëå
í«¥¬¥­â å ¨§ D2 áâà®¨¬ «¨­¥©­ë© ¨­â¥à¯®«ï­â z(x) ¨ ¯®« £ ¥¬ bz(x) = z(x). �  ªà¨¢®«¨­¥©-
­ëå í«¥¬¥­â å ¯¥à¥©¤¥¬ ª ¯¥à¥¬¥­­ë¬ � = (�1; �2) ¨ ¯® §­ ç¥­¨ï¬ äã­ªæ¨¨ z�(�) = z(x(�))
¢ ¢¥àè¨­ å í«¥¬¥­â®¢ ¯®áâà®¨¬ «¨­¥©­ë¥ (¯® �1, �2) ¨­â¥à¯®«ï­âë z0(�) = (z�)(�). �®«®¦¨¬bz(x) = z0x(x). �  ®âà¥§ª å ¯àï¬ëå, ï¢«ïîé¨åáï ®¡é¨¬¨ áâ®à®­ ¬¨ ¯àï¬®«¨­¥©­ëå ¨ ªà¨¢®«¨-
­¥©­ëå í«¥¬¥­â®¢, äã­ªæ¨ï bz(x), ¢®®¡é¥ £®¢®àï, â¥à¯¨â à §àë¢. �«ï ®¯à¥¤¥«¥­­®áâ¨ äã­ªæ¨îbz(x) ­  â ª¨å áâ®à®­ å áç¨â ¥¬ à ¢­®© ¯®«ãáã¬¬¥ ¯à¥¤¥«®¢ ¨§ ¯à¨«¥£ îé¨å âà¥ã£®«ì­¨ª®¢.
�­â¥à¯®«ï­â bz(x), x 2 D2, ¯®áâà®¥­.

� ¤ çã (3.5), (3.4)  ¯¯à®ªá¨¬¨àã¥¬ á¥â®ç­®© § ¤ ç¥©

e�Z(�) = F (�); � 2 eD1
h; (7.3 )

Z(�) =

(
�(�); � 2 e� 1

h \
e� ;

(bz)�(�); � 2 e� 1
h n

e� ;
�z(x) = f(x); x 2 D2

h; (7.3¡)

z(x) = (Z)x(x); x 2 � 2
h :

�¤¥áì � = �(4:4)(L(2:1);D2
h); ®¯¥à â®à e� áâà®¨âáï ­  á¥âª¥ eD1

h ¯® ®¯¥à â®àã eL(3:5) ¯®¤®¡­® ®¯¥à -

â®àã �(4:4) (e� = e�(eL(3:5); eD1
h), ¯à¨ç¥¬ �(�) = 1 ¯à¨ � 2 eD1

h); (bz)�(�) ¨ (Z)x(x) áãâì á®®â¢¥âáâ¢¥­­®
¨­â¥à¯®«ï­âë bz(x) ¨ Z(�), ¯¥à¥¯¨á ­­ë¥ ¢ ¯¥à¥¬¥­­ëå � ¨ x; bz(x), x 2 D2, ¨ Z(�), � 2 eD1, |

¨­â¥à¯®«ï­âë ­  âà¥ã£®«ì­ëå í«¥¬¥­â å à §¡¨¥­¨© ®¡« áâ¥© D2 ¨ eD1, ¯®à®¦¤ ¥¬ëå á¥âª ¬¨

D2
h ¨ eD1

h á®®â¢¥âáâ¢¥­­®.
�ã­ªæ¨î

uh(x) =

8<:(Z)x(x); x 2 f eD1gx;bz(x); x 2 D n f eD1gx;
x 2 D;

­ §®¢¥¬ à¥è¥­¨¥¬ à §­®áâ­®© áå¥¬ë (7.3), (7.2) | áå¥¬ë ¬¥â®¤  ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¢ á«ãç ¥
¯¥à¥ªàë¢ îé¨åáï ¯®¤®¡« áâ¥©.

�¯¥à â®àë e� ¨ � ï¢«ïîâáï ¬®­®â®­­ë¬¨ (­  ¬­®¦¥áâ¢ å eD1
h ¨ D2

h) ¢ â®¬ á«ãç ¥, ª®£¤ 
¢ë¯®«­ïîâáï á®®â¢¥âáâ¢¥­­® ãá«®¢¨ï

min
s;eD1

h

f2(ehiss + ehis�1s )�1Ass(�)�max[(ehi3�s3�s )
�1; (ehi3�s�13�s )�1]jA12(�)j � jBs(�)jg � 0; (7.4 )

min
s;D

2(in)

h

f2(hiss + his�1s )�1ass(x)�max[(hi3�s3�s )
�1; (hi3�s�13�s )�1]ja12(x)j � jbs(x)jg � 0: (7.4¡)

�¤¥áì D2(in)
h | ¬­®¦¥áâ¢® áâà®£® ¢­ãâà¥­­¨å ã§«®¢ (®¯à¥¤¥«ï¥¬ëå ¤«ï ¬­®¦¥áâ¢  D2

h), áâà®ï-
é¨åáï ¯®¤®¡­® ¬­®¦¥áâ¢ã D(in)

h(4:3);
ehi1 ¨ ehj2 | è £¨ á¥â®ª e!1(7:2) ¨ e!2(7:2) á®®â¢¥âáâ¢¥­­®.

� ¬¥â¨¬, çâ® ãá«®¢¨ï (7.4) ¢ë¯®«­ïîâáï, ­ ¯à¨¬¥à, ª®£¤  ª®íää¨æ¨¥­âë ¯à¨ á¬¥è ­­ëå
¯à®¨§¢®¤­ëå à ¢­ë ­ã«î

A12(�) � 0; � 2 eD1; a12(x) � 0; x 2 D2;

«¨¡® ª®£¤  íâ¨ ª®íää¨æ¨¥­âë ¤®áâ â®ç­® ¬ «ë (¯® áà ¢­¥­¨î á ª®íää¨æ¨¥­â ¬¨Ass(�), ass(x))
¨ è £¨ á¥â®ª !1, !2,   â ª¦¥ e!1, e!2 ®¤­®£® ¯®àï¤ª ; â ª®¥ ãá«®¢¨¥ ¨¬¥¥â ¬¥áâ®, ­ ¯à¨¬¥à, ¢ á«ã-
ç ¥ § ¤ ç¨ (2.1) ­  ªàã£¥ ¯à¨ ãá«®¢¨¨ L2 = 4 ¢ ®ªà¥áâ­®áâ¨ £à ­¨æë � ¨ ¬ «®áâ¨ ª®íää¨æ¨¥­â 
a12(x) ¯® áà ¢­¥­¨î á a11(x), a22(x) ¢­¥ íâ®© ®ªà¥áâ­®áâ¨.
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� á«ãç ¥ ãá«®¢¨© (7.4) à §­®áâ­ ï áå¥¬  (7.3), (7.2) ï¢«ï¥âáï ¬®­®â®­­®©. � â®¬ á«ãç ¥,
ª®£¤  ãá«®¢¨ï (7.4) ­ àãè îâáï, ¯à¨ ¯®áâà®¥­¨¨ ¬®­®â®­­ëå á¥â®ç­ëå  ¯¯à®ªá¨¬ æ¨© § ¤ ç¨
(2.1) ¬®¦­® ¢®á¯®«ì§®¢ âìáï â¥å­¨ª®© à ¡®âë [1].

�«ï à¥è¥­¨ï § ¤ ç¨ (2.1) ¨á¯®«ì§ã¥¬ à §­®áâ­ãî áå¥¬ã (7.3), (7.2) ­  á¥âª å, á£ãé îé¨åáï
¢ ¯®£à ­¨ç­®¬ á«®¥. �¥â®ç­ãî § ¤ çã à áá¬ âà¨¢ ¥¬ ­  á¥âª å

eD1
h; D2

h = D2
h(R

2
h); (7.5 )

£¤¥ eD1
h, R

2
h | à ¢­®¬¥à­ë¥ á¥âª¨. �«ï ¯à®áâ®âë áç¨â ¥¬ ¢ë¯®«­¥­­ë¬ ãá«®¢¨¥

Ns = eNs = N; s = 1; 2: (7.5¡)

� à ¬¥âàë ¯®¤®¡« áâ¥© Dk ®¯à¥¤¥«¨¬ á®®â­®è¥­¨ï¬¨

m2(7:1) = �; m1(3:4) = � + �; (7.5¢)

� = �(";N) = min[2�1r0; 2m�1
3 " lnN ]; � = �(") = m4";

£¤¥ r0 | ¬¨­¨¬ «ì­ë© à ¤¨ãá ªà¨¢¨§­ë £à ­¨æë � , m3 = m(3:7).
� ãç¥â®¬  ¯à¨®à­ëå ®æ¥­®ª à¥è¥­¨© § ¤ ç¨ (2.1) ­ å®¤¨¬ ®æ¥­ªã ¤«ï à¥è¥­¨ï áå¥¬ë (7.3),

(7.5)

ju(x)� uh(x)j �MN�2 ln2N; x 2 D: (7.6)

T ª¨¬ ®¡à §®¬, à §­®áâ­ ï áå¥¬  áå®¤¨âáï "-à ¢­®¬¥à­® á® áª®à®áâìî áå®¤¨¬®áâ¨O(N�2 ln2N).

�¥®à¥¬  7.1. �ãáâì ¤«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (2:1) ¢ë¯®«­ïîâáï ãá«®¢¨¥ â¥®à¥¬ë 4:1
¨ ãá«®¢¨ï (7:4). �®£¤  à¥è¥­¨¥ à §­®áâ­®© áå¥¬ë (7:3), (7:5) ¯à¨ N !1 áå®¤¨âáï ª à¥è¥­¨î

ªà ¥¢®© § ¤ ç¨ "-à ¢­®¬¥à­®. �«ï à¥è¥­¨ï à §­®áâ­®© áå¥¬ë á¯à ¢¥¤«¨¢  ®æ¥­ª  (7:6).

�¢â®à ¢ëà ¦ ¥â £«ã¡®ªãî ¯à¨§­ â¥«ì­®áâì �.�. � å¢ «®¢ã §  ¢­¨¬ ­¨¥ ª ¨áá«¥¤®¢ ­¨ï¬,
¯à¨¢¥¤¥­­ë¬ ¢ à ¡®â¥, ¨ ¯à¥¤«®¦¥­¨¥ ¨á¯®«ì§®¢ âì ¯®¤å®¤ ­  ®á­®¢¥ ¯®¯¥à¥ç­¨ª®¢ ¯® �®«¬®-
£®à®¢ã.
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