
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2006 ���������� ò 4 (527)

��� 517.926

�.�.�������

�� ���������� �������� ��������
�������-���������������� ������

1. �¢¥¤¥¨¥

� áá¬ âà¨¢ ¥âáï á¨áâ¥¬   «£¥¡à®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (���)

A(t)x0(t) = B(t)x(t) + f(t); t 2 T = [0;+1); (1)

£¤¥ A(t); B(t) 2 C1(T ) | n � n-¬ âà¨æë, detA(t) � 0, t 2 T , ¢ ãá«®¢¨ïå, ª®£¤  ¯®áâ ¢«¥ ï
§ ¤ ç  �®è¨

x(0) = a (2)

¥à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥ C1(T ). � ç áâ®áâ¨, ¯®«®¦¥¨¥ â ª®£® à®¤  ¢®§¨ª ¥â ¢ á«ãç ¥
¥á®£« á®¢ ëå  ç «ìëå ¤ ëå ¨ ¥¤®áâ â®ç® £« ¤ª®© äãªæ¨¨ f(t). � ¯®¤®¡®© á¨âã -
æ¨¥© áâ «ª¨¢ îâáï ¢® ¬®£¨å ¢ ¦ëå ¯à¨«®¦¥¨ïå: ¢ § ¤ ç å ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï, ¤«ï
ª®â®àëå ãá«®¢¨¥ �«¥¡è {�¥¦ ¤à   àãè ¥âáï   ¢á¥© íªáâà¥¬ «¨, ¢ § ¤ ç å ã¯à ¢«¥¨ï
á ¨¬¯ã«ìáë¬¨ à¥¦¨¬ ¬¨ ¨ ¤à. � íâ®¬ á«ãç ¥ ¯à¥¤« £ ¥âáï ¨áª âì à¥è¥¨¥ ¢ ¯à®áâà áâ¢¥
®¡®¡é¥ëå äãªæ¨© â¨¯  �®¡®«¥¢ {�¢ àæ .

�à®¡«¥¬  ¯®¨áª  ®¡®¡é¥ëå à¥è¥¨© ¤«ï ��� áâ ¢¨âáï ¥ ¢¯¥à¢ë¥. � [1]   ®á®¢¥ â¥®à¨¨
¢ëà®¦¤¥ëå ¯®«ã£àã¯¯ ®¯¥à â®à®¢ ¨áá«¥¤®¢ « áì à §à¥è¨¬®áâì ¢ ¯à®áâà áâ¢¥ �.�¢ àæ 
¢ëà®¦¤¥®© § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë á ®¯¥à â®àë¬¨ ª®íää¨æ¨¥â ¬¨ ¢ ¡  å®¢ëå ¯à®-
áâà áâ¢ å

A[u0] = B[u] + f; kerA 6= 0:

�¢â®àë ®¯¥à¨à®¢ «¨ ¯®ïâ¨¥¬ A-à¥§®«ì¢¥âë ®¯¥à â®à  B : (cA�B)�1, áãé¥áâ¢®¢ ¨¥ ª®â®à®©
¯à¨ ¯¥à¥¥á¥¨¨ à¥§ã«ìâ â®¢   ª®¥ç®¬¥àë© á«ãç © ¤«ï á¨áâ¥¬ á ¯®áâ®ïë¬¨ ¬ âà¨æ -
¬¨ ª®íää¨æ¨¥â®¢ íª¢¨¢ «¥â® ¯à¥¤¯®«®¦¥¨î à¥£ã«ïà®áâ¨ ¯ãçª  cA � B. � ¯®¬¨¬, çâ®
¯ãç®ª ¬ âà¨æ cA � B  §ë¢ ¥âáï à¥£ã«ïàë¬, ¥á«¨ det(cA � B) 6� 0 ([2], á. 313). �«ï á¨áâ¥-
¬ë á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨ ¬ âà¨æ  cA(t) � B(t) ¬®¦¥â ®ª § âìáï ¥®¡à â¨¬®© ¤«ï
«î¡ëå § ç¥¨© c (¢ ®¡é¥¬ á«ãç ¥ ª®¬¯«¥ªáëå) ¨ t 2 T , ¯®íâ®¬ã ¤«ï â ª¨å á¨áâ¥¬   «®£
à¥§®«ì¢¥â®£® ®¯¥à â®à  ¤® á¨å ¯®à ¥ ®¯à¥¤¥«¥.

�à¨¬¥à 1. ��� �
1 t
0 0

�
x0(t) +

�
0 0
1 t

�
x(t) =

�
f1(t)
f2(t)

�
; t 2 T;

¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

x(t) =
�
f2(t)� t(f 02(t)� f1(t))

f 02(t)� f1(t)

�
:

�à¨ íâ®¬ det(cA(t) +B(t)) = det ( c ct
1 t ) = 0 8t 2 T , 8c.
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�  áâ®ïé¥¬ã ¬®¬¥âã ¨¬¥¥âáï ¥¬ «® à ¡®â, ¯®á¢ïé¥ëå ®¡®¡é¥ë¬ à¥è¥¨ï¬ ��� á
¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨ ( ¯à., [3]{[5]).

�â® ¦¥ ª á ¥âáï á¨áâ¥¬ á ¯¥à¥¬¥ë¬¨¬ âà¨æ ¬¨ ª®íää¨æ¨¥â®¢, â®  ¢â®àã ¨§¢¥áâë «¨èì
à¥§ã«ìâ âë, ¢ ¯®«®¬ ¢¨¤¥ ¨§«®¦¥ë¥ ¢ ([6], c. 63). �¥è¥¨¥ ¢ ¯à®áâà áâ¢¥ à á¯à¥¤¥«¥¨©
áâà®¨âáï ¤«ï § ¤ ç¨ (1), (2) ¯à®¨§¢®«ì® ¢ëá®ª®£® ¨¤¥ªá  á ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ë¬¨
ª®íää¨æ¨¥â ¬¨ ¢ á«ãç ¥ ¥á®£« á®¢ ëå  ç «ìëå ¤ ëå ¨ ¨¬¯ã«ìá®-£« ¤ª®© ¯à ¢®©
ç áâ¨. �à¨ íâ®¬   ¬ âà¨æã A(t)  ª« ¤ë¢ ¥âáï áãé¥áâ¢¥®¥ ®£à ¨ç¥¨¥ rankA(t) = const
8t 2 T .

� [7]{[9] ®¡®á®¢   ¢®§¬®¦®áâì ¯®áâà®¥¨ï ®¡®¡é¥®£® ¢ á¬ëá«¥ �®¡®«¥¢ {�¢ àæ  à¥è¥-
¨ï  ç «ì®© § ¤ ç¨ ¤«ï ��� ¢¨¤  (1) ¨ ¤«ï «¨¥©®© á¨áâ¥¬ë äãªæ¨® «ì®- «£¥¡à®-¤¨ä-
ä¥à¥æ¨ «ìëå ãà ¢¥¨© ( ç «ìë¥ ¤ ë¥ ¥á®£« á®¢ ë, ¯à ¢ ï ç áâì «¨¡® £« ¤ª ï, «¨¡®
ï¢«ï¥âáï à¥£ã«ïà®© ®¡®¡é¥®© äãªæ¨¥©) ¢ ¯à¥¤¯®«®¦¥¨¨ ¢¥é¥áâ¢¥®©   «¨â¨ç®áâ¨ ¬ -
âà¨çëå ª®íää¨æ¨¥â®¢, ¯®áª®«ìªã íâ® ¤®¯ãé¥¨¥ âà¥¡®¢ «®áì ¤«ï áãé¥áâ¢®¢ ¨ï ã á¨áâ¥¬ë
(1) æ¥âà «ì®© ª ®¨ç¥áª®© ä®à¬ë (���) ([10], c. 117), ¯®á«ã¦¨¢è¥© ®á®¢®© ¤«ï   «¨§ .
� íâ®¬ á«ãç ¥ à £ ¬ âà¨æë A(t) ï¢«ï¥âáï ¯®áâ®ïë¬   ¨â¥à¢ «¥ T §  ¨áª«îç¥¨¥¬, ¡ëâì
¬®¦¥â, áç¥â®£® ç¨á«  â®ç¥ª.

� ¤ ®© à ¡®â¥ § ¬¥  âà¥¡®¢ ¨ï áãé¥áâ¢®¢ ¨ï ��� ¯à¥¤¯®«®¦¥¨¥¬ ® áãé¥áâ¢®¢ ¨¨
¤«ï ��� (1) «¥¢®£® à¥£ã«ïà¨§¨àãîé¥£® ®¯¥à â®à  (���) [10] ¯®§¢®«ï¥â ¯®«ãç¨âì à¥§ã«ìâ âë
¯® ®¡®¡é¥ë¬ à¥è¥¨ï¬ § ¤ ç¨ (1), (2) ¢ á«ãç ¥, ª®£¤  A(t); B(t) 2 C1(T ). �à¨ íâ®¬ à £
¬ âà¨æë A(t) ¬®¦¥â ¬¥ïâìáï ¢ ¯à¥¤¥« å ¨â¥à¢ «  T ¯à®¨§¢®«ìë¬ ®¡à §®¬, ¯®áª®«ìªã  
¥£® ¥  ª« ¤ë¢ ¥âáï ¨ª ª¨å ¤®¯®«¨â¥«ìëå ®£à ¨ç¥¨©. �®¤ ��� ¯®¨¬ ¥âáï «¨¥©ë©
¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à, ¤¥©áâ¢¨¥ ª®â®à®£® ¯à¥®¡à §ã¥â á¨áâ¥¬ã (1) ª ¢¨¤ã, à §à¥è¥®-
¬ã ®â®á¨â¥«ì® ¯à®¨§¢®¤®©. �®ª § ®, çâ® à¥è¥¨¥ § ¤ ç¨ (1), (2) á®¢¯ ¤ ¥â ¢ ¯à®áâà áâ¢¥
à á¯à¥¤¥«¥¨© á à¥è¥¨¥¬ á¨áâ¥¬ë, ¯®«ãç¥®© ¨§ (1) ¤¥©áâ¢¨¥¬ ���, çâ® ¯à¨¤ ¥â à¥§ã«ìâ -
â ¬ ª®áâàãªâ¨¢ë© å à ªâ¥à, ¯®áª®«ìªã  å®¦¤¥¨¥ ª®íää¨æ¨¥â®¢ ��� ï¢«ï¥âáï § ¤ ç¥©
¥áà ¢¥® ¡®«¥¥ ¯à®áâ®©, ¥¦¥«¨ ¯à¥®¡à §®¢ ¨¥ ��� (1) ¢ ���. �¡®á®¢ ® áãé¥áâ¢®¢ ¨¥
®¡®¡é¥®£® à¥è¥¨ï § ¤ ç¨ (1), (2) ¢ á«ãç ¥, ª®£¤   ç «ìë¥ ¤ ë¥ ¥ ï¢«ïîâáï á®£« á®-
¢ ë¬¨,   ¯à ¢ ï ç áâì § ¤   ¢ ¢¨¤¥ áã¬¬ë à¥£ã«ïà®© ®¡®¡é¥®© äãªæ¨¨ ¨ «¨¥©®©
ª®¬¡¨ æ¨¨ ¤¥«ìâ -äãªæ¨¨ ¨ ¥¥ ¯à®¨§¢®¤ëå.

� ¬¥â¨¬, çâ® ¤«ï á¨áâ¥¬ë ¨§ ¯à¨¬¥à  1   T ®¯à¥¤¥«¥ ���

L =
�
0 �t
0 1

�
�2 +

�
t 0
�1 0

�
�+

�
1 0
0 0

�
;

¯®íâ®¬ã ¤«ï ¥¥ ¢ë¯®«ïîâáï ¢á¥ ¯à¥¤¯®«®¦¥¨ï, ¯à¨ ª®â®àëå ¯®«ãç¥ë à¥§ã«ìâ âë ¤ ®©
áâ âì¨.

�¤¥áì ¨ ¤ «¥¥ � | ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï ¢ ®¡ëç®¬ á¬ëá«¥.

2. �¥ª®â®àë¥ á¢¥¤¥¨ï ¨§ «¨¥©®© â¥®à¨¨ ���

�¯à¥¤¥«¥¨¥ 1. ��� ¤«ï á¨áâ¥¬ë (1)  §ë¢ ¥âáï ®¯¥à â®à

L =
rX

j=0

Lj(t)�j ; t 2 T (3)

(Lj(t) | n� n-¬ âà¨æë ¨§ C(T )), ¥á«¨ ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

L[A(t)x0(t)�B(t)x(t)] = x0(t)�L[B(t)]x(t) 8x(t) 2 Cr+1(T ):

�¨¨¬ «ì®¥ § ç¥¨¥ r (0 � r � n), ¯à¨ ª®â®à®¬ ¤«ï á¨áâ¥¬ë (1)   T ®¯à¥¤¥«¥ ���,
 §ë¢ ¥âáï ¨¤¥ªá®¬ ��� (1).

�ãáâì f(t) 2 Cr(T ), â®£¤  ¤¥©áâ¢¨¥ ®¯¥à â®à  (3) ¯à¥®¡à §ã¥â á¨áâ¥¬ã (1) ª ¢¨¤ã

x0(t) = L[B(t)]x(t) + L[f(t)]; t 2 T:
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�®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ á¨áâ¥¬¥ (1) ¬ âà¨æë

�r(t) =

0
BBB@

C0
0A(t) O : : : O

C0
1A

0(t)� C1
1B(t) C1

1A(t) : : : O
...

...
. . .

...
C0
rA

(r)(t)� C1
rB

(r�1)(t) C1
rA

(r�1)(t)� C2
rB

(r�2)(t) : : : Cr
rA(t)

1
CCCA ;

Dr(t) =

0
BBB@
0
BBB@
�C0

0B(t)
�C0

1B
0(t)

...
�C0

rB
(r)(t)

1
CCCA ; �r(t)

1
CCCA ; (4)

£¤¥ C i
j = j!=(i!(j � i)!) | ¡¨®¬¨ «ìë¥ ª®íää¨æ¨¥âë.

�¤¨¬ ¨§ ¥®¡å®¤¨¬ëå ¨ ¤®áâ â®çëå ãá«®¢¨© áãé¥áâ¢®¢ ¨ï ��� ¯®àï¤ª  r = � + 1,
� = max

t2T
rankA(t), ï¢«ï¥âáï ¢ë¯®«¥¨¥ á®®â®è¥¨ï

rank�r(t) = { = const � (�+ 1)n 8t 2 T:

�à¨ íâ®¬ ¢ ª ç¥áâ¢¥ ª®íää¨æ¨¥â®¢ ��� ¬®¦® ¢§ïâì ¯¥à¢ë¥ n áâà®ª ¯®«ã®¡à â®© ¬ âà¨æë
��r (t), à §¡¨âë¥   n � n-¡«®ª¨ ([10], c. 83). �¥à¥¡¨à ï ¢á¥ ¬ âà¨æë, ¯®«ã®¡à âë¥ ¤«ï �r(t),
¯®«ãç¨¬ ¢á¥ ¢®§¬®¦ë¥ ��� ¤«ï á¨áâ¥¬ë (1).

�¯à¥¤¥«¥¨¥ 2. � âà¨æ  ��(t)  §ë¢ ¥âáï ¯®«ã®¡à â®© ¤«ï ¬ âà¨æë �(t)   ¨â¥à¢ «¥
T , ¥á«¨ 8t 2 T ¢ë¯®«ï¥âáï à ¢¥áâ¢® �(t)��(t)�(t) = �(t).

� ¬¥ç ¨¥ 1. �®«ã®¡à â ï ¬ âà¨æ  áãé¥áâ¢ã¥â ¤«ï «î¡®© ¯àï¬®ã£®«ì®© ¬ âà¨æë �(t),
®¤ ª® ®¯à¥¤¥«ï¥âáï ¥¥¤¨áâ¢¥ë¬ ®¡à §®¬. � ¦¥©è¥© ¨§ ¯®«ã®¡à âëå ï¢«ï¥âáï ¯á¥¢¤®-
®¡à â ï ¬ âà¨æ , ª®â®à ï ¤«ï «î¡®© ¬ âà¨æë áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥ , ªà®¬¥ â®£®,  «£®à¨â-
¬ë ¥¥  å®¦¤¥¨ï å à ªâ¥à¨§ãîâáï  ¨¡®«ìè¥© ª®áâàãªâ¨¢®áâìî. �  áâ®ïé¥¬ã ¬®¬¥âã
 ¯¨á ® ¡®«ìè®¥ ç¨á«® à ¡®â, ¯®á¢ïé¥ëå à §«¨çë¬  á¯¥ªâ ¬ â¥®à¨¨ ¨ ¯à¨«®¦¥¨ï¬ ®¡-
®¡é¥ëå ®¡à âëå ¬ âà¨æ ( ¯à., [2], [10]{[12]).

��� ¤ ¥â ¨áç¥à¯ë¢ îéãî ¨ä®à¬ æ¨î ® áâàãªâãà¥ à¥è¥¨ï ��� (1). � á®¦ «¥¨î, ¢
á«ãç ¥, ª®£¤  ¬ âà¨çë¥ ª®íää¨æ¨¥âë ¢ á¨áâ¥¬¥ (1) ¥ ï¢«ïîâáï   «¨â¨ç¥áª¨¬¨, ® ¯à¥®¡à -
§®¢ ¨¨ á¨áâ¥¬ë ¢ ��� ¬®¦® £®¢®à¨âì «¨èì ¢ «®ª «ì®¬ á¬ëá«¥. �«ï ��� (1) ¢¢¥¤¥¬ ¤àã£ãî
áâàãªâãàãî ä®à¬ã, áãé¥áâ¢®¢ ¨¥ ª®â®à®©   T ®¡®á®¢ ® ¤«ï £« ¤ª¨å ¬ âà¨æ A(t) ¨ B(t).

�¯à¥¤¥«¥¨¥ 3. �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (1) ¨¬¥¥â   T à áé¥¯«¥ãî ä®à¬ã, ¥á«¨
áãé¥áâ¢ãîâ n� n-¬ âà¨æë V (t); U(t) 2 C1(T ), ¥¢ëà®¦¤¥ë¥ 8t 2 T , â ª¨¥, çâ® § ¬¥  ¯¥à¥-
¬¥®© x(t) = U(t)z(t) ¨ ã¬®¦¥¨¥ á«¥¢    ¬ âà¨æã V (t) ¯à¥®¡à §ã¥â (1) ª ¢¨¤ã�

Ed K1(t)
O K2(t)

�
z0(t) =

�
J(t) M1(t)
O M2(t)

�
z(t) + V (t)f(t); t 2 T; (5)

£¤¥ J(t) | ¥ª®â®à ï d � d-¬ âà¨æ ; ®¯¥à â®à e� = K2(t)� +M2(t) ¨¬¥¥â ã«¥¢®¥ ï¤à®, ¨ ¤«ï
¥£®   T ®¯à¥¤¥«¥ ���; Kj(t), Mj(t), j = 1; 2, | ¥ª®â®àë¥ ¬ âà¨æë ¯®¤å®¤ïé¨å à §¬¥à®¢.

�¥¬¬  1 ([7]). �ãáâì A(t); B(t) 2 Cs(T ) (2r+1 � s �1). �¨áâ¥¬  (1) ¨¬¥¥â   T à áé¥-

¯«¥ãî ä®à¬ã (5) á ¬ âà¨æ ¬¨ U(t); V (t) 2 Cs�r+1(T ) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ¥¥

  T ®¯à¥¤¥«¥ ��� (3) ¯®àï¤ª  r.

�¥¬¬  2. �ãáâì

1) A(t); B(t) 2 C2r�1(T );
2) rankDr(t) = n(r + 1) 8t 2 T;
3) rank�r(t) = { = const 8t 2 T;
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4) á¨áâ¥¬  �
X0(t);X1(t); : : : ; Xr(t)

�
�r(t) =

�
En; On; : : : ; On

�
(6)

¨¬¥¥â   T à¥è¥¨¥ Xi(t), Xi, i = 0; r, | n� n-¬ âà¨æë.
�®£¤    ¨â¥à¢ «¥ T áãé¥áâ¢ã¥â á¥¬¥©áâ¢® à¥è¥¨© á¨áâ¥¬ë (1) x(t; c) â ª®¥, çâ®

rank @x(t; c)=@c = { � rn.

�®ª § â¥«ìáâ¢  «¥¬¬ ®¯ãé¥ë.

�¥®à¥¬  1. �ãáâì ¢ ��� (1) n� n-¬ âà¨æë A(t) ¨ B(t) â ª®¢ë, çâ®
1) A(t); B(t) 2 Cs(T ) (2r � 1 � s � 1);
2) rankDr(t) = n(r + 1) 8t 2 T;
3) rank�r(t) = { = const 8t 2 T;
4) ¤«ï á¨áâ¥¬ë (1)   ¨â¥à¢ «¥ T ®¯à¥¤¥«¥ ��� L (3) ¯®àï¤ª  r;
5) ®¯¥à â®à � : � = A(t)��B(t) ¨¬¥¥â ã«¥¢®¥ ï¤à®.

�®£¤  ¤«ï ��� (1)   T ®¯à¥¤¥«¥ ®¯¥à â®à R =
r�1P
j=0

Rj(t)�j â ª®©, çâ® Rj(t) 2 Cs�r+1(T ) ¨

R[A(t)x0(t)�B(t)x(t)] = x(t) 8x(t) 2 Cr(T ):

�®ª § â¥«ìáâ¢®. �á«®¢¨¥ 4) â¥®à¥¬ë £ à â¨àã¥â à §à¥è¨¬®áâì   T  «£¥¡à ¨ç¥áª®© á¨-
áâ¥¬ë (6), ¯®áª®«ìªã ¢ ª ç¥áâ¢¥ à¥è¥¨ï ¯®á«¥¤¥© ¬®¦® ¢§ïâì ª®íää¨æ¨¥âë ��� (3), â. ¥.
Xi(t) = Li(t), i = 0; r. � ª¨¬ ®¡à §®¬, ¯®¯ ¤ ¥¬ ¢ ãá«®¢¨ï «¥¬¬ë 2, ¢ á®®â¢¥âáâ¢¨¨ á ª®â®à®©  
T ®¯à¥¤¥«¥® á¥¬¥©áâ¢® à¥è¥¨© á¨áâ¥¬ë (1) x(t; c) ¨ rank@x(t; c)=@c = {�rn. � ª ª ª ®¯¥à â®à
� ¨¬¥¥â ã«¥¢®¥ ï¤à®, â® rank@x(t; c)=@c = 0. �«¥¤®¢ â¥«ì®, { = rn.

� áá¬®âà¨¬  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã�
R0(t); R1(t); : : : ; Rr(t)

�
Dr(t) =

�
En; On; : : : ; On

�
(7)

á ¥¨§¢¥áâë¬¨ Rj(t), j = 0; r. �¥®à¥¬  �à®¥ª¥à {� ¯¥««¨ ¯à¥¤®áâ ¢«ï¥â ¥®¡å®¤¨¬®¥ ¨ ¤®-
áâ â®ç®¥ ãá«®¢¨¥ ¥¥ á®¢¬¥áâ®áâ¨

rankDr(t) = rank
�
Dr(t)
(En; O)

�
8t 2 T:

�âáî¤  á ãç¥â®¬ (4)

rank
�
Dr(t)
(En; O)

�
= rank

�
O �r(t)
En O

�
:

�®áª®«ìªã rank�r(t) = rn ¤«ï ¢á¥å t 2 T , â® rank
�

O �r(t)
En O

�
= (r + 1)n = rankDr(t) ¤«ï

¢á¥å t 2 T . � ª¨¬ ®¡à §®¬, á¨áâ¥¬  (7) ¨¬¥¥â   T à¥è¥¨¥, ¯à¨ç¥¬ ¢ ¯à¥¤¯®«®¦¥¨ïå 1), 2)
Rj(t) 2 Cs�r(T ), j = 0; r. �á«®¢¨¥ 2) ®¡¥á¯¥ç¨¢ ¥â ®¤®§ çãî à §à¥è¨¬®áâì ãà ¢¥¨ï (7)�

R0(t); R1(t); : : : ; Rr(t)
�
=
�
En; On; : : : ; On

�
DT

r (t)
�
Dr(t)D

T
r (t)

��1
:

�®ª ¦¥¬, çâ® Rr(t) � 0   T .

�®áâà®¨¬ ®¯¥à â®à R =
rP

j=0
Rj(t)�j . �®£¤ 

R[A(t)x0(t)�B(t)x(t)] =
�
R0(t); R1(t); : : : ; Rr(t)

�
Dr(t)

0
BB@

x(t)
x0(t)
: : :

x(r+1)(t)

1
CCA =

= (En; On; : : : ; On)

0
BB@

x(t)
x0(t)
: : :

x(r+1)(t)

1
CCA = x(t) 8x(t) 2 Cr+1(T ):
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�  ®á®¢ ¨¨ ¯®á«¥¤¥£® à ¢¥áâ¢  ¬®¦® § ª«îç¨âì, çâ® R = ��1. �®¦® ¯®áâà®¨âì ���
L = � � R ¤«ï á¨áâ¥¬ë (1). �® ¯®áâà®¥¨î ¥£® ¯®àï¤®ª à ¢¥ r + 1 ¨ ï¢«ï¥âáï  ¨¬¥ìè¨¬ ¨§
¢®§¬®¦ëå. �® ¯® ãá«®¢¨î 4) â¥®à¥¬ë   T ¨¬¥¥âáï ��� ¯®àï¤ª  r, çâ® ¥®¡å®¤¨¬® âà¥¡ã¥â
â®¦¤¥áâ¢  Rr(t) � O. � íâ®¬ á«ãç ¥ ¨§ ãà ¢¥¨ï (7) ¨ ¯à¥¤¯®«®¦¥¨© 1), 2) â¥®à¥¬ë á«¥¤ã¥â
Rj(t) 2 Cs�r+1(T ), j = 0; r � 1.

3. �á¯®¬®£ â¥«ìë¥ á¢¥¤¥¨ï ®¡ ®¡®¡é¥ëå äãªæ¨ïå

�¡®§ ç¨¬ ç¥à¥§D ¯à®áâà áâ¢® ä¨¨âëå äãªæ¨© ª« áá  C1(R),   ç¥à¥§D0 | ¯à®áâà -
áâ¢® ®¡®¡é¥ëå äãªæ¨©   D.

�«ï «î¡®© ®¡®¡é¥®© äãªæ¨¨ g(t) 2 D0 ¨ äãªæ¨¨ h(t) 2 C1(R) ®¯à¥¤¥«¥® ¯à®¨§¢¥¤¥¨¥
[13]

hh(t)g(t); �(t)i = hg(t); h(t)�(t)i 8�(t) 2 D; (8)

  ¤«ï «î¡®© äãªæ¨¨ h(t) 2 C1(R) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

h(t)�(t) = h(0)�(t); (9)

£¤¥ �(t) | ¤¥«ìâ -äãªæ¨ï �¨à ª : h�(t); �(t)i = �(0) 8�(t) 2D.
�à®¬¥ â®£®, «î¡ ï äãªæ¨ï g(t) 2 D0 ¡¥áª®¥ç®¥ ç¨á«® à § ¤¨ää¥à¥æ¨àã¥¬  ¢ ®¡®¡é¥-

®¬ á¬ëá«¥ ([14], c. 23) D� d
dt

�j
g(t); �(t)

E
= (�1)jhg(t); �(j)(t)i:

�¤¥áì ¨ ¤ «¥¥ �0 ¨ �(j) | ®¡ëç ï ¯à®¨§¢®¤ ï äãªæ¨¨ �(t) 2 Cj(T ), ( d
dt
)jg(t) { ®¡®¡é¥ ï

¯à®¨§¢®¤ ï äãªæ¨¨ g(t) 2 D0.
�¯¨à ïáì   á¢®©áâ¢® (9), ¥á«®¦® ¯®«ãç¨âì ä®à¬ã«ã

h(t)
�
d

dt

�k
�(t) =

kX
i=0

(�1)kC i
kh

(i)(0)
�
d

dt

�k�i
�(t); (10)

£¤¥ k | «î¡®¥  âãà «ì®¥ ç¨á«®, C i
k | ¡¨®¬¨ «ìë¥ ª®íää¨æ¨¥âë.

�á«¨ g(t) | n-¬¥àë© ¢¥ªâ®à, ª®¬¯®¥â ¬¨ ª®â®à®£® ï¢«ïîâáï äãªæ¨¨ ¨§ D0, â®

hg(t); �(t)i =
�0@g1(t): : :

gn(t)

1
A ; �(t)� =

0
@hg1(t); �(t)i: : :
hgn(t); �(t)i

1
A 8�(t) 2 D:

�ãáâì T = [0;+1). �®§ì¬¥¬ ¯à®¨§¢®«ìãî n-¬¥àãî äãªæ¨î z(t) 2 C1(T ) ¨ ¯à®¤®«¦¨¬
¥¥ ã«¥¬ ¯à¨ t < 0. �à®¤®«¦¥ãî äãªæ¨î ®¡®§ ç¨¬

ez(t) = z(t)�(t);

£¤¥ �(t) | äãªæ¨ï �¥¢¨á ©¤ : h�(t); �(t)i =
+1R
0

�(t)dt 8�(t) 2 D. �à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® ä®à¬ã« 

®¡®¡é¥®£® ¤¨ää¥à¥æ¨à®¢ ¨ï

d

dt
ez(t) = z(0)�(t) + z0(t)�(t): (11)

� ¬¥ç ¨¥ 2. �®à¬ã«  (11) ®áâ ¥âáï á¯à ¢¥¤«¨¢®©, ¥á«¨ äãªæ¨ï z(t)  ¡á®«îâ® ¥¯à¥-
àë¢    T . �à¨ íâ®¬ ®¡ëç ï ¯à®¨§¢®¤ ï z0(t) ¡ã¤¥â ®¯à¥¤¥«¥  ¯®çâ¨ ¢áî¤ã ¨, á«¥¤®¢ â¥«ì-
®, «®ª «ì® ¨â¥£à¨àã¥¬    T .
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� ª¨¬ ®¡à §®¬, à¥£ã«ïà ï ®¡®¡é¥ ï äãªæ¨ï ez(t) ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã
hez(t); �(t)i = Z +1

0
z(t)�(t)dt:

�¡®§ ç¨¬ ç¥à¥§ K0

+ (K0

+ � D0) ¯à®áâà áâ¢® ®¡®¡é¥ëå äãªæ¨© á ®á¨â¥«¥¬, ®£à ¨ç¥-
ë¬ á«¥¢ .

�®à¬ã«ë (8){(10) ¨¬¥îâ ¬¥áâ® ¤«ï h(t) 2 C1(R). � á«ãç ¥, ª®£¤  g(t) 2 K0

+, à ¢¥áâ¢ 
(8){(10) ¡ã¤ãâ ¨¬¥âì á¬ëá« ¨ ¤«ï h(t) 2 C1(T ).

�¥¬¬  3. �à ¢¥¨¥

d

dt
ez(t) = 0 (12)

¨¬¥¥â ¢ ¯à®áâà áâ¢¥ K0

+ ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ez(t) = 0.

�®ª § â¥«ìáâ¢®. � ([13], c. 58) ¯®ª § ®, çâ® ãà ¢¥¨¥ (12) ¨¬¥¥â ¢ ª« áá¥D0 á¢®¨¬ ®¡é¨¬
à¥è¥¨¥¬ ez = c (c = const). �®¢â®àïï à ááã¦¤¥¨ï ¤«ï ®¡®¡é¥ëå à¥è¥¨© á ®á¨â¥«¥¬,
®£à ¨ç¥ë¬ á«¥¢ , ã¡¥¤¨¬áï ¢ â®¬, çâ® à¥è¥¨¥ ãà ¢¥¨ï (12) ¤®«¦® ¨¬¥âì ¢¨¤ ez(t) = c�(t).
�ç¨âë¢ ï (12) ¨ d

dt
ez(t) = c�(t), ¯®«ãç¨¬ c = 0.

4. �®áâà®¥¨¥ ®¡®¡é¥®£® à¥è¥¨ï

�à¥¤¯®«®¦¨¬, çâ® A(t); B(t) 2 C1(T ), T = [0;+1). � áá¬®âà¨¬ ®¡®¡é¥ãî § ¤ çã �®è¨

A(t)
d

dt
ex(t) = A(0)a�(t) +B(t)ex(t) + ef(t); (13)

£¤¥ detA(t) � 0, ef(t) | § ¤  ï,   ex(t) | ¨áª®¬ ï ®¡®¡é¥ë¥ n-¬¥àë¥ ¢¥ªâ®à-äãªæ¨¨
ª« áá  K0

+.
�®¯ãáâ¨¬ â ª¦¥, çâ® ¤«ï ��� (1)   T ®¯à¥¤¥«¥ ��� L (3) á ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã-

¥¬ë¬¨ ª®íää¨æ¨¥â ¬¨. �¯à¥¤¥«¨¬ ®¯¥à â®à eL : K0

+ ! K0

+:

eL =
rX

j=0

Lj(t)
�
d

dt

�j

: (14)

�¥§ã«ìâ â®¬ ¤¥©áâ¢¨ï ®¯¥à â®à  (14)   ãà ¢¥¨¥ (13) ¡ã¤¥â á¨áâ¥¬ 

d

dt
ex(t) = bB(t)ex(t) + rX

j=0

Lj(t)A(0)a
�
d

dt

�j
�(t) +

rX
j=0

Lj(t)
�
d

dt

�j ef(t); (15)

£¤¥ bB(t) = rP
j=0

Lj(t)B(j)(t).

�ª §ë¢ ¥âáï, çâ® á¨áâ¥¬ë ãà ¢¥¨© (13) ¨ (15) íª¢¨¢ «¥âë ¢ á¬ëá«¥ à¥è¥¨ï ¢ ¯à®-
áâà áâ¢¥ K0

+.

�¥®à¥¬  2. �ãáâì

1) A(t); B(t) 2 C1(T );
2) rankDr(t) = n(r + 1) 8t 2 T;
3) rank�r(t) = { = const 8t 2 T;
4) ¤«ï á¨áâ¥¬ë (1)   T ®¯à¥¤¥«¥ ��� (3).
�®£¤  ®¡®¡é¥ë¥ § ¤ ç¨ (13) ¨ (15) à §à¥è¨¬ë ®¤®¢à¥¬¥® ¢ ¯à®áâà áâ¢¥ K0

+, ¨ ¨å

à¥è¥¨ï, ¥á«¨ ®¨ áãé¥áâ¢ãîâ, á®¢¯ ¤ îâ.
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�®ª § â¥«ìáâ¢®. �à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå á¯à ¢¥¤«¨¢  «¥¬¬  1, ¢ á®®â¢¥âáâ¢¨¨ á
ª®â®à®©  ©¤ãâáï n � n-¬ âà¨æë U(t); V (t) 2 C1(T ), ¥®á®¡¥ë¥ ¤«ï «î¡®£® t 2 T ¨ â ª¨¥,
çâ® § ¬¥  ¯¥à¥¬¥®© x(t) = U(t)z(t) ¨ ã¬®¦¥¨¥ á«¥¢    ¬ âà¨æã V (t) ¯à¥®¡à §ãîâ ���
(1) ª ¢¨¤ã

z01(t) +K1(t)z
0

2(t) = J(t)z1(t) +M1(t)z2(t) + f1(t); (16)

K2(t)z
0

2(t) =M2(t)z2(t) + f2(t); t 2 T; (17)

£¤¥
�
z1(t)
z2(t)

�
= z(t),

�
f1(t)
f2(t)

�
= V (t)f(t), J(t) 2 C1(T ) | ¥ª®â®à ï d � d-¬ âà¨æ , Kj(t);Mj(t) 2

C1(T ) (j = 1; 2) | ¬ âà¨æë ¯®¤å®¤ïé¨å à §¬¥à®¢, ®¯¥à â®à � = K2(t)�+M2(t) ¨¬¥¥â ã«¥¢®¥
ï¤à® ¨ ¤«ï ¥£®   T ®¯à¥¤¥«¥ ���.

�¤¥« ¥¬ ¢ (13) § ¬¥ã ¯¥à¥¬¥®© ex(t) = U(t)ez(t) ¨ ã¬®¦¨¬ á¨áâ¥¬ã á«¥¢    ¬ âà¨æã V (t),
¢ à¥§ã«ìâ â¥ ¡ã¤¥¬ ¨¬¥âì

d

dt
ez1(t) +K1(t)

d

dt
ez2(t) = a1�(t) + J(t)ez1(t) +M1(t)ez2(t) + ef1(t); (18)

K2(t)
d

dt
ez2(t) = a2�(t) +M2(t)ez2(t) + ef2(t): (19)

�¤¥áì
�ez1(t)ez2(t)

�
= U�1ex(t), ( a1a2 ) = �

Ed K1(0)
O K2(0)

�
U�1(0)a,

� ef1(t)ef2(t)
�
= V (t) ef(t).

�¡®§ ç¨¬ ç¥à¥§ �r(t) ¨ Dr(t) ¬ âà¨æë �r(t) ¨ Dr(t) ¨§ (4) ¢ á«ãç ¥, ª®£¤ 

A(t) =
�
Ed K1(t)
O K2(t)

�
; B(t) =

�
J(t) M1(t)
O M2(t)

�
:

�®£¤ 

Dr(t) = V (t)Dr(t)U(t); �r(t) = V (t)�r(t)U(t); (20)

V (t) = diag
�
V (t); V (t); : : : ; V (t)

	
;

U(t) =

0
BBB@
C0
0U(t) O : : : O

C0
1U

0(t) C1
1U(t) : : : O

...
...

. . .
...

C0
rU

(r)(t) C1
rU

(r�1)(t) : : : Cr
rU(t)

1
CCCA :

� á¨«ã ¥®á®¡¥®áâ¨   T ¬ âà¨æ V (t) ¨ U(t) ¨§ ¯à¥¤áâ ¢«¥¨ï (20) ¨ ¯à¥¤¯®«®¦¥¨© 2), 3)
â¥®à¥¬ë ¢ëâ¥ª îâ à ¢¥áâ¢ 

rankDr(t) = n(r + 1); rank�r(t) = { = const 8t 2 T:

�âáî¤  á ãç¥â®¬ áâàãªâãàë ¬ âà¨æ
�
Ed K1(t)
O K2(t)

�
¨
�
J(t) M1(t)
O M2(t)

�
, ®¯à¥¤¥«ïîé¨å ¢¬¥áâ¥ á® á¢®¨¬¨

¯à®¨§¢®¤ë¬¨ ¬ âà¨æë Dr(t) ¨ �r(t), ¡ã¤¥¬ ¨¬¥âì

rank bDr(t) = (n� d)(r + 1); rank b�r(t) = { � (r + 1)d = const 8t 2 T;
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£¤¥

b�r(t) =
0
BBBB@

C0
0K2(t) O : : : O

C0
1K

0

2(t)� C1
1M2(t) C1

1K2(t) : : : O
...

...
. . .

...
C0
rK

(r)
2 (t)�C1

rM
(r�1)
2 (t) C1

rK
(r�1)
2 (t)� C2

rM
(r�2)
2 (t) : : : Cr

rK2(t)

1
CCCCA ;

bDr(t) =

0
BBBB@

0
BBBB@
�C0

0M2(t)
�C0

1M
0

2(t)
...

�C0
rM

(r)
2 (t)

1
CCCCA ; b�r(t)

1
CCCCA :

� ª¨¬ ®¡ §®¬, ¤«ï ��� (17) ¢ë¯®«ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1, ¢ á®®â¢¥âáâ¢¨¨ á ª®â®à®©

  T ®¯à¥¤¥«¥ ®¯¥à â®à R =
r�1P
j=0

Rj(t)�j , ¤¥©áâ¢¨¥ ª®â®à®£® ¯à¥®¡à §ã¥â á¨áâ¥¬ã (17) ª ¢¨¤ã

z2(t) = R[f2(t)] ¯à¨ ¤®áâ â®ç® £« ¤ª®© äãªæ¨¨ f2(t).
� «¨ç¨¥ ®¯¥à â®à  R ¯®§¢®«ï¥â ¢ë¯¨á âì ��� S ¤«ï ��� (16), (17)

S =
�
E �K1(t)� � R
O � � R

�
;

£¤¥ E | â®¦¤¥áâ¢¥ë© ®¯¥à â®à, � | ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï ¢ ®¡ëç®¬ á¬ëá«¥.
�¡à â¨¬áï ª ®¡®¡é¥®© § ¤ ç¥ (18), (19). �®¤¥©áâ¢ã¥¬   ãà ¢¥¨ï (18), (19) ®¯¥à â®à®¬eS : K0

+ ! K0

+:

eS =

0
@E �K1(t) ddt �

eR
O d

dt
� eR

1
A ; eR =

r�1X
j=0

Rj(t)
�
d

dt

�j

:

� ¤ ç  (18), (19) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

d

dt
ez1(t) = a1�(t)�K1(t)

d

dt

r�1X
j=0

Rj(t)a2

�
d

dt

�j
�(t) + J(t)ez1(t) +

+M1(t)ez2(t) + ef1(t)�K1(t)
d

dt

r�1X
j=0

Rj(t)
�
d

dt

�j ef2(t); (21)

d

dt
ez2(t) = d

dt

r�1X
j=0

Rj(t)a2

�
d

dt

�j
�(t) +

d

dt

r�1X
j=0

Rj(t)
�
d

dt

�j ef2(t): (22)

� ãá«®¢¨ïå â¥®à¥¬ë à¥è¥¨¥ § ¤ ç¨ (19) áãé¥áâ¢ã¥â, ¥¤¨áâ¢¥® ¨ ¢ëà ¦ ¥âáï ä®à¬ã«®©

ez2(t) = eR[a2�(t) + ef2(t)] = r�1X
j=0

Rj(t)a2

�
d

dt

�j
�(t) +

r�1X
j=0

Rj(t)
�
d

dt

�j ef2(t): (23)

�ç¥¢¨¤®, äãªæ¨ï (23) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (22), ª®â®à®¥ ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 3
à §à¥è¨¬® ¢ ¯à®áâà áâ¢¥ K0

+ ¥¤¨áâ¢¥ë¬ ®¡à §®¬. �®íâ®¬ã á¨áâ¥¬  (18), (19) ¨ ¯®«ãç¥ ï
¨§ ¥¥ ¤¥©áâ¢¨¥¬ ��� eS á¨áâ¥¬  (21), (22) íª¢¨¢ «¥âë ¢ á¬ëá«¥ à¥è¥¨ï.

�®áª®«ìªã à¥è¥¨ï § ¤ ç (13) ¨ (18), (19) á¢ï§ ë à ¢¥áâ¢®¬

ex(t) = U(t)
�ez1(t)ez2(t)

�
; (24)

â® ��� eL ¤«ï á¨áâ¥¬ë (13) ¬®¦® ¨áª âì, àãª®¢®¤áâ¢ãïáì ¯à ¢¨«®¬ eL[ e (t)] = U(t) eS[V (t) e (t)]
¤«ï «î¡®© n-¬¥à®© ¢¥ªâ®à-äãªæ¨¨ e (t) 2 K0

+. �¨áâ¥¬ë (13) ¨ (18), (19), (15) ¨ (21), (22)
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®¤®¢à¥¬¥® ¯®¯ à® à §à¥è¨¬ë, ¨ ¨å à¥è¥¨ï á¢ï§ ë á®®â®è¥¨¥¬ (24). �«¥¤®¢ â¥«ì®,
¯® ¤®ª § ®¬ã ¢ëè¥ § ¤ ç¨ (13) ¨ (15) íª¢¨¢ «¥âë ¢ á¬ëá«¥ à¥è¥¨ï.

�¥®à¥¬  2 ¤ ¥â ¢®§¬®¦®áâì ¯®«ãç¨âì ª®áâàãªâ¨¢®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï à¥è¥¨ï § ¤ ç¨
(13) ¢ á«ãç ¥, ª®£¤  ¯à ¢ ï ç áâì ï¢«ï¥âáï áã¬¬®© ¥ª®â®à®© à¥£ã«ïà®© ®¡®¡é¥®© äãªæ¨¨
ª« áá  K0

+ ¨ «¨¥©®© ª®¬¡¨ æ¨¨ ¤¥«ìâ -äãªæ¨¨ ¨ ¥¥ ¯à®¨§¢®¤ëå.
� áá¬®âà¨¬ á¨áâ¥¬ã

A(t)
d

dt
ex(t) = A(0)a�(t) +B(t)ex(t) +  (t)�(t) +

sX
i=0

bi

�
d

dt

�i
�(t); (25)

£¤¥ a; bi 2 Rn (i = 0; s) | § ¤ ë¥ ¢¥ªâ®àë,  (t) 2 Cr(T ) (T = [0;+1)) | § ¤  ï n-
¬¥à ï ¢¥ªâ®à-äãªæ¨ï, n � n-¬ âà¨æë A(t); B(t) 2 C1(T ) â ª®¢ë, çâ® detA(t) � 0 ¨ ¤«ï
á®®â¢¥âáâ¢ãîé¥© ��� (1)   T ®¯à¥¤¥«¥ ��� L (3). �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¬®¦® áç¨â âì,
çâ® ¢ (25) s � r, £¤¥ r | ¯®àï¤®ª ��� (3).

�¯¥à â®àã L ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ®¡®¡é¥ë© ���

eL =
rX

j=0

Lj(t)
�
d

dt

�j

;

¢ ª®â®à®¬ ¯à®¨§¢®¤ë¥ ¯®¨¬ îâáï ¢ ®¡®¡é¥®¬ á¬ëá«¥, n � n-¬ âà¨æë Lj(t) â ª¨¥ ¦¥, ª ª
¢ (3), ¨ ¢ á¨«ã á¤¥« ëå ¯à¥¤¯®«®¦¥¨© ®â®á¨â¥«ì® £« ¤ª®áâ¨ ¬ âà¨çëå ª®íää¨æ¨¥â®¢
A(t) ¨ B(t) Lj(t) 2 C1(T ).

�®á«¥¤®¢ â¥«ì® ¯à¨¬¥ïï ¯à ¢¨«® ¤¨ää¥à¥æ¨à®¢ ¨ï (11), ¯®«ãç¨¬ ä®à¬ã«ã ¤«ï ®¡®¡-
é¥®© ¯à®¨§¢®¤®©�

d

dt

�j
( (t)�(t)) =  (j)(t)�(t) +

j�1X
i=0

 (j�1�i)(0)
�
d

dt

�i

�(t); j = 1; r;

á ãç¥â®¬ ª®â®à®© ¤¥©áâ¢¨¥ ®¯¥à â®à  eL ¯à¥®¡à §ã¥â ãà ¢¥¨¥ (25) ª ¢¨¤ã

d

dt
ex(t) = rX

j=0

Lj(t)A(0)a
�
d

dt

�j
�(t) +

rX
j=0

Lj(t) 
(j)(t)�(t) + bB(t)ex(t) +

+
rX

j=0

Lj(t)
j�1X
i=0

 (j�1�i)(0)
�
d

dt

�i
�(t) +

rX
j=0

Lj(t)
sX

i=0

bi

�
d

dt

�i+j
�(t); (26)

£¤¥ bB(t) = rP
j=0

Lj(t)B(j)(t).

�® â¥®à¥¬¥ 2 á¨áâ¥¬ë (25) ¨ (26) íª¢¨¢ «¥âë ¢ á¬ëá«¥ à¥è¥¨ï. �®íâ®¬ã à¥è¥¨¥ § ¤ ç¨
(26) ¡ã¤¥â ã¤®¢«¥â¢®àïâì ¨ ãà ¢¥¨î (25).

�¥è¥¨¥ á¨áâ¥¬ë (26) ¢ ª« áá¥ K0

+ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

ex(t) = �(t)�(t) +
pX

j=0

wp�j

�
d

dt

�j
�(t); (27)

£¤¥ �(t) 2 C1(T ) | ¨áª®¬ ï n-¬¥à ï ¢¥ªâ®à-äãªæ¨ï, wp�j | ¨áª®¬ë¥ ¢¥ªâ®àë ¨§ Rn, p |
¥ª®â®à®¥  âãà «ì®¥ ç¨á«®.

�®£¤  d

dt
ex(t) = �0(t)�(t) + �(0)�(t) +

pP
j=0

wp�j( ddt)
j+1�(t). �®¤áâ ¢¨¬ ¯à¥¤áâ ¢«¥¨ï ¤«ï ex(t) ¨

¥£® ¯à®¨§¢®¤®© ¢ á¨áâ¥¬ã (25) ¨ ¯à¨à ¢ï¥¬ à¥£ã«ïàë¥

�0(t) = bB(t)�(t) + rX
j=0

Lj(t) 
(j)(t); t 2 T; (28)
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¨ á¨£ã«ïàë¥ á« £ ¥¬ë¥

�(0)�(t) +
pX

j=0

wp�j

�
d

dt

�j+1

�(t) =
rX

j=0

Lj(t)A(0)a
�
d

dt

�j
�(t) +

+ bB(t) pX
j=0

wp�j

�
d

dt

�j
�(t) +

rX
j=1

Lj(t)
j�1X
i=0

 j�1�i(0)
�
d

dt

�i
�(t) +

+
rX

j=0

Lj(t)
sX

i=0

bi

�
d

dt

�i+j
�(t): (29)

�«ï ¯à¥¤áâ ¢«¥¨ï à¥è¥¨ï á¨áâ¥¬ë ��� (28) ¨¬¥¥âáï ä®à¬ã« 

�(t) = 
(t)�(0) + 
(t)
Z t

0

�1(�)

rX
j=0

Lj(�) 
(j)(�)d�: (30)

�¤¥áì 
(t) | n� n-¬ âà¨æ , ï¢«ïîé ïáï à¥è¥¨¥¬ § ¤ ç¨ �®è¨


0(t) = bB(t)
(t); t 2 T = [0;+1); 
(0) = En; (31)

  § ç¥¨¥ �(0) ¯®ª  ¥¨§¢¥áâ®.
�¡®§ ç¨¬

r+sX
j=0

vj

�
d

dt

�j

�(t) =
rX

j=0

Lj(t)A(0)a
�
d

dt

�j
�(t) +

+
rX

j=1

Lj(t)
j�1X
i=0

 j�i�1(0)
�
d

dt

�i
�(t) +

rX
j=0

Lj(t)
sX

i=0

bi

�
d

dt

�i+j
�(t): (32)

�®£¤  à ¢¥áâ¢® (29) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

�(0)�(t) +
pX

j=0

wp�j

�
d

dt

�j+1
�(t) = bB(t) pX

j=0

wp�j

�
d

dt

�j
�(t) +

r+sX
j=0

vj

�
d

dt

�j
�(t); (33)

®âªã¤ , ®ç¥¢¨¤®, á«¥¤ã¥â p = r + s� 1.
� á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© (10) ¡ã¤¥¬ ¨¬¥âì

bB(t) pX
j=0

wp�j

�
d

dt

�j
�(t) =

pX
j=0

jX
i=0

(�1)iC i
j
bB(i)(0)wp�j

�
d

dt

�j�i

�(t);

C i
j | ¡¨®¬¨ «ìë¥ ª®íää¨æ¨¥âë. �®¤áâ ¢«ïï íâ® ¢ëà ¦¥¨¥ ¢ (33) ¨ ¯à¨à ¢¨¢ ï ª®íää¨-

æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå ¯à®¨§¢®¤ëå ®â ¤¥«ìâ -äãªæ¨¨, ¯®«ãç¨¬ à¥ªãàà¥âë¥ ä®à¬ã«ë ¤«ï
¢ëç¨á«¥¨ï ª®íää¨æ¨¥â®¢ wp�j , j = 0; p, p = r + s� 1,

w0 = vr+s; wk = vr+s�k +
k�1X
i=0

(�1)k�1�iCk�1�i
p�i

bBk�1�i(0)wi; k = 1; r + s� 1; (34)

  â ª¦¥ ¢ëà ¦¥¨¥

�(0) = v0 +
r+s�1X
i=0

(�1)r+s�1�i bBr+s�1�i(0)wi; (35)

ª®â®à®¥ ¯®§¢®«ï¥â ¯®«ãç¨âì ®ª®ç â¥«ìë© ¢¨¤ à¥£ã«ïà®© á®áâ ¢«ïîé¥© à¥è¥¨ï (30).
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� ©¤¥¬ ¨§ à ¢¥áâ¢  (32) ï¢ë© ¢¨¤ ¢¥ªâ®à®¢ vi, i = 0; r + s. �«ï íâ®£®, ¨á¯®«ì§ãï ä®à¬ã«ã
(10), ¯à¥®¡à §ã¥¬ á« £ ¥¬ë¥, ¢å®¤ïé¨¥ ¢ ¯à ¢ãî ç áâì á®®â®è¥¨ï (32)

rX
j=0

Lj(t)A(0)a
�
d

dt

�j
�(t) =

rX
j=0

jX
i=0

(�1)iC i
jL

(i)
j (0)A(0)a

�
d

dt

�j�1
�(t);

rX
j=0

Lj(t)
sX

i=0

bi

�
d

dt

�i+j
�(t) =

rX
j=0

sX
i=0

i+jX
k=0

(�1)kCk
i+jL

(k)
j (0)bi

�
d

dt

�i+j�k
�(t);

rX
j=1

Lj(t)
j�1X
i=0

 j�1�i(0)
�
d

dt

�i
�(t) =

rX
j=1

j�1X
i=0

iX
k=0

(�1)kCk
i L

(k)
j (0) j�1�i(0)

�
d

dt

�i�k
�(t):

�®¤áâ ¢¨¬ íâ¨ ¢ëà ¦¥¨ï ¢ (32) ¨ ¯à¨à ¢ï¥¬ ª®íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå ¯à®¨§¢®¤ëå
¤¥«ìâ -äãªæ¨¨, ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬ ¨áª®¬ë¥ ä®à¬ã«ë

vk =
� rX

j=k

(�1)j�kCj�k
j L(j�k)

j (0)
�
A(0)a+

kX
j=0

sX
i=k�j

(�1)i�k+jC i+j�k
i+j L(i+j�k)

j (0)bi +

+
kX

j=k+1

j�k�1X
i=0

(�1)iC i
i+kL

(i)
j (0) (j�k�i�1)(0) +

+
rX

j=k+1

sX
i=0

(�1)i+j�kC i+j�k
i+j L

(i+j�k)
j (0)bi; k = 0; r � 1; (36)

vr = C0
rLr(0)A(0)a +

rX
j=0

sX
i=r�j

(�1)i+j�rC i+j�r
i+j L

(i+j�r)
j (0)bi;

vk =
rX

j=0

sX
i=k�j

(�1)i+j�kC i+j�k
i+j L(i+j�k)

j (0)bi; k = r + 1; s;

vk =
rX

j=k�s

sX
i=k�j

(�1)i+j�kC i+j�k
i+j L

(i+j�k)
j (0)bi; k = s+ 1; s+ r:

� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  3. �ãáâì

1) A(t); B(t) 2 C1(T ),  (t) 2 Cr(T ), T = [0;+1),
2) ¤«ï á¨áâ¥¬ë (1)   T ®¯à¥¤¥«¥ ��� ¯®àï¤ª  r ¢¨¤  (3).
�®£¤  à¥è¥¨¥ § ¤ ç¨ (25) áãé¥áâ¢ã¥â, ¥¤¨áâ¢¥® ¢ ª« áá¥ K0

+ ¨ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ (27),
£¤¥ �(t)  å®¤¨âáï ¯® ä®à¬ã«¥ (30), ¢ ª®â®à®© 
(t) ï¢«ï¥âáï à¥è¥¨¥¬ ¬ âà¨ç®© § ¤ ç¨ �®è¨
(31),   § ç¥¨¥ �(0) ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ (35), ¢¥ªâ®àë wk, k = 0; r + s� 1, ¢ëç¨á«ïîâáï
á ¨á¯®«ì§®¢ ¨¥¬ à¥ªãàà¥âëå ä®à¬ã« (34), £¤¥ vi, i = 0; r + s, ¨¬¥îâ ¢¨¤ (36).

� ¬¥ç ¨¥ 3. �¥§ã«ìâ â â¥®à¥¬ë ¬®¦¥â ¡ëâì ®¡®¡é¥   á«ãç ©, ª®£¤  äãªæ¨ï  (t) ¢
á¨áâ¥¬¥ (25) «®ª «ì® ¨â¥£à¨àã¥¬    T .

�à¨¬¥à 2. � áá¬®âà¨¬ ®¡®¡é¥ãî § ¤ çã �®è¨ ¢ ¯à®áâà áâ¢¥ K0

+

A(t)
d

dt
ex(t) = A(0)a�(t) + ex(t) + ef(t): (37)

�¤¥áì a 2 R2 | § ¤ ë© ¢¥ªâ®à, ef(t) | § ¤  ï ®¡®¡é¥ ï äãªæ¨ï ¨§K0

+, A(t) =
�

0 u(t)
v(t) 0

�
,

£¤¥ u(t) ¨ v(t) ¢ë¡¨à îâáï ¨§ ¯à®áâà áâ¢  C1(T ), T = [0;+1), ¯® ¯à ¢¨«ã v(t) = 0, ¥á«¨
u(t) 6= 0. � ¬¥â¨¬, çâ® à £ ¬ âà¨æë A(t) ¬®¦¥â ¬¥ïâìáï ª ª ¢ ®â¤¥«ìëå â®çª å, â ª ¨  
¥ª®â®àëå ¨â¥à¢ « å ¨§ T ,   ª®â®àëå äãªæ¨¨ u(t) ¨ v(t) ®¡à é îâáï ¢ ã«ì ®¤®¢à¥¬¥®.
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�¡®¡é¥ë© ��� ¤«ï íâ®© á¨áâ¥¬ë ¨¬¥¥â ¢¨¤

eL = �(E2 +A0(t))
d

dt
�A(t)

�
d

dt

�2

(¢ íâ®¬ ¥âàã¤® ã¡¥¤¨âìáï á ¯®¬®éìî ®¯à¥¤¥«¥¨ï 1), ¯®íâ®¬ã L0(t) = O, L1(t) = �(E2+A0(t)),
L2(t) = �A(t), t 2 T .

�¥¯®áà¥¤áâ¢¥®© ¯®¤áâ ®¢ª®© ¯à®¢¥àï¥âáï, çâ® à¥è¥¨¥ § ¤ ç¨ (37) ¢ëà ¦ ¥âáï ä®à¬ã-
«®©

ex(t) = �A(0)a�(t) � ef(t)�A(t)
�
d

dt

� ef(t): (38)

�®¤¥©áâ¢ã¥¬   ãà ¢¥¨¥ (37) ®¯¥à â®à®¬ eL, ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬ á¨áâ¥¬ã, à §à¥è¥ãî
®â®á¨â¥«ì® ¯à®¨§¢®¤®© ¨áª®¬®© ®¡®¡é¥®© äãªæ¨¨ ex(t),
d

dt
ex(t) = �(E +A0(t))A(0)a

d

dt
�(t) �A(t)A(0)a

�
d

dt

�2

�(t) �

� (E +A0(t))
d

dt
ef(t)�A(t)

�
d

dt

�2 ef(t): (39)

�®¤áâ ®¢ª  äãªæ¨¨ (38) ¢ á¨áâ¥¬ã (39) ®¡à é ¥â ¯®á«¥¤îî ¢ â®¦¤¥áâ¢®. �®áª®«ìªã
§ ¤ ç¨ (37) ¨ (39) à §à¥è¨¬ë ¥¤¨áâ¢¥ë¬ ®¡à §®¬, â® â¥¬ á ¬ë¬ ¯®ª § ®, çâ® á¨áâ¥¬ë (37)
¨ (39) íª¢¨¢ «¥âë ¢ á¬ëá«¥ à¥è¥¨ï.

�®ªà¥â¨§¨àã¥¬ ¢¨¤ äãªæ¨¨

ef(t) =  (t)�(t) + b0�(t) + b1
d

dt
�(t) + b2

�
d

dt

�2

�(t); (40)

£¤¥  (t) 2 C1(T ) ¨ bi 2 R2 (i = 0; 1; 2) ¨§¢¥áâë.
� ©¤¥¬ à¥è¥¨¥ § ¤ ç¨ (37), (40), ¯®«ì§ãïáì â¥®à¥¬®© 3. � ¨¬¥®, ¡ã¤¥¬ ¨áª âì ¥£® ¢ ¢¨¤¥

(27), £¤¥ p = 3.
�®áª®«ìªã B(t) = E2, â® bB(t) = L0(t)B(t) + L1(t)B0(t) + L2(t)B00(t) � O   T , ¨ à¥è¥¨¥

¬ âà¨ç®© § ¤ ç¨ �®è¨ (31) ¡ã¤¥â ¨¬¥âì ¢¨¤ 
(t) = E2, t 2 T . �® ä®à¬ã«¥ (30) ¬®¦¥¬  ©â¨
äãªæ¨î

�(t) = �(0) +
Z t

0
(�(E +A0(�)) 0(�)�A(�) 00(�))d� = �(0) +

+
Z t

0

(� (�)�A(�) 0(�))0d� = �(0) �  (t)�A(t) 0(t) +  (0) +A(0) 0(0): (41)

�§ (34) ¯®«ãç¨¬

�(0) = v0; w0 = v4; w1 = v3; w2 = v2; w3 = v1: (42)

�® ä®à¬ã« ¬ (36)  ©¤¥¬ ¢¥ªâ®àë vk; k = 0; 4. � ãç¥â®¬ § ç¥¨© ¡¨®¬¨ «ìëå ª®íää¨-
æ¨¥â®¢ ¨ ¢¨¤  ª®íää¨æ¨¥â®¢ ���

v0 = � (0)�A(0) 0(0);

v1 = �A(0)a�A(0) (0) � (E �A0(0))b0 �A00(0)b1 +A000(0)b2;

v2 = �A(0)b0 + (�E + 2A0(0))b1 � 3A00(0)b2;

v3 = �A(0)b1 + (�E + 3A0(0))b2; v4 = �A(0)b2: (43)
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�¥§ã«ìâ â®¬ ¯®¤áâ ®¢ª¨ ¢ëà ¦¥¨© (43) ¢ (42) ¨ (41),   § â¥¬ ¯®«ãç¥ëå à ¢¥áâ¢ ¢ (27)
¡ã¤¥â ®ª®ç â¥«ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï à¥è¥¨ï

ex(t) = �
�A(t) 0(t)�  (t)

�
�(t) +

�
�A(0)a �A(0) (0) � (E �A0(0))b0 �

�A00(0)b1 +A000(0)b2
�
�(t) +

�
�A(0)b0 + (�E + 2A0(0))b1 � 3A00(0)b2

�� d
dt

�
�(t) +

+
�
�A(0)b1 + (�E + 3A0(0))b2

�� d
dt

�2

�(t) �A(0)b2

�
d

dt

�3

�(t):

�«ï â®£® çâ®¡ë ã¡¥¤¨âìáï ¢ â®¬, çâ® ¯®«ãç¥® â® ¦¥ á ¬®¥ à¥è¥¨¥, ã¦® ¯à¥¤áâ ¢«¥-
¨¥ (40) ¤«ï ef(t) ¯®¤áâ ¢¨âì ¢ (38),   § â¥¬ ¯à¥®¡à §®¢ âì ¯®«ãç¥®¥ ¢ëà ¦¥¨¥ á ¯®¬®éìî
ä®à¬ã«ë (10).
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