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�§¢¥áâ­®, çâ® £à áá¬ ­®¢ ®¡à § ¬­®£®¬¥à­ëå ¯®¤¬­®£®®¡à §¨© F n � En+p ï¢«ï¥âáï ®¡®¡é¥-
­¨¥¬ áä¥à¨ç¥áª®£® ®¡à §  ¯®¢¥àå­®áâ¥© F 2 � E3. �¡ê¥¬«îé¨¬ ¯à®áâà ­áâ¢®¬ ¤«ï £à áá¬ ­®¢ 
®¡à §  ¯®¤¬­®£®®¡à §¨© F n � En+p ï¢«ï¥âáï £à cá¬ ­®¢® ¬­®£®®¡à §¨¥ G(n;n + p). �à áá¬ -
­®¢ ®¡à § ï¢«ï¥âáï ã¤®¡­ë¬ ®¡ê¥ªâ®¬ ¤«ï ¨§ãç¥­¨ï ¢­¥è­¥ £¥®¬¥âà¨ç¥áª¨å á¢®©áâ¢ ¬­®£®¬¥à-
­ëå ¯®¤¬­®£®®¡à §¨©, â. ª. ­¥á¥â ¤®áâ â®ç­® ¬­®£® ¨­ä®à¬ æ¨¨ ® áâà®¥­¨¨ ¯®¤¬­®£®®¡à §¨©
F n � En+p.

�à¨¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï ¨ ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë.

�¯à¥¤¥«¥­¨¥ 1. �­®£®®¡à §¨¥¬ �à áá¬ ­  G(n; n + p) ­ §ë¢ ¥âáï ¬­®¦¥áâ¢® n-¬¥à­ëå
¯«®áª®áâ¥© (n+ p)-¬¥à­®£® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢ , ¯à®å®¤ïé¨å ç¥à¥§ ­ ç «® ª®®à¤¨­ â O 2
En+p.

�¯à¥¤¥«¥­¨¥ 2. �ãáâì F n | à¥£ã«ïà­®¥ ¯®¤¬­®£®®¡à §¨¥ ¢ En+p. � ª ¦¤®© â®çª¥ x 2 F n

¯®áâà®¨¬ ª á â¥«ì­ãî ¯«®áª®áâì ª F n. �á«¨ ¯¥à¥­¥áâ¨ ¢á¥ íâ¨ ¯«®áª®áâ¨ ¯ à ««¥«ì­® ¢ ­ ç -
«® ª®®à¤¨­ â O 2 En+p, â® ®­¨ ®¡à §ãîâ ­¥ª®â®à®¥ ¯®¤¬­®¦¥áâ¢® �(F n) � G(n;n + p), ª®â®-
à®¥ ­ §ë¢ ¥âáï £à áá¬ ­®¢ë¬ ®¡à §®¬ ¯®¤¬­®£®®¡à §¨ï F n � En+p. �â®¡à ¦¥­¨¥ � : F n �!
G(n;n+ p), ¯®áâà®¥­­®¥ â ª¨¬ ®¡à §®¬, ­ §ë¢ ¥âáï £à áá¬ ­®¢ë¬ ®â®¡à ¦¥­¨¥¬.

�  ¬­®£®®¡à §¨¨ G(n;n + p) ¬®¦­® ¢¢¥áâ¨ ¬¥âà¨ªã â ª, çâ® ®­® áâ ­®¢¨âáï á¨¬¬¥âà¨ç¥-
áª¨¬ ¯à®áâà ­áâ¢®¬ [1], [2]. �à®¬¥ â®£®, ¢ [3] ¤®ª § ­®, çâ® á¥ªæ¨®­­ ï ªà¨¢¨§­  ¬­®£®®¡à §¨ï
G(n;n+ p) § ª«îç¥­  ¢ ¯à¥¤¥« å [0; 2].

�¥ªæ¨®­­ãî ªà¨¢¨§­ã ¬­®£®®¡à §¨ï G(n;n + p), n > 1, ¯® ¤¢ã¬¥à­ë¬ ¯«®é ¤ª ¬ �, ª á -
â¥«ì­ë¬ ª £à áá¬ ­®¢ã ®¡à §ã �(F n), ¡ã¤¥¬ ­ §ë¢ âì á¥ªæ¨®­­®© ªà¨¢¨§­®© £à áá¬ ­®¢  ®¡à § 
�(F n) ¨ ®¡®§­ ç âì ç¥à¥§ K.

� ­¥¥ ¨§ãç «áï ¢®¯à®á ® áâà®¥­¨¨ ¯®¤¬­®£®®¡à §¨© F n â ª¨å, çâ® ªà¨¢¨§­  K £à áá¬ ­®-
¢  ®¡à §  �(F n) â®¦¤¥áâ¢¥­­® à ¢­  ¨«¨ â®«ìª® ­ã«î, ¨«¨ â®«ìª® ¤¢ã¬. � [4], [5] ¤®ª § ­ë
ãâ¢¥à¦¤¥­¨ï, ª®â®àë¥ ¬®¦­® ®¡ê¥¤¨­¨âì ¢ ¢¨¤¥ á«¥¤ãîé¥© â¥®à¥¬ë.

�¥®à¥¬  1. �ãáâì F n � En+p | à¥£ã«ïà­®¥ ¯®¤¬­®£®®¡à §¨¥, ­¥¢ëà®¦¤¥­­ë© £à áá¬ ­®¢

®¡à § ª®â®à®£® ª á ¥âáï «¨èì â¥å ¯«®é ¤®ª, ¢¤®«ì ª®â®àëå ªà¨¢¨§­  K £à áá¬ ­®¢  ®¡à § 

�(F n)

 ) ¬¨­¨¬ «ì­  (K � 0),
¡) ¬ ªá¨¬ «ì­  (K � 2).

�â® ¢®§¬®¦­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

 ) ¯®¤¬­®£®®¡à §¨¥ ¨¬¥¥â ¯«®áªãî ­®à¬ «ì­ãî á¢ï§­®áâì ¨ ¨­¤ãæ¨à®¢ ­­ ï ¬¥âà¨ª 

¯«®áª ï [4];
¡) ¯®¢¥àå­®áâì ¤¢ã¬¥à­ , ¬¨­¨¬ «ì­  ¨ ¥¥ í««¨¯á ­®à¬ «ì­®© ªà¨¢¨§­ë ¢ ª ¦¤®© â®çª¥

¥áâì ®ªàã¦­®áâì á æ¥­âà®¬ ­  ¯®¢¥àå­®áâ¨. �á«¨ xk = xk(u1; u2), k = 1; : : : ; 2 + p, |
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à ¤¨ãá-¢¥ªâ®à ¯®¢¥àå­®áâ¨ ¢ ª®­ä®à¬­ëå ª®®à¤¨­ â å z = u1+ iu2, fk = @xk

@z
, â® äã­ª-

æ¨¨ fk £®«®¬®àä­ë,
2+pP
k=1

(fk)2 = 0 ¨
2+pP
k=1

(@f
k

@z
)2 = 0. � ç áâ­®áâ¨, ¯à¨ p = 2 ¯®¢¥àå­®áâì

| ª®¬¯«¥ªá­ ï ªà¨¢ ï ¢ C2 = E4 [5].

� á«ãç ¥, ª®£¤  K � 1 ¢® ¢á¥å â®çª å ¯®¤¬­®£®®¡à §¨ï F n � En+p, ¨§ ãà ¢­¥­¨© �®¤ ææ¨
¨ ä®à¬ã«ë ¤«ï ªà¨¢¨§­ë K, ¢ë¢¥¤¥­­®© ¢ [6], á«¥¤ã¥â, çâ® ¯®¤¬­®£®®¡à §¨¥ F n á ¯«®áª®©
­®à¬ «ì­®© á¢ï§­®áâìî ï¢«ï¥âáï £¨¯¥à¯®¢¥àå­®áâìî. �«ï ¯à®¨§¢®«ì­ëå ¯®¤¬­®£®®¡à §¨© ¯à¨
K � 1 ¯®¤¬­®£®®¡à §¨¥ F n � En+p £¨¯¥à¯®¢¥àå­®áâìî ï¢«ï¥âáï ­¥ ¢á¥£¤  [7]. � ª¨¬ ®¡à §®¬,
¨§ ¯à¥¤ë¤ãé¨å à¥§ã«ìâ â®¢ á«¥¤ã¥â, çâ® ¥á«¨ ªà¨¢¨§­  K £à áá¬ ­®¢  ®¡à §  ¯®¤¬­®£®®¡à §¨ï
F n � En+p ¯®áâ®ï­­  ¨ ¯à¨­¨¬ ¥â ®¤­® ¨§ §­ ç¥­¨© 0, 1, 2, â® ¯®¤¬­®£®®¡à §¨¥ F n ¯à¨­ ¤«¥¦¨â
¢¯®«­¥ ®¯à¥¤¥«¥­­®¬ã ª« ááã.

�¯®«­¥ ¥áâ¥áâ¢¥­­® ¯®áâ ¢¨âì á«¥¤ãîé¨¥ ¢®¯à®áë:

 ) ª ª®¬ã ª« ááã ¬®¦¥â ¯à¨­ ¤«¥¦ âì ¯®¢¥àå­®áâì, ¥á«¨ K = const 6= 0; 1; 2?
¡) «î¡ë¥ «¨ ¯®áâ®ï­­ë¥ §­ ç¥­¨ï ¬®¦¥â ¯à¨­¨¬ âì K?

� ¤ ­­®© áâ âì¥ ¡ã¤ãâ à áá¬®âà¥­ë ¯®¤¬­®£®®¡à §¨ï á ¯«®áª®© ­®à¬ «ì­®© á¢ï§­®áâìî. � ª
á«¥¤ã¥â ¨§ [6], ªà¨¢¨§­  £à áá¬ ­®¢  ®¡à §  â ª¨å ¯®¤¬­®£®®¡à §¨© § ª«îç¥­  ¢ ¯à¥¤¥« å [0; 1].
�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬  2. �ãáâì F n � En+p | à¥£ã«ïà­®¥ ¯®¤¬­®£®®¡à §¨¥ á ¯«®áª®© ­®à¬ «ì­®© á¢ï§-

­®áâìî ¨ á ¯®áâ®ï­­®© ªà¨¢¨§­®© £à áá¬ ­®¢  ®¡à §  �(F n). �®£¤ 

1) ¥á«¨ p < n � 1, â® ¨«¨ £à áá¬ ­®¢ ®¡à § �(F n) ¢ëà®¦¤ ¥âáï, ¨«¨ K � 1 ¨ F n |

£¨¯¥à¯®¢¥àå­®áâì;
2) ¥á«¨ p = n� 1, â® K ¬®¦¥â ¯à¨­¨¬ âì §­ ç¥­¨ï

K � 0 ¨ £à cá¬ ­®¢ ®¡à § ¢ëà®¦¤¥­,

K � 1 ¨ F n | £¨¯¥à¯®¢¥àå­®áâì,

K � 1
p2
;

3) ¥á«¨ p > n� 1, â® K ¬®¦¥â ¡ëâì ¯à®¨§¢®«ì­®© ª®­áâ ­â®© c 2 [0; 1].

�®ª § â¥«ìáâ¢®. � ª ª ª F n � En+p | ¯®¤¬­®£®®¡à §¨¥ á ¯«®áª®© ­®à¬ «ì­®© á¢ï§­®-
áâìî, â® ¢ ª ¦¤®© ¥£® â®çª¥ áãé¥áâ¢ã¥â n £« ¢­ëå ­ ¯à ¢«¥­¨©, ®¡é¨å ¤«ï ¢á¥å ­®à¬ «¥©. �
¯à®¨§¢®«ì­®© â®çª¥ P 2 F n ¢¢¥¤¥¬ à¨¬ ­®¢ë ­®à¬ «ì­ë¥ ª®®à¤¨­ âë â ª, çâ® ª®®à¤¨­ â­ë¥
¢¥ªâ®àë ¢ â®çª¥ P á®¢¯ ¤ îâ á £« ¢­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨. �®£¤  ¢ â®çª¥ P ¯¥à¢ ï ¨ ¢á¥ ¢â®àë¥
ª¢ ¤à â¨ç­ë¥ ä®à¬ë ¯à¨¢®¤ïâáï ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã, â. ¥. gij = 0; L�

ij = 0 (� = 1; : : : ; p) ¯à¨
i 6= j. �ãáâì �(F n) � G(n; n + p) | £à áá¬ ­®¢ ®¡à § ¯®¤¬­®£®®¡à §¨ï F n � En+p. �¡®§­ ç¨¬
ç¥à¥§ Zi ª®®à¤¨­ â­ë¥ ª á â¥«ì­ë¥ ¢¥ªâ®àë ª �(F n). �ãáâì ¢¥ªâ®àë X = aiZi ¨ Y = bjZj ®¯à¥-
¤¥«ïîâ ¤¢ã¬¥à­ãî ¯«®é ¤ªã, ª á â¥«ì­ãî ª �(F n). �á«¨ ¯®«®¦¨âì qij = aibj�ajbi, â® ªà¨¢¨§­ 
£à áá¬ ­®¢  ®¡à §  �(F n) ¯® ¯«®é ¤ª¥ �, ­ âï­ãâ®© ­  ¢¥ªâ®àë X ¨ Y, ¤«ï ¯®¤¬­®£®®¡à §¨ï
á ¯«®áª®© ­®à¬ «ì­®© á¢ï§­®áâìî ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© [6]

K(X;Y) =

nP
r;s=1

� pP
�=1

L�
rrL

�
ss

�2
(qrs)2

grrgss

nP
r;s=1

pP
�;�=1

(L�
rrL

�
ss)2

(qrs)2

grrgss

: (1)

�®âà¥¡ã¥¬, çâ®¡ë K(X;Y) � const = c2 ¤«ï ¢á¥å ¯«®é ¤®ª, ª á â¥«ì­ëå ª �(F n). �®£¤  ¨§
(1) á«¥¤ã¥â

nX
r;s=1

�� pX
�=1

L�
rrL

�
ss

�2

� c2
pX

�;�=1

(L�
rrL

�
ss)

2
�
(qrs)2

grrgss
= 0: (2)
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�á«¨ ¯®«®¦¨âì yrs = (qrs)2

grrgss
, â® (2) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬­®£®ç«¥­ ®â­®á¨â¥«ì­® ¯¥à¥¬¥­­ëå

yrs > 0, ª®â®àë© ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ ¢á¥å yrs. �®£¤  ¨§ (2) á«¥¤ã¥â
� pX

�=1

L�
rrL

�
ss

�2

= c2
pX

�;�=1

(L�
rrL

�
ss)

2; r 6= s: (3)

�¢¥¤¥¬ p-¬¥à­ë¥ ¢¥ªâ®àë al = (L1
ll; : : : ; L

p
ll). �®£¤  ãà ¢­¥­¨¥ (3) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

har;asi
2 = c2((L1

rrL
1
ss)

2 + � � � + (L1
rrL

p
ss)
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+ (L2
rrL

1
ss)
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rrL

p
ss)

2 + � � �+ (Lp
rrL
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ss)

2 + � � �+ (Lp
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p
ss)

2); (4)

£¤¥ áª®¡ª¨ h ; i ®§­ ç îâ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢. �à¥®¡à §ã¥¬ ¯à ¢ãî ç áâì à ¢¥­-
áâ¢  (4), ¯¥à¥£àã¯¯¨à®¢ ¢ ¥¥ ç«¥­ë, ¤®¡ ¢«ïï ¨ ¢ëç¨â ï á« £ ¥¬ë¥ ¢¨¤  2L�

rrL
�
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�
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ss)
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ss Lp
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p
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rrL
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+ (L1
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2 + (L3
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1
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2 � 2L1
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1
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3
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rr Lp
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rrL
p�1
ss )2 � 2Lp�1

rr Lp�1
ss Lp

rrL
p
ss =

= (L1
rrL

1
ss + � � �+ Lp

rrL
p
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2 + (L1
rrL

2
ss � L2

rrL
1
ss)

2 + � � � +

+ (Lp�1
rr Lp

ss � Lp
rrL

p�1
ss )2 = har;asi2 + [ar;as]2; (5)

£¤¥ [ar;as] | ¡¨¢¥ªâ®à. �§¢¥áâ­®, çâ® ¤«¨­  ¡¨¢¥ªâ®à  à ¢­  ¯«®é ¤¨ ¯ à ««¥«®£à ¬¬ , ¯®-
áâà®¥­­®£® ­  ¢¥ªâ®à å ar ¨ as ([8], á. 401). �¡®§­ ç¨¬ ç¥à¥§ 'rs ã£®« ¬¥¦¤ã ¢¥ªâ®à ¬¨ ar ¨
as. �®¤áâ ¢«ïï (5) ¢ ¯à ¢ãî ç áâì (4), ¯®«ãç¨¬ à ¢¥­áâ¢® har;asi2 = c2(har;asi2 + [ar;as]2), ¨§
ª®â®à®£® á«¥¤ã¥â jarj2jasj2 cos2 'rs = c2(jarj2jasj2 cos2 'rs + jarj

2jasj
2 sin2 'rs) ¨«¨

jarj
2jasj

2(cos2 'rs � c2) = 0: (6)

� ¢¥­áâ¢® (6) ¢®§¬®¦­® ¢ á«¥¤ãîé¨å ¤¢ãå á«ãç ïå.
 ) ar = 0 (¨«¨ as = 0). �à áá¬ ­®¢ ®¡à § ¯®¤¬­®£®®¡à §¨ï F n � En+p ¢ëà®¦¤ ¥âáï, â. ª.

à ¢¥­áâ¢® ­ã«î ¢¥ªâ®à  ar ®§­ ç ¥â, çâ® L�
rr = 0 ¯à¨ � = 1; : : : ; p, â. ¥. á®®â¢¥âáâ¢ãîé¥¥ ª®®à¤¨-

­ â­®¥ ­ ¯à ¢«¥­¨¥ ­  ¯®¤¬­®£®®¡à §¨¨ ï¢«ï¥âáï á¨«ì­® ¯ à ¡®«¨ç¥áª¨¬.
¡) cos'rs = c. �®à §¬¥à­®áâì p ¬®¦¥â ¯à¨­¨¬ âì á«¥¤ãîé¨¥ ¢®§¬®¦­ë¥ §­ ç¥­¨ï: 1) p <

n� 1; 2) p = n� 1; 3) p > n� 1.
1) �á«¨ p < n� 1, â® ¤«ï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢  (6) ­¥®¡å®¤¨¬®, çâ®¡ë ­¥­ã«¥¢ë¥ p-¬¥à­ë¥

¢¥ªâ®àë a1; : : : ;an ¡ë«¨ ª®««¨­¥ à­ë. �®£¤  c = 1 ¨ ¨§ à ¢¥­áâ¢ (3){(5) á«¥¤ã¥â

(L1
rrL

2
ss � L2

rrL
1
ss)

2 + (L1
rrL

3
ss � L3

rrL
1
ss)

2 + � � �+ (Lp�1
rr Lp

ss � Lp
rrL

p�1
ss )2 = 0

¤«ï ¢á¥å §­ ç¥­¨© r; s = 1; : : : ; n. �® íâ® ®§­ ç ¥â, çâ® ¢á¥ ¢â®àë¥ ª¢ ¤à â¨ç­ë¥ ä®à¬ë ¯®¤-
¬­®£®®¡à §¨ï F n � En+p ¯à®¯®àæ¨®­ «ì­ë. �âáî¤  á«¥¤ã¥â, çâ® F n | £¨¯¥à¯®¢¥àå­®áâì ¢
En+1 � En+p.

�á«¨ ¢¥ªâ®àë a1; : : : ;an ­¥ª®««¨­¥ à­ë, â® c = 0. �® íâ® ®§­ ç ¥â, çâ® ¢á¥ ãª § ­­ë¥ ¢¥ªâ®àë
¤®«¦­ë ¡ëâì ®àâ®£®­ «ì­ë. �à¨ p < n�1 íâ® ¢®§¬®¦­® â®«ìª® ¢ á«ãç ¥, ª®£¤  ¯® ªà ©­¥© ¬¥à¥
(n�p) ¨§ íâ¨å ¢¥ªâ®à®¢ ï¢«ïîâáï ­ã«¥¢ë¬¨. �® â®£¤  £à áá¬ ­®¢ ®¡à § �(F n) ¯®¤¬­®£®®¡à §¨ï
¢ëà®¦¤ ¥âáï (â. ¥. ¥£® à §¬¥à­®áâì ¬¥­ìè¥ n).

2) �á«¨ p = n� 1 ¨ £à áá¬ ­®¢ ®¡à § �(F n) ¯®¤¬­®£®®¡à §¨ï ­¥ ¢ëà®¦¤ ¥âáï, â® ¯à¨ c = 1
¯®¤¬­®£®®¡à §¨¥ F n | £¨¯¥à¯®¢¥àå­®áâì. � á«ãç ¥, ª®£¤  c 6= 0; 1, ¢á¥ ¢¥ªâ®àë a1; : : : ;an á
â®ç­®áâìî ¤® ª®««¨­¥ à­®áâ¨ ­ ¯à ¢«¥­ë ¨§ æ¥­âà  ¯à ¢¨«ì­®£® á¨¬¯«¥ªá  ª ¥£® ¢¥àè¨­ ¬.
� ©¤¥¬ ¢ íâ®¬ á«ãç ¥ §­ ç¥­¨¥ ª®­áâ ­âë c, ª®â®à ï á â®ç­®áâìî ¤® §­ ª  à ¢­  §­ ç¥­¨î
cos'rs | ª®á¨­ãá  ã£«  ¬¥¦¤ã ¢¥ªâ®à ¬¨, ¨¤ãé¨¬¨ ¨§ æ¥­âà  ¯à ¢¨«ì­®£® á¨¬¯«¥ªá  ¢ ¥£®
¢¥àè¨­ë. �ã¤¥¬ à áá¬ âà¨¢ âì ¯à ¢¨«ì­ë© á¨¬¯«¥ªá á à¥¡à®¬, à ¢­ë¬ 1. �á«¨ ®¡®§­ ç¨¬ ç¥à¥§

49



Rk à ¤¨ãá è à , ®¯¨á ­­®£® ¢®ªàã£ ¯à ¢¨«ì­®£® á¨¬¯«¥ªá  ¢ k-¬¥à­®¬ ¯à®áâà ­áâ¢¥, ç¥à¥§ Hk

| ¢ëá®âã ¯à ¢¨«ì­®£® á¨¬¯«¥ªá , ç¥à¥§ cos�k = cos'rs | ª®á¨­ãá ã£«  ¬¥¦¤ã ¢¥ªâ®à ¬¨,
¨¤ãé¨¬¨ ¨§ æ¥­âà  ¯à ¢¨«ì­®£® á¨¬¯«¥ªá  ª ¥£® ¢¥àè¨­ ¬, â® ¡ã¤ãâ ¢ë¯®«­ïâìáï à ¢¥­áâ¢ 
H2

k = 1�R2
k�1 ¨ (Hk �Rk)2 +R2

k�1 = R2
k. �§ íâ¨å à ¢¥­áâ¢ ¢ëâ¥ª ¥â

R2
k =

1
4(1�R2

k�1)
: (7)

�® â¥®à¥¬¥ ª®á¨­ãá®¢ ­ å®¤¨¬, çâ® 1 = 2R2
k � 2R2

k cos�k, ¨«¨ cos�k = 1 � 1
2R2

k

. �®¤áâ ¢«ïï ¢

¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¢ëà ¦¥­¨¥ (7), ­ å®¤¨¬

cos�k = 2R2
k�1 � 1: (8)

� ¬¥â¨¬, çâ® cos�k�1 = 1� 1
2R2

k�1

. �®£¤ 

R2
k�1 =

1
2(1 � cos�k�1)

: (9)

�®¤áâ ¢«ïï (9) ¢ (8), ­ å®¤¨¬ cos�k = cos�k�1
1�cos�k�1

. �¥¯®áà¥¤áâ¢¥­­® ¢ëç¨á«ï¥¬, çâ®
cos�2 = � 1

2
; cos�3 = � 1

3
. �® ¨­¤ãªæ¨¨ «¥£ª® ¤®ª § âì, çâ® cos�k = � 1

k
.

� ª¨¬ ®¡à §®¬, ¥á«¨ £à áá¬ ­®¢ ®¡à § �(F n) ¯®¤¬­®£®®¡à §¨ï F n � En+p ­¥ ¢ëà®¦¤ ¥âáï,
â® ¯à¨ p = n� 1 ¢®§¬®¦­ë ¤¢  á«ãç ï:

 ) c = 1 (â. ¥. K = 1) ¨ F n | £¨¯¥à¯®¢¥àå­®áâì;
¡) c = 1

p
, K � 1

p2
.

3) �á«¨ p > n � 1, â® ¢ íâ®¬ á«ãç ¥, ª ª á«¥¤ã¥â ¨§ (6), K ¬®¦¥â ¯à¨­¨¬ âì §­ ç¥­¨ï ­ 
®âà¥§ª¥ [0; 1].

� § ª«îç¥­¨¥ ¯à¨¢¥¤¥¬ ¯à¨¬¥à, ª®â®àë© ¡ë« ¯®áâà®¥­ ¢ ¤¨¯«®¬­®© à ¡®â¥ �®«®¤ëå �.�.

�à¨¬¥à. � áá¬®âà¨¬ ¯®¢¥àå­®áâì F 2 � E4, § ¤ ­­ãî ãà ¢­¥­¨ï¬¨

x1 = �
c1

2
u21 �

c2

2
u22 � u1u2;

x2 = �
c1

2
u21 �

c2

2
u22 � c1c2u1u2;

x3 = c1u1 + u2;

x4 = c2u2 + u1:

(10)

�¥£ª® ¯à®¢¥à¨âì, çâ® ª á â¥«ì­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï ª § ¤ ­­®© ¯®¢¥àå­®áâ¨ ¨¬¥îâ ¢¨¤ U1 =
(�c1u1�u2;�c1u1� c1c2u2; c1; 1), U2 = (�c2u2�u1;�c2u2� c1c2u1; 1; c2),   ­®à¬ «¨ ª ¯®¢¥àå­®áâ¨
N1 = (1; 0;u1;u2), N2 = (0; 1; c2u2; c1u1).

�â¨ ­®à¬ «¨ ®¯à¥¤¥«ïîâ ª á â¥«ì­ë¥ ¢¥ªâ®àë ª £à áá¬ ­®¢ã ®¡à §ã ¯®¢¥àå­®áâ¨, ª®â®àë¥
¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ (2� 2)-¬ âà¨æ

X =
�
1 0
0 c1

�
; Y =

�
0 1
c2 0

�
:

�¥¯¥àì ¬®¦­® ¯®¤áç¨â âì ªà¨¢¨§­ã £à áá¬ ­®¢  ¬­®£®®¡à §¨ï G(2; 4) ¯® ¯«®é ¤ª¥, ­ âï­ã-
â®© ­  ¢¥ªâ®àë X ¨ Y, ¯® ä®à¬ã«¥ [1], [3]

K(X;Y) =
1
2
Tr�1�0

1 +
1
2
Tr�2�0

2

TrXX0 TrYY0 � (TrXY0)2
; (11)
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£¤¥ �1 = XY0 � YX0, �2 = X0Y � Y0X | ª®á®á¨¬¬¥âà¨ç¥áª¨¥ ¬ âà¨æë. �§ ä®à¬ã«ë (11)
á«¥¤ã¥â, çâ® ªà¨¢¨§­  £à áá¬ ­®¢  ¬­®£®®¡à §¨ï ¯® ¯«®é ¤ª ¬, ª á â¥«ì­ë¬ ª £à áá¬ ­®¢ã
®¡à §ã ¤ ­­®© ¯®¢¥àå­®áâ¨, ¨¬¥¥â ¢¨¤

K =
(c1 � c2)2 + (1 � c1c2)2

1 + c21 + c22 + c21c
2
2

: (12)

� áá¬®âà¨¬ ­¥ª®â®àë¥ ç áâ­ë¥ á«ãç ¨.
 ) �ãáâì K � 0, â®£¤  ¨§ (12) á«¥¤ã¥â, çâ® c1 = c2 = �1. � íâ®¬ á«ãç ¥ ¨§ ãà ¢­¥­¨©

(10), § ¤ îé¨å ¯®¢¥àå­®áâì, á«¥¤ã¥â x1 = x2, x3 = x4. �â® §­ ç¨â, çâ® ¤ ­­ ï ¯®¢¥àå­®áâì
¯à¥¤áâ ¢«ï¥â á®¡®© ¯«®áª®áâì (¨«¨ ç áâì ¯«®áª®áâ¨) F 2 � E4. � íâ®¬ á«ãç ¥ £à áá¬ ­®¢ ®¡à §
¯®¢¥àå­®áâ¨ ¢ëà®¦¤ ¥âáï ¢ â®çªã.

�àã£¨¥ ¯à¨¬¥àë ¯®¤¬­®£®®¡à §¨© á ­¥¢ëà®¦¤¥­­ë¬ £à áá¬ ­®¢ë¬ ®¡à §®¬, ã ª®â®àëå
K � 0, à áá¬®âà¥­ë ¢ [4].

¡) �á«¨ K � 1, â® ¨§ (12) á«¥¤ã¥â, çâ® ¨«¨ c1 = 0, ¨«¨ c2 = 0, ¨«¨ c1 = c2 = 0. � ¯®á«¥¤­¥¬
á«ãç ¥ ¯®¢¥àå­®áâì (10) ï¢«ï¥âáï £¨¯¥à¯®¢¥àå­®áâìî ¨ ¥¥ ãà ¢­¥­¨ï ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢
¢¨¤¥ x2 = 0; x1 = x3x4 (â. ¥. ¯®¢¥àå­®áâì | £¨¯¥à¡®«¨ç¥áª¨© ¯ à ¡®«®¨¤).

�á«¨ c1 6= 0,   c2 = 0, â® ¬®¦­® ¯à®¢¥à¨âì, çâ® ¬ âà¨æë A1 ¨ A2 ¢â®àëå ª¢ ¤à â¨ç­ëå ä®à¬
¯®¢¥àå­®áâ¨ (10) ­¥¯à®¯®àæ¨®­ «ì­ë, â. ¥. ¯à®áâà ­áâ¢® ¢â®àëå ª¢ ¤à â¨ç­ëå ä®à¬ ¤ ­­®©
¯®¢¥àå­®áâ¨ ¤¢ã¬¥à­®, ¨ íâ  ¯®¢¥àå­®áâì F 2 � E4 ­¥ ï¢«ï¥âáï £¨¯¥à¯®¢¥àå­®áâìî. �à®¬¥ â®£®,
A1�A2 6= A2�A1, â. ¥. ¬ âà¨æë ­¥ ª®¬¬ãâ¨àãîâ, ¨ ¤ ­­ ï ¯®¢¥àå­®áâì ­¥ ï¢«ï¥âáï ¯®¢¥àå­®áâìî
á ¯«®áª®© ­®à¬ «ì­®© á¢ï§­®áâìî.

¢) �á«¨ K � 2, â®, ¢ ç áâ­®áâ¨, ãà ¢­¥­¨¥ (12) ã¤®¢«¥â¢®àï¥â, ­ ¯à¨¬¥à, c1 = �c2 = �1. �
íâ®¬ á«ãç ¥ ãà ¢­¥­¨ï ¯®¢¥àå­®áâ¨ (10) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

x1 =
x23 � 2x3x4 � x24

4
; x2 =

x24 � 2x3x4 � x23
4

: (13)

�¥£ª® ¯®ª § âì, çâ® ¯®¢¥àå­®áâì (13) ¬®¦­® § ¤ âì, ª ª ª®¬¯«¥ªá­ãî ªà¨¢ãî ¢ C2 = E4,
çâ® á®£« áã¥âáï á ¯®á«¥¤­¨¬ ãâ¢¥à¦¤¥­¨¥¬ â¥®à¥¬ë 1, ¯à¨¢¥¤¥­­®© ¢ ¤ ­­®© áâ âì¥.
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