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1. �¢¥¤¥­¨¥

�¨­¥©­® ¢ë¯ãª«ë¥ § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (��) ï¢«ïîâáï ­¥¯®áà¥¤áâ¢¥­­ë¬ ®¡-
®¡é¥­¨¥¬ «¨­¥©­ëå § ¤ ç. � ¯à¨«®¦¥­¨ïå ®­¨ ç áâ® ¢áâà¥ç îâáï ª ª á ¬®áâ®ïâ¥«ì­ë¥, ¢ ª®­-
áâàãªâ¨¢­®© â¥®à¨¨ ¬®£ãâ ¨á¯®«ì§®¢ âìáï ¨ ª ª ¢á¯®¬®£ â¥«ì­ë¥ ¯à¨ à¥è¥­¨¨ ­¥«¨­¥©­ëå
§ ¤ ç �� [1]. � ç¥áâ¢¥­­ ï â¥®à¨ï â ª¨å § ¤ ç à §à ¡®â ­  áâ®«ì ¦¥ £«ã¡®ª® [2], ª ª ¨  ­ -
«®£¨ç­ ï â¥®à¨ï ¤«ï «¨­¥©­ëå § ¤ ç. �à¥¤«®¦¥­® ¬­®£®  «£®à¨â¬®¢ ¨å ç¨á«¥­­®£® à¥è¥­¨ï.
�¤­ ª® ¨§¢¥áâ­ë¥  «£®à¨â¬ë ª á îâáï ¢ ®á­®¢­®¬ ¯à®£à ¬¬­®© ®¯â¨¬¨§ æ¨¨ ¤¨­ ¬¨ç¥áª¨å
á¨áâ¥¬ ¨ ­¥ ­ áâ®«ìª® íää¥ªâ¨¢­ë, çâ®¡ë á¨­â¥§¨à®¢ âì �� â¨¯  ®¡à â­®© á¢ï§¨. �áª«îç¥-
­¨¥ á®áâ ¢«ïîâ «¨­¥©­®-ª¢ ¤à â¨ç­ë¥ § ¤ ç¨ �¥â®¢ {� «¬ ­  ¨ ¯à¨¬ëª îé¨¥ ª ­¨¬ § ¤ ç¨
H1-â¥®à¨¨ ã¯à ¢«¥­¨ï, ¤«ï ª®â®àëå ã¤ ¥âáï ¯®áâà®¨âì �� ¢ ¢¨¤¥ «¨­¥©­ëå ®¡à â­ëå á¢ï§¥©.
�â¨ à¥§ã«ìâ âë ¯à¨¢«¥ª«¨ ¡®«ìè®¥ ¢­¨¬ ­¨¥ ¢ á¨«ã ¯à®áâ®âë ¨å à¥ «¨§ æ¨¨. � ¤ ç¨ �¥â®¢ {
� «¬ ­  ï¢«ïîâáï £« ¤ª¨¬¨ ¨ ®â­®áïâáï áª®à¥¥ ª ª« áá¨ç¥áª®¬ã ¢ à¨ æ¨®­­®¬ã ¨áç¨á«¥­¨î,
ç¥¬ ª â¥®à¨¨ ��, ¯®áª®«ìªã ¢ ­¨å ¨£­®à¨àãîâáï ¯àï¬ë¥ (£¥®¬¥âà¨ç¥áª¨¥) ®£à ­¨ç¥­¨ï ­  ã¯à -
¢«¥­¨ï. �®¤®¡­ë¥ ®£à ­¨ç¥­¨ï ¤¥« îâ íªáâà¥¬ «ì­ë¥ § ¤ ç¨ ­¥£« ¤ª¨¬¨ ¨ ¯à¥¤áâ ¢«ïîâ ­ ¨-
¡®«¥¥ à á¯à®áâà ­¥­­ë© (­¥«¨­¥©­ë©) í«¥¬¥­â á®¢à¥¬¥­­ëå ¯à¨ª« ¤­ëå § ¤ ç. �¬¥­­® ¨§-§ 
­¨å ¢ á¢®¥ ¢à¥¬ï ¯à¨è«®áì áâà®¨âì â¥®à¨î ¢ à¨ æ¨®­­ëå § ¤ ç ­¥ª« áá¨ç¥áª®£® â¨¯ , ª®â®à ï
áâ «  ­ §ë¢ âìáï â¥®à¨¥© ��. �  ¯ïâì¤¥áïâ «¥â â¥®à¨ï �� ¤®áâ¨£«  ¢ë¤ îé¨åáï ãá¯¥å®¢. �¤-
­ ª® ¢ ­¥© ¤® á¨å ¯®à ®áâ ¥âáï ­¥à¥è¥­­®© æ¥­âà «ì­ ï ¯à®¡«¥¬  | á¨­â¥§ �� â¨¯  ®¡à â­®©
á¢ï§¨ | ¤ ¦¥ ¤«ï «¨­¥©­ëå á¨áâ¥¬.

� áâ­ë© á«ãç © ¨áá«¥¤ã¥¬ëå ¢ à ¡®â¥ § ¤ ç | «¨­¥©­®-ª¢ ¤à â¨ç­ë¥ § ¤ ç¨ ��| ¨£à îâ
¡®«ìèãî à®«ì ¢ ¡ãà­® à §¢¨¢ îé¥©áï â¥®à¨¨ áâ ¡¨«¨§ æ¨¨, ®á­®¢ ­­®© ­  ¬¥â®¤®«®£¨¨ Model
Predictive Control (MPC) [3]. �à¨ª« ¤­®¥ §­ ç¥­¨¥ íâ®© â¥®à¨¨ ®á®¡¥­­® ¢®§à®á«® [4], ª®£¤  ¢
­¥© áâ «¨ à áá¬ âà¨¢ âìáï § ¤ ç¨ �� á ¯àï¬ë¬¨ ®£à ­¨ç¥­¨ï¬¨ ­  ã¯à ¢«¥­¨ï. �¥ «¨§ã¥¬®áâì
¬¥â®¤®«®£¨¨ MPC § ¢¨á¨â ®â ¢®§¬®¦­®áâ¨ ¯®áâà®¥­¨ï ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ¯à®£à ¬¬-
­ëå à¥è¥­¨© á¯¥æ¨ «ì­ëå § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï. �®«ìª® ¢ íâ®¬ á«ãç ¥ ¬®¦­® ¢
ª®­ªà¥â­ëå ¯à®æ¥áá å áâ ¡¨«¨§ æ¨¨ ä®à¬¨à®¢ âì ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï ¯® å®¤ã ¯à®æ¥áá 
áâ ¡¨«¨§ æ¨¨ (on-line control). � ¨§¢¥áâ­®© «¨â¥à âãà¥ ¯® MPC ¯®ª  ­¥â á¯¥æ¨ «ì­ëå ¡ëáâàëå
¬¥â®¤®¢ ¢ëç¨á«¥­¨ï á®®â¢¥âáâ¢ãîé¨å ¯à®£à ¬¬­ëå à¥è¥­¨© § ¤ ç ��. �«ï íâ®© æ¥«¨ â ¬ ¨á-
¯®«ì§ãîâ ¢ ®á­®¢­®¬ áâ ­¤ àâ­ë¥ ¬¥â®¤ë ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®¢ ­¨ï, çâ® ®£à ­¨ç¨¢ ¥â
¢®§¬®¦­®áâ¨ MPC ¬¥¤«¥­­ë¬¨ ¯¥à¥å®¤­ë¬¨ ¯à®æ¥áá ¬¨ ¨§-§  ­¥®¡å®¤¨¬®áâ¨ ¨á¯®«ì§®¢ ­¨ï
¡®«ìè¨å ¯¥à¨®¤®¢ ¤¨áªà¥â¨§ æ¨¨ ¢à¥¬¥­¨ ¨ ¬ «ëå £®à¨§®­â®¢ ã¯à ¢«¥­¨ï. � ¤ ­­®© à ¡®â¥
®¯¨áë¢ îâáï á¯¥æ¨ «ì­ë¥ ¬¥â®¤ë à¥è¥­¨ï «¨­¥©­® ¢ë¯ãª«ëå § ¤ ç ��, íää¥ªâ¨¢­®áâì ª®-
â®àëå ¬ «® § ¢¨á¨â ®â ¯¥à¨®¤  ¤¨áªà¥â¨§ æ¨¨ ¢à¥¬¥­¨. �¥à¢ë¥ ¬¥â®¤ë ¯®¤®¡­®£® â¨¯  ¤«ï

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¥«®àãááª®£® �¥á¯ã¡«¨ª ­áª®£® ä®­¤  äã­¤ ¬¥­â «ì-
­ëå ¨áá«¥¤®¢ ­¨© (¯à®¥ªâ ò�04�-002) ¨ �®áã¤ àáâ¢¥­­®© ¯à®£à ¬¬ë äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(\� â¥¬ â¨ç¥áª¨¥ áâàãªâãàë{16").
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«¨­¥©­ëå § ¤ ç �� ¡ë«¨ ¯à¥¤«®¦¥­ë ¥é¥ ¢ [5], [6], § â¥¬ ®­¨ ¯®«ãç¨«¨ à §¢¨â¨¥ ¢ [7]{[9]. �¥-
§ã«ìâ âë ¯® �� ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ¡ë«¨ ­¥§ ¢¨á¨¬® ®â MPC ¨á¯®«ì§®¢ ­ë ¢ [10]{[13]
¤«ï áâ ¡¨«¨§ æ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ®£à ­¨ç¥­­ë¬¨ ã¯à ¢«¥­¨ï¬¨.

�¥«ì ¤ ­­®© à ¡®âë | ¯®áâà®¨âì ¬¥â®¤ë ¯à®£à ¬¬­®© ¨ ¯®§¨æ¨®­­®© ®¯â¨¬¨§ æ¨¨ «¨­¥©-
­ëå ­¥áâ æ¨®­ à­ëå á¨áâ¥¬ ¯® ¢ë¯ãª«ë¬ â¥à¬¨­ «ì­ë¬ ªà¨â¥à¨ï¬ ª ç¥áâ¢ .

�à¥¤« £ ¥âáï ¬¥â®¤ ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë ªãá®ç­®-«¨­¥©­®©  ¯¯à®ªá¨¬ -
æ¨¨ ¨áå®¤­®© § ¤ ç¨. �«ï à¥è¥­¨ï «¨­¥©­ëå § ¤ ç �� á ¯ à ¬¥âà®¬ à §à ¡®â ­ ¡ëáâàë©
¤¢®©áâ¢¥­­ë© ¬¥â®¤ ¨ ¯à®æ¥¤ãà  ¤®¢®¤ª¨. O¡áã¦¤ ¥âáï ¢®¯à®á ® ¢ëç¨á«¥­¨¨ ®¯â¨¬ «ì­ëå
¯à®£à ¬¬ ¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨©. �ëç¨á«¥­¨¥ ®¯â¨¬ «ì­ëå ¯à®£à ¬¬ ­¥ ï¢«ï¥âáï
ª®­¥ç­®© æ¥«ìî ª®­áâàãªâ¨¢­®© â¥®à¨¨ ��. �¯â¨¬ «ì­ë¥ ¯à®£à ¬¬ë ¢ëï¢«ïîâ «¨èì ¯®â¥­-
æ¨ «ì­ë¥ ¢®§¬®¦­®áâ¨ á¨áâ¥¬ ã¯à ¢«¥­¨ï, ­® ®­¨, ª ª ¯à ¢¨«®, ­¥ ãç áâ¢ãîâ ¢ ¯à®æ¥áá å à¥-
 «ì­®£® ã¯à ¢«¥­¨ï. �¥ «ì­ë¥ ¯à®æ¥ááë ã¯à ¢«¥­¨ï ¡ §¨àãîâáï ­  ã¯à ¢«¥­¨ïå â¨¯  ®¡à â­®©
á¢ï§¨. �à®¡«¥¬  á¨­â¥§  ®¯â¨¬ «ì­ëå á¨áâ¥¬ ¢ ª« áá¨ç¥áª®© ¯®áâ ­®¢ª¥ ¤® á¨å ¯®à ®áâ ¥âáï
­¥à¥è¥­­®©. � ­­ ï à ¡®â  ®á­®¢ ­  ­  ¤àã£®¬ ¯®¤å®¤¥ ª ¯à®¡«¥¬¥ [5]. �à¨ íâ®¬ ¯®¤å®¤¥ ®¯¨-
áë¢ ¥âáï ¬¥â®¤ à¥ «¨§ æ¨¨ ®¯â¨¬ «ì­ëå ®¡à â­ëå á¢ï§¥© ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨.

2. �¨­¥©­® ¢ë¯ãª« ï § ¤ ç  â¥à¬¨­ «ì­®£® ã¯à ¢«¥­¨ï.
�¡é ï áå¥¬  à¥è¥­¨ï § ¤ ç¨

�ãáâì T = [t�; t�], t� < t� < +1, | ¯à®¬¥¦ãâ®ª ã¯à ¢«¥­¨ï, A(t), b(t), t 2 T , | ªãá®ç­®-
­¥¯à¥àë¢­ë¥ n � n-¬ âà¨ç­ ï ¨ n-¢¥ªâ®à­ ï äã­ªæ¨¨, '(x), x 2 Rn, ¢ ®â«¨ç¨¥ ®â [8] | ¤®-
áâ â®ç­® £« ¤ª ï ¢ë¯ãª« ï äã­ªæ¨ï: '(x) ! 1 ¯à¨ kx � x�k ! 1, x� | â®çª  ¬¨­¨¬ã¬ :
'� = '(x�) = min '(x), x 2 Rn.

� ª« áá¥ áª «ïà­ëå ªãá®ç­®-­¥¯à¥àë¢­ëå ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨© u(t), t 2 T , à áá¬®âà¨¬
«¨­¥©­® ¢ë¯ãª«ãî § ¤ çã ��

�0 = min'(x(t�)); _x = A(t)x+ b(t)u; x(t�) = x0; ju(t)j � 1; t 2 T: (1)

�¤¥áì x = x(t) | n-¢¥ªâ®à á®áâ®ï­¨ï á¨áâ¥¬ë ã¯à ¢«¥­¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t, u = u(t) |
§­ ç¥­¨¥ áª «ïà­®£® ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï, x0 2 Rn | § ¤ ­­®¥ ­ ç «ì­®¥ á®áâ®ï­¨¥.

�ãá®ç­®-­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ u0(t), ju0(t)j � 1, t 2 T , ­ §®¢¥¬ ®¯â¨¬ «ì­®© ¯à®£à ¬¬®©,
¥á«¨ ­  á®®â¢¥âáâ¢ãîé¥© ¥© âà ¥ªâ®à¨¨ x0(t), t 2 T , ªà¨â¥à¨© ª ç¥áâ¢  § ¤ ç¨ (1) ¤®áâ¨£ ¥â
¬¨­¨¬ «ì­®£® §­ ç¥­¨ï: �0 = '(x0(t�)) = min'(x(t�)), £¤¥ ¬¨­¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬ ªãá®ç­®-
­¥¯à¥àë¢­ë¬ ¯à®£à ¬¬ ¬ ju(t)j � 1, t 2 T .

�«ï à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨ ¯à®£à ¬¬­®© ®¯â¨¬¨§ æ¨¨ «¨­¥©­®© ­¥áâ æ¨®­ à­®© á¨-
áâ¥¬ë (1) ¢ ª« áá¥ ªãá®ç­®-­¥¯à¥àë¢­ëå ã¯à ¢«¥­¨© ¢¢¥¤¥¬ ªãá®ç­®-«¨­¥©­ãî § ¤ çã ®¯â¨¬¨-
§ æ¨¨ ¢ ª« áá¥ ¤¨áªà¥â­ëå ¯à®£à ¬¬.

�¯à ¢«¥­¨¥ u(t), t 2 T , ­ §®¢¥¬ ¤¨áªà¥â­®© ¯à®£à ¬¬®© (á ¯¥à¨®¤®¬ ª¢ ­â®¢ ­¨ï h, h =
(t� � t�)=N , N | ­ âãà «ì­®¥ ç¨á«®), ¥á«¨ u(t) = u(tk), t 2 [tk; tk+1[, tk = t� + kh, k = 0; N � 1.

�ãáâì X� = fx 2 Rn : '(x) � �g, � 2 R. � ¤ çã (1) § ¯¨è¥¬ ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥

�0 = min�; _x = A(t)x+ b(t)u; x(t�) = x0; x(t�) 2 X�; ju(t)j � 1; t 2 T: (2)

�ë¡¥à¥¬ ¯à®¨§¢®«ì­ãî á®¢®ªã¯­®áâì ¥¤¨­¨ç­ëå n-¢¥ªâ®à®¢

hi; i 2 I = f1; 2; : : : ;mg; m � n; (3)

¢ ª®â®à®© ª ¦¤ë¥ n ¢¥ªâ®à®¢ «¨­¥©­® ­¥§ ¢¨á¨¬ë. �¥ªâ®àë (3) ­ §®¢¥¬ ¢¥ªâ®à ¬¨  ¯¯à®ªá¨-
¬ æ¨¨. � ª ç¥áâ¢¥ â ª¨å ¢¥ªâ®à®¢ ¬®¦­® ¢§ïâì ¥¤¨­¨ç­ë¥ ®àâë ei, i = 1; n.

�¡®§­ ç¨¬ ri = hi, rm+i = �hi, i = 1;m, ¨ ¯®¤áç¨â ¥¬ ç¨á«  g�i (�) = max r0ix, x 2 X�,
g�i(�) = max r0m+ix, x 2 X

�, i 2 I.
�­®¦¥áâ¢® eX� = fx 2 Rn : g�i(�) � h0ix � g�i (�), i 2 Ig ­ §ë¢ ¥âáï (¢­¥è­¥©) ªãá®ç­®-

«¨­¥©­®©  ¯¯à®ªá¨¬ æ¨¥© ¬­®¦¥áâ¢  X�.
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�®¤ ªãá®ç­®-«¨­¥©­®©  ¯¯à®ªá¨¬ æ¨¥© § ¤ ç¨ (2) ¯®­¨¬ ¥âáï á«¥¤ãîé ï § ¤ ç  �� ¢ ª« á-
á¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨©:

e�0 = min�; _x = A(t)x+ b(t)u; x(t�) = x0; x(t�) 2 eX�; ju(t)j � 1; t 2 T: (4)

�¯â¨¬ «ì­ë¥ ¯à®£à ¬¬ë § ¤ ç¨ (1) ¡ã¤¥¬ áâà®¨âì á ¯®¬®éìî ¤¢ãå ¯à®æ¥¤ãà:
1) ¢ëç¨á«¥­¨¥ ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë ªãá®ç­®-«¨­¥©­®© § ¤ ç¨ (4); 2) ¯à®æ¥¤ãà  ¤®¢®¤ª¨.
�¥à¢ ï ¯à®æ¥¤ãà  ¡ã¤¥â ®¯¨á ­  ¢ ¯. 3, ¢â®à ï | ¢ ¯. 4.

�ë¡à ¢ ¯¥à¨®¤ ª¢ ­â®¢ ­¨ï h ¨ á®¢®ªã¯­®áâì (3), ¢ëç¨á«¨¬ ¯à®£à ¬¬­®¥ à¥è¥­¨¥ u0�(t),
x0�(t), t 2 T , § ¤ ç¨ (4). �®¤áç¨â ¥¬ "i = g�i (�)�r

0
ix

0
�(t

�), "m+i = �g�i(�)�r
0
m+ix

0
�(t

�), i 2 I. �à¥¤¨
ç¨á¥« "i, i = 1; 2m, ¢ë¡¥à¥¬ n ­ ¨¬¥­ìè¨å: "i, i 2 I 0, jI 0j = n. �¨á«® e" = max "i, i 2 I 0, å à ªâ¥à¨-
§ã¥â â®ç­®áâì  ¯¯à®ªá¨¬aæ¨¨ ¯à®£à ¬¬­®£® à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨ ¯à®£à ¬¬­ë¬ à¥è¥­¨¥¬
§ ¤ ç¨ (4). �á«¨ ¯à¨ ¢ë¡à ­­®¬1 " > 0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® e" � ", â® ¯¥à¥©¤¥¬ ª ¯à®æ¥¤ãà¥
¤®¢®¤ª¨ (¯. 4). �à¨ e" > " ª ¢¥ªâ®à ¬ ri, i 2 I, ¤®¡ ¢¨¬ ¢¥ªâ®à er = grad'(x0�(t

�))=k grad'(x0�(t
�))k.

�ëç¨á«¨¬ eg�(�) = max er0x, x 2 X�; eg�(�) = min er0x, x 2 X�, ¨ ¢ § ¤ ç¥ (4) § ¬¥­¨¬ â¥à¬¨­ «ì-
­ë¥ ®£à ­¨ç¥­¨ï ­  á«¥¤ãîé¨¥:

g�i(�) � r0ix(t
�) � g�i (�); i 2 I; eg�(�) � er0x(t�) � eg�(�):

�à®£à ¬¬­®¥ à¥è¥­¨¥ ­®¢®© § ¤ ç¨ ¬®¦­® ¡ëáâà® ¯®áâà®¨âì á ¯®¬®éìî ¤¢®©áâ¢¥­­®£® ¬¥â®¤ ,
®¯¨á ­­®£® ¢ ¯. 3. �à¨ ¤ «ì­¥©è¥¬ ¯®¢ëè¥­¨¨ â®ç­®áâ¨  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç  (4) à¥è ¥âáï
á ­®¢ë¬¨ â¥à¬¨­ «ì­ë¬¨ ®£à ­¨ç¥­¨ï¬¨, ª®â®àë¥ ¯®«ãç îâáï ¨§ ¯à¥¤ë¤ãé¨å ¤®¡ ¢«¥­¨¥¬
®¤­®£® ­®¢®£® ®£à ­¨ç¥­¨ï, ¯®áâà®¥­­®£® ¯® ¯à¨¢¥¤¥­­ë¬ ¢ëè¥ ¯à ¢¨« ¬. �®£¤  ª®«¨ç¥áâ¢®
­®¢ëå ®£à ­¨ç¥­¨© ¤®áâ¨£­¥â n, ã¤ «¨¬ ¨§ ¤®¡ ¢«¥­­ëå ®¤­® (\åã¤è¥¥", á ­ ¨¡®«ìè¨¬ "i) ®£à -
­¨ç¥­¨¥. �¥à¥§ ª®­¥ç­®¥ ç¨á«® ª®àà¥ªæ¨© â¥à¬¨­ «ì­ëå ®£à ­¨ç¥­¨© ¯®«ãç ¥âáï ¯à®£à ¬¬­®¥
à¥è¥­¨¥ § ¤ ç¨ (4), ­  ª®â®à®¬ ¡ã¤ãâ ¢ë¯®«­ïâìáï ãá«®¢¨ï ¯¥à¥å®¤  ª ¯à®æ¥¤ãà¥ ¤®¢®¤ª¨. �à®-
æ¥¤ãà  ¤®¢®¤ª¨ áâà®¨â ¯à®£à ¬¬­®¥ à¥è¥­¨¥ § ¤ ç¨ (1) ¢ ª« áá¥ ªãá®ç­®-­¥¯à¥àë¢­ëå äã­ª-
æ¨©.

3. �ëç¨á«¥­¨¥ ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë ªãá®ç­®-«¨­¥©­®© § ¤ ç¨ ��

� ¤ ç  (4) ï¢«ï¥âáï ­¥«¨­¥©­®© § ¤ ç¥© ��. �¥è¨¬ ¥¥ á ¯®¬®éìî ª®­¥ç­®£® ç¨á«  ª®àà¥ª-
æ¨© â¥à¬¨­ «ì­ëå ®£à ­¨ç¥­¨© «¨­¥©­®© § ¤ ç¨. �®«®¦¨¢ l = x� � x0, ¤«ï ä¨ªá¨à®¢ ­­®£® �
¢ ª« áá¥ ¤¨áªà¥â­ëå ¯à®£à ¬¬ à áá¬®âà¨¬ «¨­¥©­ãî § ¤ çã ��

�(�) = min�; _x = A(t)x+ b(t)u; x(t�) = x� = x0 + �l; (5)

x(t�) 2 eX�; ju(t)j � 1; t 2 T (� 2 R):

�«ï � = '� § ¤ ç  (5) ¨¬¥¥â ¢¨¤

�� = min�; _x = A(t)x+ b(t)u; x(t�) = x� = x0 + �l; (6)

x(t�) = x�; ju(t)j � 1; t 2 T:

�¥âàã¤­® ¯®ª § âì á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¨å ãâ¢¥à¦¤¥­¨©.

�¥¬¬  1. �ã­ªæ¨ï �(�), � 2 R, ï¢«ï¥âáï ­¥¯à¥àë¢­®© ¬®­®â®­­® ã¡ë¢ îé¥© äã­ªæ¨¥©;
�('�) = ��, �(�)! �1 ¯à¨ �!1.

�¥¬¬  2. �¯â¨¬ «ì­®¥ §­ ç¥­¨¥ e�0 ªà¨â¥à¨ï ª ç¥áâ¢  § ¤ ç¨ (4) à ¢­® ¬¨­¨¬ «ì­®¬ã

ª®à­î ãà ¢­¥­¨ï �(�) = 0.

1�¨á«® " ¯®¤¡¨à ¥âáï â ª, çâ®¡ë ¯®á«¥¤ãîé ï ¯à®æ¥¤ãà  ¤®¢®¤ª¨ áå®¤¨« áì.
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�¢®©áâ¢¥­­ë© ¬¥â®¤ à¥è¥­¨ï § ¤ ç¨ (5) ¯à¨¢¥¤¥­ ­¨¦¥.
�¥è¥­¨¥ § ¤ ç¨ (4) ­ ç­¥¬ á à¥è¥­¨ï § ¤ ç¨ (6). �á«¨ �� = �('�) < 0, â® x� | ¢­ãâà¥­­ïï

â®çª  ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (1), ¢ § ¤ ç¥ (4) § ¢¥¤®¬® áãé¥áâ¢ã¥â ¡¥áª®­¥ç­®¥
¬­®¦¥áâ¢® à¥è¥­¨©, ­  ª®â®àëå ¬®¦­® ¢¢¥áâ¨ ¤®¯®«­¨â¥«ì­ë© ªà¨â¥à¨© ª ç¥áâ¢ . � á«ãç ¥
�� = 0 (á®£« á­® «¥¬¬¥ 2) '� | ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ªà¨â¥à¨ï ª ç¥áâ¢  § ¤ ç¨ (4): e�0 = '�.
�à¨ �� > 0 ­ ©¤¥¬ ¬¨­¨¬ «ì­ë© ª®à¥­ì ãà ¢­¥­¨ï �(�) = 0. �â® ãà ¢­¥­¨¥ ¬®¦­® à¥è âì
«î¡ë¬ ¨§ ¬­®£®ç¨á«¥­­ëå ¨§¢¥áâ­ëå ¬¥â®¤®¢.

�§«®¦¨¬ ¤¢®©áâ¢¥­­ë© ¬¥â®¤ à¥è¥­¨ï § ¤ ç¨ (5). �­ ç «  ¯à¨¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ í«¥¬¥­âë
íâ®£® ¬¥â®¤  [14] ¢ ä®à¬¥, ã¤®¡­®© ¤«ï à¥è¥­¨ï ¨áá«¥¤ã¥¬®© § ¤ ç¨.

�ãáâì Th = ft�; t� + h; : : : ; t� � hg. �á¯®«ì§ãï ä®à¬ã«ã �®è¨ [2] x(t�) = F (t�; t�)x(t�) +
t�R
t�

F (t�; �)b(�)u(�)d� = F (t�; t�)x0+F (t�; t�)�l+
P
t2Th

t+hR
t

F (t�; �)b(�)d� u(t), £¤¥ F (t; �) = F (t)F�1(�),

_F = A(t)F , F (t�) = E, § ¯¨è¥¬ § ¤ çã (5) ¢ íª¢¨¢ «¥­â­®© äã­ªæ¨®­ «ì­®© ä®à¬¥

�(�) = min�; q�(�) �
X
t2Th

fh(t)u(t) + fl� � q�(�); ju(t)j � 1; t 2 T: (7)

�¤¥áì

fh(t) =
Z t+h

t

HF (t�; �)b(�)d�; t 2 Th; fl = HF (t�; t�)l; (8)

q�(�) = g�(�)�HF (t�; t�)x0; q�(�) = g�(�)�HF (t�; t�)x0;

H | m� n-¬ âà¨æ , á®áâ ¢«¥­­ ï ¨§ áâà®ª hi, i 2 I.
�¨­ ¬¨ç¥áª¨© á¯®á®¡ ¯®áâà®¥­¨ï í«¥¬¥­â®¢ (8) á®áâ®¨â ¢ á«¥¤ãîé¥¬. �ãáâì G(t), t 2 T , |

m� n-¬ âà¨ç­ ï äã­ªæ¨ï | à¥è¥­¨¥ ãà ¢­¥­¨ï

_G = �GA(t); G(t�) = H: (9)

�®£¤  í«¥¬¥­âë (8) ¬®¦­® áâà®¨âì ¯® ä®à¬ã« ¬

fh(t) =
Z t+h

t

G(�)b(�)d�; fl = G(t�)l; q�(�) = g�(�) �G(t�)x0; q�(�) = g�(�) �G(t�)x0:

� ¤ ç  (7) ®â«¨ç ¥âáï ®â á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ ¨§ [15] ­ «¨ç¨¥¬ ¯ à ¬¥âà  �, çâ® âà¥¡ã¥â
¢­¥á¥­¨ï ­¥ª®â®àëå ¤®¯®«­¥­¨© ¢ ª®­áâàãªæ¨¨ [15].

� ç­¥¬ á ®á­®¢­®£® ¯®­ïâ¨ï ¬¥â®¤  | ®¯®àë. �ë¤¥«¨¬ ¨§ ¬­®¦¥áâ¢  ¨­¤¥ªá®¢ I ¯à®¨§¢®«ì-
­®¥ ¯®¤¬­®¦¥áâ¢® I®¯, jI®¯j = p, 1 � p � m,   ¨§ Th | ¯à®¨§¢®«ì­®¥ ¯®¤¬­®¦¥áâ¢® T®¯ = ftj ,

j = 1; p� 1g ¨ ¯®áâà®¨¬ p � p-¬ âà¨æã P®¯ =
�
fhi(t); t2T®¯; fli

i2I®¯

�
, £¤¥ fhi(t), fli | i-¥ ª®®à¤¨­ âë

¢¥ªâ®à®¢ fh(t), fl.

�¯à¥¤¥«¥­¨¥ 1. � àã ¬­®¦¥áâ¢ K®¯=fI®¯; T®¯g ­ §®¢¥¬ ®¯®à®© § ¤ ç¨ (7), ¥á«¨ detP®¯ 6= 0.

�¯®àã, á®áâ ¢«¥­­ãî ¨§ I®¯ = fi1 : fli1 6= 0g ¨ T®¯ = ;, ¡ã¤¥¬ ­ §ë¢ âì ¯à®áâ¥©è¥© ®¯®à®©.
�¯¨è¥¬ ¤¢  á¯®á®¡  ¤¨­ ¬¨ç¥áª®© ¯à®¢¥àª¨ á®¢®ªã¯­®áâ¨ K®¯ ­  ®¯®à­®áâì.
�àï¬®© á¯®á®¡.

1) �®áâà®¨¬ â¥à¬¨­ «ì­ë¥ á®áâ®ï­¨ï ��(t�), � 2 T®¯, ¯àï¬®© á¨áâ¥¬ë (1), á®®â¢¥âáâ¢ãîé¨¥
­ ç «ì­®¬ã á®áâ®ï­¨î x(t�) = 0 ¨ ¯à®£à ¬¬¥

u(t) = 1; t 2 [�; � + h[; u(t) = 0; t 2 T n [�; � + h[:

2) � ©¤¥¬ â¥à¬¨­ «ì­®¥ á®áâ®ï­¨¥ ��(t�) ¯àï¬®© á¨áâ¥¬ë (1), á®®â¢¥âáâ¢ãîé¥¥ ­ ç «ì­®¬ã
á®áâ®ï­¨î x(t�) = l ¨ ¯à®£à ¬¬¥ u(t) = 0, t 2 T .

3) �¬­®¦¨¢ ¬ âà¨æã H®¯ = (hi; i 2 I®¯)0 ­  íâ¨ á®áâ®ï­¨ï, á®áâ ¢¨¬ ¬ âà¨æã

P®¯ = (H®¯�� (t
�); � 2 T®¯; H®¯�

�(t�)): (10)
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�¢®©áâ¢¥­­ë© á¯®á®¡.

1) �à®¨­â¥£à¨à®¢ ¢ á®¯àï¦¥­­ãî á¨áâ¥¬ã

_ = �A0(t) (11)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨  (t�) = hi, i 2 I®¯, ­ ©¤¥¬

�0i(t) = h0iF (t
�; t); t 2 T; i 2 I®¯:

2) �®áâ ¢¨¬ ¬ âà¨æã

P®¯ =

0@ t+hR
t

�0i(�)b(�)d�; t 2 T®¯; �0i(t�)l

i 2 I®¯

1A : (12)

� ª¨¬ ®¡à §®¬, á®¢®ªã¯­®áâì K®¯ ï¢«ï¥âáï ®¯®à®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  «î¡ ï ¨§
¬ âà¨æ (10), (12) ­¥®á®¡ ï.

�¯®àã K®¯ á®¯à®¢®¦¤ îâ á«¥¤ãîé¨¥ í«¥¬¥­âë.
1. �¥ªâ®à ¯®â¥­æ¨ «®¢ � = (�1; : : : ; �p). �ëç¨á«¨¬ ¥£® ª ª à¥è¥­¨¥ ãà ¢­¥­¨ï � 0P®¯ = e0p, £¤¥

ep = (0; 0; : : : ; 1) 2 Rp | ¥¤¨­¨ç­ë© ®àâ. �á­®, çâ® � 0 =
�
P�1
®¯

�
p
, â. ¥. � ¯à¥¤áâ ¢«ï¥â p-î áâà®ªã

¬ âà¨æë P�1
®¯ .

2. �®âà ¥ªâ®à¨ï  (t), t 2 T , | à¥è¥­¨¥ á®¯àï¦¥­­®£® ãà ¢­¥­¨ï (11) á ­ ç «ì­ë¬ ãá«®¢¨¥¬
 (t�) = �H 0

®¯�.
3. �®ã¯à ¢«¥­¨¥ �h(t), t 2 Th, | ¤¨­ ¬¨ç¥áª¨©  ­ «®£ ¢¥ªâ®à  ®æ¥­®ª [16]: �h(t) = �

P
i2I®¯

�ifhi(t),

t 2 Th. �¨­ ¬¨ç¥áª ï ä®à¬ã«  ¤«ï ¢ëç¨á«¥­¨ï ª®ã¯à ¢«¥­¨ï ¨¬¥¥â ¢¨¤

�h(t) =
Z t+h

t

 0(�)b(�)d�; t 2 Th:

4. �á¥¢¤®ã¯à ¢«¥­¨¥ !(t), t 2 Th, ¯ à ¬¥âà �! ­ ç «ì­®£® á®áâ®ï­¨ï ¨ ¢ëå®¤­®© ¯á¥¢¤®á¨£-
­ « �(t�) = (�i(t�); i 2 I) ¢ ¬®¬¥­â t�. �«ï ¨å ¯®áâà®¥­¨ï á­ ç «  § ¤ ¤¨¬ ®¯®à­ë¥ í«¥¬¥­âë

�i(t�) = g�i(�) ¯à¨ �i > 0; �i(t�) = g�i (�) ¯à¨ �i < 0;

�i(t
�) 2 [g�i(�); g

�
i (�)] ¯à¨ �i = 0; i 2 I®¯;

¨ §­ ç¥­¨ï ¯á¥¢¤®ã¯à ¢«¥­¨ï ¢ ­¥®¯®à­ë¥ ¬®¬¥­âë

!(t) = �1 ¯à¨ �h(t) > 0; !(t) = 1 ¯à¨ �h(t) < 0;

!(t) 2 [�1; 1] ¯à¨ �h(t) = 0; t 2 T­:

�¨­ ¬¨ç¥áª¨© á¯®á®¡ ¯®áâà®¥­¨ï á®¢®ªã¯­®áâ¨ f!®¯ = (!(t); t 2 T®¯); �!g á¢®¤¨âáï ª á«¥¤ã-
îé¨¬ ®¯¥à æ¨ï¬.

1) �ëç¨á«¨¬ {0(t�) | §­ ç¥­¨¥ ¢ ¬®¬¥­â t� à¥è¥­¨ï {0(t), t 2 T , ¯àï¬®£® ãà ¢­¥­¨ï (1) á
­ ç «ì­ë¬ ãá«®¢¨¥¬ x(t�) = x0 ¨ ¯à®£à ¬¬®© u(t) = !(t), t 2 T­; u(t) = 0, t 2 T®¯.

2) �¥è¨¬ ãà ¢­¥­¨¥

P®¯

�
!®¯
�!

�
= �®¯ �H®¯{0(t

�); (13)

£¤¥ �®¯ = (�i(t�); i 2 I®¯).
�¥è¥­¨¥ {(t), t 2 T , ¯àï¬®£® ãà ¢­¥­¨ï (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(t�) = x0 + �!l ¨ ¤¨á-

ªà¥â­®© ¯à®£à ¬¬®© u(t) = !(t), t 2 T , ­ §®¢¥¬ ¯á¥¢¤®âà ¥ªâ®à¨¥©, ¢¥ªâ®à � = �(t�) = H{(t�)
| ¢ëå®¤­ë¬ ¯á¥¢¤®á¨£­ «®¬ ¢ ¬®¬¥­â t�, á®¯à®¢®¦¤ îé¨¬¨ ®¯®àã K®¯.

�¥®¯®à­ë¥ ª®¬¯®­¥­âë ¢¥ªâ®à  �(t�) à ¢­ë �­ = (�i(t�); i 2 I­) = (h0i{(t
�); i 2 I­).

�¯®àã ¨á¯®«ì§ã¥¬ ¯à¥¦¤¥ ¢á¥£® ¤«ï ¨¤¥­â¨ä¨ª æ¨¨ ®¯â¨¬ «ì­ëå ¯à®£à ¬¬.
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�¥®à¥¬  1 (¯à¨­æ¨¯ ¬¨­¨¬ã¬ ). �«ï ®¯â¨¬ «ì­®áâ¨ ¯à®£à ¬¬ë u(t), t 2 T , ­¥®¡å®¤¨¬®
¨ ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï â ª®© ®¯®àë K®¯, çâ®¡ë ­  á®¯à®¢®¦¤ îé¨å ¥¥ ¢¥ªâ®à¥ ¯®â¥­-

æ¨ «®¢ � ¨ ª®âà ¥ªâ®à¨¨  (t), t 2 T , ¢ë¯®«­ï«¨áì ¤¢  ãá«®¢¨ï :
1) ãá«®¢¨¥ ¬¨­¨¬ã¬  ¤«ï ¯à®£à ¬¬ëZ t+h

t

 0(�)b(�)d� u(t) = min
juj�1

Z t+h

t

 0(�)b(�)d� u; t 2 Th; (14)

2) ãá«®¢¨¥ âà ­á¢¥àá «ì­®áâ¨ ¤«ï âà ¥ªâ®à¨¨

� 0Hx(t�) = min � 0z; g�(�) � z � g�(�): (15)

�¯à¥¤¥«¥­¨¥ 2. �¯®àãK®¯, ­  ª®â®à®© ¢ë¯®«­ïîâáï ãá«®¢¨ï (14), (15), ­ §®¢¥¬ ®¯â¨¬ «ì-
­®©.

�¥®à¥¬  2 (ªà¨â¥à¨© ®¯â¨¬ «ì­®áâ¨ ®¯®àë). �«ï ®¯â¨¬ «ì­®áâ¨ ®¯®àë K®¯ ­¥®¡å®¤¨¬®

¨ ¤®áâ â®ç­®, çâ®¡ë ­  ­¥ª®â®àëå á®¯à®¢®¦ îé¨å ¥¥ ¯á¥¢¤®ã¯à ¢«¥­¨¨ !(t), t 2 T , ¨ ¢ëå®¤-

­®¬ ¯á¥¢¤®á¨£­ «¥ �(t�) = H{(t�) ¢ë¯®«­ï«¨áì á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢ :

j!(t)j � 1; t 2 T®¯; g�i(�) � �i(t
�) � g�i (�); i 2 I­:

�¯à¥¤¥«¥­¨¥ 3. �¯®àã K®¯ ­ §®¢¥¬ à¥£ã«ïà­®©, ¥á«¨ á®¯à®¢®¦¤ îé¨¥ ¥¥ ¢¥ªâ®à ¯®â¥­æ¨-
 «®¢ � ¨ ª®ã¯à ¢«¥­¨¥ �h(t), t 2 Th, ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ �i 6= 0, i 2 I®¯; �h(t) 6= 0,
t 2 T­.

�¥£ã«ïà­ãî ®¯®àã á®¯à®¢®¦¤ îâ ¥¤¨­áâ¢¥­­ë¥ ¯á¥¢¤®ã¯à ¢«¥­¨¥ !(t), t 2 T , ¨ ¢ëå®¤­®©
¯á¥¢¤®á¨£­ « �(t�).

�  ®á­®¢¥ íâ¨å à¥§ã«ìâ â®¢ à §à ¡®â ­ ¤¢®©áâ¢¥­­ë© ¬¥â®¤ à¥è¥­¨ï «¨­¥©­®© § ¤ ç¨ (5),
ª®â®àë© ¯à¥¤áâ ¢«ï¥â ¯®á«¥¤®¢ â¥«ì­®¥ ¯à¥®¡à §®¢ ­¨¥ ®¯®à ¤® ¯®«ãç¥­¨ï ®¯â¨¬ «ì­®© ®¯®-
àë.

�ãáâì K®¯ | ­ ç «ì­ ï ®¯®à  § ¤ ç¨ (¢ ª ç¥áâ¢¥ ¥¥ ¬®¦­® ¢§ïâì ¯à®áâ¥©èãî ®¯®àã). �à¥¤-
¯®«®¦¨¬, çâ® ®­  ­¥ ã¤®¢«¥â¢®àï¥â ªà¨â¥à¨î ®¯â¨¬ «ì­®áâ¨ ®¯®àë.

� æ¥«ìî ã¯à®é¥­¨ï ¢ëª« ¤®ª ¯à¥¤¯®«®¦¨¬, çâ® 1) ­  ¨â¥à æ¨ïå ¬¥â®¤  ãç áâ¢ãîâ «¨èì à¥-
£ã«ïà­ë¥ ®¯®àë (®¡é¨© á«ãç © à áá¬®âà¥­ ¢ [16]); 2) ª®ã¯à ¢«¥­¨¥ �h(t), t 2 Th, ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

�h(t� h)�h(t+ h) < 0; ¥á«¨ t 2 T®¯; t� < t < t� � h;

�h(t� + h) 6= 0; ¥á«¨ t� 2 T®¯; �h(t� � 2h) 6= 0; ¥á«¨ t� � h 2 T®¯:

�®¬¥­â t 2 T­ n t� ¡ã¤¥¬ ­ §ë¢ âì ­¥®¯®à­ë¬ ­ã«¥¬, ¥á«¨ �h(t � h)�h(t) < 0. �­®¦¥áâ¢®
­¥®¯®à­ëå ­ã«¥© ®¡®§­ ç¨¬ ç¥à¥§ T­0. �ãáâì T®­ = T­0 [ T®¯ [ ft�; t

�g = fts; s 2 S [ s� + 1g,
S = f0; 1; : : : ; s�g. �¥à¥§ Ts, s 2 S, ®¡®§­ ç¨¬ ¯à®¬¥¦ãâª¨ ¯®áâ®ï­áâ¢  §­ ª  ª®ã¯à ¢«¥­¨ï:

Ts = ft�s = ts; ts + h; : : : ; t�s = ts+1 � hg; ¥á«¨ ts =2 T®¯;

Ts = ft�s = ts + h; ts + 2h; : : : ; t�s = ts+1 � hg; ¥á«¨ ts 2 T®¯:

�á«¨ t� � h 2 T®¯, â® ¯®«®¦¨¬ Ts� = 0.
�¢¥¤¥¬ ¢¥ªâ®àë

d = H{0(t�) = G(t�)x0 + 

s�X
s=0

(�1)s+1
Z t�

s
+h

t�s

G(�)b(�)d�; d®¯ = (di; i 2 I®¯)

(
 = sign �h(t�), ¥á«¨ t� =2 T®¯; 
 = sign �h(t� + h), ¥á«¨ t� 2 T®¯).
�®£¤  ãà ¢­¥­¨¥ (13) ¯à¨¬¥â ¢¨¤ P®¯ (

!®¯

�! ) = �®¯ � d®¯.
� ¯®¬®éìî ¢¥ªâ®à  d ¨ ¬ âà¨æë Pj®¯j = (fh(t); t 2 T®¯; fl) «¥£ª® ¯®¤áç¨â âì ¨ ¢ëå®¤­®©

¯á¥¢¤®á¨£­ « �(t�) = Pj®¯j (
!®¯

�! ) + d. � âà¨æ  Pj®¯j áâà®¨âáï  ­ «®£¨ç­® P®¯, ­ ¯à¨¬¥à, ¯àï¬ë¬
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á¯®á®¡®¬: Pj®¯j = (H�� (t�), � 2 T®¯; H��(t�)) ¨«¨ ¤¢®©áâ¢¥­­ë¬: Pj®¯j =
� t+hR

t

G(�)b(�)d� , t 2 T®¯;

G(t�)l
�
.

�ã¤¥¬ áç¨â âì, çâ® ª ­ ç «ã ¨â¥à æ¨¨ ªà®¬¥ ¯ à ¬¥âà®¢ § ¤ ç¨ A(t), b(t), t 2 T ; H, g�(�),
g�(�), l, ¨§¢¥áâ­  á«¥¤ãîé ï ¨­ä®à¬ æ¨ï (åà ­¨âáï ¢ ®¯¥à â¨¢­®© ¯ ¬ïâ¨ ���): 1) ®¯®à 
K®¯ = fI®¯; T®¯g, 2) ¬­®¦¥áâ¢® ­¥®¯®à­ëå ­ã«¥© T­0, 3) ¬ âà¨æ  Pj®¯j, 4) §­ ç¥­¨ïG(t), t 2 T®­nt�,
5) ¢¥«¨ç¨­  
, 6) ®¯®à­ë¥ §­ ç¥­¨ï ¯á¥¢¤®ã¯à ¢«¥­¨ï !(t), t 2 T®¯, ¨ §­ ç¥­¨¥ ¯ à ¬¥âà  �!,
7) ¢¥ªâ®à d, 8) ¢¥ªâ®à ¯®â¥­æ¨ «®¢ �, 9) ¢¥ªâ®à ¢ëå®¤­®£® ¯á¥¢¤®á¨£­ «  �(t�).

�­ä®à¬ æ¨ï, ­¥®¡å®¤¨¬ ï ¤«ï ¯¥à¢®© ¨â¥à æ¨¨, £®â®¢¨âáï ¯® ¨§«®¦¥­­ë¬ ¢ëè¥ ¯à ¢¨« ¬.
� «¥¥ ®­  ¯à¥®¡à §ã¥âáï ¯® å®¤ã ¨â¥à æ¨©.

�â¥à æ¨ï. �® ª®¬¯®­¥­â ¬ !(t), t 2 T®¯; �i(t�), i 2 I­, ¢ëç¨á«¨¬

�(�i(t�); [g�i(�); g
�
i (�)]); i 2 I­; �(!(t); [�1; 1]); t 2 T®¯; (16)

(�(c; [a; b]) | à ááâ®ï­¨¥ ®â â®çª¨ c ¤® ®âà¥§ª  [a; b]). �§ (16) ¢ë¡¥à¥¬ ­ ¨¡®«ìè¨¥

�i0 = �(�i0(t
�); [g�i0(�); g

�
i0
(�)]) = max �(�i(t�); [g�i(�); g

�
i (�)]); i 2 I­;

�(t0) = �(!(t0); [�1; 1]) = max �(!(t); [�1; 1]); t 2 T®¯:

�¯à¥¤¥«¨¬ �0 = maxf�i0 ; �(t0)g ¨ ¨áá«¥¤ã¥¬ ª ¦¤ãî ¨§ ¤¢ãå á¨âã æ¨©: 1) �0 = �(t0), 2) �0 = �i0 .
1) (�0 = �(t0)). � ç­¥¬ á ä®à¬¨à®¢ ­¨ï ­ ¯à ¢«¥­¨ï �� ¨§¬¥­¥­¨ï ¢¥ªâ®à  ¯®â¥­æ¨ «®¢ �,

à¥è¨¢ á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨©

�P 0
®¯�� = (��h(t); t 2 T®¯) (��h(t0) = � sign!(t0); ��h(t) = 0; t 2 T®¯ n t0):

�¡®§­ ç¨¬ �e� = (�e�i; i 2 I), �e�i = ��i, ¥á«¨ i 2 I®¯; �e�i = 0, ¥á«¨ i 62 I®¯. � ¯à ¢«¥­¨¥
¨§¬¥­¥­¨ï ª®ã¯à ¢«¥­¨ï ��h(t), t 2 Th, ¯®áâà®¨¬ ¯® ä®à¬ã«¥

��h(t) = �
Z t+h

t

�e� 0G(�)b(�)d�; t 2 Th: (17)

�¢¥¤¥¬ ¢®§¬ãé¥­­ë¥ ª®ã¯à ¢«¥­¨¥

�h(t; �) = �h(t) + ���h(t); t 2 Th; � � 0; (18)

¨ ¢¥ªâ®à ¯®â¥­æ¨ «®¢

�(�) = � + ���: (19)

� «¥¥ ¯à¥¤¯®« £ ¥âáï, çâ® ��h(t�s)��h(t�s�1) > 0, ¥á«¨ t�s 2 T®­ n ft�; t�g, s = 1; s�.
�®£« á­® [16] ¢ ¬ «®© ¯à ¢®áâ®à®­­¥© ®ªà¥áâ­®áâ¨ â®çª¨ � = 0 ¤¢®©áâ¢¥­­ë© ªà¨â¥à¨©

ª ç¥áâ¢  ¨§¬¥­ï¥âáï ¢¤®«ì ­ ¯à ¢«¥­¨ï �� á® áª®à®áâìî �(1) = �0 > 0.
� â¥à¬¨­ å ¢¥ªâ®à  ¯®â¥­æ¨ «®¢ § ¬¥­  ®¯®àë á¢ï§ ­  á ¤¢¨¦¥­¨¥¬ ¢¤®«ì �� ¤® ¯®«­®©

à¥« ªá æ¨¨ ¢ â®çª¥ � = �+���� ªãá®ç­®-«¨­¥©­®£® ¯® � � 0 ¤¢®©áâ¢¥­­®£® ªà¨â¥à¨ï ª ç¥áâ¢ .
\�«¨­­ë©" ¤¢®©áâ¢¥­­ë© è £ �� ¢ëç¨á«¨¬ á ¯®¬®éìî ­¥áª®«ìª¨å \ª®à®âª¨å" è £®¢.

�«ï ¢ëç¨á«¥­¨ï \ª®à®âª¨å" è £®¢, ¢ ª®â®àëå ¨§¬¥­¥­¨¥ ¤¢®©áâ¢¥­­®£® ªà¨â¥à¨ï ª ç¥áâ¢ 
â¥à¯¨â ¨§«®¬, ­ àï¤ã á ã¯®¬ï­ãâ®© ¨­ä®à¬ æ¨¥©, åà ­ïé¥©áï ¢ ¯ ¬ïâ¨ ���, ¡ã¤¥¬ ¨á¯®«ì-
§®¢ âì ¤®¯®«­¨â¥«ì­ãî. �®á«¥¤­ïï ¤«ï ¯®áâà®¥­¨ï ¯¥à¢®£® \ª®à®âª®£®" è £  �(1) ¨¬¥¥â ¢¨¤
�(1),

�(t0); #(t0); s0; �i; i 2 I®¯; �(t�); �(t�); �(t); #(t); t 2 T­0: (20)

�®ïá­¨¬ ä¨§¨ç¥áª¨© á¬ëá« ç¨á¥« (20). � ¦¤®¥ ¨§ ç¨á¥« �(t), �i ¯à¥¤áâ ¢«ï¥â §­ ç¥­¨¥ è £ 
¢¤®«ì ��, ¯à¨ ª®â®à®¬ ¨«¨ ª®¬¯®­¥­â  (18), ¨«¨ ª®¬¯®­¥­â  (19) ®¡à é ¥âáï ¢ ­ã«ì, çâ® ¢ë-
§ë¢ ¥â áª ç®ª áª®à®áâ¨ ¤¢®©áâ¢¥­­®£® ªà¨â¥à¨ï ª ç¥áâ¢ . �¨á«  #(t) ãª §ë¢ îâ ­ ¯à ¢«¥­¨¥
¯¥à¥¬¥é¥­¨ï ­ã«ï ª®ã¯à ¢«¥­¨ï ¯à¨ ã¢¥«¨ç¥­¨¨ �; s0 | ¨­¤¥ªá ¬®¬¥­â  t0 ¢ T®­.
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�âáî¤  á«¥¤ãîâ ä®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨ï ç¨á¥« (20)

�(t0) = ��h(t0 + h)=��h(t0 + h); #(t0) = 1; ¥á«¨ (�1)s0+1
��h(t0) < 0;

�(t0) = ��h(t0 � h)=��h(t0 � h); #(t0) = �1; ¥á«¨ (�1)s0+1
��h(t0) > 0;

�i =

(
��i=��i; ¥á«¨ �i��i < 0;

1; ¥á«¨ �i��i � 0; i 2 I®¯;

�(t�) =

(
��h(t�)=��h(t�); ¥á«¨ �h(t�)��h(t�) < 0;

1; ¥á«¨ �h(t�)��h(t�) � 0;

�(t�) =

(
��h(t� � h)=��h(t� � h); ¥á«¨ �h(t� � h)��h(t� � h) < 0;

1; ¥á«¨ �h(t� � h)��h(t� � h) � 0;

�(t) = ��h(t)=��h(t); #(t) = 1; ¥á«¨ �h(t)��h(t) < 0;

�(t) = ��h(t� h)=��h(t� h); #(t) = �1; ¥á«¨ �h(t� h)��h(t� h) < 0; t 2 T­0;

�h(t) = �e� 0fh(t); ��h(t) = ��e� 0fh(t); fh(t) =
Z t+h

t

G(�)b(�)d�;

�h(t+ h) = �e� 0fh(t+ h); ��h(t+ h) = ��e� 0fh(t+ h); fh(t+ h) =
Z t+2h

t+h

G(�)b(�)d�;

�h(t� h) = �e� 0fh(t� h); ��h(t� h) = ��e� 0fh(t� h); fh(t� h) =
Z t

t�h

G(�)b(�)d�;

e� = (e�i; i 2 I), e�i = �i, ¥á«¨ i 2 I®¯; e�i = 0, ¥á«¨ i =2 I®¯.
� ª¨¬ ®¡à §®¬, ¤«ï ¢ëç¨á«¥­¨ï ç¨á¥« (20) ¤®áâ â®ç­® ¢§ïâì ¢ ª ç¥áâ¢¥ ­ ç «ì­ëå á®áâ®ï-

­¨©G(t) §­ ç¥­¨ï, åà ­ïé¨¥áï ¢ ¯ ¬ïâ¨ ���, ¨ ¯à®¨­â¥£à¨à®¢ âì ãà ¢­¥­¨¥ (9) ­  ¯à®¬¥¦ãâª¥
[t; t+ 2h] ¨«¨ [t� h; t].

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ¢ë¯®«­¥­¨î \ª®à®âª¨å" è £®¢, ¯à®¢¥¤¥¬ \­ã«¥¢®©" è £, ­  ª®â®à®¬
¯à¥®¡à §ã¥¬ åà ­ïéãîáï ¢ ¯ ¬ïâ¨ ��� ¨­ä®à¬ æ¨î, áç¨â ï, çâ® á¤¥« ­ ¬ «ë© è £ � > 0
¢¤®«ì ­ ¯à ¢«¥­¨ï ��.

1. �à¨ t� < t0 < t�� h, #(t0) = 1 ¯®«®¦¨¬ d(1) = d+ (�1)s0
fh(t0); T
(1)
­0 = T­0 [ t0+ h; ¢¬¥áâ®

§­ ç¥­¨ï G(t0) ¢ ¯ ¬ïâì § ­¥á¥¬ G(t0 + h).
2. �á«¨ t� < t0 � t� � h, #(t0) = �1, â® d(1) = d+ (�1)s0+1
fh(t0), T

(1)
­0 = T­0 [ t0.

3. � á«ãç ¥ t0 = t�, #(t0) = 1 ¯®«®¦¨¬ d(1) = d + 
fh(t0), T
(1)
­0 = T­0 [ t0 + h, 
(1) = �
;

s�(1) = s� + 1; ¯¥à¥­ã¬¥àã¥¬ â®çª¨ ¬­®¦¥áâ¢  T®­.
4. �à¨ t0 = t�, #(t0) = �1 áç¨â ¥¬ d(1) = d � 
fh(t0), T

(1)
­0 = T­0. �«ãç © ¨­â¥à¯à¥â¨àã¥âáï

ª ª ¨áç¥§­®¢¥­¨¥ ®¯®à­®£® ­ã«ï ç¥à¥§ «¥¢ãî £à ­¨æã ¬­®¦¥áâ¢  Th.
5. �á«¨ t0 = t� � h, #(t0) = 1, â® ¯®«®¦¨¬ d(1) = d+ (�1)s0
fh(t0), T

(1)
­0 = T­0; s�

(1) = s� � 1,
¨§ ¯ ¬ïâ¨ ã¤ «¨¬ §­ ç¥­¨¥ G(t0). �«ãç © âà ªâã¥âáï ª ª ¨áç¥§­®¢¥­¨¥ ®¯®à­®£® ­ã«ï
ç¥à¥§ ¯à ¢ãî £à ­¨æã ¬­®¦¥áâ¢  Th.

�áâ «ì­ ï ¨­ä®à¬ æ¨ï ¤«ï ¯¥à¢®£® è £  ¯¥à¥¯¨áë¢ ¥âáï ¡¥§ ¨§¬¥­¥­¨©.
�à¥¤¯®«®¦¨¬, çâ® ¢¤®«ì ­ ¯à ¢«¥­¨ï �� ¢ëç¨á«¥­ `� 1 \ª®à®âª¨©" è £ �(1); �(2); : : : ; �(`�1)

¨ ¨­ä®à¬ æ¨ï ¯¥à¥¤ `-¬ \ª®à®âª¨¬" è £®¬ ¨¬¥¥â ¢¨¤:
1) ¬­®¦¥áâ¢  T (`)

­0 , T
(`) = T

(`)
­0 [ t� [ t

�,
2) ç¨á«  �(`)(t), t 2 T (`), �(`)i , i 2 I®¯,
3) ç¨á«® 
(`),
4) ¢¥ªâ®à d(`),
5) §­ ç¥­¨ï G(t), t 2 T (`)

­0 [ t0,
6) ç¨á«® s�(`),
7) áª®à®áâì ¨§¬¥­¥­¨ï ¤¢®©áâ¢¥­­®£® ªà¨â¥à¨ï ª ç¥áâ¢  �(`).
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� æ¥«ìî ã¯à®é¥­¨ï ¢ëª« ¤®ª ¯à¥¤¯®«®¦¨¬, çâ® ¢á¥ ç¨á«  �(`)(t), t 2 T (`); �(`)i , i 2 I®¯,
à §«¨ç­ë §  ¨áª«îç¥­¨¥¬, ¢®§¬®¦­®, ¯ àë ç¨á¥« �(`)(t), �(`)(t+h) ¯à¨ ­¥ª®â®àëå t 2 Thn(t��h).
�«ãç © á®¢¯ ¤¥­¨ï ¤àã£¨å ç¨á¥« ¢ (20) à áá¬®âà¥­ ¢ [16].

�áå®¤ï ¨§ ¯®«ãç¥­­®© ¨­ä®à¬ æ¨¨, ¯®¤áç¨â ¥¬ `-© \ª®à®âª¨©" è £

�(`) = minf�(t(`)); �i(`)g; (21)

£¤¥ �(t(`)) = min�(t), t 2 T (`); �i(`) = min�i, i 2 I®¯.
�â® ¯®§¢®«¨â ãª § âì ¯à®¬¥¦ãâ®ª [�(`�1); �(`)], ­  ª®â®à®¬ ¤¢®©áâ¢¥­­ë© ªà¨â¥à¨© ª ç¥áâ¢ 

¢®§à áâ ¥â á® áª®à®áâìî �(`). � â®çª¥ � = �(`) áª®à®áâì ¨§¬¥­¥­¨ï ¤¢®©áâ¢¥­­®£® ªà¨â¥à¨ï
ª ç¥áâ¢  ¢¤®«ì �� ã¡ë¢ ¥â ­ 

��(`) =

(
2j��h(t(`))j; ¥á«¨ �(`) = �(t(`));

(g�
i(`)
(�)� g�i(`)(�))j��i(`) j; ¥á«¨ �(`) = �i(`) ;

¨ ¢ ¬ «®© ¯à ¢®áâ®à®­­¥© ®ªà¥áâ­®áâ¨ â®çª¨ �(`) áâ ­®¢¨âáï à ¢­®©

�(`+1) = �(`) ���(`) < �(`):

�à¨ �(`+1) � 0 ¯®«®¦¨¬ �� = �(`) ¨ ¯¥à¥©¤¥¬ ª § ª«îç¨â¥«ì­®¬ã è £ã. � ¯à®â¨¢­®¬ á«ãç ¥ ¯à¨-
áâã¯¨¬ ª ä®à¬¨à®¢ ­¨î ¨­ä®à¬ æ¨¨ 1){7) ¤«ï ®áãé¥áâ¢«¥­¨ï á«¥¤ãîé¥£® \ª®à®âª®£®" è £ .

�ã¤¥¬ à §«¨ç âì ¤¢¥ ¢®§¬®¦­®áâ¨:  ) �(`) = �(t(`)), ¡) �(`) = �i(`) .
 ) �à ­ïéãîáï ¢ ¯ ¬ïâ¨ ¨­ä®à¬ æ¨î ¯à¥®¡à §ã¥¬ ¢ § ¢¨á¨¬®áâ¨ ®â á«¥¤ãîé¨å á¨âã æ¨©.

A. �ãáâì �(t(`)) | ¥¤¨­áâ¢¥­­®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ (21), s(`) | ¨­¤¥ªá ¬®¬¥­â  t(`) ¢ T®­.

A.1. �á«¨ t(`) 2 T
(`)
­0 ¨ #(t(`)) = 1, â® ¯®«®¦¨¬ T

(`+1)
­0 = (T (`)

­0 n t(`)) [ t(`) + h; d(`+1) = d(`) +
2(�1)s

(`)


(`)fh(t(`)); ¢ëç¨á«¨¬ ­®¢ë© è £ �(t(`) + h) = ��h(t(`) + h)=��h(t(`) + h). �¬¥áâ®
§­ ç¥­¨ï G(t(`)) ¢ ¯ ¬ïâì ��� § ­¥á¥¬ G(t(`) + h).

A.2. �á«¨ t(`) 2 T
(`)
­0 ¨ #(t(`)) = �1, â® ¯®«®¦¨¬ T

(`+1)
­0 = (T (`)

­0 n t
(`)) [ t(`) � h; d(`+1) = d(`) �

2(�1)s
(`)


(`)fh(t(`) � h); ¢ëç¨á«¨¬ è £ �(t(`) � h) = ��h(t(`) � 2h)=��h(t(`) � 2h). �¬¥áâ®
§­ ç¥­¨ï G(t(`)) ¢ ¯ ¬ïâì ��� § ­¥á¥¬ G(t(`) � h).

A.3. �á«¨ t(`) = t�, â® T
(`+1)
­0 = T

(`)
­0 [ t(`) + h (¢ T

(`)
­0 § ­¥á¥¬ ­®¢ë© ­¥®¯®à­ë© ­ã«ì t(`) +

h); ¯®«®¦¨¬ d(`+1) = d(`) + 2
(`)fh(t(`)), 
(`+1) = �
(`), #(t(`)) = 1, s�(`+1) = s�(`) + 1,
¯¥à¥­ã¬¥àã¥¬ â®çª¨ ¬­®¦¥áâ¢  T®­. � ­¥á¥¬ ¢ ¯ ¬ïâì ��� G(t(`) + h) ¨ ­ ©¤¥¬ ­®¢ë©
è £ �(t(`)+h) = ��h(t(`)+h)=��h(t(`)+h). �â  á¨âã æ¨ï âà ªâã¥âáï ª ª ¯®ï¢«¥­¨¥ ­®¢®£®
­ã«ï äã­ªæ¨¨ (18) ­  «¥¢®¬ ª®­æ¥ Th.

A.4. �á«¨ t(`) = t�, â® T (`+1)
­0 = T

(`)
­0 [ t

(`) � h (¢ T (`)
­0 § ­¥á¥¬ ­®¢ë© ­¥®¯®à­ë© ­ã«ì t(`) � h);

¯®«®¦¨¬ d(`+1) = d(`)+2(�1)s
�(`)


(`)fh(t(`)�h), #(t(`)) = �1, s�(`+1) = s�(`)+1, ¯¥à¥­ã¬¥àã¥¬
â®çª¨ ¬­®¦¥áâ¢  T®­. � ­¥á¥¬ ¢ ¯ ¬ïâì ��� G(t(`) � h) ¨ ­ ©¤¥¬ è £ �(t(`) � h) =
��h(t(`)�2h)=��h(t(`)�2h). �¨âã æ¨ï âà ªâã¥âáï ª ª ¢®§­¨ª­®¢¥­¨¥ ­®¢o£® ­ã«ï äã­ªæ¨¨
(18) ­  ¯à ¢®¬ ª®­æ¥ Th.

B. �ãáâì è £ ¢ ä®à¬ã«¥ (21) ¤®áâ¨£áï ¢ ¤¢  ¬®¬¥­â  t(`) ¨ t(`) + h: �(t(`)) = �(t(`) + h).

B.1. �á«¨ t(`) = t�, â® T
(`+1)
­0 = T (`)

­0 n t
(`)+h (¨§ ¬­®¦¥áâ¢  T (`)

­0 ã¤ «¨¬ â®çªã t(`)+h); ¯®«®¦¨¬
d(`+1) = d(`) + 2
(`)fh(t(`)), 
(`+1) = �
(`), �(t(`)) = 1, s�(`+1) = s�(`) � 1, ¯¥à¥­ã¬¥àã¥¬
â®çª¨ ¬­®¦¥áâ¢  T®­. �§ ¯ ¬ïâ¨ ��� ã¤ «¨¬ §­ ç¥­¨¥ G(t(`) + h). � íâ®¬ á«ãç ¥ ­ã«ì
t(`) + h ¯¥à¥¬¥áâ¨âáï ¢ â®çªã t�, ¥á«¨ t� 62 T®¯, ¨«¨ ¢ â®çªã t� + h, ¥á«¨ t� 2 T®¯. �à¨
� > �(`) íâ  á¨âã æ¨ï âà ªâã¥âáï ª ª ¨áç¥§­®¢¥­¨¥ ­ã«ï t(`)+ h ç¥à¥§ «¥¢ãî £à ­¨æã Th.

B.2. �á«¨ t(`) + h = t�, â® T (`+1)
­0 = T

(`)
­0 n t(`) (¨§ T (`)

­0 ã¤ «¨¬ â®çªã t(`)); ¯®«®¦¨¬ d(`+1) =
d(`)+2(�1)s

�(`)


(`)fh(t(`)); �(t(`)+h) =1; s�(`+1) = s�(`)�1, ¯¥à¥­ã¬¥àã¥¬ â®çª¨ ¬­®¦¥áâ¢ 
T®­. �§ ¯ ¬ïâ¨ ��� ã¤ «¨¬ G(t(`)). �à¨ � > �(`) á¨âã æ¨ï âà ªâã¥âáï ª ª ¨áç¥§­®¢¥­¨¥
­ã«ï t(`) ç¥à¥§ ¯à ¢ãî £à ­¨æã ¬­®¦¥áâ¢  Th.
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B.3. �á«¨ t(`); t(`)+h2T (`)
­0 , â® ¯®«®¦¨¬ T

(`+1)
­0 =T (`)

­0 nft
(`); t(`)+hg, d(`+1) = d(`)+2(�1)s

(`)


(`)fh(t(`)),
s�(`+1) = s�(`)�2, ¯¥à¥­ã¬¥àã¥¬ â®çª¨ ¬­®¦¥áâ¢  T®­. �§ ¯ ¬ïâ¨ ã¤ «¨¬G(t(`)),G(t(`)+h).
�â  á¨âã æ¨ï âà ªâã¥âáï ª ª á«¨¯ ­¨¥ ¨ ¨áç¥§­®¢¥­¨¥ ¤¢ãå ­ã«¥© ¢ â®çª¥ t(`) ¯à¨
� > �(`).

C. �á«¨ à¥ «¨§®¢ «¨áì ãá«®¢¨ï á«ãç ï A ¨ «¨¡® 1) t(`)+h 2 T®¯ ¨ #(t(`)) = 1, «¨¡® 2) t(`)�2h 2 T®¯
¨ #(t(`)) = �1, â® á¨âã æ¨î âà ªâã¥¬ ª ª ¯¥à¥å®¤ ¯®¤¢¨¦­®£® ­ã«ï ç¥à¥§ ®¯®à­ë©.

C.1. �®«®¦¨¬ T
(`+1)
­0 = (T (`)

­0 n t
(`))[ t(`)+2h, d(`+1) = d(`)+2(�1)s

(`)


(`)fh(t(`)), ¢ëç¨á«¨¬ ­®¢ë©
è £ �(t(`) + 2h) = ��h(t(`) + 2h)=��h(t(`) + 2h). �¬¥áâ® §­ ç¥­¨ï G(t(`)) ¢ ¯ ¬ïâì ���
§ ­¥á¥¬ G(t(`) + 2h). �¥à¥­ã¬¥àã¥¬ â®çª¨ ¬­®¦¥áâ¢  T®­.

C.2. �®«®¦¨¬ T (`+1)
­0 = (T (`)

­0 n t
(`)) [ t(`) � 2h, d(`+1) = d(`) � 2(�1)s

(`)


(`)fh(t(`) � h), ¢ëç¨á«¨¬
­®¢ë© è £ �(t(`) � 2h) = ��h(t(`) � 3h)=��h(t(`) � 3h). �¬¥áâ® §­ ç¥­¨ï G(t(`)) ¢ ¯ ¬ïâì
��� § ­¥á¥¬ G(t(`) � 2h). �¥à¥­ã¬¥àã¥¬ â®çª¨ ¬­®¦¥áâ¢  T®­.

�áâ «ì­ ï ¨­ä®à¬ æ¨ï ¯¥à¥¯¨áë¢ ¥âáï ¤«ï (`+ 1)-£® è £  ¡¥§ ¨§¬¥­¥­¨©.
� ª«îç¨â¥«ì­ë© è £ ( ). �­ä®à¬ æ¨ï ¤«ï ­®¢®© ¨â¥à æ¨¨ ¯à¥®¡à §¨âáï á«¥¤ãîé¨¬ ®¡à -

§®¬.

A.1. T ®¯ = (T®¯ n t0) [ t(`), T ­0 = T
(`)
­0 n t

(`), d = d(`) + (�1)s
(`)


(`)fh(t(`)).
A.2. T ®¯ = (T®¯ n t0)[ t(`)� h, T ­0 = T (`)

­0 n t
(`), d = d(`)� (�1)s

(`)


(`)fh(t(`)� h). �¬¥áâ® §­ ç¥­¨ï
G(t(`)) ¢ ¯ ¬ïâì ��� § ­¥á¥¬ G(t(`) � h).

A.3. T ®¯ = (T®¯ n t0) [ t(`), T ­0 = T
(`)
­0 , d = d(`) + 
(`)fh(t(`)).

A.4. T ®¯ = (T®¯ n t0) [ t(`) � h, T ­0 = T
(`)
­0 , d = d(`) + (�1)s

�(`)


(`)fh(t(`) � h), s� = s�(`) + 1.
�¥à¥­ã¬¥àã¥¬ â®çª¨ ¬­®¦¥áâ¢  T®­. � ¯®¬­¨¬ G(t(`) � h).

B.1. T ®¯ = (T®¯ n t0) [ t(`), T ­0 = T
(`)
­0 n t

(`) + h, d = d(`) + 
(`)fh(t(`)), 
 = �
(`), s� = s�(`) � 1.
�¥à¥­ã¬¥àã¥¬ â®çª¨ ¬­®¦¥áâ¢  T®­. �§ ¯ ¬ïâ¨ ã¤ «¨¬ §­ ç¥­¨¥ G(t(`) + h).

B.2. T ®¯ = (T®¯ n t0) [ t(`), T ­0 = T
(`)
­0 n t

(`), d = d(`) + (�1)s
�(`)


(`)fh(t(`)).

�®¢ ï ®¯®à  ¨¬¥¥â ¢¨¤ K®¯ = fI®¯; T ®¯g. � ¬¥­¨¢ ¢ ¬ âà¨æ¥ Pj®¯j áâ®«¡¥æ fh(t0) ­  fh(t(`) � h) ¢
á«ãç ïå A.2 ¨«¨ A.4 «¨¡® ­  áâ®«¡¥æ fh(t(`)) ¢ ®áâ «ì­ëå á«ãç ïå, ¯®«ãç¨¬ P j®¯j.

� ¬¥ç ­¨¥. �á«¨ t� 2 T®¯, â® ¢ á«ãç ïå A.3 ¨ B.1 ¢¬¥áâ® â®çª¨ t� à áá¬®âà¨¬ t� + h ¨
¯®¤áç¨â ¥¬ �(t�+h) = ��h(t�+h)=��h(t�+h). �­ «®£¨ç­®, ¥á«¨ t��h 2 T®¯, â® ¢¬¥áâ® â®çª¨ t�

à áá¬®âà¨¬ t��h ¨ ­ ©¤¥¬ �(t��h) = ��h(t��2h)=��h(t��2h). �à¨ ä®à¬¨à®¢ ­¨¨ ¬­®¦¥áâ¢ 
T (`) (á¬. ¯®¤£®â®¢ªã ¨­ä®à¬ æ¨¨ 1) { 7) ¯¥à¥¤ `-¬ è £®¬) ¯à®¨§¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ § ¬¥­ë.

�ëè¥ à ¤¨ ã¯à®é¥­¨ï ¨§«®¦¥­¨ï ¡ë« ®¯ãé¥­ á«ãç ©, ª®£¤  ¢ ¯à®æ¥áá¥ ¤¢¨¦¥­¨ï ¢¤®«ì
­ ¯à ¢«¥­¨ï �� ¢®§­¨ª îâ ­®¢ë¥ ­ã«¨ ¢­ãâà¨ ¬­®¦¥áâ¢  Th. �«ï ¨áá«¥¤®¢ ­¨ï íâ®£® á«ãç ï
­ã¦­® ¤®¯®«­¨âì ¨­ä®à¬ æ¨î (20) á®¢®ªã¯­®áâìî ¬®¬¥­â®¢ t ¨ ç¨á¥« �(t):  ) â®çª¨ t 2 Th |
áâ æ¨®­ à­ë¥ â®çª¨ ¢ àì¨à®¢ ­­®£® ª®ã¯à ¢«¥­¨ï (17), â. ¥. ¯à¨ ­¥ª®â®à®¬ � > 0 ¢ë¯®«­ï¥âáï
1) �h(t; �) > 0, �h(t�h; �) > �h(t; �), �h(t+h; �) > �h(t; �) ¨«¨ 2) �h(t; �) < 0, �h(t�h; �) < �h(t; �),
�h(t + h; �) < �h(t; �); ¡) ç¨á«  �(t) å à ªâ¥à¨§ãîâ ¢¥«¨ç¨­ã è £®¢ ¢¤®«ì ��, ¯à¨ ª®â®àëå
¢ àì¨à®¢ ­­®¥ ª®ã¯à ¢«¥­¨¥ ¢ ¬®¬¥­â t ®¡à é ¥âáï ¢ ­ã«ì: �h(t; �(t)) = 0. �«¥¤ï §  ¤¢¨¦¥­¨-
¥¬ ¨ ¯®«®¦¥­¨¥¬ áâ æ¨®­ à­ëå â®ç¥ª ¢ àì¨à®¢ ­­®£® ª®ã¯à ¢«¥­¨ï, § ä¨ªá¨àã¥¬ ¯®ï¢«¥­¨¥
­®¢®£® \¢­ãâà¥­­¥£®" ­ã«ï ª®ã¯à ¢«¥­¨ï. � á«®¦­ëå á¨âã æ¨ïå ¬®£ãâ ¯®ï¢¨âìáï ¨ ­®¢ë¥ áâ -
æ¨®­ à­ë¥ â®çª¨. �­¨ ®¡­ àã¦¨¢ îâáï á ¯®¬®éìî áâ æ¨®­ à­ëå â®ç¥ª ¯¥à¢®© ¯à®¨§¢®¤­®©
ª®ã¯à ¢«¥­¨ï. �¡ê¥¬ ¤®¯®«­¨â¥«ì­®© ¨­ä®à¬ æ¨¨ § ¢¨á¨â ®â á«®¦­®áâ¨ ª®­ªà¥â­®© § ¤ ç¨.
�à¥®¡à §®¢ ­¨¥ ¤®¯®«­¨â¥«ì­®© ¨­ä®à¬ æ¨¨ ®áãé¥áâ¢«ï¥âáï ¯®  ­ «®£¨¨ á ®¯¨á ­­ë¬ ¢ëè¥
¤«ï áâ ­¤ àâ­®£® á«ãç ï.

¡) �®£¤  �(`) = �i(`) , â® �i(`) =1. � â¥¬ ¯¥à¥©¤¥¬ ª (`+ 1)-¬ã è £ã.
� ª«îç¨â¥«ì­ë© è £ (¡). �ä®à¬¨àã¥¬ ¨­ä®à¬ æ¨î ¤«ï á«¥¤ãîé¥£® è £ : T ®¯ = T®¯ n t0,

I®¯ = I®¯ n i
(`), K®¯ = fI®¯; T ®¯g, T ­0 = T (`)

­ , d = d(`), 
 = 
(`), s� = s�(`), G(t), t 2 T ­0. � âà¨æã
P j®¯j ¯®«ãç¨¬, ã¤ «¨¢ ¨§ Pj®¯j áâ®«¡¥æ fh(t0).

�®£« á­® [16] ®¡ï§ â¥«ì­® ­ ©¤¥âáï â ª®¥ `0, çâ® �(`0) > 0, �(`0+1) � 0.
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�¨âã æ¨ï 1) (�0 = �(t0)) ­  á. 9 ¨áá«¥¤®¢ ­  ¤® ª®­æ .
2) (�0 = �i0). � ¯à ¢«¥­¨¥ ¨§¬¥­¥­¨ï ¢¥ªâ®à  ¯®â¥­æ¨ «®¢ �� ­ ©¤¥¬ ¨§ ãà ¢­¥­¨ï

�P 0
®¯�� = (fhi0(t); t 2 T®¯; fli0)�

(� = 1; ¥á«¨ �i0(t
�) < g�i0(�); � = �1; ¥á«¨ �i0(t

�) > g�i0(�)):

� ¯à ¢«¥­¨¥ ¨§¬¥­¥­¨ï ª®ã¯à ¢«¥­¨ï ¯®áâà®¨¬ ¯® ä®à¬ã«¥ (17). � ç «ì­ ï áª®à®áâì ¨§-
¬¥­¥­¨ï ¤¢®©áâ¢¥­­®£® ªà¨â¥à¨ï ª ç¥áâ¢  ¢¤®«ì �� â¥¯¥àì à ¢­  �(1) = �i0 > 0.

�¯¥à æ¨¨ ¯® ¢ëç¨á«¥­¨î \¤«¨­­®£®" è £   ­ «®£¨ç­ë ®¯¨á ­­ë¬ ¤«ï á¨âã æ¨¨ 1), ­® \­ã-
«¥¢®©" è £ §¤¥áì ­¥ ¯à®¢®¤¨âáï. �®¢ ï ®¯®à  áâà®¨âáï ¯® á«¥¤ãîé¨¬ ¯à ¢¨« ¬.

 ) (�� = �(t(`0))) K®¯ = fI®¯; T ®¯g, I®¯ = I®¯ [ i0. � á«ãç ïå A.2 ¨«¨ A.4 T ®¯ = T®¯ [ t
(`0) � h,

¢ ¬ âà¨æã P j®¯j ¤®¡ ¢¨¬ ­®¢ë© áâ®«¡¥æ fh(t(`0) � h). � ®áâ «ì­ëå á«ãç ïå T ®¯ = T®¯ [ t
(`0), ¢

¬ âà¨æã P j®¯j ¤®¡ ¢¨¬ ­®¢ë© áâ®«¡¥æ fh(t(`0)). �à ¢¨«  ¯®áâà®¥­¨ï ¬­®¦¥áâ¢  T ­0  ­ «®£¨ç­ë
á«ãç î 1 ).

¡) (�� = �i(`0)) K®¯ = fI®¯; T®¯g, I®¯ = (I®¯ n i(`0)) [ i0, T ­0 = T
(`0)
­0 , P j®¯j = Pj®¯j.

�¢®©áâ¢¥­­ë© ¬¥â®¤ § ¢¥àè¨â à ¡®âã ¯®áâà®¥­¨¥¬ ®¯â¨¬ «ì­®© ®¯®àë ¨ á®¯à®¢®¦¤ îé¥£®
¥¥ ¯á¥¢¤®ã¯à ¢«¥­¨ï, ª®â®à®¥ ¡ã¤¥â ®¯â¨¬ «ì­®© ¯à®£à ¬¬®© «¨­¥©­®© § ¤ ç¨ (5).

4. �®¢®¤ª 

�ãáâì eu(t), t 2 T , | ®¯â¨¬ «ì­ ï ¯à®£à ¬¬  ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ (5), ã¤®¢«¥â¢®àïî-
é ï ãá«®¢¨î ¯¥à¥å®¤  ª ¯à®æ¥¤ãà¥ ¤®¢®¤ª¨; et1; et2; : : : ; etp�1 | â®çª¨ ¯¥à¥ª«îç¥­¨ï ¯à®£à ¬¬ë.
�®£« á­® [17] ¤«ï ®¯â¨¬ «ì­®áâ¨ ¯à®£à ¬¬ë § ¤ ç¨ (1) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®­ 
¨¬¥«  ¢¨¤

u(t) = � sign �(t); t 2 T; (22)

£¤¥ �(t) =  0(t)b(t), t 2 T , | ª®ã¯à ¢«¥­¨¥,  (t), t 2 T , | ª®âà ¥ªâ®à¨ï | à¥è¥­¨¥ á®¯àï¦¥­-
­®£® ãà ¢­¥­¨ï (11) á ­ ç «ì­ë¬ ãá«®¢¨¥¬  (t�) = @'(x(t�))=@x.

�âáî¤  á«¥¤ã¥â, çâ® ¬®¬¥­âë ¯¥à¥ª«îç¥­¨ï t01; t
0
2; : : : ; t

0
p�1 ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë ï¢«ïîâ-

áï à¥è¥­¨¥¬ ãà ¢­¥­¨©

�(tj) = 0; j = 1; p� 1: (23)

� ¯®¤à®¡­®© § ¯¨á¨ ãà ¢­¥­¨ï (23) ¨¬¥îâ ¢¨¤  0(t�)F (t�; tj)b(tj) = 0, j = 1; p� 1.
� §®¢¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (23) ãà ¢­¥­¨ï¬¨ ¤®¢®¤ª¨. �à¨ _�(tj) 6= 0, j = 1; p� 1, ¬ âà¨æ 

�ª®¡¨ á¨áâ¥¬ë (23) ­¥®á®¡ ï. � íâ®¬ á«ãç ¥ ãà ¢­¥­¨ï ¤®¢®¤ª¨ ¬®¦­® à¥è¨âì ¬¥â®¤®¬ �ìî-
â®­ . � ª ç¥áâ¢¥ ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï ¢®§ì¬¥¬ ¬®¬¥­âë etj, j = 1; p� 1, ¯®«ãç¥­­ë¥ ¯®á«¥
à¥è¥­¨ï ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ (5). �á«¨ ç¨á«® " > 0 ¢ë¡à ­® ¤®áâ â®ç­® ¬ «ë¬, â® ¬¥â®¤
�ìîâ®­  ¡ã¤¥â áå®¤¨âìáï á ª¢ ¤à â¨ç­®© áª®à®áâìî. �ëáâà ï à¥ «¨§ æ¨ï ¬¥â®¤  �ìîâ®­  ¤«ï
á¨áâ¥¬ ¢¨¤  (23) ®¯¨á ­  ¢ [17]. � à¥§ã«ìâ â¥ à¥è¥­¨ï ãà ¢­¥­¨© (23) ¡ã¤¥â ¯®áâà®¥­  ®¯â¨-
¬ «ì­ ï ¯à®£à ¬¬  § ¤ ç¨ (1) ¢ ª« áá¥ ªãá®ç­®-­¥¯à¥àë¢­ëå äã­ªæ¨©.

�«ï ¯à¨«®¦¥­¨©, ¢ ª®â®àëå ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï à¥ «¨§ãîâáï á ¯®¬®éìî ãáâà®©áâ¢
¤¨áªà¥â­®£® ¤¥©áâ¢¨ï, ¡®«ìèãî à®«ì ¨£à îâ ®¯â¨¬ «ì­ë¥ ¯à®£à ¬¬ë ¢ ª« áá¥ ¤¨áªà¥â­ëå
äã­ªæ¨©. � ª¨¥ ¯à®£à ¬¬ë ¬®¦­® ¯®áâà®¨âì á ¯®¬®éìî ¤¨áªà¥â­®© ¯à®æ¥¤ãàë ¤®¢®¤ª¨. �
ª« áá¥ ¤¨áªà¥â­ëå ¯à®£à ¬¬ ªà¨â¥à¨© ®¯â¨¬ «ì­®áâ¨ (22) ¯à¨¬¥â ¢¨¤

uh(t) = � sign �h(t); t 2 Th; (24)

£¤¥ �h(t) =
t+hR
t

�(�)d� , �(t) =  0h(t)b(t);  h(t), t 2 T , | à¥è¥­¨¥ ãà ¢­¥­¨ï (11) á ­ ç «ì­ë¬ ãá«®-

¢¨¥¬  h(t�) = @'(xh(t�))=@x; xh(t), t 2 T , | âà ¥ªâ®à¨ï, ¯®à®¦¤¥­­ ï ¤¨áªà¥â­®© ¯à®£à ¬¬®©
(24).

13



�á¯®«ì§ãï íâ®â ªà¨â¥à¨©, ¬®¦­® § ¯¨á âì ¤¨áªà¥â­ë©  ­ «®£ ãà ¢­¥­¨© ¤®¢®¤ª¨ (23). �
®â«¨ç¨¥ ®â ­¥¯à¥àë¢­®£® á«ãç ï ­¥¨§¢¥áâ­ë¬¨ ¢ íâ¨å ãà ¢­¥­¨ïå ¡ã¤ãâ §­ ç¥­¨ï ®¯â¨¬ «ì­®©
¯à®£à ¬¬ë ¢ ¬®¬¥­âë ¯¥à¥ª«îç¥­¨ï.

� á«ãç ¥ ¬ «ëå ¯¥à¨®¤®¢ ª¢ ­â®¢ ­¨ï h ¯à¨ ¯®áâà®¥­¨¨ ®¯â¨¬ «ì­ëå ¤¨áªà¥â­ëå ¯à®£à ¬¬
¬®¦­® ®£à ­¨ç¨âìáï ¯à®æ¥¤ãà®© ¯à¥¤¤®¢®¤ª¨, ª®â®à ï á®áâ®¨â ¢ á«¥¤ãîé¥¬. �® ®¯â¨¬ «ì­®©
ªãá®ç­®-­¥¯à¥àë¢­®© ¯à®£à ¬¬¥ u0(t), t 2 T , ­ ©¤¥¬ ¨­â¥à¢ «ë [ti; ti+ h], i = 1; p� 1, á®¤¥à¦ -

é¨¥ â®çª¨ ¯¥à¥ª«îç¥­¨ï ¯à®£à ¬¬ë t0i , i = 1; p� 1. �®«®¦¨¬ u0h(t) = u0(t), t 2 T n
p�1S
i=1

[ti; ti + h[.

�­ ç¥­¨ï u0(t), t 2 [ti; ti + h[, i = 1; p� 1, § ¬¥­¨¬ ­  u0h(ti) = 2u0(ti)(t0i � ti � h=2), i = 1; p� 1.

5. �¨­â¥§ ®¯â¨¬ «ì­ëå ã¯à ¢«¥­¨© â¨¯  ®¡à â­®© á¢ï§¨

� ª ¨§¢¥áâ­®, ®¯â¨¬ «ì­ë¥ ¯à®£à ¬¬ë ¯®§¢®«ïîâ «¨èì ¢ëï¢«ïâì ¯®â¥­æ¨ «ì­ë¥ ¢®§¬®¦-
­®áâ¨ á¨áâ¥¬ ã¯à ¢«¥­¨ï. � à¥ «ì­ëå ¯à®æ¥áá å ¨á¯®«ì§ãîâáï, ª ª ¯à ¢¨«®, ã¯à ¢«¥­¨ï â¨-
¯  ®¡à â­®© á¢ï§¨. �¯à¥¤¥«¨¬ �� â¨¯  (¤¨áªà¥â­®©) ®¡à â­®© á¢ï§¨ (á ¯¥à¨®¤®¬ à¥ «¨§ æ¨¨
h0 = kh, k � 1). � íâ®© æ¥«ìî ¯®£àã§¨¬ § ¤ çã (1) ¢ á¥¬¥©áâ¢® § ¤ ç

'(x(t�))! min; _x = A(t)x+ b(t)u; x(�) = z; ju(t)j � 1; t 2 T (�) = [�; t�]; (25)

§ ¢¨áïé¥¥ ®â áª «ïà  � 2 Th0 ¨ n-¢¥ªâ®à  z.
�ãáâì u0(t j �; z), t 2 T (�), | ®¯â¨¬ «ì­ ï ¯à®£à ¬¬  § ¤ ç¨ (25) ¤«ï ¯®§¨æ¨¨ (�; z). �«¥¤ãï

â¥®à¨¨ ®¯â¨¬ «ì­ëå ¯à®æ¥áá®¢, äã­ªæ¨î

u0(�; z) = u0(� j �; z); � 2 Th0 ; z 2 Rn; (26)

­ §®¢¥¬ �� â¨¯  (¤¨áªà¥â­®©) ®¡à â­®© á¢ï§¨ (¯®§¨æ¨®­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1)), ¯®áâà®¥­¨¥
äã­ªæ¨¨ (26) | á¨­â¥§®¬ ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨ (á¨­â¥§®¬ ®¯â¨¬ «ì­®© á¨áâ¥¬ë).

�á¯®«ì§®¢ ­¨¥ ®¡à â­ëå á¢ï§¥© (26) ¯à¥¤¯®« £ ¥â, çâ® ¢ ¯à®æ¥áá¥ ã¯à ¢«¥­¨ï á®áâ®ï­¨ï
á¨áâ¥¬ë (1) ¨§¬¥àïîâáï ¢ ¤¨áªà¥â­ë¥ ¬®¬¥­âë t 2 Th0 ¨ ¯® íâ®© ¨­ä®à¬ æ¨¨ ¢ëà ¡ âë¢ îâáï
ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï.

� ¬¥­ã ¢ (1) ã¯à ¢«¥­¨ï u ­  äã­ªæ¨î (26) ­ §ë¢ îâ § ¬ëª ­¨¥¬ á¨áâ¥¬ë ã¯à ¢«¥­¨ï.
�à ¥ªâ®à¨ï § ¬ª­ãâ®© á¨áâ¥¬ë

_x = A(t)x+ b(t)u0(t; x) + w(t); x(t�) = x0; (27)

¯à¨ ¯®áâ®ï­­® ¤¥©áâ¢ãîé¥¬ ªãá®ç­®-­¥¯à¥àë¢­®¬ ¢®§¬ãé¥­¨¨ w(t), t 2 T , ¯à¥¤áâ ¢«ï¥â à¥è¥-
­¨¥ ãà ¢­¥­¨ï

_x = A(t)x+ b(t)u(t) + w(t); x(t�) = x0;

u(t) = u0(�; x(�)); t 2 [�; � + h0[; � = t� + sh0; s = 0; N � 1:

�ã¤¥¬ áç¨â âì, çâ® ãà ¢­¥­¨¥ (27) ®¯¨áë¢ ¥â ¯®¢¥¤¥­¨¥ ä¨§¨ç¥áª®£® ¯à®â®â¨¯  ¬ â¥¬ â¨-
ç¥áª®© ¬®¤¥«¨ (1). � íâ®¬ á«ãç ¥ äã­ªæ¨ï w(t), t 2 T , á®¤¥à¦¨â ­¥â®ç­®áâ¨ ¬ â¥¬ â¨ç¥áª®£®
¬®¤¥«¨à®¢ ­¨ï ¨ ¯®áâ®ï­­® ¤¥©áâ¢ãîé¨¥ ¢®§¬ãé¥­¨ï.

�ãáâì ¯® å®¤ã ­¥ª®â®à®£® ª®­ªà¥â­®£® ¯à®æ¥áá  ã¯à ¢«¥­¨ï à¥ «¨§ã¥âáï ¢®§¬ãé¥­¨¥ w�(t),
t 2 T . �¬ã ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì âà ¥ªâ®à¨ï x�(t), t 2 T , § ¬ª­ãâ®© á¨áâ¥¬ë (27), ã¤®¢«¥â¢®-
àïîé ï â®¦¤¥áâ¢ã

_x�(t) � A(t)x�(t) + b(t)u0(t; x�(t)) + w�(t); t 2 T: (28)

�§ â®¦¤¥áâ¢  (28) ¢¨¤­®, çâ® ¢ ¯à®æ¥áá¥ ã¯à ¢«¥­¨ï ®¡à â­ ï á¢ï§ì (26) ¨á¯®«ì§ã¥âáï ­¥
¯®«­®áâìî (­¥ ¤«ï ¢á¥å z 2 Rn). �ã¦­ë «¨èì ¥¥ §­ ç¥­¨ï u�(t) = u0(t; x�(t)), t 2 Th0 , ¢¤®«ì
¨§®«¨à®¢ ­­®© âà ¥ªâ®à¨¨ x�(t), t 2 T . �à¨ íâ®¬ ­¥â ­¥®¡å®¤¨¬®áâ¨ §­ âì äã­ªæ¨î u�(t),
t 2 Th0 , § à ­¥¥, ¤®áâ â®ç­® ã¬¥âì ¢ëç¨á«ïâì â¥ªãé¨¥ §­ ç¥­¨ï u�(�) ¯® ¬¥à¥ ¯®áâã¯«¥­¨ï
¨§¬¥à¥­¨© â¥ªãé¨å á®áâ®ï­¨© x�(�). �ã­ªæ¨î u�(t), t 2 T , ­ §®¢¥¬ à¥ «¨§ æ¨¥© ®¯â¨¬ «ì­®©
®¡à â­®© á¢ï§¨ ¢ ª®­ªà¥â­®¬ ¯à®æ¥áá¥ ã¯à ¢«¥­¨ï.
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�ã¤¥¬ £®¢®à¨âì, çâ® ¯®áâà®¥­¨¥ u�(t), t 2 T , ®áãé¥áâ¢«ï¥âáï ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨,
¥á«¨ ¢ ª ¦¤®© â¥ªãé¥© ¯®§¨æ¨¨ (�; x�(�)) ¢à¥¬ï s(�) ¢ëç¨á«¥­¨ï §­ ç¥­¨ï u�(�) = u0(�; x�(�)) ­¥
¯à¥¢®áå®¤¨â h0 > 0. �áâà®©áâ¢®, á¯®á®¡­®¥ ¢ë¯®«­ïâì â ªãî à ¡®âã, ­ §ë¢ ¥âáï ®¯â¨¬ «ì­ë¬
à¥£ã«ïâ®à®¬.

�«£®à¨â¬ à ¡®âë ®¯â¨¬ «ì­®£® à¥£ã«ïâ®à  ¡ §¨àã¥âáï ­  ®¯¨á ­­®¬ ¢ëè¥ ¤¢®©áâ¢¥­­®¬
¬¥â®¤¥.

�® ­ ç «  ¯à®æ¥áá  ã¯à ¢«¥­¨ï ®¯â¨¬ «ì­ë© à¥£ã«ïâ®à ¢ëç¨á«ï¥â ®¯â¨¬ «ì­ãî ¯à®£à ¬-
¬ã u0(t j t�; x0), t 2 T , ¤«ï ­ ç «ì­®© ¯®§¨æ¨¨ (t�; x0). �à¥¬ï ­  ¢ë¯®«­¥­¨¥ íâ®© à ¡®âë ­¥
¨¬¥¥â ­¨ª ª®£® §­ ç¥­¨ï. �«ï ¤ «ì­¥©è¥£® ¯à®æ¥áá  ã¯à ¢«¥­¨ï § ¯®¬¨­ ¥âáï á«¥¤ãîé ï ¨­-
ä®à¬ æ¨ï: 1) ¬®¬¥­âë ¯¥à¥ª«îç¥­¨ï t0i = t0i (t�; x0), i = 1; p(t�)� 1; 2) ®¯â¨¬ «ì­®¥ §­ ç¥­¨¥
�0 = �0(t�; x0) ªà¨â¥à¨ï ª ç¥áâ¢  § ¤ ç¨ (1); 3) ®¯â¨¬ «ì­ ï ®¯®à  K0

®¯(t�; x0) «¨­¥©­®© § ¤ ç¨
(5) ¤«ï � = �0(t�; x0); 4) á®¢®ªã¯­®áâì ¢¥ªâ®à®¢  ¯¯à®ªá¨¬ æ¨¨ ri, i 2 I(t�), ¨á¯®«ì§®¢ ­­ ï
¯à¨ ¯®áâà®¥­¨¨ ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë ¯®á«¥¤­¥© «¨­¥©­®© § ¤ ç¨; 5) ­ ç «ì­ë© ãç áâ®ª
®¯â¨¬ «ì­®© ¯à®£à ¬¬ë u0(t j t�; x0), t 2 [t�; t� + 2h0].

�à®æ¥áá ã¯à ¢«¥­¨ï áâ àâã¥â ¢ ¬®¬¥­â t�, ª®£¤  à¥£ã«ïâ®à ­ ç¨­ ¥â ¯®¤ ¢ âì ­  ¢å®¤ ®¡ê-
¥ªâ  ã¯à ¢«¥­¨ï ã¯à ¢«ïîé¥¥ ¢®§¤¥©áâ¢¨¥ u�(t) = u0(tjt�; x0), t � t�.

�à¥¤¯®«®¦¨¬, çâ® ¯à®æ¥áá ã¯à ¢«¥­¨ï ¯à®¢¥¤¥­ ­  ¯à®¬¥¦ãâª¥ ¢à¥¬¥­¨ [t�; � [, ¢ à¥§ã«ìâ -
â¥ ª®â®à®£® ¢ëà ¡®â ­® ã¯à ¢«ïîé¥¥ ¢®§¤¥©áâ¢¨¥ u�(t), t 2 [t�; � [. �ãáâì ¯®¤ ¤¥©áâ¢¨¥¬ íâ®£®
ã¯à ¢«¥­¨ï ¨ à¥ «¨§®¢ ¢è¥£®áï ¢®§¬ãé¥­¨ï w�(t), t 2 [t�; � ], ®¡ê¥ªâ ã¯à ¢«¥­¨ï ¢ ¬®¬¥­â �
®ª § «áï ¢ á®áâ®ï­¨¨ x�(�), ¨­ä®à¬ æ¨ï ® ª®â®à®¬ ¯®áâã¯¨«  ¢ à¥£ã«ïâ®à. �à®¬¥ íâ®© ¨­ä®à-
¬ æ¨¨ ®¯â¨¬ «ì­ë© à¥£ã«ïâ®à åà ­¨â ¢ ¯ ¬ïâ¨ ¤ ­­ë¥, ¯®«ãç¥­­ë¥ ¢ ¯à¥¤ë¤ãé¨© ¬®¬¥­â
� �h0: 1) â®çª¨ ¯¥à¥ª«îç¥­¨ï t0i (� �h0; x

�(� �h0)), i = 1; p(� � h0)� 1; 2) ®¯â¨¬ «ì­®¥ §­ ç¥­¨¥
�0(� �h0; x�(� �h0)) ªà¨â¥à¨ï ª ç¥áâ¢  § ¤ ç¨ (1); 3) ®¯â¨¬ «ì­ãî ®¯®àã K0

®¯(� �h0; x
�(� �h0))

«¨­¥©­®© § ¤ ç¨ (5) ¯à¨ � = �0(� � h0; x
�(� � h0)); 4) á®¢®ªã¯­®áâì ¢¥ªâ®à®¢  ¯¯à®ªá¨¬ æ¨¨ ri,

i 2 I(� �h0), ¨á¯®«ì§®¢ ­­ãî ¯à¨ à¥è¥­¨¨ ¯®á«¥¤­¥© «¨­¥©­®© § ¤ ç¨. �¬¥ï íâã ¨­ä®à¬ æ¨î,
®¯â¨¬ «ì­ë© à¥£ã«ïâ®à ­ ç¨­ ¥â ¯ à ««¥«ì­® ®áãé¥áâ¢«ïâì á«¥¤ãîé¨¥ ®¯¥à æ¨¨.

1. �à®æ¥¤ãàã ¤®¢®¤ª¨ á ­ ç «ì­ë¬¨ §­ ç¥­¨ï¬¨ â®ç¥ª ¯¥à¥ª«îç¥­¨ï t0i (� � h0; x
�(� � h0)),

i = 1; p(� � h0)� 1, ¨ ­ ç «ì­ë¬ á®áâ®ï­¨¥¬ x�(�).
2. �¥è¥­¨¥ «¨­¥©­®© § ¤ ç¨ (5) á � = �0(� � h0; x

�(� � h0)) � �, ­ ç «ì­®© ®¯®à®© K0
®¯(� �

h0; x
�(� � h0)) ¨ ¢¥ªâ®à ¬¨  ¯¯à®ªá¨¬ æ¨¨ ri, i 2 I(� � h0) (� > 0 | ¯ à ¬¥âà ¬¥â®¤ ).
3. �¥è¥­¨¥ «¨­¥©­®© § ¤ ç¨ (5) á � = �0(� � h0; x

�(� � h0)) + �, ­ ç «ì­®© ®¯®à®© K0
®¯(� �

h0; x
�(� � h0)) ¨ ¢¥ªâ®à ¬¨  ¯¯à®ªá¨¬ æ¨¨ ri, i 2 I(� � h0).
�á«¨ ¯à®æ¥¤ãà  ¤®¢®¤ª¨ áå®¤¨âáï, â® ¯® ¥¥ à¥§ã«ìâ â ¬ ¨­ä®à¬ æ¨ï 1){4), ¨á¯®«ì§®¢ ­­ ï

¤«ï ¬®¬¥­â  � , ®¡­®¢«ï¥âáï ¤«ï ¬®¬¥­â  �+h0. � ¯à®â¨¢­®¬ á«ãç ¥, à¥è ï «¨­¥©­ë¥ § ¤ ç¨ 2, 3,
¤®¡¨¢ ¥¬áï â ª®© â®ç­®áâ¨  ¯¯à®ªá¨¬ æ¨¨, ¯à¨ ª®â®à®© áâ ­ãâ ¢ë¯®«­ïâìáï ãá«®¢¨ï ¯¥à¥å®¤ 
ª ¯à®æ¥¤ãà¥ ¤®¢®¤ª¨ ¨ áå®¤¨¬®áâì ¯®á«¥¤­¥©.

�¯à ¢«¥­¨¥ u0(t j �; x�(�)), t 2 [�; � + 2h0], ¯®¤ ¥âáï ­  ¢å®¤ ®¡ê¥ªâ  ã¯à ¢«¥­¨ï, ­ ç¨­ ï
á ¬®¬¥­â  � + s�(�), £¤¥ s�(�) | ¢à¥¬ï, ¯®âà ç¥­­®¥ ­  ®áãé¥áâ¢«¥­¨¥ ®¯¥à æ¨© 1, 2, 3. � ª
¯®ª § ­® ¢ [15], [17], ®¯¨á ­­ë¥ ®¯¥à æ¨¨ ¯® à¥ «¨§ æ¨¨ ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨ ¬®£ãâ
¡ëâì á ¯®¬®éìî áãé¥áâ¢ãîé¨å ¬¨ªà®¯à®æ¥áá®à®¢ ®áãé¥áâ¢«¥­ë ®ç¥­ì ¡ëáâà®. �®íâ®¬ã ¯à¥¤-
«®¦¥­­ë¥ ¬¥â®¤ë ¬®¦­® ¯à¨¬¥­ïâì ¤«ï ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¤¨­ ¬¨ç¥áª¨¬¨ á¨áâ¥¬ ¬¨
¤®áâ â®ç­® ¢ëá®ª®£® ¯®àï¤ª . �à¨ íâ®¬ § ¤¥à¦ª¨ s�(�), � 2 Th0 , ª®â®àë¥ ¢ë§¢ ­ë ¢ë¯®«­¥­¨-
¥¬ ãª § ­­ëå ¢ëè¥ ®¯¥à æ¨©, ­¥ ®ª §ë¢ îâ áãé¥áâ¢¥­­®£® ¢«¨ï­¨ï ­  ª ç¥áâ¢® ¯¥à¥å®¤­ëå
¯à®æ¥áá®¢ [18].
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