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�¢¥¤¥­¨¥

� ª ¨§¢¥áâ­® (á¬. ®¡§®àë [1], [2],   â ª¦¥ [3]{[5]), ª á â¥«ì­®¥ à áá«®¥­¨¥ ­ ¤ ¬­®£®®¡à §¨-
¥¬ á  ää¨­­®© á¢ï§­®áâìî ¨«¨ à¨¬ ­®¢®© ¬¥âà¨ª®© ¡®£ â® ­  ¯à¨¬¥àë à §«¨ç­ëå £¥®¬¥âà¨-
ç¥áª¨å áâàãªâãà:  ää¨­­ëå á¢ï§­®áâ¥©,  ää¨­®à­ëå áâàãªâãà, à¨¬ ­®¢ëå ¬¥âà¨ª. � ­­ ï
à ¡®â  ¯®á¢ïé¥­  ¨§ãç¥­¨î ¢ëà®¦¤¥­­ëå  ­ «®£®¢ íâ¨å áâàãªâãà, ¢®§­¨ª îé¨å ¢ ª á â¥«ì-
­®¬ à áá«®¥­¨¨ ­ ¤ ¬­®£®®¡à §¨¥¬ á ¯á¥¢¤®á¢ï§­®áâìî, ®á®¡®¥ ¬¥áâ® áà¥¤¨ ª®â®àëå § ­¨¬ îâ
 ­â¨ª¢ â¥à­¨®­­ë¥ f -áâàãªâãàë.

� ­­®¥ ¨áá«¥¤®¢ ­¨¥ ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ à ¡®â  ¢â®à  [6], [7]. � x 1 ¯à¨¢¥¤¥­ë ¯à¥¤-
¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï ¨§ â¥®à¨¨ ¯á¥¢¤®á¢ï§­®áâ¥©, x 2 ¯®á¢ïé¥­ ¨§ãç¥­¨î  ­â¨ª¢ â¥à­¨®­­ëå
áâàãªâãà,   â ª¦¥ ¯à¨á®¥¤¨­¥­­ëå ª ­¨¬ ¨§®âà ­á«¨à®¢ ­­®© �-áâàãªâãàë ¨ ª ­®­¨ç¥áª¨å
¯á¥¢¤®á¢ï§­®áâ¥©. � x 3 ¯®áâà®¥­ë  ­ «®£¨ £®à¨§®­â «ì­®£® «¨äâ  â¥­§®à­ëå ¯®«¥©, ¯®«­®£® ¨
£®à¨§®­â «ì­®£® ¯®¤­ïâ¨ï ¯á¥¢¤®á¢ï§­®áâ¥©, ¢¢¥¤¥­® ¯®­ïâ¨¥ �P -«¨äâ  â¥­§®à­®£® ¯®«ï, ¯à¨
¯®¬®é¨ ª®â®à®£® ®¯à¥¤¥«¥­ë ¢ ª á â¥«ì­®¬ à áá«®¥­¨¨ è¨à®ª¨¥ ª« ááë f -áâàãªâãà ¨ ¢ëà®-
¦¤¥­­ëå ¬¥âà¨ª.

1. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï

1. �ãáâì M | ¤¨ää¥à¥­æ¨àã¥¬®¥ ¬­®£®®¡à §¨¥ (dimM = n), f(M) | ª®«ìæ® ¤¨ää¥à¥­æ¨-
àã¥¬ëå äã­ªæ¨© ­  M , T pq (M) | f(M)-¬®¤ã«ì â¥­§®à­ëå ¯®«¥© â¨¯  (p; q) ­  M (¢á¥ ®¡ê¥ªâë
­  M ¯à¥¤¯®« £ îâáï ¤®áâ â®ç­® £« ¤ª¨¬¨).

�¯à¥¤¥«¥­¨¥ 1. �¨­¥©­®© ¯á¥¢¤®á¢ï§­®áâìî ­  M ­ §ë¢ ¥âáï ¯ à  (h;r), £¤¥ h |  ää¨-
­®à ­  M ,   r : T 1

0 (M)� T 1
0 (M)! T 1

0 (M) | ®¯¥à â®à, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬ [8], [9]

a) rZ(X + fY ) = rZX + frZY + Z(f)hY; ¡) rZ+fYX = rZX + frYX (1)

¤«ï «î¡ëå X;Y;Z 2 T 1
0 (M), f 2 f(M).

�¥ªâ®à­®¥ ¯®«¥ rXY ­ §ë¢ ¥âáï ª®¢ à¨ ­â­®© ¯á¥¢¤®¯à®¨§¢®¤­®© ¢¥ªâ®à­®£® ¯®«ï Y ¢¤®«ì
¢¥ªâ®à­®£® ¯®«ï X. � á«ãç ¥, ª®£¤  h = id, r ®¯à¥¤¥«ï¥â ­  M  ää¨­­ãî á¢ï§­®áâì.

�¨­¥©­ ï ¯á¥¢¤®á¢ï§­®áâì (h;r) ¯®à®¦¤ ¥â ª®¢ à¨ ­â­ãî ¯á¥¢¤®¯à®¨§¢®¤­ãî ª®¢¥ªâ®à­®-
£® ¯®«ï ! ¯® § ª®­ã

(rX!)(Y ) = X(!(hY ))� !(rXY ) (2)
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¤«ï «î¡ëå X;Y 2 T 1
0 (M), ! 2 T 0

1 (M),   â ª¦¥ ª®¢ à¨ ­â­ãî ¯à®¨§¢®¤­ãî â¥­§®à­®£® ¯®«ï T
â¨¯  (p; q)

(rXT )(Y1; : : : ; Yq; !1; : : : ; !p) = X(T (hY1; : : : ; hYq; !1h; : : : ; !ph))�

�
X
�

T (hY1; : : : ; hY��1;rXY�; hY�+1; : : : ; hYq; !1h; : : : ; !ph) +

+
X
�

T (hY1; : : : ; hYq; !1h; : : : ; !��1;rX!�; !�+1h; : : : ; !ph) (3)

¤«ï «î¡ëå X;Y1; : : : ; Yq 2 T 1
0 (M), !1; : : : ; !p 2 T

0
1 (M), T 2 T pq (M).

�¯à¥¤¥«¥­¨¥ 2. �¥­§®àë

S(X;Y ) = rXY �rYX � h[X;Y ]; (4)

R(X;Y )Z = rXrYZ �rYrXZ �r[X;Y ]Z (5)

­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® â¥­§®à®¬ ªàãç¥­¨ï ¨ â¥­§®à®¬ ªà¨¢¨§­ë ¯á¥¢¤®á¢ï§­®áâ¨ (h;r).

2. �¯à¥¤¥«¥­¨¥ 3 [6]. �á¥¢¤®á¢ï§­®áâì (h;r) ­ §ë¢ ¥âáï ¯®çâ¨ ¨¤¥¬¯®â¥­â­®©, ¥á«¨

h2 = h: (6)

�®çâ¨ ¨¤¥¬¯®â¥­â­ ï ¯á¥¢¤®á¢ï§­®áâì ­ §ë¢ ¥âáï

¨¤¥¬¯®â¥­â­®©, ¥á«¨ hrXY = rXY (8X;Y ); (7)

ª®¨¤¥¬¯®â¥­â­®©, ¥á«¨ rX(hY ) = rXY (8X;Y ); (8)

¨ ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®©, ¥á«¨ ®­  ª®¨¤¥¬¯®â¥­â­  ¨ ¨¤¥¬¯®â¥­â­  ®¤­®¢à¥¬¥­­®.

�®áª®«ìªã (rXh)Y = rX(hY )�hrXY , ¨§ (7) ¨ (8) ¤«ï ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®© ¯á¥¢¤®á¢ï§­®-
áâ¨ ¯®«ãç ¥¬ á«¥¤ãîé¥¥ á®®â­®è¥­¨¥: rXh = 0. �ãáâì (hij ;�

i
jk) | ª®¬¯®­¥­âë ¯á¥¢¤®á¢ï§­®áâ¨

(h;r) ¢ ­¥ª®â®à®¬ à¥¯¥à¥ feig ­  M (h(ej) = hijei, rekej = �ikjei, i; j; k = 1; : : : ; n), â®£¤  á®®â­®-
è¥­¨ï (7), (8) ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë ¢ ª®®à¤¨­ â­®© ä®à¬¥

a) hit�
t
jk = �ijk; ¡) �ijth

t
k + hitejh

t
k = �ijk: (9)

�®à¬ã«ë (9) ¬®¦­® § ¯¨á âì ®¤­¨¬ á®®â­®è¥­¨¥¬

�ijk = hit�
t
jmh

m
k + htejh

t
k: (10)

�ãáâì feig = fei1 ; ei1g | à¥¯¥à,  ¤ ¯â¨à®¢ ­­ë© ª ¨¤¥¬¯®â¥­âã h (ei1 2 Imh, ei2 2 Kerh), f�ig =
f�i1 ; �i2g | ª®à¥¯¥à, ¤ã «ì­ë© ª feig. (�¤¥áì ¨ ­¨¦¥ ¢ íâ®¬ ¯ à £à ä¥ i1; j1; k1; : : : = 1; 2; : : : ; r;
i2; j2; k2; : : : = r+1; r+2; : : : ; n; r = rkh.) �®áª®«ìªã ¢  ¤ ¯â¨à®¢ ­­®¬ à¥¯¥à¥  ää¨­®à h ¨¬¥¥â
¢¨¤

hij =

 
�i1j2 0

0 0

!
; (11)

â®, ª ª «¥£ª® ã¡¥¤¨âìáï, ãá«®¢¨ï (12) à ¢­®á¨«ì­ë â®¬ã, çâ® ¢ íâ®¬ à¥¯¥à¥ ä®à¬  ¯á¥¢¤®á¢ï§-
­®áâ¨ !ij = �ikj�

k ¯à¨¢®¤¨âáï ª ¢¨¤ã

!ij =

 
!i1j1 0

0 0

!
: (12)

3. �¥­§®à ªà¨¢¨§­ë ¨ â¥­§®à ªàãç¥­¨ï ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®© ¯á¥¢¤®á¢ï§­®áâ¨ ã¤®¢«¥â¢®àï-
îâ á«¥¤ãîé¨¬ á®®â­®è¥­¨ï¬:

a) hS(X;Y ) = S(X;Y ); ¡) hR(X;Y )Z = R(X;Y )hZ = R(X;Y )Z: (13)
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4. �¯à¥¤¥«¥­¨¥ 4 [6]. �®¤ HR-áâàãªâãà®© à ­£  r ­  M ¡ã¤¥¬ ¯®­¨¬ âì ¯ àã (g; h), £¤¥ h
| ¨¤¥¬¯®â¥­â­ë©  ää¨­®à à ­£  r ­  M ,   g(X;Y ) | á¨¬¬¥âà¨ç¥áª®¥ â¥­§®à­®¥ ¯®«¥ â¨¯ 
(0; 2), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

a) g(X;hY ) = g(X;Y ); ¡) rk g = r: (14)

� ¦¤ ïHR-áâàãªâãà  (h; g) ­ M ¯®à®¦¤ ¥â ¥¤¨­áâ¢¥­­ãî ¢¯®«­¥ ¨¤¥¬¯®â¥­â­ãî ¯á¥¢¤®á¢ï§-
­®áâì (h;r), ­ §ë¢ ¥¬ãî ¯á¥¢¤®á¢ï§­®áâìî �¥¢¨-�¨¢¨â , ®¤­®§­ ç­® ®¯à¥¤¥«ï¥¬ãî ¨§ ãá«®¢¨©
[6]

a) rXg = 0; ¡) g(X;S(hY;Z)) = g(Y; S(hX;Z)): (15)

2. �­â¨ª¢ â¥à­¨®­­ë¥ f-áâàãªâãàë

1. �¯à¥¤¥«¥­¨¥ 5 [7]. �­â¨ª¢ â¥à­¨®­­®© f -áâàãªâãà®© à ­£  k ­  M ­ §ë¢ ¥âáï ¯ à 
 ää¨­®à®¢ (J ; I), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

a) J3 = J; ¡) I3 = I; ¢) IJ + IJ = 0; £) I2 = J2; ¤) rkJ = k (= 2r): (16)

� á«ãç ¥, ª®£¤  rk J = n, ¯ à  (J ; I) ®¯à¥¤¥«ï¥â ­  M  ­â¨ª¢ â¥à­¨®­­ãî áâàãªâãàã.

�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥  ää¨­®àë, ¨£à îé¨¥ ¢ ¦­ãî à®«ì ¢ ¨áá«¥¤®¢ ­¨¨  ­â¨ª¢ â¥à­¨®­-
­®© f -áâàãªâãàë,

a) l = J2; ¡) m = id�J2; ¢)
1

P
1
= 1=2(J + l); £)

0

P
0
= 1=2(J � l);

¤)
1

P
0
= I

0

P
0
; e)

0

P
1
= I

1

P
1
; ¦)

1

P
1
+

0

P
0
= l:

(17)

�¥âàã¤­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ á®®â­®è¥­¨©

a) l2 = l; ¡) m2 =m; ¢) ml = lm = 0; £) lJ = Jl = J ; ¤) lI = Il = I; (18)

a)
�

P
�
l = l

�

P
�
=

�

P
�
; ¡)

�

P
�




P
�
= �
�

�

P
�

(8�; �; 
; � = 0; 1): (19)

� ç áâ­®áâ¨, ¨§ (19¡) á«¥¤ã¥â

(
0

P
0
)2 =

0

P
0
; (

1

P
1
)2 =

1

P
1
; (

0

P
1
)2 = 0; (

1

P
0
)2 = 0:

�®®â­®è¥­¨ï (19¡) ¯®ª §ë¢ îâ, çâ®  ää¨­®àë (
0

P
0
;
1

P
0
;
0

P
1
;
1

P
1
) § ¤ îâ ­  M ¨§®âà ­á«¨àã¥¬ãî

�-áâàãªâãàã à ­£  2r [7]. �¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥, ¢áïª ï ¨§®âà ­á«¨àã¥¬ ï �-áâàãªâãà 

(
0

P
0
;
1

P
0
;
0

P
1
;
1

P
1
) ­  M ¯®à®¦¤ ¥â  ­â¨ª¢ â¥à­¨®­­ãî f -áâàãªâãàã

J =
1

P
1
�

0

P
0
; I =

0

P
1
+

1

P
0
: (20)

� ¬¥ç ­¨¥. �§ á®®â­®è¥­¨© (19¡) ¢ëâ¥ª ¥â, çâ®  ää¨­®à
1

P
0
§ ¤ ¥â ¨§®¬®àä¨§¬ Im

0

P
0
­ 

Im
1

P
1
,  ­ «®£¨ç­®

0

P
1
§ ¤ ¥â ¨§®¬®àä¨§¬ Im

1

P
1
­  Im

0

P
0
.

�¯à¥¤¥«¥­¨¥ 6. �¥¯¥à feIg = f
0
ei;

1
ei; etg, £¤¥ et 2 Ker l,

0
ei 2 Im

0

P
0
,
1
ei =

1

P
0

0
ei, ¡ã¤¥¬ ­ §ë¢ âì

 ¤ ¯â¨à®¢ ­­ë¬ ª  ¤ ¯â¨à®¢ ­­®© f -áâàãªâãà¥ (§¤¥áì I = 1; : : : ; n; i = 1; : : : ; r; t = 2r+1; : : : ; n).

77



�ç¥¢¨¤­®, çâ® ¤«ï íâ®£® à¥¯¥à  ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï
�

P
�

�
ei =

�
ei (¯® � ­¥â áã¬¬¨à®¢ ­¨ï). �

íâ®¬ à¥¯¥à¥ áâàãªâãà­ë¥  ää¨­®àë ¯à¨¢®¤ïâáï ª ¢¨¤ã

a) m =

0
@ 0 0 0

0 0 0
0 0 En�2r

1
A ; ¡)

1

P
1
=

0
@ Er 0 0

0 0 0
0 0 0

1
A ; (21)

¢)
0

P
0
=

0
@ 0 0 0

0 Er 0
0 0 0

1
A ; £)

1

P
0
=

0
@ 0 Er 0

0 0 0
0 0 0

1
A ; ¤)

0

P
1
=

0
@ 0 0 0
Er 0 0
0 0 0

1
A ;

£¤¥ Er ¨ En�2r | ¥¤¨­¨ç­ë¥ ¬ âà¨æë ¯®àï¤ª  r ¨ n� 2r á®®â¢¥âáâ¢¥­­®.

2. �¯à¥¤¥«¥­¨¥ 7. �ã¤¥¬ £®¢®à¨âì, çâ® ¢¯®«­¥ ¨¤¥¬¯®â¥­â­ ï ¯á¥¢¤®á¢ï§­®áâì (l;r) á®åà -
­ï¥â  ­â¨ª¢ â¥à­¨®­­ãî f -áâàãªâãàã (J ; I), ¥á«¨

rXJ = rXI = 0 (8X): (22)

�¥¬¬ . �¯®«­¥ ¨¤¥¬¯®â¥­â­ ï ¯á¥¢¤®á¢ï§­®áâì (l;r) á®åà ­ï¥â  ­â¨ª¢ â¥à­¨®­­ãî f -
áâàãªâãàã â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

rXY =
1X

�=0

�

P
�(�)

rX(
�(�)

P
�
Y ); (23)

£¤¥ �(�) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, ¯à¨­¨¬ îé ï §­ ç¥­¨ï 0 ¨ 1.

�®ª § â¥«ìáâ¢®. �á«®¢¨ï (22) ¢ á¨«ã (17) ¨ (20) à ¢­®á¨«ì­ë á®®â­®è¥­¨ï¬

rX

�

P
�
= 0 (8X; 8�; � = 0; 1); â. ¥. rX(

�

P
�
Y ) =

�

P
�
rXY (8X;Y ): (24)

�âáî¤ , ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (7), (17¦) ¨ (21¡), ¨¬¥¥¬

rXY = lrXY =
X
�

�

P
�
rXY =

X
�

�

P
�(�)

�(�)

P
�
rXY =

X
�

�

P
�(�)

rX

�(�)

P
�
Y:

�¡à â­®, ­¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®© «¥£ª® ã¡¥¤¨âìáï, çâ® ¨§ (23) á«¥¤ã¥â (24).

� ¬¥ç ­¨¥. �§ á®®â­®è¥­¨© (23), ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® ¢  ¤ ¯â¨à®¢ ­­®¬ à¥¯¥à¥ 1-
ä®à¬  ! ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®© ¯á¥¢¤®á¢ï§­®áâ¨, á®åà ­ïîé¥©  ­â¨ª¢ â¥à­¨®­­ãî áâàãªâãàã,
¨¬¥¥â ¢¨¤

! =

0
BB@

�

! 0 0

0
�

! 0

0 0 0

1
CCA : (25)

�  ®á­®¢ ­¨¨ «¥¬¬ë ¬®£ãâ ¡ëâì ¤®ª § ­ë á«¥¤ãîé¨¥ ¤¢¥ â¥®à¥¬ë.

�¥®à¥¬  1. �ãáâì (J; I)|  ­â¨ª¢ â¥à­¨®­­ ï f -áâàãªâãà  ­ M , â®£¤  ­ M áãé¥áâ¢ã-

¥â ¥¤¨­áâ¢¥­­ ï ¢¯®«­¥ ¨¤¥¬¯®â¥­â­ ï ¯á¥¢¤®á¢ï§­®áâì (l;r), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

a) S(mX; lY ) = 0; ¡)
�

P
�
S(

�

P
�
Y;

�

P
�
X) =

�

P
�
S(

�

P
�
Y;

�

P
�
X); ¢) rJ = rl = 0: (26)
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�®ª § â¥«ìáâ¢®. �§ (26 ) ­  ®á­®¢ ­¨¨ (4) ¨¬¥¥¬

rmX(lY )�rlY (mX) � l[mX; lY ] = 0:

�¥à¢®¥ á« £ ¥¬®¥ ¢ á¨«ã ª®¨¤¥¬¯®â¥­â­®áâ¨ ¯á¥¢¤®á¢ï§­®áâ¨ (á¬. (8)) à ¢­® rmXY ,   ¢â®à®¥
à ¢­® ­ã«î, á«¥¤®¢ â¥«ì­®,

rmXY = l[mX; lY ]: (27)

�§ (26¡) ¯à¨ � 6= � ¯®«ãç ¥¬

�

P
�
r�

P
�

Y
(
�

P
�
X)�

�

P
�
r�

P
�

X
(
�

P
�
Y )�

�

P
�
[
�

P
�
Y;

�

P
�
X] =

�

P
�
r�

P
�

Y
(
�

P
�
X)�

�

P
�
r�

P
�

X
(
�

P
�
Y )�

�

P
�
[
�

P
�
Y ;

�

P
�
X]:

�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥, çâ® ¢ á¨«ã (19¡) ¨ (24) ¯¥à¢ë¥ á« £ ¥¬ë¥ ¢ ¯à ¢®© ¨ «¥¢®© ç áâ¨ ¯®-
á«¥¤­¥£® á®®â­®è¥­¨ï à ¢­ë ¬¥¦¤ã á®¡®©,   ¢â®à®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ à ¢­® ­ã«î (â. ª.
� 6= �), ¯®«ãç ¥¬

�

P
�
r�

P
�

X
(
�

P
�
Y ) =

�

P
�
[
�

P
�
Y ;

�

P
�
X]�

�

P
�
[
�

P
�
Y ;

�

P
�
X]: (28)

�âáî¤ , ¯®«®¦¨¢ Y =
�

P
�
Z, ­ å®¤¨¬

�

P
�
r�

P
�

X
(
�

P
�
Z) =

�

P
�
[
�

P
�
Z;

�

P
�
X]�

�

P
�
[
�

P
�
Z;

�

P
�
X]: (29)

�¬­®¦¨¬ ®¡¥ ç áâ¨ à ¢¥­áâ¢  (28) ­ 
�

P
�
, ¯®«®¦¨¢ § â¥¬ Y = Z, ¯®«ãç¨¬

�

P
�
r�

P
�

X
(
�

P
�
Z) =

�

P
�
[
�

P
�
Z;

�

P
�
X]�

�

P
�
[
�

P
�
Z;

�

P
�
X]: (30)

�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (1), (7), (8) ¨ (17), ¯®«ãç ¥¬

rXZ =
0

P
0
r 0

P
0

X
(
0

P
0
Z) +

0

P
1
r 0

P
0

X
(
1

P
0
Z) +

1

P
0
r 1

P
1

X
(
0

P
1
Z) +

1

P
1
r 1

P
1

X
(
1

P
1
Y ) + lrmXZ:

�âáî¤ , á ãç¥â®¬ á®®â­®è¥­¨© (27),   â ª¦¥ (29) ¨ (30) (¯à¨ � = 1, � = 0 ¨ � = 0, � = 1),
­ å®¤¨¬

rXZ =
1

P
0
[
1

P
1
Z;

0

P
1
X]�

1

P
1
[
1

P
1
Z;

1

P
1
X] +

0

P
0
[
1

P
0
Z;

0

P
1
X]�

�
0

P
1
[
1

P
0
Z;

1

P
1
X] +

1

P
1
[
0

P
1
Z;

1

P
0
X]�

1

P
0
[
0

P
1
Z;

0

P
0
X] +

+
0

P
1
[
0

P
0
Z;

1

P
0
X]�

0

P
0
[
0

P
0
Z;

0

P
0
X] + l[mX; lZ]; (31)

ª®â®à®¥ íª¢¨¢ «¥­â­® á«¥¤ãîé¥¬ã

rXZ =
1X

�;�;
=0

(�1)
+�+1
�

P
�
[



P
�
X;

�

P


Z] + l[mX; lZ]: (32)

�ãâ¥¬ ¯àï¬ëå ¢ëç¨á«¥­¨© ­¥âàã¤­® ã¡¥¤¨âìáï, çâ® á®®â­®è¥­¨ï¬¨ (32) ­  M ®¯à¥¤¥«ï¥âáï
¢¯®«­¥ ¨¤¥¬¯®â¥­â­ ï ¯á¥¢¤®á¢ï§­®áâì (l;r), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ (26).

�®¤®¡­ë¬ ®¡à §®¬ ¬®¦¥â ¡ëâì ¤®ª § ­  ¨
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�¥®à¥¬  2. �ãáâì (J ; I) |  ­â¨ª¢ â¥à­¨®­­ ï f -áâàãªâãà  ­  M , â®£¤  ­  M áãé¥-

áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ¯á¥¢¤®á¢ï§­®áâì (l;r), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

a) rJ = rI = 0; ¡) S(mX; lY ) = 0; ¢) S(
�

P
�
X;

�

P
�
Y ) = 0 (� 6= �): (33)

�®ª § â¥«ìáâ¢®. � ááã¦¤¥­¨ï¬¨,  ­ «®£¨ç­ë¬¨ ¯à®¢¥¤¥­­ë¬ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥-
¬ë 1, ¯®«ãç ¥¬, çâ® ¯á¥¢¤®á¢ï§­®áâì, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ (33), ®¯à¥¤¥«ï¥âáï á®®â­®-
è¥­¨ï¬¨

rXY =
1X

�;�=0

�(�)

P
�
[
�

P
�
X;

�

P
�(�)

Y ] + l[mX; lY ]; (34)

£¤¥ �(1) = 0; �(0) = 1.

�á¥¢¤®á¢ï§­®áâ¨, § ¤ ¢ ¥¬ë¥ á®®â­®è¥­¨ï¬¨ (32) ¨ (34), ¡ã¤¥¬ ­ §ë¢ âì á®®â¢¥âáâ¢¥­-
­® ¯¥à¢®© ¨ ¢â®à®© ª ­®­¨ç¥áª¨¬¨ ¯á¥¢¤®á¢ï§­®áâï¬¨ ¬­®£®®¡à §¨ï  ­â¨ª¢ â¥à­¨®­­®© f -
áâàãªâãàë.

3. � á â¥«ì­®¥ à áá«®¥­¨¥ ­ ¤ ¬­®£®®¡à §¨¥¬

á ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®© ¯á¥¢¤®á¢ï§­®áâìî

1. �ãáâì T (M) | ª á â¥«ì­®¥ à áá«®¥­¨¥ ¬­®£®®¡à §¨ï M , � : T (M) ! M | ¥áâ¥áâ¢¥­­ ï
¯à®¥ªæ¨ï, (xi; yi) | ¨­¤ãæ¨à®¢ ­­ ï á¨áâ¥¬  ª®®à¤¨­ â ­  T (M). �.�­® ¨ �.�®¡ ïá¨ ¢ [3]
¢¢¥«¨ ¯®­ïâ¨ï ¢¥àâ¨ª «ì­®£® ¨ ¯®«­®£® «¨äâ®¢ â¥­§®à­ëå ¯®«¥© ¨§ ¬­®£®®¡à §¨ï ¢ ª á â¥«ì­®¥
à áá«®¥­¨¥. �â¨ «¨äâë å à ªâ¥à¨§ãîâáï á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

a) (S 
 T )V = SV 
 T; ¡) fV = f;

¢) (df)V = d(f)V ; £) XV (fC) = (X(f))V ; (35)

a) (S 
 T )C = SV 
 TC + SC 
 T V ; ¡) fC = @f;

¢) (df)C = d(fC); £) XC(f)C = (Xf)C ; (36)

£¤¥ T , S | â¥­§®àë; X 2 T 1
0 (M), f 2 f(M), ¨ ®¡®§­ ç¥­® @f = yi@if . �§ (35) ¨ (36) ¢ëâ¥ª îâ

á®®â­®è¥­¨ï

a) (@i)V = @n+i; (@i)C = @i; ¡) (dxi)V = dxi; (dxi)C = dyi; (37)

£¤¥ @n+1 = @=@yi.
�à¨¢¥¤¥¬ ª®®à¤¨­ â­ë¥ ¢ëà ¦¥­¨ï íâ¨å «¨äâ®¢ ¢ ¨­¤ãæ¨à®¢ ­­®© á¨áâ¥¬¥ ª®®à¤¨­ â ¤«ï

­¥ª®â®àëå â¨¯®¢ â¥­§®à®¢, ¨á¯®«ì§ã¥¬ë¥ ¢ ¤ «ì­¥©è¥¬

a) (X)V =

0
@ 0

X

1
A ; ¡) (X)C =

0
@ X

@X

1
A ; ¢) (F )V =

�
0 0
F 0

�
;

£) (F )C =
�

F 0
@F F

�
; ¤) (!)V = (!; 0); e) (!)C = (!; @!);

¦) (g)V =
�
g 0
0 0

�
; §) (g)C =

�
@g g
g 0

�
:

£¤¥ X 2 T 1
0 (M), ! 2 T 0

1 (M), F 2 T 1
1 (M), g 2 T 0

2 (M). � ¬¥â¨¬, çâ® ª®­áâàãªæ¨¨ ¢¥àâ¨ª «ì­ëå
«¨äâ®¢ ¯®§¢®«ïîâ áâà®¨âì ¯à®¤®«¦¥­¨ï â¥­§®à­ëå ¯®«¥©, § ¢¨áïé¨å ®â ¡ §¨á­ëå ¨ á«®¥¢ëå
ª®®à¤¨­ â.
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�á«¨ ­  M § ¤ ­  «¨­¥©­ ï ¯á¥¢¤®á¢ï§­®áâì (h;r), â® ¯®¤®¡­® â®¬ã, ª ª íâ® ¤¥« «®áì ¢
[4] ¤«ï £®à¨§®­â «ì­ëå «¨äâ®¢ ®â­®á¨â¥«ì­®  ää¨­­®© á¢ï§­®áâ¨, ®¯à¥¤¥«¨¬ £®à¨§®­â «ì­ë©
«¨äâ â¥­§®à­ëå ¯®«¥© ¨§ M ¢ T (M) ¯® á«¥¤ãîé¥© ä®à¬ã«¥:

(T )H = TC �rY T (8T 2 T sq (M)); (38)

£¤¥ rY T = ykrkT
i1:::is
j1:::jq

@n+i 
 � � � 
 @n+isdx
j1 
 � � � 
 dxjq , â. ¥. ¢¥àâ¨ª «ì­®¥ ¯®¤­ïâ¨¥ â¥­§®à 

ykrkT
i1:::is
j1:::jq

. � ãç¥â®¬ á®®â­®è¥­¨© (3) ¨ (37) ­¥âàã¤­® ¯®«ãç¨âì ¢ëà ¦¥­¨ï ¤«ï £®à¨§®­â «ì­ëå
«¨äâ®¢ ¢ ¨­¤ãæ¨à®¢ ­­®© á¨áâ¥¬¥ ª®®à¤¨­ â (xi; yi) ­  T (M). � ª, ­ ¯à¨¬¥à,

a) (X)H =

0
@ hX

�

�X

1
A ; ¡) (!)H = (!�;!h); ¢) (F )H =

0
@ hFh 0

�

�F + F� hFh

1
A ; (39)

£¤¥
�

�ij = (ekhij � �ikj)y
k; �ij = �ikjy

k; X 2 T 1
0 (M), ! 2 T 0

1 (M), F 2 T 1
1 (M).

2. � ¤ «ì­¥©è¥¬ ¡ã¤ãâ ¯®áâà®¥­ë ¡®«¥¥ è¨à®ª¨¥ ª« ááë «¨äâ®¢, ¯®§¢®«ïîé¨¥ ¯®«ãç¨âì
à §«¨ç­ë¥ â¨¯ë £¥®¬¥âà¨ç¥áª¨å áâàãªâãà ­  T (M). �«ï íâ®£® ¯®âà¥¡ã¥âáï á«¥¤ãîé¥¥ ãâ¢¥à-
¦¤¥­¨¥.

�¥®à¥¬  3. �ãáâì (h;r) | ¢¯®«­¥ ¨¤¥¬¯®â¥­â­ ï ¯á¥¢¤®á¢ï§­®áâì ­  M , â®£¤  ­  T (M)
áãé¥áâ¢ã¥â ¨§®âà ­á«¨àã¥¬ ï �-áâàãªâãà .

�®ª § â¥«ìáâ¢®. � ª ¨§¢¥áâ­® [8], § ¤ ­¨¥ ­  M «¨­¥©­®© ¯á¥¢¤®á¢ï§­®áâ¨ (h;r) à ¢­®-
á¨«ì­® § ¤ ­¨î ­  T (M)  ää¨­®à  P , ¨¬¥îé¥£® ¢ ¨­¤ãæ¨à®¢ ­­®© á¨áâ¥¬¥ ª®®à¤¨­ â (xi; yi)
á«¥¤ãîé¨© ¢¨¤:

(P ) =

0
@ 0 0

� h

1
A ;

£¤¥ �
i

j = �ijky
k. � áá¬®âà¨¬ ­  T (M), ªà®¬¥ â®£®, á«¥¤ãîé¨¥  ää¨­®àë:

a)
0

P
0
= P + (S)V ; ¡)

1

P
1
= hC �

0

P
0
; ¢)

0

P
1
= hV ; (40)

£¤¥ Sij = Sikjy
k (Sikj | ª®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï ¯á¥¢¤®á¢ï§­®áâ¨ (h;r)). � ¨­¤ãæ¨à®¢ ­­®©

á¨áâ¥¬¥ ª®®à¤¨­ â íâ¨  ää¨­®àë § ¤ îâáï ¬ âà¨æ ¬¨

a)
0

P
0
=
�
0 0
� h

�
; ¡)

1

P
1
=
�
h 0
� 0

�
; ¢)

0

P
1
=
�
0 0
h 0

�
: (41)

�®ª ¦¥¬, çâ® á®®â­®è¥­¨ï¬¨

a)
1

P
0

0

P
1
=

1

P
1
; ¡)

1

P
0

0

P
0
=

1

P
0

(42)

­  T (M) ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï  ää¨­®à
1

P
0
. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¢ ¨­¤ãæ¨à®¢ ­­®© á¨áâ¥¬¥

ª®®à¤¨­ â
1

P
0
=
�
A B
C D

�
;

â®£¤  ¨§ (42 ), ãç¨âë¢ ï (41), ¯®«ãç ¥¬

a) Bh = h; ¡) Dh =
�

�: (43)

�­ «®£¨ç­®, ¨§ (42¡) á«¥¤ã¥â

a) A = B�; ¡) Bh = B; ¢) D� = C; £) Dh = D: (44)
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�§ (43 ) ¨ (44¡) ¯®«ãç ¥¬ B = h. �âáî¤  á ãç¥â®¬ á®®â­®è¥­¨ï h� = �,   â ª¦¥ (44 ) á«¥¤ã¥â

A = �. � «¥¥, ¨§ ãá«®¢¨© (43¡) ¨ (44£) ¢ëâ¥ª ¥â D =
�

�, ®âªã¤ , ãç¨âë¢ ï (44¢), ¯®«ãç ¥¬

C =
�

��. � ª¨¬ ®¡à §®¬,

1

P
0
=

0
@ � h

�

�� �

1
A : (45)

�¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© á ãç¥â®¬ (41) ¨ (45) ­¥âàã¤­® ã¡¥¤¨âìáï, çâ®  ää¨­®àë
0

P
0
;

0

P
1

1

P
0
;

1

P
1
ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ (19¡), â. ¥. ®¯à¥¤¥«ïîâ ­  T (M) ¨§®âà ­á«¨àã¥¬ãî �-

áâàãªâãàã.

� ¬¥ç ­¨¥ 1. � ª ¡ë«® ¯®ª § ­® ¢ëè¥, § ¤ ­¨¥ ¨§®âà ­á«¨àã¥¬®© �-áâàãªâãàë à ¢­®-

á¨«ì­® § ¤ ­¨î  ­â¨ª¢ â¥à­¨®­­®© áâàãªâãàë (J; I), £¤¥ J =
1

P
1
�

0

P
0
, I =

0

P
1
+

1

P
0
. �â¨  ää¨­®àë

J ¨ I ¢ ¨­¤ãæ¨àã¥¬®© á¨áâ¥¬¥ ª®®à¤¨­ â ®¯à¥¤¥«ïîâáï ¬ âà¨æ ¬¨

J =
�

h 0
h� 2� �h

�
; I =

0
@ � h

h+
�

�� �

1
A : (46)

�â¬¥â¨¬, çâ® J2 = I2 = hC . �âàãªâãà  (J; I) ï¢«ï¥âáï ¥áâ¥áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬  ­â¨ª¢ â¥à-
­¨®­­®© áâàãªâãàë ­  T (M), à áá¬ âà¨¢ ¢è¥©áï ¢ [5]. �â  áâàãªâãà  ¯®«ãç ¥âáï ¨§ (J; I) ¢
¯à¥¤¯®«®¦¥­¨¨, çâ® rkh = n (â. ¥. h = id).

� ¬¥ç ­¨¥ 2. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

a)
0

P
0
(hX)V = (hX)V ; ¡)

1

P
1
(hX)H = (hX)H ; ¢) hC(V X)V = 0;

£) hC(V X)C = 0; ¤)
0

P
1
(hX)V = (hX)H ; e)

1

P
0
(hX)H = (hX)V (V = id�h):

(47)

� ª¨¬ ®¡à §®¬, ¥á«¨ fei1g | ¡ §¨á Imh,   fei1g | ¡ §¨á Kerh (i1 = 1; : : : ; r, i2 = r+1; : : : ; n), â®
à¥¯¥à fei1 ; ei2 ; en+i1 ; en+i2g = f(ei1 )

H ; (ei2)
C ; (ei1)

V ; (ei2 )
V g ¡ã¤¥â  ¤ ¯â¨à®¢ ­­ë¬ ª  ­â¨ª¢ â¥à­¨-

®­­®© f -áâàãªâãà¥ ­  T (M).

� ¬¥ç ­¨¥ 3. � «¨ç¨¥ ¨§®âà ­á«¨àã¥¬®© �-áâàãªâãàë, ª ª íâ® á«¥¤ã¥â ¨§ â¥®à¥¬ 1 ¨ 2,
¯à¨¢®¤¨â ª ¢®§­¨ª­®¢¥­¨î ­  T (M) ¢¯®«­¥ ¨¤¥¬¯®â¥­â­ëå ¯á¥¢¤®á¢ï§­®áâ¥© (¯¥à¢®© ¨ ¢â®-
à®© ª ­®­¨ç¥áª¨å ¯á¥¢¤®á¢ï§­®áâ¥©). �á®¡ë© ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¢ ï ª ­®­¨ç¥áª ï
¯á¥¢¤®á¢ï§­®áâì, â. ª. ®­  ¬®¦¥â ¡ëâì ¨­â¥à¯à¥â¨à®¢ ­  ª ª ®¡®¡é¥­¨¥ £®à¨§®­â «ì­®£® «¨äâ 
á¢ï§­®áâ¨. �¡®§­ ç¨¬ ¥¥ (hH ;rH) ¨ ­ §®¢¥¬ ¯á¥¢¤®£®à¨§®­â «ì­ë¬ «¨äâ®¬ ¯á¥¢¤®á¢ï§­®áâ¨
(h;r).

�§ á®®â­®è¥­¨© (32), ãç¨âë¢ ï (41), (45), (47), ¯®«ãç ¥¬

a) rH
XV Z

V = 0; ¡) rH
XV (hZ)

H = 0; ¢) �H
XV (V Z)

C = 0; £) �H
(hX)HZ

V = (rXZ)V ;

¤) �H
(hX)HZ

H = (rXZ)H ; e) �H
(V X)C (Z)

V = (rV XZ)V ; ¦) �H
(V X)CZ

H = (rV XZ)H :
(48)

�§ á®®â­®è¥­¨© (48) á«¥¤ã¥â, çâ® ¢  ¤ ¯â¨à®¢ ­­®¬ à¥¯¥à¥ (ei1 ; ei1 ; en+i1 ; en+i2) ­  T (M) ¯á¥¢¤®-
á¢ï§­®áâì (hH ;rH) ¨¬¥¥â ­¥­ã«¥¢ë¬¨ «¨èì á«¥¤ãîé¨¥ ª®¬¯®­¥­âë:

H

�i1j1 k1 =
H

�n+i1j1 n+k1
= �i1j1 k1 ;

H

�i1j2 k1 =
H

�i1j2 n+k1 = �i1j2 k1 : (49)
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� áá¬ âà¨¢ ï  ­ «®£¨ç­ë¬ ®¡à §®¬ á®®â­®è¥­¨ï (34) ¢  ¤ ¯â¨à®¢ ­­®¬ à¥¯¥à¥, «¥£ª® ã¡¥¤¨âì-
áï, çâ® ¢â®à ï ª ­®­¨ç¥áª ï ¯á¥¢¤®á¢ï§­®áâì ­  T (M) ¬®¦¥â ¡ëâì ¨­â¥à¯à¥â¨à®¢ ­  ª ª £®à¨-
§®­â «ì­ë© «¨äâ ¯á¥¢¤®á¢ï§­®áâ¨ (h;r), £¤¥r = r�S,   S| â¥­§®à ªàãç¥­¨ï ¯á¥¢¤®á¢ï§­®áâ¨
r.

� ¬¥ç ­¨¥ 4. � àï¤ã á ¨§®âà ­á«¨àã¥¬®© �-áâàãªâãà®© f
�

P
�
g ­  T (M) ¬®¦­® ¢¢¥áâ¨ ¨§®-

âà ­á«¨àã¥¬ãî �-áâàãªâãàã f
�

P
�
g á®®â­®è¥­¨ï¬¨

�

P
�
=

1X

;�=0

�

f
�

�

P






f
�

�1 (�; � = 0; 1); (50)

£¤¥
�

f
�

= const | ¯à®¨§¢®«ì­ ï ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ ,  
�

f
�

�1 | ®¡à â­ ï ª ­¥©. �ää¨­®àë f
�

P
�
g

ã¤®¢«¥â¢®àïîâ (19¡). � ªãî ¨§®âà ­á«¨àã¥¬ãî �-áâàãªâãàã ¡ã¤¥¬ ­ §ë¢ âì ¨§®âà ­á«¨àã¥¬®©

�-áâàãªâãà®© à ¢­®á¨«ì­®© f
�

P
�
g. �§ (32) ¨ (34) á«¥¤ã¥â, çâ® ª ­®­¨ç¥áª¨¥ ¯á¥¢¤®á¢ï§­®áâ¨ ã

à ¢­®á¨«ì­ëå ¨§®âà ­á«¨àã¥¬ëå �-áâàãªâãà á®¢¯ ¤ îâ.

3. �ãáâì (h;r) | «¨­¥©­ ï ¯á¥¢¤®á¢ï§­®áâì ­ M , â®£¤   ­ «®£¨ç­® â®¬ã, ª ª íâ® ¤¥« «®áì

¢ [3], ¬®¦­® ¯®ª § âì, çâ® ­  T (M) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ¯á¥¢¤®á¢ï§­®áâì (hC ;
C

r), ã¤®¢«¥-
â¢®àïîé ï ãá«®¢¨ï¬

C

rXCZ
C = (rXZ)

C : (51)

�âã ¯á¥¢¤®á¢ï§­®áâì ¡ã¤¥¬ ­ §ë¢ âì ¯®«­ë¬ «¨äâ®¬ ¯á¥¢¤®á¢ï§­®áâ¨ (h;r). �á«¨ Z § ¬¥­¨âì
­  fZ,  X | ­  qX, £¤¥ f , q| ¯à®¨§¢®«ì­ë¥ ¤¨ää¥à¥­æ¨àã¥¬ë¥äã­ªæ¨¨, â® ¨§ (51), ãç¨âë¢ ï
(1), (2), (36), ¯®«ãç¨¬

a)
C

rXCZ
V = (rXZ)V ; ¡) (

C

rXV Z
C) = (rXZ)V ; ¢)

C

rXV Z
V = 0: (52)

�§ á®®â­®è¥­¨© (51), (52) ¢¨¤­®, çâ® ¢ ¨­¤ãæ¨à®¢ ­­®© á¨áâ¥¬¥ ª®®à¤¨­ â (xi; yi), â. ¥. ¢ ­ âã-
à «ì­®¬ à¥¯¥à¥ ei = (@i)C , en+i = (@i)V , ­¥­ã«¥¢ë¥ ª®¬¯®­¥­âë ¯á¥¢¤®á¢ï§­®áâ¨ ¡ã¤ãâ ¨¬¥âì
¢¨¤

C

�ij k =
C

�ij n+k =
C

�in+j k = �ij k;
C

�n+ij k = @�ij k: (53)

�®¤®¡­® â®¬ã, ª ª íâ® ¤¥« «®áì ¢ [3], «¥£ª® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ á«¥¤ãîé¨å ãâ¢¥à-
¦¤¥­¨©.

�à¥¤«®¦¥­¨¥ 1. �á«¨ S ¨ R | á®®â¢¥âáâ¢¥­­® â¥­§®àë ªàãç¥­¨ï ¨ ªà¨¢¨§­ë ¯á¥¢¤®-

á¢ï§­®áâ¨ (h;r), â® SC ¨ RC { â¥­§®àë ªàãç¥­¨ï ¨ ªà¨¢¨§­ë ¯á¥¢¤®á¢ï§­®áâ¨ (hC ;
C

r).

�à¥¤«®¦¥­¨¥ 2. �«ï «î¡®£® â¥­§®à­®£® ¯®«ï T ¨ «î¡®£® ¢¥ªâ®à­®£® ¯®«ï X ­  M ¨¬¥îâ

¬¥áâ® á®®â­®è¥­¨ï

a)
C

rXCT
C = (rXT )

C ; ¡)
C

rXCT
V = (rXT )

V ; ¢)
C

rXV T
V = 0; £)

C

rXV T
C = (rXT )

V : (54)

�à®¬¥ íâ®£®, ®â¬¥â¨¬ ­¥ª®â®àë¥ ãâ¢¥à¦¤¥­¨ï, ¨¬¥îé¨¥ ¬¥áâ® â®«ìª® ¤«ï ¯®«­®£® «¨äâ 
¯á¥¢¤®á¢ï§­®áâ¨.

�à¥¤«®¦¥­¨¥ 3. �ãáâì (h;r) | ¨¤¥¬¯®â¥­â­ ï (ª®¨¤¥¬¯®â¥­â­ ï) ¯á¥¢¤®á¢ï§­®áâì,

â® (hC ;
C

r) | ¨¤¥¬¯®â¥­â­ ï (ª®¨¤¥¬¯®â¥­â­ ï) ¯á¥¢¤®á¢ï§­®áâì.
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�¥©áâ¢¨â¥«ì­®, ª ª ¨§¢¥áâ­® [3], ¥á«¨ ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢® ­  ¬­®¦¥áâ¢¥ ¯®«­ëå ¯®¤-
­ïâ¨©, â® ®­® á¯à ¢¥¤«¨¢® ¤«ï «î¡®£® ¢¥ªâ®à­®£® ¯®«ï ­  T (M). �®íâ®¬ã ¤«ï ¨¤¥¬¯®â¥­â­®©
¯á¥¢¤®á¢ï§­®áâ¨ (h;r) ­  ®á­®¢ ­¨¨ á¢®©áâ¢ ¯®«­ëå «¨äâ®¢ ¨¬¥¥¬

hCrXCZ
C = hC(rXZ)C = (hrXZ)C = (rXZ)C = rXCZ

C ;

çâ® £®¢®à¨â ®¡ ¨¤¥¬¯®â¥­â­®áâ¨ (hC ;
C

r) (á¬. (7)). �­ «®£¨ç­®, ¢ á«ãç ¥ ª®¨¤¥¬¯®â¥­â­®© ¯á¥¢-
¤®á¢ï§­®áâ¨ ¯®«ãç ¥¬

rXC (hCZC) = rXC (hZ)C = (rX(hZ))C = (rXZ)C = rXCZ
C :

�à¥¤«®¦¥­¨¥ 4. �ãáâì (r; h) | ¯á¥¢¤®á¢ï§­®áâì �¥¢¨-�¨¢¨â , á®®â¢¥âáâ¢ãîé ï HR-

áâàãªâãà¥ (h; g) ­  M , â®£¤  (hC ;
C

r) | ¯á¥¢¤®á¢ï§­®áâì �¥¢¨-�¨¢¨â , á®®â¢¥âáâ¢ãîé ï

HR-áâàãªâãà¥ (hC ; gC) ­  T (M).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, ¢®-¯¥à¢ëå, çâ® ¥á«¨ (h; g) | HR-áâàãªâãà  à ­£  r ­  M , â®
(hC ; gC) | HR-áâàãªâãà  à ­£  2r ­  T (M). �¥©áâ¢¨â¥«ì­®, rkhC = rk gC = 2r, ªà®¬¥ â®£®,

gC(hCXC ; ZC) = gC((hX)C ; ZC) = (g(hX;Z))C = (g(X;Z))C = gC(XC ; ZC):

�ãáâì â¥¯¥àì (h;r) | ¯á¥¢¤®á¢ï§­®áâì �¥¢¨-�¨¢¨â , á®®â¢¥âáâ¢ãîé ï (h; g), â®£¤ , ¯à¨­¨¬ ï
¢® ¢­¨¬ ­¨¥ (21), ¨¬¥¥¬

(rXCg
C) = (rXg)

C = 0;

gC(XC ; S(Y C; ZC)) = (g(X;S(Y;Z)))C = (g(Y; S(X;Z)))C = gC(Y C ; SC(XC ; ZC):

�®á«¥¤­¨¥ ¤¢  à ¢¥­áâ¢  ¯®ª §ë¢ îâ, çâ® (hC ;
C

r) ã¤®¢«¥â¢®àï¥â â ª¦¥ á®®â­®è¥­¨ï¬ (15) ¨,

á«¥¤®¢ â¥«ì­®, ï¢«ï¥âáï ¯á¥¢¤®á¢ï§­®áâìî �¥¢¨-�¨¢¨â .

4. �ãáâì t 2 T sq (M), � | æ¥«®¥ ç¨á«® (0 � � � 2s+q�1), (�1; : : : ; �s+q) | ¤¢®¨ç­®¥ ¯à¥¤áâ ¢«¥-
­¨¥ ç¨á«  � , â®£¤  ­  T (M) ¬®¦¥¬ ®¯à¥¤¥«¨âì â¥­§®à (t)�p â¨¯  (s; q) ¯à¨ ¯®¬®é¨ á®®â­®è¥­¨©

(t�p)(X1; : : : ;Xq ;Xq+1; : : : ; Xq+s) = (t)V (F1X1; : : : ; FqXq;Xq+1Fq+1; : : : ;Xq+sFq+s);

£¤¥ X1; : : : ; Xq 2 T
1
0 (T (M)); Xq+1; : : : ;Xq+s 2 T

0
1 (T (M)),

F =

8>>>><
>>>>:

id; ¥á«¨ � = 0;
0

P
1
; ¥á«¨ � = 1;  � q;

1

P
0
; ¥á«¨ � = 1;  � q + 1;

 = 1; : : : ; s+ q. �àã£¨¬¨ á«®¢ ¬¨

(t)�p = t
iq+1:::iq+s
i1:::iq

�
i1

 � � � 
 �

iq
eiq+1 
 � � � 
 eiq+s ;

£¤¥ tiq+1:::iq+si1:::iq
| ª®¬¯®­¥­âë â¥­§®à  t ¢ ­ âãà «ì­®¬ à¥¯¥à¥ ­  M ,

�
i =

(
dX i ; ¥á«¨ � = 0;

h
i 
t dX

n+t + �i t dXt; ¥á«¨ � = 1;

ei =

8<
:
@n+i ; ¥á«¨ � = 0;

hti @t +
�

�ti @n+t; ¥á«¨ � = 1:

�§ ®¯à¥¤¥«¥­¨ï �P -«¨äâ®¢, ¢ ç áâ­®áâ¨, á«¥¤ã¥â

(t)0 = tV ; tH = (t)1P + (t)3P + � � �+ (t)(2
�+s

�1)P :
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�à®¬¥ íâ®£®, â¥­§®à
2�+s�1P
�=0

(t�)�P ­  T (M) ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª  ­ «®£ ¯®«­®£® «¨äâ 

�.�.� £ ­  ¯®á«¥¤®¢ â¥«ì­®áâ¨ â¥­§®à®¢ ft�g [9]. �¤­ ª®, ®â¬¥â¨¬, çâ® �.�.� £ ­ ¯®áâà®¨«
íâ®â «¨äâ, ¨áå®¤ï ¨§ ­¥áª®«ìª® ¨­ëå á®®¡à ¦¥­¨©.

5. �á¯®«ì§ãï ¨§®âà ­á«¨àã¥¬ãî áâàãªâãàã ­  T (M),   â ª¦¥  ¯¯ à â �P -«¨äâ®¢ ­  T (M),
¬®¦­® ¢¢¥áâ¨ è¨à®ª¨¥ ª« ááë à §«¨ç­ëå £¥®¬¥âà¨ç¥áª¨å áâàãªâãà. �à¨¢¥¤¥¬ ­¥ª®â®àë¥ ¯à¨-
¬¥àë.

1) �ãáâì f
�

f
�

g 2 f(M) | á¥¬¥©áâ¢® äã­ªæ¨© ­  M , ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

X
�

�

f
�

�

f



= e��
 ;

£¤¥ e = �1; �; �; 
 = 0; 1. �®£¤  â¥­§®à

F =
X
�;�

�

f
�

�

P
�

®¯à¥¤¥«ï¥â ­  T (M) �-áâàãªâãàã (£¨¯¥à¡®«¨ç¥áª®£® â¨¯  ¯à¨ e = 1 ¨ í««¨¯â¨ç¥áª®£® ¯à¨

e = �1). � ç áâ­®áâ¨, ¯à¨
�

f
�

= ( 1 0
0 �1 ) ¨¬¥¥¬ F = J ,   ¯à¨

�

f
�

= ( 0 1
1 0 ) ¨¬¥¥¬ F = I.

2) �ãáâì (h; g) | HR-áâàãªâãà  à ­£  r ­  M ¨ a�� 2 f(M) | á¥¬¥©áâ¢® äã­ªæ¨© â ª¨å,
çâ® a�� = a��, det(a��) 6= 0. �¡®§­ ç¨¬ g00 = (g)0P , g01 = (g)1P , g10 = (g)2P , g11 = (g)3P . �®£¤ 
¯ à  (hC ; g), £¤¥ g =

P
�;�

g��a
��, ®¡à §ã¥â HR-áâàãªâãàã à ­£  2r ­  T (M). � ç áâ­®áâ¨, ¥á«¨

a�� = ( 1 0
0 1 ), â® g ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª  ­ «®£ ¬¥âà¨ª¨ � á ª¨ [5].

3) �ãáâì F | f -áâàãªâãà  (£¨¯¥à¡®«¨ç¥áª®£® ¨«¨ í««¨¯â¨ç¥áª®£® â¨¯ ), (h; g) | HR-
áâàãªâãà  ­  M . � àã (J; g) ¡ã¤¥¬ ­ §ë¢ âì ¯®çâ¨ íà¬¨â®¢®© f -áâàãªâãà®©, ¥á«¨

a) g(JX; Y ) = �g(X;JY ) (8X;Y 2 T 0
1 (M)); ¡) J2 = h:

�¥âàã¤­® ¢¨¤¥âì, çâ® ¯ à  (F ; g), ¢¢¥¤¥­­ ï ¢ ¯à¨¬¥à å 1) ¨ 2), ¡ã¤¥â ¯®çâ¨ íà¬¨â®¢®© áâàãª-
âãà®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  X




(
�

a
�

f



+
�

a
�

f



) = 0:

�¥âàã¤­® â ª¦¥ ¢¨¤¥âì, çâ® íâ¨ ãá«®¢¨ï ¡ã¤ãâ ¢ë¯®«­¥­ë, ­ ¯à¨¬¥à, ¤«ï ¯ àë (J; gH),   â ª¦¥
¤«ï ¯ àë, á®áâ®ïé¥© ¨§ K = JI ¨  ­ «®£  ¬¥âà¨ª¨ � á ª¨ gS . � à  (J; gC) ¡ã¤¥â ®¯à¥¤¥«ïâì
¯®çâ¨ íà¬¨â®¢ã áâàãªâãàã â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  rg = 0.
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