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� à ¡®â¥ ¨áá«¥¤®¢ ­ë ã¯«®é îé¨¥ á¢®©áâ¢  £àã¯¯ë �¨ GI
r ¯à¥®¡à §®¢ ­¨© ª á â¥«ì­®£®

à áá«®¥­¨ï T (M), ­ ¤¥«¥­­®£® ¯®«­ë¬ «¨äâ®¬ rI  ää¨­­®© á¢ï§­®áâ¨ r ¨ ¯®«­ë¬ «¨äâ®¬
gI ¬¥âà¨ª¨ g ­  ¡ §¥M , ª®â®à ï ¨­¤ãæ¨à®¢ ­  £àã¯¯®© �¨ Gr ª®­æ¨àªã«ïà­ëå ¯à¥®¡à §®¢ ­¨©
M . � ª ¨ ¤«ï £àã¯¯ë £¥®¤¥§¨ç¥áª¨å (¯à®¥ªâ¨¢­ëå) ¯à¥®¡à §®¢ ­¨© [1], ¯®«ãç¥­­ë¥ à¥§ã«ìâ -
âë ¢ëï¢«ïîâ ®¯à¥¤¥«¥­­ë¥ £¥®¬¥âà¨ç¥áª¨¥ ®á®¡¥­­®áâ¨ ¨­¤ãæ¨à®¢ ­­®© £àã¯¯ë GI

r ¢ à ¬ª å
â¥®à¨¨ p-£¥®¤¥§¨ç¥áª¨å ®â®¡à ¦¥­¨© ¨ ¤ îâ ª®­áâàãªâ¨¢­ë© á¯®á®¡ ¯®áâà®¥­¨ï â ª¨å ®â®¡à -
¦¥­¨©, ¨áå®¤ï ¨§ ª®­æ¨àªã«ïà­ëå ¯à¥®¡à §®¢ ­¨© ¡ §ë.

1. P -£¥®¤¥§¨ç¥áª¨¥ ª®­¥ç­ë¥ ¨ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï

�à¨¢¥¤¥¬ ¢­ ç «¥ ­¥®¡å®¤¨¬ë¥ ¤«ï ¤ «ì­¥©è¥£® ä ªâë ¨§ â¥®à¨¨ p-£¥®¤¥§¨ç¥áª¨å ª®­¥ç-
­ëå ¨ ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯à¥®¡à §®¢ ­¨© [1]{[3].

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨àã¥¬®¥ ¬­®£®®¡à §¨¥ Mn á  ää¨­­®© á¢ï§­®áâìî ¡¥§ ªàãç¥­¨ï r.
�ãáâì xh = xh(t) | ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢­¥­¨ï ªà¨¢®© 
 : (t0; t1) ! Mn ®â­®á¨â¥«ì­® «®ª «ì-
­ëå ª®®à¤¨­ â x1; : : : ; xn, �h = dxh=dt| ¥¥ ª á â¥«ì­ë© ¢¥ªâ®à, �hq = rt�

h
q�1 = d�hq�1=dt+�

h
ij�

i�jq�1

| ¢¥ªâ®à q-© ªà¨¢¨§­ë ªà¨¢®©. �¤¥áì �h0 � �h, i; j; k; : : : = 1; n; �hij(x) | ª®íää¨æ¨¥­âë r.

�¯à¥¤¥«¥­¨¥ 1. �á«¨ ¢ â®çª¥ 
(t) ªà¨¢®© 
 ¢¥ªâ®àë �h; �h1 ; : : : ; �
h
p�1 «¨­¥©­® ­¥§ ¢¨á¨¬ë,  

¢¥ªâ®à �hp ã¦¥ «¨­¥©­® § ¢¨á¨¬ á ­¨¬¨, â® £®¢®àïâ, çâ® ¢ íâ®© â®çª¥ ªà¨¢ ï 
 ¨¬¥¥â ã¯«®é¥­¨¥
p-£® ¯®àï¤ª . � á«ãç ¥, ª®£¤  ªà¨¢ ï 
 ¨¬¥¥â ã¯«®é¥­¨¥ p-£® ¯®àï¤ª  ¢ ª ¦¤®© á¢®¥© â®çª¥, ¥¥
­ §ë¢ ¥¬ p-£¥®¤¥§¨ç¥áª®© ªà¨¢®©.

� ª¨¬ ®¡à §®¬, p-£¥®¤¥§¨ç¥áª¨¥ ªà¨¢ë¥ å à ªâ¥à¨§ãîâáï ãá«®¢¨ï¬¨

�[h�h11 : : : �hp]p = 0; �[h�h11 : : : �
hp�1]
p�1 6= 0;

  ¨å ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤

�hp (t) = �p�1�
h
p�1 + � � �+ �1�

h
1 + �0�

h;

£¤¥ �p��(t), � = 1; p, | ­¥ª®â®àë¥ äã­ªæ¨¨ ¯ à ¬¥âà .
� à ¬¥âà t ­  £¥®¤¥§¨ç¥áª®© ªà¨¢®© ­ §ë¢ ¥¬ �-ª ­®­¨ç¥áª¨¬, ¥á«¨ �p��(t) � 0 ¢¤®«ì íâ®©

ªà¨¢®©. � ª®© ¯ à ¬¥âà ¢á¥£¤  áãé¥áâ¢ã¥â ­  «î¡®© p-£¥®¤¥§¨ç¥áª®© ªà¨¢®©,   ®â¤¥«ì­ë¥ ¨§
­¨å ¤®¯ãáª îâ ªà â­ë© �-ª ­®­¨ç¥áª¨© (¤«ï ­¥áª®«ìª¨å �) ¨  ¡á®«îâ­ë© (¤«ï ¢á¥å �) ª ­®-
­¨ç¥áª¨© ¯ à ¬¥âà.

� (¯á¥¢¤®)à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ å ¢¤®«ì p-£¥®¤¥§¨ç¥áª¨å ªà¨¢ëå ®¡à é îâáï ¢ ­ã«ì ¢á¥
¥¥ ªà¨¢¨§­ë, ­ ç¨­ ï á p-© [2]{[4].
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�¯à¥¤¥«¥­¨¥ 2. �¨ää¥®¬®àä¨§¬ � : Mn ! Mn ¤¢ãå  ää¨­­®á¢ï§­ëå ¯à®áâà ­áâ¢ ¡¥§
ªàãç¥­¨ï ­ §ë¢ ¥âáï p-£¥®¤¥§¨ç¥áª¨¬, ¥á«¨ ¤«ï ª ¦¤®© £¥®¤¥§¨ç¥áª®© ªà¨¢®© 
 : (t0; t1) !
Mn ¥¥ ®¡à § | ªà¨¢ ï � � 
 | ¨¬¥¥â ¢ ª ¦¤®© â®çª¥ ã¯«®é¥­¨¥ ¯®àï¤ª  q � p. �¨á«® q ¢
®¡é¥¬ á«ãç ¥ § ¢¨á¨â ª ª ®â ¢ë¡®à  ªà¨¢®© 
, â ª ¨ â®çª¨ ­  ­¥©,   ç¨á«® p ä¨ªá¨à®¢ ­® ¨
¬ ªá¨¬ «ì­®¥ ¨§ ¢á¥å q. P -£¥®¤¥§¨ç¥áª¨© ¤¨ää¥®¬®àä¨§¬ (­  á¥¡ï) � : Mn ! Mn ­ §ë¢ ¥¬
p-£¥®¤¥§¨ç¥áª¨¬ ª®­¥ç­ë¬ ¯à¥®¡à §®¢ ­¨¥¬  ää¨­­®á¢ï§­®£® ¯à®áâà ­áâ¢  (Mn;r).

� ª¨¬ ®¡à §®¬, p-£¥®¤¥§¨ç¥áª¨¥ ¤¨ää¥®¬®àä¨§¬ë å à ªâ¥à¨§ãîâáï á £¥®¬¥âà¨ç¥áª®© â®ç-
ª¨ §à¥­¨ï â¥¬, çâ® ®­¨ ®â®¡à ¦ îâ ¢áïªãî £¥®¤¥§¨ç¥áªãî ªà¨¢ãî â ª, çâ® ¥¥ ®¡à § ¥áâì
q-£¥®¤¥§¨ç¥áª ï ªà¨¢ ï, ¯à¨ç¥¬ q ¬®¦¥â ¬¥­ïâìáï ®â â®çª¨ ª â®çª¥ ¨ q � p. �á«¨ ¯à¨ p-
£¥®¤¥§¨ç¥áª®¬ ¤¨ää¥®¬®àä¨§¬¥ � ª ­®­¨ç¥áª¨© ¯ à ¬¥âà ª ¦¤®© £¥®¤¥§¨ç¥áª®© ªà¨¢®© 


ï¢«ï¥âáï ­  p-£¥®¤¥§¨ç¥áª¨å ªà¨¢ëå � � 
 �-ª ­®­¨ç¥áª¨¬ ¯ à ¬¥âà®¬, â® � ­ §ë¢ ¥¬ �-
ª ­®­¨ç¥áª¨¬ p-£¥®¤¥§¨ç¥áª¨¬ ¤¨ää¥®¬®àä¨§¬®¬.

�¨ää¥®¬®àä¨§¬ � : Mn ! Mn ¤¢ãå ¯à®áâà ­áâ¢ á  ää¨­­ë¬¨ á¢ï§­®áâï¬¨ ¡¥§ ªàãç¥­¨ï
r, r ¡ã¤¥â p-£¥®¤¥§¨ç¥áª¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ ®¡é¥© ¯® íâ®¬ã ¤¨ää¥®¬®àä¨§¬ã
«®ª «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â ¢ë¯®«­ïîâáï ãá«®¢¨ï

�
[h
(a P

h1
a1a2

: : : P
hp]
b1:::bp+1)

= 0; (1)

�
[h
(a P

h1
a1a2

: : : P
hp�1]

b1:::bp)
6= 0 (p > 1): (2)

�¤¥áì
P h
ij = �hij � �hij ; P h

a1:::aq+1
= r(aq+1P

h
a1:::aq)

+ qP b
(a1a2

P h
a3:::aq+1)b

;

ªàã£«ë¥ áª®¡ª¨ ®§­ ç îâ á¨¬¬¥âà¨à®¢ ­¨¥,   ª¢ ¤à â­ë¥ |  «ìâ¥à­¨à®¢ ­¨¥.
�®®â­®è¥­¨ï (1), (2) ­ §ë¢ ¥¬ ®á­®¢­ë¬¨ ãà ¢­¥­¨ï¬¨ p-£¥®¤¥§¨ç¥áª®£® ¤¨ää¥®¬®àä¨§¬ .

� á«ãç ¥ �-ª ­®­¨ç¥áª®£® ¤¨ää¥®¬®àä¨§¬  ¢ (1) ­ã¦­® á®®â¢¥âáâ¢¥­­® � = p; p�1; : : : ; 1 ®¯ãá-
ª âì ¬­®¦¨â¥«ì, áâ®ïé¨© ­  ¯¥à¢®¬, ¢â®à®¬, : : : , ¯à¥¤¯®á«¥¤­¥¬ ¬¥áâ¥. �à¨ íâ®¬ ¤«ï ªà â­ëå
�-ª ­®­¨ç¥áª¨å ¤¨ää¥®¬®àä¨§¬®¢ ®¯ãáª îâáï á®®â¢¥âáâ¢¥­­® áà §ã ­¥áª®«ìª® á®¬­®¦¨â¥«¥©,
  ¤«ï  ¡á®«îâ­® ª ­®­¨ç¥áª®£® p-£¥®¤¥§¨ç¥áª®£® ¤¨ää¥®¬®àä¨§¬ 

P h
b1:::bp+1

= 0: (3)

�ãáâì � : exh = xh + "Xh(x1; : : : ; xn) | ¨­ä¨­¨â¥§¨¬ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ ¬­®£®®¡à §¨ï
(Mn;r), á®®â¢¥âáâ¢ãîé¥¥ ¢¥ªâ®à­®¬ã ¯®«îX = Xh@=@xh ("|¨­ä¨­¨â¥§¨¬ «ì­ë© ¯ à ¬¥âà).

�¯à¥¤¥«¥­¨¥ 3. �ã¤¥¬ £®¢®à¨âì, çâ® ¨­ä¨­¨â¥§¨¬ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ � (¨«¨ ¢¥ªâ®à­®¥
¯®«¥ X) á®®¡é ¥â £¥®¤¥§¨ç¥áª®© ªà¨¢®© 
 : xh = xh(t) ã¯«®é¥­¨¥ q-£® ¯®àï¤ª  ¢ â®çª¥ 
(t), ¥á«¨

lim
"!0

"�q e� [h e�h11 : : : e�hq ] = 0

¨ ç¨á«® q ¬¨­¨¬ «ì­®¥ ¨§ ¢®§¬®¦­ëå.

�¯à¥¤¥«¥­¨¥ 4. �­ä¨­¨â¥§¨¬ «ì­®¥ «®ª «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¬­®£®®¡à §¨ï (Mn;r)
­ §ë¢ ¥¬ p-£¥®¤¥§¨ç¥áª¨¬ ¨­ä¨­¨â¥§¨¬ «ì­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ (p-£. ¨. ¯.), ¥á«¨ ­  ª ¦¤®© £¥®-
¤¥§¨ç¥áª®© ªà¨¢®© 
 : (t0; t1) ! Mn ®­® á®®¡é ¥â ª ¦¤®© â®çª¥ 
(t) ã¯«®é¥­¨¥ q-£® ¯®àï¤ª ,
q � p. �¨á«® q ¬®¦¥â § ¢¨á¥âì ª ª ®â ¢ë¡®à  £¥®¤¥§¨ç¥áª®© ªà¨¢®© 
, â ª ¨ ®â ¢ë¡®à  â®çª¨
­  ­¥©,   ç¨á«® p ¬ ªá¨¬ «ì­®¥ ¨§ ¢á¥å ¢®§¬®¦­ëå ç¨á¥« q.

� £¥®¬¥âà¨ç¥áª®© â®çª¨ §à¥­¨ï p-£. ¨. ¯. ®¡« ¤ îâ â®© ®á®¡¥­­®áâìî, çâ® ®­¨ ¯à¥®¡à §ãîâ
¢áïªãî £¥®¤¥§¨ç¥áªãî ªà¨¢ãî 
 ¢ ªà¨¢ãî e
 = � � 
, ¤«ï ª®â®à®© ¥¥ ã¯«®é¥­­®¥ ¯à¨¡«¨¦¥­¨¥e
" ï¢«ï¥âáï ­  ®â¤¥«ì­ëå ãç áâª å q-£¥®¤¥§¨ç¥áª®© ªà¨¢®©, q � p. �á«¨ ¯à¨ p-£. ¨. ¯. � ª ­®-
­¨ç¥áª¨© ¯ à ¬¥âà ª ¦¤®© £¥®¤¥§¨ç¥áª®© ªà¨¢®© 
 ï¢«ï¥âáï ­  á®®â¢¥âáâ¢ãîé¨å ã¯«®é¥­­ëå
¯à¨¡«¨¦¥­¨ïå e
" �-ª ­®­¨ç¥áª¨¬ ¯ à ¬¥âà®¬, â® � ­ §ë¢ ¥âáï �-ª ­®­¨ç¥áª¨¬ p-£. ¨. ¯.
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�­ä¨­¨â¥§¨¬ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ � : Mn ! Mn ¡ã¤¥â p-£¥®¤¥§¨ç¥áª¨¬ â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¤«ï ¯®«ï X ¢ë¯®«­¥­ë ãá«®¢¨ï

�
[h
(a L

h1
a1a2

: : : L
hp]
b1:::bp+1)

= 0; (4)

�
[h
(a L

h1
a1a2

: : : L
hp�1]

b1:::bp)
6= 0 (p > 1): (5)

�¤¥áì Lh
ij = LX�hij | ¯à®¨§¢®¤­ ï �¨ ª®íää¨æ¨¥­â®¢ á¢ï§­®áâ¨ r,

Lh
i1:::iq+1

= r(iq+1L
h
i1:::iq)

:

�®®â­®è¥­¨ï (4), (5) ­ §ë¢ ¥¬ ®á­®¢­ë¬¨ ãà ¢­¥­¨ï¬¨ p-£. ¨. ¯. �«ï �-ª ­®­¨ç¥áª®£® p-
£. ¨. ¯. ¢ ãà ¢­¥­¨ïå (4) ­ã¦­® ®¯ãáª âì á®®â¢¥âáâ¢ãîé¨¥ ¬­®¦¨â¥«¨ ¢ â®ç­®áâ¨ â ª ¦¥, ª ª ¨
¢ á«ãç ¥ �-ª ­®­¨ç¥áª®£® p-£¥®¤¥§¨ç¥áª®£® ¤¨ää¥®¬®àä¨§¬ ,   ¤«ï  ¡á®«îâ­®£® p-£. ¨. ¯. ¨¬¥¥¬

Lh
b1:::bp+1

= 0: (6)

2. P -£¥®¤¥§¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï T (M), ¨­¤ãæ¨à®¢ ­­ë¥
ª®­æ¨àªã«ïà­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ¡ §ë M

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¨§¢¥áâ­ë¥ ä ªâë ¨§ ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ ª á -
â¥«ì­ëå à áá«®¥­¨© [5], [6].

� áá¬®âà¨¬ (¯á¥¢¤®)à¨¬ ­®¢® ¯à®áâà ­áâ¢® (Mn; g) á à¨¬ ­®¢®© á¢ï§­®áâìî r, ¯®à®¦¤¥­-
­®© ¬¥âà¨ª®© g. �­ä¨­¨â¥§¨¬ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ � íâ®£® ¯à®áâà ­áâ¢ , á®®â¢¥âáâ¢ãîé¥¥
¢¥ªâ®à­®¬ã ¯®«î X, ­ §ë¢ ¥âáï ª®­æ¨àªã«ïà­ë¬, ¥á«¨ ®­® ª®­ä®à¬­®¥, â. ¥.

LXgij = agij ; (7)

¨ äã­ªæ¨ï a ¯®à®¦¤ ¥â á¯¥æ¨ «ì­®¥ ª®­æ¨àªã«ïà­®¥ ª®¢¥ªâ®à­®¥ ¯®«¥ ai = @a=@xi:

rjai = 'gij : (8)

�¥ªâ®à­®¥ ¯®«¥ X ­ §ë¢ îâ ª®­ä®à¬­ë¬ �¨««¨­£®¢ë¬ ¯®«¥¬. �®­æ¨àªã«ïà­®¥ ¨­ä¨­¨â¥§¨-
¬ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ £¥®¬¥âà¨ç¥áª¨ å à ªâ¥à¨§ã¥âáï â¥¬, çâ® ®­® á â®ç­®áâìî ¤® ç«¥­®¢
¢â®à®£® ¯®àï¤ª  á®åà ­ï¥â £¥®¤¥§¨ç¥áª¨¥ ®ªàã¦­®áâ¨ (æ¨ª«ë) ([7], cc. 195{200, 354{360), â. ¥.
ªà¨¢ë¥, ã ª®â®àëå ¯¥à¢ ï ªà¨¢¨§­  �à¥­¥ ¯®áâ®ï­­ ,   ¯®á«¥¤ãîé¨¥ | ­ã«¨.

�â® ¯à¥®¡à §®¢ ­¨¥ ï¢«ï¥âáï á¯¥æ¨ «ì­ë¬ 2-£. ¨. ¯. �¥©áâ¢¨â¥«ì­®, ¨á¯®«ì§ãï á¢®©áâ¢  ¯à®-
¨§¢®¤­ëå �¨ [8], ¨§ (7), (8) ¯®«ãç¨¬

Lh
ij = LX�hij =

1
2
gkh[rj(LXgik) +ri(LXgkj)�rk(LXgij)] =

=
1
2
(aj�hi + ai�

h
j � ahgij); ah = ghkak;

Lh
ijk = r(k L

h
ij) =

1
2
'g(ij �

h
k):

(9)

�âáî¤  ¢ëâ¥ª ¥â
�
[h
(l L

m]
ijk) = 0; �h(k L

l
ij) 6= 0; ¥á«¨ a 6= const;

çâ® ¢ á®¯®áâ ¢«¥­¨¨ á (4), (5) ¯®§¢®«ï¥â á¤¥« âì ¢ë¢®¤: ª®­æ¨àªã«ïà­®¥ ­¥£®¬®â¥â¨ç¥áª®¥ ¨­-
ä¨­¨â¥§¨¬ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ ï¢«ï¥âáï 1-ª ­®­¨ç¥áª¨¬ 2-£. ¨. ¯.

� áá¬®âà¨¬ â¥¯¥àì ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ª á â¥«ì­®£® à áá«®¥­¨ï T (M), á®-
®â¢¥âáâ¢ãîé¨¥ ¢¥àâ¨ª «ì­®¬ã ¨ ¯®«­®¬ã «¨äâ ¬ ¢¥ªâ®à­®£® ¯®«ï X,

X0 :

 
0
Xh

!
; XI :

 
Xh

@Xh

!
; @Xh = xk@kX

h:
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� ª¨¬ ®¡à §®¬, ¢ ¨­¤ãæ¨à®¢ ­­ëå ª®®à¤¨­ â å xA = (xa; xa), A;B;C; : : : = 1; : : : ; n; 1; : : : ; n
¨¬¥¥¬

� 0 :

(exk = xk;exk = xk + "Xk;
� I :

(exk = xk + "Xk;exk = xk + "@Xk:

�  T (M) à áá¬®âà¨¬ ¯®«­ë© «¨äâ  ää¨­­®© á¢ï§­®áâ¨ rI , ª®â®àë©, ª ª ¨§¢¥áâ­®, ï¢«ï¥âáï
à¨¬ ­®¢®© á¢ï§­®áâìî ¯®«­®£® «¨äâ  ¬¥âà¨ª¨ gI . � ¨­¤ãæ¨à®¢ ­­ëå ª®®à¤¨­ â å

gI :

 
@gij gij
gij 0

!
; g0 :

 
gij 0
0 0

!
;

rI : e�hij = �hij ; e�h
ij
= 0; e�h

ij
= 0; e�h

i j
= 0;e�hij = @�hij ; e�h

ij
= �hij ; e�h

ij
= �hij ; e�h

i j
= 0:

� ¤ ç , â ª¨¬ ®¡à §®¬, á¢®¤¨âáï ª ¨§ãç¥­¨î ã¯«®é îé¨å á¢®©áâ¢ ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯à¥-
®¡à §®¢ ­¨© � 0, � I (¯á¥¢¤®)à¨¬ ­®¢  ¯à®áâà ­áâ¢  (T (M); gI ).

�¡®§­ ç¨¬ A = ah@=@xh, ! = aidx
i. �®£¤  (7), (8) ¬®¦¥¬ § ¯¨á âì ¢ ¨­¢ à¨ ­â­®© ¡¥§ë­-

¤¥ªá­®© ä®à¬¥

LXg = ag; r! = 'g; rA = '�;

£¤¥ � | ¥¤¨­¨ç­ë©  ää¨­®à. �âáî¤  ¯®«ãç ¥¬

LX0gI = (LXg)
0 = ag0; LXIgI = (LXg)

I + agI + aIg0; (10)

rI!I = (r!)I = 'gI + 'Ig0; rI!0 = (r!)0 = 'g0;

rIAI = (rA)I = 'e� + 'IF; rIA0 = (rA)0 = 'F; (11)

£¤¥ e� = �I | ¥¤¨­¨ç­ë©  ää¨­®à ­  T (M), F = �0 :

 
0 0
�hi 0

!
| ¢¥àâ¨ª «ì­ë© «¨äâ ¥¤¨­¨ç­®£®

 ää¨­®à .
�à¥¤áâ ¢¨¬ (9) ¢ ¨­¢ à¨ ­â­®© ä®à¬¥

(LXr)(Y;Z) =
1
2
[!(Y )Z + !(Z)Y �Ag(Y;Z)]

¨ ¢®§ì¬¥¬ ¢¥àâ¨ª «ì­ë© ¨ ¯®«­ë© «¨äâë íâ®£® à ¢¥­áâ¢ 

(LX0rI)(Y I ; ZI) =
1
2
!0(Y I)F (ZI) +

1
2
!0(ZI)F (Y I)�

1
2
A0g0(XI ; Y I);

(LXIrI)(Y I ; ZI) =
1
2
!I(Y I)F (ZI) +

1
2
!I(ZI)F (Y I) +

+
1
2
!0(Y I)ZI +

1
2
!0(ZI)Y I �

1
2
A0gI(Y I ; ZI)�

1
2
AIg0(Y I ; ZI):

� ª ¨§¢¥áâ­® ([5], á. 33), ¤«ï á®¢¯ ¤¥­¨ï â¥­§®à­ëå ¯®«¥© â¨¯ 
�0
s

�
,
�1
s

�
­  T (M) ¤®áâ â®ç­® ¨å

á®¢¯ ¤¥­¨ï ­  ¯®«­ëå «¨äâ å ¢¥ªâ®à­ëå ¯®«¥©. �«¥¤®¢ â¥«ì­®, ¨§ ¯®á«¥¤­¨å ¤¢ãå à ¢¥­áâ¢
á®®â¢¥âáâ¢¥­­® X0, XI ¯®«ãç ¥¬

X0 : LD
AB =

1
2
!0
AF

D
B +

1
2
!0
BF

D
A �

1
2
(A0)Dg0AB ; (12)

XI : LD
AB =

1
2
!0
A�

D
B +

1
2
!0
B�

D
A +

1
2
!IAF

D
B +

1
2
!IBF

D
A �

1
2
(A0)DgIAB �

1
2
(AI)Dg0AB: (13)
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� ©¤¥¬ â¥¯¥àì ¢¥«¨ç¨­ë LD
ABC = r(C L

D
AB). �à¨ íâ®¬ ãçâ¥¬ (11), rIF = 0, rIg0 = rIgI = 0.

�®£¤  ¨§ (12), (13) á®®â¢¥âáâ¢¥­­® ¢ëâ¥ª ¥â

X0 : LD
ABC = FD

(Ar
I
C!

0
B) �

1
2
g0(ABr

I
C)(A

0)D =
'

2
g0(AB F

D
C); (14)

XI : LD
ABC = �D(Ar

I
C!

0
B) + FD

(Ar
I
C!

I
B) �

1
2
gI(ABr

I
C)(A

0)D �
1
2
g0(ABr

I
C)(A

I)D =

= '�D(A g
0
BC) + FD

(A['g
I
BC) + 'Ig0BC)]�

1
2
'gI(AB F

D
C) �

�
1
2
g0(AB ['�

D
C) + 'IFD

C)] =
1
2
'g0(AB �

D
C) +

1
2
['gI(AB + 'Ig0(AB]F

D
C): (15)

�­ «®£¨ç­ë¬ ®¡à §®¬ ­ å®¤¨¬ ¢¥«¨ç¨­ë

LE
ABCD = rI

(D L
E
ABC); X0 : LE

ABCD =
1
2
'(D g

0
ABF

E
C); 'D = @'=@xD ; (16)

XI : LE
ABCD =

1
2
'(D g

0
AB�

E
C) +

1
2
['(D g

I
AB + 'I(D g

0
AB]F

E
C): (17)

� ¢¥­áâ¢  (14){(17) ¯®§¢®«ïîâ § ª«îç¨âì, çâ®

X0 : L[E1

(A1B1C1
L
E2]
A2B2C2D2)

= 0; (18)

XI : L[E1

(A1B1C1
LE2

A2B2C2D2
LE3]
A3B3C3D3F3)

= 0: (19)

�®¯®áâ ¢«ïï (18), (19) á ®á­®¢­ë¬¨ ãà ¢­¥­¨ï¬¨ p-£. ¨. ¯., ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã à¥§ã«ì-
â âã.

�¥®à¥¬  1. �ãáâì � | ª®­æ¨àªã«ïà­®¥ (­¥ £®¬®â¥â¨ç¥áª®¥, â. ¥. a 6= const) ¨­ä¨­¨â¥-
§¨¬ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ (¯á¥¢¤®)à¨¬ ­®¢  ¯à®áâà ­áâ¢  (M; g), á®®â¢¥âáâ¢ãîé¥¥ ª®­ä®à¬-
­®¬ã �¨««¨­£®¢ã ¯®«î X. �®£¤  ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï � 0, � I ª á â¥«ì­®£® à á-

á«®¥­¨ï T (M) ®â­®á¨â¥«ì­® ¬¥âà¨ª¨ ¯®«­®£® «¨äâ  gI ®¡« ¤ îâ á«¥¤ãîé¨¬¨ ã¯«®é îé¨¬¨

á¢®©áâ¢ ¬¨:

I. ¢ ®¡é¥¬ á«ãç ¥ ' 6= const
0. � 0 ï¢«ï¥âáï 3; 2-ª ­®­¨ç¥áª¨¬ 3-£. ¨. ¯.;
1. � I ï¢«ï¥âáï 4; 3-ª ­®­¨ç¥áª¨¬ 4-£. ¨. ¯.;

II. ¢ á«ãç ¥ ' = const 6= 0, � 0, � I ï¢«ïîâáï  ¡á®«îâ­® ª ­®­¨ç¥áª¨¬¨ 3-£. ¨. ¯.;
III. ¢ á«ãç ¥ ' = const = 0, � 0, � I ï¢«ïîâáï  ¡á®«îâ­® ª ­®­¨ç¥áª¨¬¨ 2-£. ¨. ¯.

�á«¨ ¦¥ � £®¬®â¥â¨ç¥áª®¥ (â. ¥. a = const), â® � 0, � I ï¢«ïîâáï  ¡á®«îâ­® ª ­®­¨ç¥áª¨¬¨
(1-£. ¨. ¯.) (â. ¥.  ää¨­­ë¬¨), ¯à¨ç¥¬ � I ï¢«ï¥âáï â ª¦¥ £®¬®â¥â¨ç¥áª¨¬.

� ª ¯®ª § « �.�­® ([7], cc. 442{448, 505{511), ¥á«¨ exp(tX) ï¢«ï¥âáï 1-¯ à ¬¥âà¨ç¥áª®©
£àã¯¯®© ª®­ä®à¬­ëå ª®­¥ç­ëå ¯à¥®¡à §®¢ ­¨© (¯á¥¢¤®)à¨¬ ­®¢  ¯à®áâà ­áâ¢  (M; g), á®®â-
¢¥âáâ¢ãîé¥© ª®­æ¨àªã«ïà­®¬ã ¯®«î X, â® íâ  £àã¯¯  ¯¥à¥¢®¤¨â £¥®¤¥§¨ç¥áª¨¥ ®ªàã¦­®áâ¨
á­®¢  ¢ £¥®¤¥§¨ç¥áª¨¥ ®ªàã¦­®áâ¨. �®®â¢¥âáâ¢ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï � 2 exp(tX) ­ §¢ ­ë ª®­-
æ¨àªã«ïà­ë¬¨. �á­®¢­ë¥ ãà ¢­¥­¨ï ª®­æ¨àªã«ïà­®£® ¯à¥®¡à §®¢ ­¨ï � ¨¬¥îâ ¢¨¤

gij = e2�gij ; rj�i = �i�j + �gij ; �i = @�=@xi; (20)

£¤¥ gij(x) = gij(�(x)) | ¬¥âà¨ç¥áª¨© â¥­§®à, ã¢«¥ç¥­­ë© ¨§ g ¯à¥®¡à §®¢ ­¨¥¬ �.
�«ï á®®â¢¥âáâ¢ãîé¨å g ¨ g á¨¬¢®«®¢ �à¨áâ®ää¥«ï ¯®«ãç ¥¬ â¥­§®à  ää¨­­®© ¤¥ä®à¬ æ¨¨,

¯®à®¦¤¥­­®© � ([4], á. 607)

P h
ij = �

h

ij � �hij = �i�
h
j + �j�

h
i � �hgij ; �h = ghk�k: (21)
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�¡®§­ ç¨¬ B = �h@=@xh, � = �idx
i ¨ ¯à¥¤áâ ¢¨¬ (20), (21) ¢ ¨­¢ à¨ ­â­®© ¡¥§ë­¤¥ªá­®© ä®à¬¥

g = e2�g; r� = � 
 � + �g; rB = B 
 � + ��; (22)

P (Y;Z) = �(Y )Z + �(Z)Y �Bg(Y;Z): (23)

� áá¬®âà¨¬ â¥­§®à eP  ää¨­­®© ¤¥ä®à¬ æ¨¨ ­  (T (M); gI ), ¯®à®¦¤¥­­ë© ¯à¥®¡à §®¢ ­¨-
¥¬ d�. � ª ª ª ¯®«­ë© «¨äâ rI ¬¥âà¨ç¥áª®© à¨¬ ­®¢®© á¢ï§­®áâ¨ r á®¢¯ ¤ ¥â á à¨¬ ­®¢®©
á¢ï§­®áâìî ¬¥âà¨ª¨ gI , â® eP = P I . �§ï¢ ¯®«­ë© «¨äâ à ¢¥­áâ¢ (23),  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã
¯®«ãç¨¬

ePC
AB = �0A�

C
B + �0B�

C
A + �IAF

C
B + �IBF

C
A � (B0)

CgIAB � (BI)Cg0AB: (24)

� á¢®î ®ç¥à¥¤ì, ¯®«­ë¥ «¨äâë à ¢¥­áâ¢ (22) ¤ îâ

gI = e2�gI + (e2�)Ig0; (25)

rI
B�

0
A = �0A�

0
B + �g0AB; rI

A(B
0)C = (B0)C�0A + �FC

A ; (26)

rI
B�

I
A = �0A�

I
B + �IA�

0
B + �gIAB + �Ig0AB;

rI
A(B

I)C = (B0)C�IA + (BI)C�0A + ��CA + �IFC
A :

(27)

�à®¬¥ íâ®£® ¨¬¥îâ ¬¥áâ®  «£¥¡à ¨ç¥áª¨¥ á®®â­®è¥­¨ï

FC
B F

B
A = 0; FC

A (B
0)A = 0; FC

A (B
I)A = (B0)C ;

g0ABF
B
C = 0; gIABF

B
C = g0AC ; g0AB(B

0)B = 0;

g0AB(B
I)B = �0A; gIAB(B

0)B = �0A; gIAB(B
I)B = �IA;

�0E(B
0)E = 0; �0E(B

I)E = �i�
i = �1�; FA

B �
0
A = 0;

�IE(B
0)E = �1�; �IE(B

I)E = @�1�; FA
B �

I
A = �0B:

(28)

�®§ì¬¥¬ ­  (T (M); gI ) £¥®¤¥§¨ç¥áªãî ªà¨¢ãî 
 : xA = xA(t), ®â­¥á¥­­ãî ª ª ­®­¨ç¥áª®¬ã
¯ à ¬¥âàã. �®£¤ 

�A1 = rI
t �

A = 0; �A = dxA=dt; gIAB�
A�B = const : (29)

�®ª «ì­ë¥ ª®®à¤¨­ âë xa ­  M ï¢«ïîâáï ®¡é¨¬¨ ¯® ¯à¥®¡à §®¢ ­¨î �,   ¨­¤ãæ¨à®¢ ­­ë¥
ª®®à¤¨­ âë xA = (xa; xa) | ®¡é¨¬¨ ¯® ¯à¥®¡à §®¢ ­¨î d�. �«¥¤®¢ â¥«ì­®, ¯à¥®¡à §®¢ ­­ ï
ªà¨¢ ï (d�)�
 ¨¬¥¥â â¥ ¦¥ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢­¥­¨ï, çâ® ¨ 
,   ¥¥ á¢®©áâ¢® ¨¬¥âì ã¯«®é¥­¨¥

®¯à¥¤¥«¥­­®£® ¯®àï¤ª  ®¯à¥¤¥«ï¥âáï á¢ï§­®áâìî r
I
, â. ¥. à¨¬ ­®¢®© á¢ï§­®áâìî ¬¥âà¨ª¨ gI . �

á¨«ã (24), (25) ¨¬¥¥¬

�
E

1 = r
I

t �
E = rI

t�
E+ ePE

AB�
A�B = 2�0(�)�E+2�I(�)FE

B �
B�(B0)EgIAB�

A�B�(BI)Eg0AB�
A�B: (30)

�¨ää¥à¥­æ¨à®¢ ­¨¥¬ (30), ¯®«ãç¨¬ á ãç¥â®¬ (24){(29)

�
E

2 = r
I

t �
E
1 = rI

t �
E

1 + PE
AB�

A�
B

1 = [6(�0(�))2 + �(�0; �)��1�(�0; �)]�E +

+ [12�0(�)�I(�) + (� ��1�)(�I ; �) + (�I � @�1�)(�0; �)]FE
A �

A �

� 3[�0(�)(�I ; �) + �I(�)(�0; �)](B0)E � 3�0(�)(�0; �)(BI)E ; (31)

£¤¥ (�0; �) = g0AB�
A�B, (�I ; �) = gIAB�

A�B, �1� = gij�i�j | ¯¥à¢ë© ¤¨ää¥à¥­æ¨ «ì­ë© ¯ à ¬¥âà
�¥«ìâà ¬¨ ¤«ï äã­ªæ¨¨ �.
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�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

a(�; �) = 6(�0(�))2 + (� ��1�)(�
0; �);

b(�; �) = 12�0(�)�I(�) + (� ��1�)(�
I ; �) + (�I � @�1�)(�

0; �);

c(�; �; �) = �3�0(�)(�I ; �)� 3�I(�)(�0; �);

d(�; �; �) = �3�0(�)(�0; �);

¨ § ¯¨è¥¬ (31) ¢ ¡®«¥¥ ª®¬¯ ªâ­®¬ ¢¨¤¥

�
E

2 = a(�; �)�E + b(�; �)FE
A �

A + c(�; �; �)(B0)E + d(�; �; �)(BI )E: (32)

�à®¢®¤ï ¤ «ì­¥©è¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ (32), â ª¨¬ ¦¥ ®¡à §®¬ ¯®«ãç¨¬

�
E

3 = ea(�; �; �)�E + eb(�; �; �)FE
A �

A + ec(�; �; �; �)(B0)E + ed(�; �; �; �)(BI )E; (33)

£¤¥

ea = rI
ta+ (� +�1�)d+ 2a�0;eb = rI
t b+ (� +�1�)c+ (�I + @�1�)d+ 2b�0 + 2a�I ;ec = rI
t c+ �Id+ �0c� a(�I ; �)� b(�0; �);ed = rI
td+ �0d� a(�0; �):

�¥âàã¤­® ¢¨¤¥âì, çâ® ¢¥ªâ®à �
E

4 â ª¦¥ ¡ã¤¥â «¨­¥©­®© ª®¬¡¨­ æ¨¥© ¢¥ªâ®à®¢ �E, FE
A �

A, (B0)E,
(BI)E,   §­ ç¨â,

�[A �
A1

1 �
A2

2 �
A3

3 �
A4]

4 � 0

¢¤®«ì ª ¦¤®© £¥®¤¥§¨ç¥áª®© 
. �âáî¤  ¬®¦¥¬ á¤¥« âì ¢ë¢®¤, çâ® ¯à¥®¡à §®¢ ­¨¥ d� ï¢«ï¥âáï
4-£¥®¤¥§¨ç¥áª¨¬, ¨«¨, ¢®§¬®¦­®, 3-£¥®¤¥§¨ç¥áª¨¬, ¥á«¨ ¢ë¯®«­¥­® â®¦¤¥áâ¢® �[A �

A1

1 �
A2

2 �
A3]

3 � 0

¯à¨ ãá«®¢¨¨ �[A �
A1

1 �
A2]

2 6� 0.
� áá¬®âà¨¬ ¯®á«¥¤­¥¥ â®¦¤¥áâ¢®. � á¨«ã (30){(33) ®­® ¯à¨®¡à¥â ¥â ¢¨¤

�[E FE1

A (B0)E2(BI)E3]�A

�������
2�I(�) �(�I ; �) �(�0; �)
b c deb ec ed

������� � 0:

�âáî¤ 

�[E FE1

A (B0)E2(BI)E3]�A � 0 (34)

¨«¨ �������
2�I(�) �(�I ; �) �(�0; �)
b c deb ec ed

������� � 0: (35)

�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥, çâ® ¢¥ªâ®àë, ¢å®¤ïé¨¥ ¢ (34), ¨¬¥îâ ª®®à¤¨­ âë

� :

 
�a

�a

!
; F (�) :

 
0
�a

!
; B0 :

 
0
�a

!
; BI :

 
�a

@�a

!
;

¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® â®¦¤¥áâ¢® (34) ¬®¦¥â ¨¬¥âì ¬¥áâ® â®«ìª® ¯à¨ ãá«®¢¨¨ �a = 0, â. ¥.
� = const. � íâ®¬ á«ãç ¥ d� ï¢«ï¥âáï £®¬®â¥â¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬.
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�«ï ¯®¤à®¡­®£® à áá¬®âà¥­¨ï á«ãç ï (35) ­ å®¤¨¬eb = 72(�0(�))2�I(�) + (11� � 5�1�)[�I(�)(�0; �) + �0(�)(�I ; �) +

+ �0(�)(�0; �)] + @A(� ��1�)�A(�I ; �) + @A(�I � @�1�)�A(�0; �);ec = �12(�0(�))2(�I ; �)� 24�0(�)�I(�)(�0; �) +

+ (2�1� � 8�)(�0; �)(�I ; �) + (@�1� � 4�I)(�0; �)2;ed = (�0; �)[�12(�0(�))2 � 4�(�0; �) + �1�(�
0; �)]:

�®á«¥ ¯®¤áâ ­®¢ª¨ íâ¨å ¢¥«¨ç¨­ ¢ (35) ¯®«ãç¨¬

(� ��1�)[9(�I(�))2(�0; �)� 15�0(�)�I(�)(�I ; �)]� 15(�I � @�1�)�0(�)�I(�)(�0; �) +

+ 3�I(�)[@A(� ��1�)�A(�I ; �) + @A(�I � @�1�)�A(�0; �)] +

+ (�I � @�1�)f(�1� � 4�)[(�0; �)(�I ; �) + (�I ; �)2] + (@�1� � 4�I)(�0; �)2g � 0:

�â® â®¦¤¥áâ¢® ¬®¦¥â ¨¬¥âì ¬¥áâ® â®«ìª® â®£¤ , ª®£¤ 

� = �1�: (36)

�­ «®£¨ç­®¥ à áá¬®âà¥­¨¥ â®¦¤¥áâ¢  �[A �A1

1 �
A2]
2 � 0 ¯®ª §ë¢ ¥â, çâ® ®­® ¢®§¬®¦­® â®«ìª®

¯à¨ � = const, ¨ d� ï¢«ï¥âáï £®¬®â¥â¨ç¥áª¨¬ (â. ¥.  ¡á®«îâ­ë¬ 1-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ -
­¨¥¬). � ª¨¬ ®¡à §®¬, (36) ¯à¨ ãá«®¢¨¨ � 6= const å à ªâ¥à¨§ã¥â á«ãç ©, ª®£¤  d� ï¢«ï¥âáï
3-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬. � íâ®¬ á«ãç ¥ ®á­®¢­ë¥ ãà ¢­¥­¨ï (20) ¤®¯ãáª îâ ¯à®¬¥¦ã-
â®ç­ë© ¨­â¥£à «. �¥©áâ¢¨â¥«ì­®,

@k(�1�) = rk(�1�) = 2gij�irk�j = 4�1��k;

®âªã¤  ¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯®«ãç¨¬

�1� = ce4�; c | const;

  §­ ç¨â, rj�i = �i�j + ce4�gij , � 6= const. �¤¥« ¢ § ¬¥­ã e�� =  , ¯®«ãç¨¬ gij =  �2gij ,

rji = �c �3gij ;  6= const : (37)

� ¨â®£¥ ¯®«ãç¥­ 

�¥®à¥¬  2. �ãáâì � | ª®­æ¨àªã«ïà­®¥ (­¥ £®¬®â¥â¨ç¥áª®¥) ¯à¥®¡à §®¢ ­¨¥ (¯á¥¢¤®)à¨-
¬ ­®¢  ¯à®áâà ­áâ¢  (M; g), á®®â¢¥âáâ¢ãîé¥¥ äã­ªæ¨¨ ª®­ä®à¬­®áâ¨  �2,  6= const. �®£¤ 
¤¨ää¥à¥­æ¨ « d� ­  ª á â¥«ì­®¬ à áá«®¥­¨¨ T (M) ®â­®á¨â¥«ì­® ¬¥âà¨ª¨ ¯®«­®£® «¨äâ  gI

®¡« ¤ ¥â á«¥¤ãîé¨¬¨ ã¯«®é îé¨¬¨ á¢®©áâ¢ ¬¨:

I. ¢ ®¡é¥¬ á«ãç ¥ d� ï¢«ï¥âáï 4-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬;
II. ¢ á«ãç ¥ (37) d� ï¢«ï¥âáï 3-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬.

�á«¨ ¦¥ � £®¬®â¥â¨ç¥áª®¥ (â. ¥.  = const), â®£¤  d� â ª¦¥ £®¬®â¥â¨ç¥áª®¥ ¨ ï¢«ï¥âáï

 ¡á®«îâ­® ª ­®­¨ç¥áª¨¬ 1-£¥®¤¥§¨ç¥áª¨¬ (â. ¥.  ää¨­­ë¬) ¯à¥®¡à §®¢ ­¨¥¬.

�â¬¥â¨¬, çâ® ãª § ­­ ï ¢ëè¥ § ¬¥­  ¢ ®¡é¥¬ á«ãç ¥ ¯à¨¢®¤¨â (20) ª ãà ¢­¥­¨î ª®­æ¨àªã-
«ïà­®£® ¯®«ï ¢¨¤ 

rji = f( )gij : (38)

�â® ãà ¢­¥­¨¥ ¢áâà¥ç ¥âáï ¢® ¬­®£¨å ¨áá«¥¤®¢ ­¨ïå. �¯¥à¢ë¥, ¯®-¢¨¤¨¬®¬ã, ®­® ¢ ®¡é¥¬ á«ã-
ç ¥ ¡ë«® ¨áá«¥¤®¢ ­® �.�¨ «ª®¢ë¬ [9] ¯à¨ ¨§ãç¥­¨¨ ª®­ä®à¬­ëå £¥®¤¥§¨ç¥áª¨å ªà¨¢ëå. �¬
¡ë«¨ ãª § ­ë ª ­®­¨ç¥áª¨¥ ä®à¬ë ¬¥âà¨ª ¯à®áâà ­áâ¢, ¤®¯ãáª îé¨å à¥è¥­¨¥ ãà ¢­¥­¨ï (38).
� á«ãç ¥, ª®£¤  f( ) | «¨­¥©­ ï äã­ªæ¨ï, ãà ¢­¥­¨¥ (38) ¨§ãç «®áì �.�à¨ª¬ ­®¬ ¢ á¢ï§¨ á
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§ ¤ ç¥© ª®­ä®à¬­ëå ®â®¡à ¦¥­¨© ¯à®áâà ­áâ¢ �©­èâ¥©­  [10]. �«ãç © f( ) = const ¯®¤à®¡­®
¨§ãç «áï �.�.�¨à®ª®¢ë¬ [11]. � ¦­ãî à®«ì ãà ¢­¥­¨ï ¢¨¤  (38) § ­¨¬ îâ ¢ â¥®à¨¨ £¥®¤¥§¨-
ç¥áª¨å ®â®¡à ¦¥­¨© [3], [12] ¨ £àã¯¯ ¯à¥®¡à §®¢ ­¨© à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ [13], [14]. � á¢¥â¥
â¥®à¥¬ë 2 ®á®¡ë© á«ãç © á®®â¢¥âáâ¢ã¥â äã­ªæ¨¨ f( ) = �c �3, ¯à¨ç¥¬ c 6= 0 ¤«ï á®¡áâ¢¥­­®
à¨¬ ­®¢ëå ¯à®áâà ­áâ¢. �«ï ¯á¥¢¤®à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ ¯à¨ c = 0 ¢®§¬®¦¥­ ¨§®âà®¯­ë©
á«ãç © �1� = 0.

�ãáâì Xs, s = 1; : : : ; r, | ®¯¥à â®àë 1-¯ à ¬¥âà¨ç¥áª¨å ª®­æ¨àªã«ïà­ëå £àã¯¯ exp(tXs),
¯®à®¦¤ îé¨¥ r-ç«¥­­ãî £àã¯¯ã �¨ Gr ª®­¥ç­ëå ª®­æ¨àªã«ïà­ëå ¯à¥®¡à §®¢ ­¨© (M; g). �§
áâàãªâãà­ëå ãà ¢­¥­¨© [Xs1 ;Xs2 ] = Cs

s1;s2
Xs ­  ®á­®¢ ­¨¨ á¢®©áâ¢ ¢¥àâ¨ª «ì­ëå ¨ ¯®«­ëå «¨ä-

â®¢ ¯®«ãç ¥¬
[X0

s1
;X0

s2
] = 0; [X0

s1
;XI

s2
] = Cs

s1;s2
X0
s ; [XI

s1
;XI

s2
] = Cs

s1;s2
XI
s :

�âáî¤  ­  ®á­®¢ ­¨¨ ¢â®à®© â¥®à¥¬ë �¨ [15] ¢ëâ¥ª ¥â, çâ® X0
s , X

I
s ï¢«ïîâáï ®¯¥à â®à ¬¨

­¥ª®â®à®© 2r-ç«¥­­®© £àã¯¯ë �¨ ¯à¥®¡à §®¢ ­¨© T (M), ª®â®àãî ®¡®§­ ç¨¬ G0;I
2r . �à®¬¥ â®£®,

®¯¥à â®àë X0
s ¢ë¤¥«ïîâ ¢ ­¥©  ¡¥«¥¢ã r-ç«¥­­ãî ¯®¤£àã¯¯ã,   XI

s | r-ç«¥­­ãî ¯®¤£àã¯¯ã,
ª®â®àë¥ ®¡®§­ ç¨¬ ç¥à¥§ G0

r, G
I
r.

�á«¨ �s : exh = xh + Xh
s dt | ¨­ä¨­¨â¥§¨¬ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ M , â® ¨­¤ãæ¨à®¢ ­-

­®¥ ¯à¥®¡à §®¢ ­¨¥ � Is ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ T (M), á®®â¢¥âáâ¢ãî-
é¨¬ ¯®«­®¬ã «¨äâã XI

s . �âáî¤  ¢ëâ¥ª ¥â ([5], á. 55) d(exp(tXs)) = exp(tXI
s ) | ®¡à §ãîé¨¥ 1-

¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë ¤«ï ¨­¤ãæ¨à®¢ ­­®© £àã¯¯ë GI
r. � ª¨¬ ®¡à §®¬, ¥á«¨ �s(t) 2 exp(tXs),

â® ¨­¤ãæ¨à®¢ ­­®¥ ¯à¥®¡à §®¢ ­¨¥ d�s(t) 2 exp(tXI
s ). �§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â

�¥®à¥¬  3. �ãáâì Gr | «®ª «ì­ ï (­¥ £®¬®â¥â¨ç¥áª ï) r-ç«¥­­ ï £àã¯¯  �¨ ª®­æ¨àªã-

«ïà­ëå ¯à¥®¡à §®¢ ­¨© (¯á¥¢¤®)à¨¬ ­®¢  ¯à®áâà ­áâ¢  (M; g), á®®â¢¥âáâ¢ãîé ï ®¯¥à â®-

à ¬ Xs, s = 1; : : : ; r. �®£¤  ¨­¤ãæ¨à®¢ ­­ ï £àã¯¯  GI
r (á®®â¢¥âáâ¢ãîé ï ¯®«­ë¬ «¨äâ ¬

XI
s ¨ á®áâ®ïé ï ¨§ ¤¨ää¥à¥­æ¨ «®¢ íâ¨å ¯à¥®¡à §®¢ ­¨©) ï¢«ï¥âáï r-ç«¥­­®© £àã¯¯®© �¨ 4-

£¥®¤¥§¨ç¥áª¨å ¨«¨ ¬®¦¥â á®¤¥à¦ âì ¨ 3-£¥®¤¥§¨ç¥áª¨¥ ¨«¨ £®¬®â¥â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï

(T (M); gI ).

� ª ¨§¢¥áâ­® [5], ¥á«¨ Gr ¤¥©áâ¢ã¥â £«®¡ «ì­® ­  M , â. ¥. Xs ¯®«­ë¥, â® ¨ XI
s ¯®«­ë¥. �­ -

ç¨â, GI
r â ª¦¥ ¤¥©áâ¢ã¥â £«®¡ «ì­® ­  T (M). �®íâ®¬ã â¥®à¥¬  3 ¤ ¥â ¢®§¬®¦­®áâì ¯®áâà®¥­¨ï

£«®¡ «ì­ëå 4- ¨ 3-£¥®¤¥§¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©.
� ¬¥â¨¬, çâ® ®â¤¥«ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨§ Gr ¬®£ãâ ¡ëâì £®¬®â¥â¨ç¥áª¨¬¨.
�à®áâà ­áâ¢  (M; g), ¢ ª®â®àëå ¤«ï ª ¦¤®£® ª®­æ¨àªã«ïà­®£® ¨­ä¨­¨â¥§¨¬ «ì­®£® ¯à¥-

®¡à §®¢ ­¨ï äã­ªæ¨ï ', ¢å®¤ïé ï ¢ (8), ¨¬¥¥â ¢¨¤ ' = �Ka, K | const, ¡ë«¨ ¢¢¥¤¥­ë ¢ à á-
á¬®âà¥­¨¥ �.�. �¬¨­®¢®© [13] ¨ ­ §¢ ­ë ¯à®áâà ­áâ¢ ¬¨ Cn(K). � íâ¨å ¯à®áâà ­áâ¢ å (n > 2)
¯®«­ ï ª®­æ¨àªã«ïà­ ï £àã¯¯  Gr á®¤¥à¦¨â £®¬®â¥â¨ç¥áªãî ¯®¤£àã¯¯ã, á®¢¯ ¤ îéãî á £àã¯-
¯®© ¨§®¬¥âà¨©. � ª¨¬ ®¡à §®¬, ­ «¨ç¨¥ ¢ ¨­¤ãæ¨à®¢ ­­®© £àã¯¯¥ GI

r £®¬®â¥â¨ç¥áª®© ¯®¤£àã¯-
¯ë ¤«ï ­¥ª®â®àëå ¯à®áâà ­áâ¢ ­¥ ï¢«ï¥âáï ¨áª«îç¥­¨¥¬. �â® ¦¥ ª á ¥âáï áãé¥áâ¢®¢ ­¨ï ¢
GI
r 3-£¥®¤¥§¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ¨«¨ ¨å ¯®¤£àã¯¯, â® íâ®â ¢®¯à®á á¢ï§ ­ á áãé¥áâ¢®¢ ­¨¥¬ ¢

(M; g) à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (37) ¨ á®®â¢¥âáâ¢ãîé¨å ¨¬ �¨««¨­£®¢ëå ¯®«¥©.

�¥®à¥¬  4. �á«¨ GI
r ¨­¤ãæ¨à®¢ ­  ­  (T (M); gI ) £«®¡ «ì­®© £àã¯¯®© Gr ª®­æ¨àªã«ïà­ëå

¯à¥®¡à §®¢ ­¨© ª®¬¯ ªâ­®£® à¨¬ ­®¢  ¯à®áâà ­áâ¢  (M; g), â® íâ  £àã¯¯  ­¥ á®¤¥à¦¨â 3-
£¥®¤¥§¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬ ¯à®â¨¢­®¥, â. ¥. çâ® áãé¥áâ¢ã¥â äã­ªæ¨ï  , ã¤®¢«¥â¢®àïîé ï
ãá«®¢¨ï¬ (37), ¢ ª®â®àëå c 6= 0. �  ®á­®¢ ­¨¨ â¥®à¥¬ë �à¨­  [16] ¤«ï « ¯« á¨ ­  äã­ªæ¨¨  
¤®«¦­ë ¨¬¥âì � = gijrji = �c �3n,Z

M

� dv = �cn

Z
M

 �3dv = 0;
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£¤¥ dv | í«¥¬¥­â ®¡ê¥¬ . �®áª®«ìªã äã­ªæ¨ï  á®åà ­ï¥â §­ ª ¨ c 6= 0, â® ¯®á«¥¤­¥¥ à ¢¥­áâ¢®
­¥¢®§¬®¦­®, ¨ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥­¨¥.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® £àã¯¯  G0
r ¢ ®â«¨ç¨¥ ®â G

I
r ­¥ ï¢«ï¥âáï ¨­¤ãæ¨à®¢ ­­®©. �¥®à¥¬ 

1 ¤ ¥â ®â¢¥â ® å à ªâ¥à¥ ã¯«®é îé¨å á¢®©áâ¢ ¨­ä¨­¨â¥§¨¬ «ì­ëå ®¡à §ãîé¨å íâ¨å £àã¯¯.
�â¬¥â¨¬ â ª¦¥, çâ® ¤¨ää¥à¥­æ¨ « d� ª®­æ¨àªã«ïà­®£® ¯à¥®¡à §®¢ ­¨ï � ¯¥à¥¢®¤¨â ª -

¦¤ãî £¥®¤¥§¨ç¥áªãî ªà¨¢ãî 
 ¢ ªà¨¢ãî (d�) � 
, ª®â®à ï ¢ á¨«ã (30) ï¢«ï¥âáï (�0; B0; BI)-
å à ªâ¥à¨áâ¨ç¥áª®© (¨«¨ ¯« ­ à­®©) ªà¨¢®© [17] ¯à®áâà ­áâ¢  (T (M); gI ). �â®¡à ¦¥­¨¥ d�
®¡« ¤ ¥â á¢®©áâ¢®¬ ¢§ ¨¬­®áâ¨ [18], á®åà ­ï¥â á®¢®ªã¯­®áâ¨ â ª¨å ªà¨¢ëå ¨ ¢ ®¡é¥¬ á«ãç ¥
ï¢«ï¥âáï 4-£¥®¤¥§¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ á¯¥æ¨ «ì­®£® «¨­¥©­®£® â¨¯ .

�®¤®¡­ë¥ à¥§ã«ìâ âë ¬®¦­® ¯®«ãç¨âì ¤«ï ª á â¥«ì­ëå à áá«®¥­¨© ¢ëáè¨å ¯®àï¤ª®¢,  
â ª¦¥ ¤«ï ¤àã£¨å á¯®á®¡®¢ «¨äâ¨à®¢ ­¨ï [6]. � â® ¦¥ ¢à¥¬ï ¯à¥¤áâ ¢«ïîâ ¨­â¥à¥á ¨ ¤àã£¨¥
£àã¯¯ë ¯à¥®¡à §®¢ ­¨© ¡ §¨á­®£® ¬­®£®®¡à §¨ï. � ç áâ­®áâ¨, �.�.�¬¨­®¢®© [14], [19] ¢¢¥¤¥-
­ë ¢ à áá¬®âà¥­¨¥ £àã¯¯ë ¯®çâ¨ ¯à®¥ªâ¨¢­ëå ¤¢¨¦¥­¨©, á®®â¢¥âáâ¢ãîé¨¥ ª¢ ¤à â¨ç­®¬ã ¨
«¨­¥©­®¬ã ª®¬¯«¥ªá ¬. �®­æ¨àªã«ïà­ ï £àã¯¯  ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ â ª¨å £àã¯¯, ®â-
­®áïé¨¬áï ª ª¢ ¤à â¨ç­®¬ã ª®¬¯«¥ªáã, ®¯à¥¤¥«ï¥¬®¬ã â¥­§®à®¬ g.
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