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�áá«¥¤ãîâáï ¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  ª á â¥«ì­®£® ¯à®áâà ­áâ¢  ¤«ï ¬¥âà¨ç¥áª®£® ¯à®áâà ­-
áâ¢  ¡®«¥¥ ®¡é¥£®, ç¥¬ ¤¨ää¥à¥­æ¨àã¥¬®¥G-¯à®áâà ­áâ¢® �ã§¥¬ ­ . �áâ ­®¢«¥­®, çâ® ¬¥âà¨ª 
­  ª á â¥«ì­®¬ ¯à®áâà ­áâ¢¥ ¢ ¯à®¨§¢®«ì­®© â®çª¥ ¯à®áâà ­áâ¢  ­¥¯®«®¦¨â¥«ì­®© ªà¨¢¨§­ë ¯®
�ã§¥¬ ­ã (¤¨ää¥à¥­æ¨àã¥¬®£® ¯® �ã§¥¬ ­ã ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢ ) ¢­ãâà¥­­ïï. �®ª § -
­®, çâ® ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® ¢ ¯à®¨§¢®«ì­®© â®çª¥ «®ª «ì­® ¯®«­®£® ¤¨ää¥à¥­æ¨àã¥¬®£®
¯® �ã§¥¬ ­ã ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  ï¢«ï¥âáï ¯®«­ë¬,   â ª¦¥, çâ® ª á â¥«ì­®¥ ¯à®áâà ­-
áâ¢® ¢ ¯à®¨§¢®«ì­®© â®çª¥ «®ª «ì­® ª®¬¯ ªâ­®£® ¯à®áâà ­áâ¢  ­¥¯®«®¦¨â¥«ì­®© ªà¨¢¨§­ë ¯®
�ã§¥¬ ­ã ï¢«ï¥âáï ª®­¥ç­®-ª®¬¯ ªâ­ë¬ £¥®¤¥§¨ç¥áª¨¬.

1. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï ¨ â¥®à¥¬ë

� áá¬®âà¨¬ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® (X; �) á ¢ë¤¥«¥­­ë¬ á¥¬¥©áâ¢®¬ á¥£¬¥­â®¢ S (á¥£-
¬¥­â®¬ [x; y] á ª®­æ ¬¨ x; y 2 X ­ §ë¢ ¥âáï ­¥¯à¥àë¢­ ï ªà¨¢ ï, á®¥¤¨­ïîé ï â®çª¨ x, y,
¤«¨­  ª®â®à®© à ¢­  à ááâ®ï­¨î �(x; y) ¬¥¦¤ã íâ¨¬¨ â®çª ¬¨ ([1], á. 42)), ã¤®¢«¥â¢®àïîé¥¥
á«¥¤ãîé¨¬ ãá«®¢¨ï¬.

A. � ¦¤ë© ¯®¤á¥£¬¥­â ¯à®¨§¢®«ì­®£® á¥£¬¥­â  ¨§ S ¯à¨­ ¤«¥¦¨â S.
B. �«ï ª ¦¤®£® p 2 X ­ ©¤¥âáï â ª®¥ ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® r(p), çâ® ¤«ï

«î¡ëå x, y ¨§ ®âªàëâ®£® è à  B(p; r(p)) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© á¥£¬¥­â [x; y] 2 S.

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï ¨ ®¯à¥¤¥«¥­¨ï. R+ | ¬­®¦¥áâ¢®
­¥®âà¨æ â¥«ì­ëå ¢¥é¥áâ¢¥­­ëå ç¨á¥«; xy = �(x; y). B[x; r] (B(x; r), S(x; r)) | § ¬ª­ãâë© è à
(®âªàëâë© è à, áä¥à ) á æ¥­âà®¬ ¢ â®çª¥ x 2 X, à ¤¨ãá  r > 0. �«ï � 2 [0; 1], x; y 2 X !�[x; y]
| â®çª  á¥£¬¥­â  [x; y] 2 S â ª ï, çâ® x!�[x; y] = �xy.

�à®áâà ­áâ¢® (X; �), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ A, B, ­ §®¢¥¬ ¤¨ää¥à¥­æ¨àã¥¬ë¬ ¢ â®çª¥
p 2 X ¯® �ã§¥¬ ­ã, ¥á«¨ ¤«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï â ª®¥ � 2 (0; r(p)), çâ® j!�[p; x]!�[p; y] �
�xyj � "�xy ¤«ï «î¡ëå � 2 [0; 1], x; y 2 B(p; �) ([1], á. 293; [2], á. 21).

�à®áâà ­áâ¢® (X; �), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ A, B, ­ §®¢¥¬ ¯à®áâà ­áâ¢®¬ ­¥¯®«®¦¨-
â¥«ì­®© ªà¨¢¨§­ë ¯® �ã§¥¬ ­ã, ¥á«¨ 2!1=2[z; x]!1=2[z; y] � xy ¤«ï «î¡ëå x; y; z 2 B(p; r(p)) ([1],
á. 304; [3], c. 63).

�¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ­ §ë¢ ¥âáï ¯à®áâà ­áâ¢®¬ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©, ¥á«¨ ¤«ï
«î¡ëå x; y 2 X, " > 0 ­ ©¤¥âáï ª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª z0 = x, z1; � � � ; zk = y â ª ï,
çâ® zizi+1 < " (0 � i � k � 1) ¨ z0z1 + � � � + zk�1zk < xy + " [4].

�à®áâà ­áâ¢® (X; �) ­ §ë¢ ¥âáï £¥®¤¥§¨ç¥áª¨¬, ¥á«¨ «î¡ë¥ ¤¢¥ ¥£® â®çª¨ ¬®¦­® á®¥¤¨­¨âì
á¥£¬¥­â®¬ [5] (¢ ¯¥à¢®­ ç «ì­®¬ ¢ à¨ ­â¥ ¢ íâ®¬ ®¯à¥¤¥«¥­¨¨ ¯à®áâà ­áâ¢® X áç¨â «¨ ¯®«­ë¬
¬¥âà¨ç¥áª¨¬ [6]).

�à®áâà ­áâ¢® (X; �) ­ §ë¢ ¥âáï ª®­¥ç­®-ª®¬¯ ªâ­ë¬ ¬¥âà¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬, ¥á«¨ ¢
­¥¬ ª ¦¤®¥ ®£à ­¨ç¥­­®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ª®¬¯ ªâ­® ([1], á. 18).

�â®¡à ¦¥­¨¥ f ¨§ ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (X; �) ¢ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® (Y; d) ­ -
§ë¢ ¥âáï ¡¨«¨¯è¨æ¥¢ë¬ ®â®¡à ¦¥­¨¥¬, ¥á«¨ ­ ©¤¥âáï â ª ï ª®­áâ ­â  � � 1, çâ® �(x; y)=� �

71



d(f(x); f(y)) � ��(x; y) ¤«ï «î¡ëå x; y 2 X. �¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢  X, Y ­ §ë¢ îâáï ¡¨«¨¯-
è¨æ¥¢® íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ áãé¥áâ¢ã¥â áîàê¥ªâ¨¢­®¥ ¡¨«¨¯è¨æ¥¢® ®â®¡à ¦¥­¨¥ f : X ! Y
([7], á. 269).

�ä®à¬ã«¨àã¥¬ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë.

�¥¬¬  1. �ãáâì ¯à®áâà ­áâ¢® (X; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ A, B. �®£¤  äã­ªæ¨ï

mp : B(p; r(p))�B(p; r(p)) �! R+ ; mp(x; y) = lim
�!0+

!�[p; x]!�[p; y]
�

¥áâì ¯á¥¢¤®¬¥âà¨ª , ®¡« ¤ îé ï á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

mp(p; x) = px; mp(!�[p; x]; !�[p; y]) = �mp(x; y) ¤«ï «î¡ëå � 2 [0; 1]; x; y 2 B(p; r(p)):

�ãáâì ¯à®áâà ­áâ¢® (X; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ A, B. �§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® äã­ªæ¨ï
mp : (B(p; r(p)) � R+) � (B(p; r(p)) � R+) �! R+ , mp((x;�); (y;�)) = �mp(!�=� [p; x]; !�=� [p; y]),
£¤¥ � 2 [max[�; �];+1), | ª®àà¥ªâ­® ®¯à¥¤¥«¥­­ ï ¯á¥¢¤®¬¥âà¨ª . �¢¥¤¥¬ ­  ¬­®¦¥áâ¢¥
B(p; r(p)) � R+ ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨ (x;�) � (y;�), ¥á«¨ mp((x;�); (y;�)) = 0. �®£¤ 
¯á¥¢¤®¬¥âà¨ª  ¨­¤ãæ¨àã¥â ­  ä ªâ®à-¯à®áâà ­áâ¢¥ Xp = (B(p; r(p))�R+)= � ¬¥âà¨ªã, ª®â®àãî
®¡®§­ ç¨¬ â¥¬ ¦¥ á¨¬¢®«®¬ mp.

�¥®à¥¬  1. �ãáâì (X; �)| ¯à®áâà ­áâ¢® ­¥¯®«®¦¨â¥«ì­®© ªà¨¢¨§­ë ¯® �ã§¥¬ ­ã. �®£¤ 

(i) mp(x; y) = lim
�!0+

!� [p;x]!� [p;y]
�

¤«ï ¢á¥å x; y 2 B(p; r(p));

(ii) mp(x; y) � xy ¤«ï ¢á¥å x; y 2 B(p; r(p));
(iii) mp ¥áâì ¢­ãâà¥­­ïï ¬¥âà¨ª  ­  Xp;
(iv) ¥á«¨, ªà®¬¥ â®£®, ¯à®áâà ­áâ¢® X «®ª «ì­® ª®¬¯ ªâ­®, â® ¤«ï «î¡®£® p 2 X (Xp;mp)

| ª®­¥ç­®-ª®¬¯ ªâ­®¥ £¥®¤¥§¨ç¥áª®¥ ¯à®áâà ­áâ¢®.

�¥®à¥¬  2. �ãáâì (X; �) | ¯à®áâà ­áâ¢®, ¤¨ää¥à¥­æ¨àã¥¬®¥ ¢ â®çª¥ p 2 X ¯® �ã§¥¬ ­ã.

�®£¤ 

(i) mp(x; y) = lim
�!0+

!� [p;x]!� [p;y]

�
¤«ï ¢á¥å x; y 2 B(p; r(p));

(ii) mp ¥áâì ¬¥âà¨ª  ­  ®âªàëâ®¬ è à¥ B(p; r(p)), ¨ ¤«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï â ª®¥

� 2 (0; r(p)), çâ® jmp(x; y)� xyj � "xy ¤«ï ¢á¥å x; y 2 B(p; �);
(iii) mp ¥áâì ¢­ãâà¥­­ïï ¬¥âà¨ª  ­  Xp;
(iv) ¥á«¨, ªà®¬¥ â®£®, X | «®ª «ì­® ¯®«­®¥ ¯à®áâà ­áâ¢®, â® (Xp;mp) | ¯®«­®¥ ¯à®áâà ­-

áâ¢®;
(v) ¯ãáâì � | â® ¦¥, çâ® ¨ ¢ ¯. (ii) ¯à¨ 0 < " < 1, ¨ ¯ãáâì ­ ©¤¥âáï â ª®¥ ç¨á«® t(p) 2

(0; �), çâ® ¤«ï ª ¦¤®© â®çª¨ x 2 B(p; t(p))nfpg áãé¥áâ¢ã¥â â®çª  bx 2 S(p; t(p)) â ª ï,
çâ® x 2 [p; bx], £¤¥ [p; bx] 2 S, â®£¤  ¤«ï ª ¦¤®£® R > 0 ¯à®áâà ­áâ¢  (B[p; t(p)]; �),
(B[[p; 1]; R];mp) ¡¨«¨¯è¨æ¥¢® íª¢¨¢ «¥­â­ë.

� ¬¥ç ­¨¥. �¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¥á«¨ X | ¤¨ää¥à¥­æ¨àã¥¬®¥ ¢ â®çª¥ p G-¯à®áâ-
à ­áâ¢® �ã§¥¬ ­ , â® ¯à®áâà ­áâ¢® (Xp;mp) ¨§®¬¥âà¨ç­® ª á â¥«ì­®¬ã ¯à®áâà ­áâ¢ã ¢ â®çª¥
p ¯® �ã§¥¬ ­ã (¯à¨ ­ «¨ç¨¨ ¢ ¯à®áâà ­áâ¢¥ (Xp;mp) «¨­¥©­®© áâàãªâãàë íâ  ¨§®¬¥âà¨ï ï¢«ï-
¥âáï «¨­¥©­®©) ([2], c. 22). �®íâ®¬ã ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® (Xp;mp) ¥áâ¥áâ¢¥­­® ­ §ë¢ âì
ª á â¥«ì­ë¬ ¯à®áâà ­áâ¢®¬ ¯® �ã§¥¬ ­ã ¢ â®çª¥ p 2 X.

2. �®ª § â¥«ìáâ¢  ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® «¥¬¬ë 1 á¢®¤¨âáï ª ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. (i){(ii) �ãáâì (X; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ A, B ¨
2!1=2[z; x]!1=2[z; y] � xy ¤«ï «î¡ëå x; y; z 2 B(p; r(p)). �§ ¯®á«¥¤­¥£® ¢ëâ¥ª ¥â

!�[z; x]!�[z; y] � �xy (1)
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¤«ï «î¡ëå 0 � � � 1, x; y; z 2 B(p; r(p)). �«¥¤®¢ â¥«ì­®, mp(x; y) � xy ¤«ï «î¡ëå x; y 2
B(p; r(p)). �à®¬¥ â®£®, ¨§ ¤®ª § â¥«ìáâ¢ â¥®à¥¬ 36.4{36.6 ¢ ([1], á. 304{307) á«¥¤ã¥â, çâ® ¤«ï
«î¡ëå x; y; z 2 B(p; r(p)) ­¥¯à¥àë¢­ ï äã­ªæ¨ï f : [0; 1] ! R, f [�] = !�[z; x]!�[z; y] ¢ë¯ãª« .
� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â ¯à¥¤¥« lim

�!0+

!� [p;x]!�[p;y]

�
¤«ï x; y 2 B(p; r(p)).

(iii) �ë¡¥à¥¬ ¯à®¨§¢®«ì­® [x1;�]; [y;�] 2 Xp ¨ ¤«ï ®¯à¥¤¥«¥­­®áâ¨ áç¨â ¥¬, çâ® � � �. �®£¤ 
[x1;�] = [!�=�[p; x1];�]. �¡®§­ ç¨¬ x = !�=�[p; x1]. � á¨«ã «¥¬¬ë 1 ¨§ [8] ¤®áâ â®ç­® ¤®ª § âì, çâ®
¤«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï â ª ï â®çª  [z; � ] 2 Xp, çâ® 2max[mp([x;�]; [z; � ]);mp([y;�]; [z; � ])] <
mp([x;�]; [y;�])+". �ç¥¢¨¤­®, ­ ©¤¥âáï â ª®¥ �0 2 (0; 1], çâ® z� = !1=2[!� [p; x]; !� [p; y]] 2 B(p; r(p))
¤«ï � 2 (0; �0]. �§ ­¥à ¢¥­áâ¢  (1) á«¥¤ã¥â

max[mp(!� [p; x]; z�);mp(!� [p; y]; z�)] � max[!� [p; x]z� ; !� [p; y]z� ] = !� [p; x]!� [p; y]=2: (2)

�âáî¤  ¨ ¨§ «¥¬¬ë 1 ¯®«ãç¨¬ �mp(x; y) = mp(!� [p; x]; !� [p; y]) � mp(!� [p; x]; z�)+mp(!� [p; y]; z�) �
!� [p; x]!� [p; y]. �§ íâ¨å ­¥à ¢¥­áâ¢ ¨ ãâ¢¥à¦¤¥­¨ï (i) ¢ëâ¥ª ¥â

lim
�!0+

mp(!� [p; x]; z�) +mp(!� [p; y]; z�)
�

= mp(x; y):

�á«¨ ãçâ¥¬ (2), â® ¯®«ãç¨¬

lim
�!0+

mp(!� [p; x]; z�)
�

= lim
�!0+

mp(!� [p; y]; z�)
�

= mp(x; y)=2: (3)

�«¥¤®¢ â¥«ì­®, ¤«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï â ª®¥ � 2 (0;min[�; 1]), çâ®

mp(!� [p; x]; z�)
�

< mp(x; y)=2 + ";
mp(!� [p; y]; z�)

�
< mp(x; y)=2 + ":

�®£¤  ¤«ï ª ¦¤®£® " > 0 ­ ©¤¥¬ â ª®¥ � 2 (0;min[�; 1]), çâ®

2max[mp([x;�]; [z� ;�=�]);mp([y;�]; [z� ;�=�])] =

= 2�=�max[mp(!� [p; x]; z�);mp(!� [p; y]; z�)] < �mp(x; y) + 2�" = mp([x;�]; [y;�]) + 2�":

(iv) �ãáâì X |«®ª «ì­®-ª®¬¯ ªâ­®¥ ¯à®áâà ­áâ¢® ­¥¯®«®¦¨â¥«ì­®© ªà¨¢¨§­ë ¯® �ã§¥¬ ­ã
¨ f[xn;�n]g| ¯à®¨§¢®«ì­ ï ®£à ­¨ç¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¯à®áâà ­áâ¢  (Xp;mp). � ¬¥â¨¬,
çâ® mp([xn;�n]; [p; 1]) = �mp(!�n=� [p; xn]; p) = �npxn ¤«ï � � max[1; �n] ¨ ¯®á«¥¤®¢ â¥«ì­®áâì
f�ng ®£à ­¨ç¥­ . �®£¤  ­ ©¤ãâáï â ª¨¥ ¢¥é¥áâ¢¥­­ë¥ ç¨á«  r 2 (0; r(p)], � > 0, çâ® è à B[p; r]
ª®¬¯ ªâ¥­ ¨ !�n=� [p; xn] 2 B[p; r] (n = 1; 2; : : : ). �ë¤¥«¨¬ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì f!�k=� [p; xk]g �
f!�n=� [p; xn]g, áå®¤ïéãîáï ¢ ¨áå®¤­®© ¬¥âà¨ª¥ ª â®çª¥ y 2 B[p; r]. �âáî¤ , ¨§ «¥¬¬ë 1 ¨ ­¥à ¢¥­-
áâ¢  (1) á«¥¤ã¥â, çâ® mp([xk;�k]; [y; �]) = �mp(!�k=� [p; xk]; y) � �!�k=� [p; xk]y ! 0 (k !1). � ª¨¬
®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì f[xn;�n]g ®¡« ¤ ¥â áå®¤ïé¥©áï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâìî, ¨ ¯à®-
áâà ­áâ¢® (Xp;mp) ª®­¥ç­®-ª®¬¯ ªâ­®. �§ á«¥¤áâ¢¨ï ®¡®¡é¥­­®©  «ìâ¥à­ â¨¢ë �®¯ä {�¨­®¢ 
([9], á. 297) ¨ ª®­¥ç­®© ª®¬¯ ªâ­®áâ¨ ¯à®áâà ­áâ¢  (Xp;mp) á«¥¤ã¥â, çâ® ®­® £¥®¤¥§¨ç¥áª®¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. (i){(ii) �«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï â ª®¥ �(") 2 (0; r(p)), çâ®
¤«ï «î¡ëå x; y 2 B(p; �(")), 0 < � < � < 1 ¢¥à­® ­¥à ¢¥­áâ¢®

����!�[p; x]!�[p; y]�
�

�
!�[p; x]!�[p; y]

���� � "
�

�
!�[p; x]!�[p; y]:

�®£¤  ¤«ï «î¡ëå x; y 2 B(p; �[1=2]), 0 < � < �0 <
�[1=2]

r(p)
¢¥à­ë ­¥à ¢¥­áâ¢ 

!�0 [p; x]!�0 [p; y]
2�0

�
!�[p; x]!�[p; y]

�
�
3!�0 [p; x]!�0 [p; y]

2�0

;
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¨ ¤«ï «î¡ëå 0 < " < 1=2, x; y 2 B(p; �(")), � < min[ �(")
r(p)

; �0] ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 
����
!�[p; x]!�[p; y]

�
�
!�[p; x]!�[p; y]

�

���� � "
!�[p; x]!�[p; y]

�
�
3"!�0 [p; x]!�0 [p; y]

2�0

:

�âáî¤  á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¯à¥¤¥« 

mp(x; y) = lim
�!0+

!� [p; x]!� [p; y]
�

¨ â®, çâ® mp(x; y) 6= 0 ¯à¨ x 6= y. �á«¨ ®¡¥ ç áâ¨ ­¥à ¢¥­áâ¢  ¨§ ®¯à¥¤¥«¥­¨ï ¤¨ää¥à¥­æ¨àã¥¬®-
áâ¨ ¢ â®çª¥ p 2 X ¯® �ã§¥¬ ­ã ¯®¤¥«¨âì ­  � > 0 ¨ ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯à¨ �! 0+, â® ¯®«ãç¨¬
­¥à ¢¥­áâ¢® jmp(x; y)� xyj � "xy ¤«ï x; y 2 B(p; �).

(iii) �ë¡¥à¥¬ ¯à®¨§¢®«ì­® [x1;�]; [y;�] 2 Xp ¨ ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ¯®«®¦¨¬ � � �. �®£¤ 
[x1;�] = [!�=�[p; x1];�]. �¡®§­ ç¨¬ x = !�=�[p; x1]. � á¨«ã «¥¬¬ë 1 ¨§ [8] ¤®áâ â®ç­® ¤®ª § âì, çâ®
¤«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï â ª ï â®çª  [z; � ] 2 Xp, çâ® 2max[mp([x;�]; [z; � ]);mp([y;�]; [z; � ])] <
mp([x;�]; [y;�])+". �ç¥¢¨¤­®, ­ ©¤¥âáï â ª®¥ �0 2 (0; 1], çâ® z� = !1=2[!� [p; x]; !� [p; y]] 2 B(p; r(p))
¤«ï � 2 (0; �0]. � á¨«ã ãâ¢¥à¦¤¥­¨ï (ii) ¤«ï ª ¦¤®£® " > 0 ­ ©¤ãâáï â ª¨¥ � > 0 ¨ �0 2 (0; 1], çâ®
!� [p; x]; !� [p; y]; !1=2[!� [p; x]; !� [p; y]] 2 B(p; �) ¨ mp(!� [p; x]; !� [p; y]) � (1 + ")!� [p; x]!� [p; y] ¤«ï
«î¡®£® � 2 (0; �0]. �®£¤  ¤«ï «î¡ëå " > 0, � 2 (0; �0]

max[mp(!� [p; x]; z�);mp(!� [p; y]; z� ]) � (1 + ")max[!� [p; x]z� ; !� [p; y]z� ] = (1 + ")!� [p; x]!� [p; y]=2:
(4)

�âáî¤  ¨ ¨§ «¥¬¬ë 1 ¯®«ãç¨¬ �mp(x; y) = mp(!� [p; x]; !� [p; y]) � mp(!� [p; x]; z�)+mp(!� [p; y]; z�) �
(1 + ")!� [p; x]!� [p; y] ¤«ï «î¡ëå " > 0, � 2 (0; �0]. �á«¨ ãçâ¥¬ (4), â® ¯®«ãç¨¬

mp(x; y) � lim
�!0+

mp(!� [p; x]; z�) +mp(!� [p; y]; z�)
�

� (1 + ")mp(x; y);

lim
�!0+

max[mp(!� [p; x]; z�);mp(!� [p; y]; z� ])
�

� (1 + ")mp(x; y)=2

¤«ï «î¡®£® " > 0. �­ «®£¨ç­ë¥ ­¥à ¢¥­áâ¢  ¢¥à­ë ¨ ¤«ï ­¨¦­¨å ¯à¥¤¥«®¢. � á¨«ã ¯à®¨§¢®«ì-
­®áâ¨ " > 0

lim
�!0+

mp(!� [p; x]; z�)
�

= lim
�!0+

mp(!� [p; y]; z�)
�

= mp(x; y)=2:

�áâ ¢è ïáï ç áâì ¤®ª § â¥«ìáâ¢  á®¢¯ ¤ ¥â á ç áâìî ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥­¨ï (iii) â¥®à¥¬ë
1 ¯®á«¥ à ¢¥­áâ¢ (3).

(iv) �ãáâì (X; �) | «®ª «ì­® ¯®«­®¥ ¤¨ää¥à¥­æ¨àã¥¬®¥ ¢ â®çª¥ p 2 X ¯® �ã§¥¬ ­ã ¯à®-
áâà ­áâ¢® ¨ (B[p; r]; �), £¤¥ 0 < r < �, | ¯®«­®¥ ¯®¤¯à®áâà ­áâ¢® ¯à®áâà ­áâ¢  (X; �). �§ ­¥à -
¢¥­áâ¢ (1 � ")xy � mp(x; y) � (1 + ")xy ¤«ï x; y 2 B[p; r], 0 < " < 1, ¯®«ãç¥­­ëå ¢ ¯. (ii), á«¥¤ã-
¥â ¡¨«¨¯è¨æ¥¢  íª¢¨¢ «¥­â­®áâì ¯à®áâà ­áâ¢ (B[p; r];mp), (B[p; r]; �) ¨ ¯®«­®â  ¯à®áâà ­áâ¢ 
(B[p; r];mp). �ãáâì f[xn;�n]g | äã­¤ ¬¥­â «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¢ ¯à®áâà ­áâ¢¥ (Xp;mp).
�®£¤  ¢ á¨«ã ®£à ­¨ç¥­­®áâ¨ äã­¤ ¬¥­â «ì­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ f[xn;�n]g ¨ «¥¬¬ë 1 ­ ©-
¤¥âáï â ª®¥ ç¨á«® � > 0, çâ® !�n=� [p; xn] 2 (B[p; r];mp) ¨ f!�n=� [p; xn]g ï¢«ï¥âáï äã­¤ ¬¥­â «ì-
­®© ¯®á«¥¤®¢ â¥«ì­®áâìî. �ãáâì íâ  ¯®á«¥¤®¢ â¥«ì­®áâì áå®¤¨âáï ª â®çª¥ z 2 B[p; r]. �®£¤ 
mp([xn;�n]; [z; � ]) = �mp(!�n=� [p; xn]; z)! 0 (n!1). � ª¨¬ ®¡à §®¬, ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®
(Xp;mp) ¯®«­®¥.

(v) �®ª ¦¥¬, çâ® ¨áª®¬ãî ¡¨«¨¯è¨æ¥¢ã íª¢¨¢ «¥­â­®áâì ®¯à¥¤¥«ï¥â á«¥¤ãîé ï ª®¬¯®§¨-
æ¨ï h � f � id : (B[p; t(p)]; �) ! (B[[p; 1]; R];mp) ®â®¡à ¦¥­¨© id : (B[p; t(p)]; �) ! (B[p; t(p)];mp);
f : (B[p; t(p)];mp) ! (B[[p; 1]; t(p)];mp), f(x) = [x; 1]; h : (B[[p; 1]; t(p)];mp) ! (B[[p; 1]; R];mp),
h([x;�]) = [x;R�=t(p)]. � áá¬®âà¨¬ ª ¦¤®¥ ¨§ íâ¨å ®â®¡à ¦¥­¨©. �®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥
id : (B[p; t(p)]; �) ! (B[p; t(p)];mp) ®¯à¥¤¥«ï¥â, ª ª ¡ë«® ®â¬¥ç¥­® ¢ ­ ç «¥ ¤®ª § â¥«ìáâ¢ 
¯. (iv), ¡¨«¨¯è¨æ¥¢ã íª¢¨¢ «¥â­®áâì á®®â¢¥âáâ¢ãîé¨å ¯à®áâà ­áâ¢. �®ª ¦¥¬, çâ® f ¥áâì ¨§®-
¬¥âà¨ï. � á¨«ã à ¢¥­áâ¢ mp(f(x); f(y)) = mp([x; 1]; [y; 1]) = mp(x; y) ¤«ï ¢á¥å x, y 2 B[p; t(p)],
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®â®¡à ¦¥­¨¥ f ¥áâì ¨§®¬¥âà¨ç¥áª®¥ ¢«®¦¥­¨¥. �áâ «®áì ¤®ª § âì, çâ® ®­® áîàê¥ªâ¨¢­®. �ë¡¥-
à¥¬ ¯à®¨§¢®«ì­® [x;�] 2 B[[p; 1]; t(p)]. �á«¨ � � 1, â® f(!�[p; x]) = [!�[p; x]; 1] = [x;�]. �á«¨ � > 1
¨ � = �px=t(p), â® f(!�[p; bx]) = [!�[p; bx]; 1] = [x;�]. �«¥¤®¢ â¥«ì­®, ®â®¡à ¦¥­¨¥ f áîàê¥ªâ¨¢­®.
�â®¡à ¦¥­¨¥ h ¥áâì ¯®¤®¡¨¥ (®¯à¥¤¥«¥­¨¥ á¬. ¢ [1], á. 286). �¥©áâ¢¨â¥«ì­®, ®â®¡à ¦¥­¨¥ h, ®ç¥-
¢¨¤­®, ®¡à â¨¬® ¨ mp(h([x;�]); h([y;�])) = mp([x;R�=t(p)]; [y;R�=t(p)]) = (R=t(p))mp([x;�]; [y;�])
¤«ï «î¡ëå [x;�], [y;�] 2 B[[p; 1]; t(p)]. �«¥¤®¢ â¥«ì­®, ®â®¡à ¦¥­¨¥ h � f � id ®¯à¥¤¥«ï¥â ¡¨«¨¯-
è¨æ¥¢ã íª¢¨¢ «¥­â­®áâì ¯à®áâà ­áâ¢ (B[p; t(p)]; �), (B[[p; 1]; R];mp).
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