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1. �®à®è® ¨§¢¥áâ¥ ([1], £«. 5, x 3, c. 68; [2], £«. 3, x 3.4, á. 195; [3], £«. 1, x 4, á. 67 ¨ ¤à.) ª« áá¨-
ç¥áª¨© ¬¥â®¤ �¨¬   ¯®«ãç¥¨ï ä®à¬ã«ë ï¢®£® à¥è¥¨ï § ¤ ç¨ �®è¨ ¤«ï ãà ¢¥¨ï

uxy + aux + buy + cu = f;

ãáâ  ¢«¨¢ îé¨© ®¤®¢à¥¬¥® áãé¥áâ¢®¢ ¨¥, ¥¤¨áâ¢¥®áâì ¨ ¥¯à¥àë¢ãî § ¢¨á¨¬®áâì
íâ®£® à¥è¥¨ï ®â £à ¨çëå ãá«®¢¨©. �¤¥áì ¯à¥¤« £ ¥âáï   «®£¨çë© ¬¥â®¤ ¤«ï ãà ¢¥¨ï

L(u) � uxyz + auxy + buyz + cuxz + dux + euy + fuz + gu = F: (1)

2. � ®à¨¥â¨à®¢ ®¬ á¨áâ¥¬®© ª®®à¤¨ â (x; y; z) ¯à®áâà áâ¢¥ R3 à áá¬®âà¨¬ ¯®¢¥àå®áâì
S ª« áá  C3, § ¤ ãî ãà ¢¥¨ï¬¨

8>><
>>:
x = x(p; q);

y = y(p; q);

z = z(p; q); (p; q) 2 G2 � R2;

rang
�
xp yp zp
xq yq zq

�
= 2:

�à¥¤¯®« £ ¥¬, çâ® S ¢ ª ¦¤®© á¢®¥© â®çª¥ ¨¬¥¥â ª á â¥«ìãî ¯«®áª®áâì, ¥ ¯ à ««¥«ìãî
¨ ®¤®© ¨§ ª®®à¤¨ âëå ®á¥©,  ¯à¨¬¥à, zx > 0, zy > 0 ¢ G. �à®¢¥¤¥¬ ç¥à¥§ â®çªãM(x0; y0; z0)
¯«®áª®áâ¨ x = x0, y = y0, z = z0, ¯¥à¥á¥ª îé¨¥ S ¯® ªà¨¢ë¬ QC, CP ¨ PQ á®®â¢¥âáâ¢¥®. �¡®-
§ ç¨¬ 
 ª®¥çãî ®¡« áâì, ®£à ¨ç¥ãî íâ¨¬¨ ¯«®áª®áâï¬¨ ¨ ãç áâª®¬ QCP ¯®¢¥àå®áâ¨
S. �ç¨â ¥¬ ®à¨¥â æ¨î 
 ¯®«®¦¨â¥«ì®©.

�®áâ ®¢ª  § ¤ ç¨:  ©â¨ à¥è¥¨¥ ãà ¢¥¨ï (1) ª« áá  C3(
), ã¤®¢«¥â¢®àïîé¥¥ £à -

¨çë¬ ãá«®¢¨ï¬

@ku

@lk

�����
S

=  k; k = 0; 1; 2; (2)

£¤¥ l | § ¤ ®¥   S ¥ª á â¥«ì®¥ ª íâ®© ¯®¢¥àå®áâ¨ ¯®«¥  ¯à ¢«¥¨©.

�¥¬ á ¬ë¬ ¡ã¤¥â ¯®«ãç¥® à¥£ã«ïà®¥ à¥è¥¨¥ § ¤ ç¨ (1){(2) ¢® ¢á¥© ®¡« áâ¨ 
.
3. � ¤ ¤¨¬ ¯®«¥  ¯à ¢«¥¨© l ¢¥ªâ®à®¬ ~a(l1(p; q); l2(p; q); l3(p; q)), ~a 2 C3(G2), ¯à¨ç¥¬ j~aj � 1.

�¢¥¤¥¬ á¨áâ¥¬ã ª®®à¤¨ â, á¢ï§ ãî á ¯®¢¥àå®áâìî S

8>><
>>:
x = x(p; q) + l1(p; q)l;

y = y(p; q) + l2(p; q)l;

z = z(p; q) + l3(p; q)l; l 2 R:

(3)

� ¥ª®â®à®© ®ªà¥áâ®áâ¨ ¯®¢¥àå®áâ¨ S (3) ®¯à¥¤¥«ï¥â ¤®¯ãáâ¨¬®¥ ¯à¥®¡à §®¢ ¨¥ ª®®à¤¨-
 â, â. ª. ¯®«¥  ¯à ¢«¥¨© l ¯® ãá«®¢¨î ¥ ª á â¥«ì® ª S ([4], á.65). �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â

69



®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ 8>><
>>:
p = p(x; y; z);

q = q(x; y; z);

l = l(x; y; z)

ª« áá  C3 ¢ ®ªà¥áâ®áâ¨ ¯®¢¥àå®áâ¨ S ([5], á.488).
�¯à¥¤¥«¨¬ äãªæ¨î �¨¬   R(x; y; z; x0; y0; z0) ãà ¢¥¨ï (1) ª ª à¥è¥¨¥ ª« áá  C3(
�
)

¨â¥£à «ì®£® ãà ¢¥¨ï

v(x; y; z) �
Z z

z0

a(x; y; �)v(x; y; �) d� �
Z x

x0

b(�; y; z)v(�; y; z) d� �

�

Z y

y0

c(x; �; z)v(x; �; z) d� ++
Z y

y0

Z z

z0

d(x; �; �)v(x; �; �) d� d� +

+
Z x

x0

Z z

z0

e(�; y; �)v(�; y; �) d� d� ++
Z x

x0

Z y

y0

f(�; �; z)v(�; �; z) d� d� �

�

Z x

x0

Z y

y0

Z z

z0

g(�; �; �)v(�; �; �) d� d� d� = 1; (4)

ª®â®à®¥ áãé¥áâ¢ã¥â ([6], á.180).

�¥®à¥¬  1. �ãáâì  k 2 C3�k(S); a; b; c 2 C2(
); d; e; f 2 C1(
); g; F 2 C(
): �®£¤  § ¤ ç 
(1){(2) ¢ C3(
) ¯®áâ ¢«¥  ª®àà¥ªâ®,   ¥¥ à¥è¥¨¥ ¨¬¥¥â ¢¨¤

u(x0; y0; z0) =
(uR)C + (uR)Q + (uR)P

3
�
1
6

�Z
QC

n
uzR+ u(3aR � 2Rz)

o
dz �

fuyR+ u(3cR � 2Ry)gdy +
Z
CP

n
uxR+ u(3bR � 2Rx)

o
dx�

�fuzR+ u(3aR � 2Rz)gdz +
Z
PQ

n
uyR+ u(3cR � 2Ry)

o
dy � fuxR+ u(3bR� 2Rx)g dx+

+
ZZ

PQC

n
2uyzR+ uy(3aR�Rz) + uz(3cR �Ry) + u(2Ryz � 3(aR)y � 3(cR)z + 6dR)

o
dy dz +

+
n
2uxzR++ux(3aR �Rz) + uz(3bR �Rx) + u(2Rxz � 3(aR)x � 3(bR)z + 6eR)

o
dx dz +

n
2uxyR+ ux(3cR �Ry) + uy(3bR�Rx) + u(2Rxy � 3(bR)y � 3(cR)x + 6fR)

o
dx dy

�
�

�

Z xP

x0

dx

Z yPQ(x)

y0

dy

Z z(x;y)

z0

RF dz; (5)

£¤¥

u =  0; ux = px 0p + qx 0q + lx 1;

uy = py 0p + qy 0q + ly 1; uz = pz 0p + qz 0q + lz 1;

uxy = pxpy 0pp + qxqy 0qq + lxly 2 + (pxqy + qxpy) 0pq +

+(pxly + lxpy) 1p + (qxly + lxqy) 1q + pxy 0p + qxy 0q + lxy 1;

uxz = pxpz 0pp + qxqz 0qq + lxlz 2 + (pxqz + qxpz) 0pq +

+(pxlz + lxpz) 1p + (qxlz + lxqz) 1q + pxz 0p + qxz 0q + lxz 1;

uyz = pypz 0pp + qyqz 0qq + lylz 2 + (pyqz + qypz) 0pq +

+(pylz + lypz) 1p + (qylz + lyqz) 1q + pyz 0p + qyz 0q + lyz 1: (6)
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�®ª § â¥«ìáâ¢®. �«ï  ç «  ®â¬¥â¨¬ áãé¥áâ¢®¢ ¨¥ ¢¥àå¨å ¯à¥¤¥«®¢ ¨â¥£à¨à®¢ ¨ï
¯®á«¥¤¥£® ¨â¥£à «  ¢ (5), â. ª. ¢á¥ ®¯à¥¤¥«¨â¥«¨����xp yp

xq yq

����
����xp zp
xq zq

����
����yp zp
yq zq

����
®â«¨çë ®â ã«ï ¢ á¨«ã á¢®©áâ¢ ¯®¢¥àå®áâ¨ S.

�«ï «î¡®© äãªæ¨¨ u ª« áá  C3 à áá¬®âà¨¬ â®¦¤¥áâ¢®

RL(u) =
@

@x

�
1
3
(uR)yz �

1
2
[u(Rz � aR)]

y
�
1
2
[u(Ry � cR)]

z
+

+u [Ryz � (aR)y � (cR)z + dR]
�
+

@

@y

�
1
3
(uR)xz �

1
2
[u(Rz � aR)]

x
�

�
1
2
[u(Rx � bR)]z + u [Rxz � (aR)x � (bR)z + eR]

�
+

@

@z

�
1
3
(uR)xy �

�
1
2
[u(Rx � bR)]

y
�
1
2
[u(Ry � cR)]

x
+ u [Rxy � (bR)y � (cR)x + fR]

�
;

¯à¥¤áâ ¢«ïîé¥¥ «¨èì ¨ãî § ¯¨áì â®¦¤¥áâ¢  (3) ¨§ áâ âì¨ [7]. �â¥£à¨àãï íâ® â®¦¤¥áâ¢® ¯®
®¡« áâ¨ 
, áç¨â ï ¢ ¥¬ u à¥è¥¨¥¬ ãà ¢¥¨ï (1), ¨ ¨á¯®«ì§ãï ä®à¬ã«ã � ãáá -�áâà®£à ¤áª®£®
([8], £«. 13, x 3, á.241), ¯®«ãç¨¬

ZZZ



RF dxdy dz =
ZZ

@


�
1
3
(uR)yz �

1
2
[u(Rz � aR)]

y
�
1
2
[u(Ry � cR)]

z
+

+u [Ryz � (aR)y � (cR)z + dR]
�
dy ^ dz +

�
1
3
(uR)xz �

1
2
[u(Rz � aR)]

x
�

�
1
2
[u(Rx � bR)]

z
+ u [Rxz � (aR)x � (bR)z + eR]

�
dz ^ dx+

�
1
3
(uR)xy �

1
2
[u(Rx � bR)]

y
�
1
2
[u(Ry � cR)]

x
+

u [Rxy � (bR)y � (cR)x + fR]
�
dx ^ dy: (7)

�¤¥áì § ª \^" | ¢¥è¥¥ ã¬®¦¥¨¥ ¤¨ää¥à¥æ¨ «ìëå ä®à¬. � ¬¥ïï ¢ ¯à ¢®© ç áâ¨, ª®â®-
àãî ®¡®§ ç¨¬ ç¥à¥§ I, ¨â¥£à « ¯® £à ¨æ¥ @
 áã¬¬®© ¨â¥£à «®¢ ¯® ¥¥ á®áâ ¢«ïîé¨¬ CQM ,
PCM; PQM ¨ PQC ¨ ãç¨âë¢ ï â®¦¤¥áâ¢ 

Ryz(x0; y; z; x0; y0; z0)�
�
a(x0; y; z)R(x0; y; z; x0; y0; z0)

�
y
�

�
�
c(x0; y; z)R(x0; y; z; x0; y0; z0)

�
z
+ d(x0; y; z)R(x0; y; z; x0; y0; z0) � 0;

Rxz(x; y0; z; x0; y0; z0)�
�
a(x; y0; z)R(x; y0; z; x0; y0; z0)

�
x
�

�
�
b(x; y0; z)R(x; y0; z; x0; y0; z0)

�
z
+ e(x; y0; z)R(x; y0; z; x0; y0; z0) � 0;

Rxy(x; y; z0; x0; y0; z0)�
�
b(x; y; z0)R(x; y; z0; x0; y0; z0)

�
y
�

�
�
c(x; y; z0)R(x; y; z0; x0; y0; z0)

�
x
+ f(x; y; z0)R(x; y; z0; x0; y0; z0) � 0;

¯®«ãç ¥¬ë¥ ¯®¤áâ ®¢ª®© ¢ ãà ¢¥¨¥ (4) ¯® ®ç¥à¥¤¨ x = x0; y = y0; z = z0 ¨ ¤¨ää¥à¥æ¨à®¢ -
¨¥¬ ¥£® ¯® yz; xz ¨ xy á®®â¢¥âáâ¢¥®, ¨¬¥¥¬

I =
ZZ

CQM

�
@

@z

�
1
6
(uR)y �

1
2
u(Ry � cR)

�
+

@

@y

�
1
6
(uR)z �

1
2
u(Rz � aR)

��
dy ^ dz +
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+
ZZ

PCM

�
@

@x

�
1
6
(uR)z �

1
2
u(Rz � aR)

�
+

@

@z

�
1
6
(uR)x �

1
2
u(Rx � bR)

��
dz ^ dx+

+
ZZ

PQM

�
@

@y

�
1
6
(uR)x �

1
2
u(Rx � bR)

�
+

@

@x

�
1
6
(uR)y �

1
2
u(Ry � cR)

��
dx ^ dy +

+
ZZ

PQC

�
1
3
uyzR�

1
6
uyRz �

1
6
uzRy +

1
3
uRyz +

1
2
uyaR�

1
2
u(aR)y +

+
1
2
uzcR�

1
2
u(cR)z + u dR

�
dy ^ dz +

�
1
3
uxzR�

1
6
uxRz �

1
6
uzRx +

1
3
uRxz +

++
1
2
uxaR�

1
2
u(aR)x +

1
2
uzbR�

1
2
u(bR)z + ueR

�
dz ^ dx+

�
1
3
uxyR�

1
6
uxRy �

1
6
uyRx +

1
3
uRxy +

1
2
uybR�

1
2
u(bR)y +

1
2
uxcR�

1
2
u(cR)x + ufR

�
dx ^ dy:

�® ä®à¬ã«¥ �à¨  ([8], £«. 13, x 3, á.236) ¢á¥ ¨â¥£à «ë ¯® ¯«®áª¨¬ ®¡« áâï¬ á¢®¤ïâáï ª ®¤-
®ªà âë¬ ¨â¥£à « ¬ ¯® § ¬ªãâë¬ ª®âãà ¬, ¯à¨ç¥¬ «î¡®© ãç áâ®ª ª ¦¤®£® ª®âãà  ®¡å®-
¤¨âáï ¤¢ ¦¤ë | ¢ ¯à®â¨¢®¯®«®¦ëå  ¯à ¢«¥¨ïå, ª ª íâ® ¨ ¤®«¦® ¡ëâì ã ®à¨¥â¨à®¢ ®©
¯®¢¥àå®áâ¨:

I =
Z
CQM

�
1
6
(uR)z �

1
2
u(Rz � aR)

�
dz �

�
1
6
(uR)y �

1
2
u(Ry � cR)

�
dy +

+
Z
PCM

�
1
6
(uR)x �

1
2
u(Rx � bR)

�
dx�

�
1
6
(uR)z �

1
2
u(Rz � aR)

�
dz +

+
Z
PQM

�
1
6
(uR)y �

1
2
u(Ry � cR)

�
dy �

�
1
6
(uR)x �

1
2
u(Rx � bR)

�
dx+

+
1
6

ZZ
PQC

�
2uyzR+ uy(3aR �Rz) + uz(3cR �Ry) + u(2Ryz � 3(aR)y � 3(cR)z + 6dR)

�
dy ^ dz +

+
n
2uxzR+ ux(3aR �Rz) + uz(3bR�Rx) + u(2Rxz � 3(aR)x � 3(bR)z + 6eR)

o
dz ^ dx+

+
n
2uxyR+ ux(3cR�Ry) + uy(3bR �Rx) + u(2Rxy � 3(bR)y � 3(cR)x + 6fR)

o
dx ^ dy:

� «®£¨ç® á«ãç î á 2-ªà âë¬¨ ¨â¥£à « ¬¨, § ¬¥ïï ª ¦¤ë© ªà¨¢®«¨¥©ë© ¨â¥£à «
áã¬¬®© ¨â¥£à «®¢ ¯® á®áâ ¢«ïîé¨¬ ¥£® ª®âãà  ¨ ¨á¯®«ì§ãï â®¦¤¥áâ¢ 

Rz(x0; y0; z; x0; y0; z0)� a(x0; y0; z)R(x0; y0; z; x0; y0; z0) � 0;

Ry(x0; y; z0; x0; y0; z0)� c(x0; y; z0)R(x0; y; z0; x0; y0; z0) � 0;

Rx(x; y0; z0; x0; y0; z0)� b(x; y0; z0)R(x; y0; z0; x0; y0; z0) � 0;

¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª îé¨¥ ¨§ ®¯à¥¤¥«¥¨ï äãªæ¨¨ �¨¬  , ¯®«ãç¨¬, çâ® áã¬¬  íâ¨å ®¤®-
ªà âëå ¨â¥£à «®¢ ¯¥à¥¯¨è¥âáï:

K =
1
6

Z
CM

(uR)z dz �
1
6

Z
MQ

(uR)y dy +
1
6

Z
QC

(uzR+ uRz � 3uRz + 3uaR) dz �

�(uyR+ uRy � 3uRy + 3ucR) dy +
1
6

Z
PM

(uR)x dx�
1
6

Z
MC

(uR)z dz +

+
1
6

Z
CP

(uxR+ uRx � 3uRx + 3ubR) dx� (uzR+ uRz � 3uRz + 3uaR) dz +

+
1
6

Z
QM

(uR)y dy �
1
6

Z
MP

(uR)x dx+
1
6

Z
PQ

(uyR+ uRy � 3uRy + 3ucR) dy �

�(uxR+ uRx � 3uRx + 3ubR) dx:
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�ëç¨á«ïï §¤¥áì ¨â¥£à «ë ¯® ®âà¥§ª ¬ ¯àï¬ëå ¨ ¨á¯®«ì§ãï ¯à¥¤áâ ¢«¥¨ï K ¨ I, ¨§ (7)
®ª®ç â¥«ì® ¯®«ãç ¥¬ ä®à¬ã«ã (5). �à¥¤áâ ¢«¥¨ï ¯à®¨§¢®¤ëå à¥è¥¨ï u   S (6) ¯®«ãç -
îâáï ¤¨ää¥à¥æ¨à®¢ ¨¥¬ u(p(x; y; z), q(x; y; z); l(x; y; z)) ª ª á«®¦®© äãªæ¨¨.

�®à¬ã«  (5) ¯®«ãç¥  ¢ ¯à¥¤¯®«®¦¥¨¨ áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ¨áå®¤®© § ¤ ç¨, â. ¥. ¥á«¨
à¥è¥¨¥ áãé¥áâ¢ã¥â, â® ®® ¥¤¨áâ¢¥®. �¥¯®áà¥¤áâ¢¥®© ¯®¤áâ ®¢ª®© ¢ëà ¦¥¨ï (5) ¢ ãà ¢-
¥¨¥ (1) ¬®¦® ã¡¥¤¨âìáï, çâ® ®® ï¢«ï¥âáï à¥è¥¨¥¬ íâ®£® ãà ¢¥¨ï. �à¨ íâ®¬ ¨á¯®«ì§ã-
îâáï ä®à¬ã«ë ¤¨ää¥à¥æ¨à®¢ ¨ï ¨â¥£à «®¢, § ¢¨áïé¨å ®â ¯ à ¬¥âà , á¢®©áâ¢® äãªæ¨¨
�¨¬   R ¨ ¥¥ ¯à®¨§¢®¤ëå Rx; Rxy; : : : ¡ëâì à¥è¥¨¥¬ ãà ¢¥¨ï L(u) = 0 ¯® ¢â®à®© âà®©ª¥
 à£ã¬¥â®¢. �®ª § â¥«ìáâ¢® íâ®£® á¢®©áâ¢    «®£¨ç® 2-¬¥à®¬ã á«ãç î ([9], á.25)   ®á®-
¢¥ ¯à¥¤áâ ¢«¥¨ï à¥è¥¨ï 3-å ¬¥à®© § ¤ ç¨ �ãàá  [7]. �¥¬ á ¬ë¬ ®¡¥á¯¥ç¥® áãé¥áâ¢®¢ ¨¥
à¥è¥¨ï ¯®áâ ¢«¥®© § ¤ ç¨.

�¥¯à¥àë¢ ï § ¢¨á¨¬®áâì à¥è¥¨ï u ®â  k ¢ C3(
), k = 0; 1; 2, á«¥¤ã¥â ¥¯®áà¥¤áâ¢¥® ¨§
(5) ¢ à¥§ã«ìâ â¥ í«¥¬¥â àëå ®æ¥®ª ¢ â¥à¬¨ å ", �.

4. � á«ãç ïå, ª®£¤  £« ¤ª®áâì  ç «ìëå ¤ ëå  àãè ¥âáï, âà¨¦¤ë ¥¯à¥àë¢® ¤¨ää¥-
à¥æ¨àã¥¬ëå à¥è¥¨© § ¤ ç¨, ¢®®¡é¥ £®¢®àï, ¥ áãé¥áâ¢ã¥â, ¨ à¥è¥¨¥ ãà ¢¥¨ï (1) á«¥¤ã¥â
¯®¨¬ âì ¢ ®¡®¡é¥®¬ á¬ëá«¥.

�á«¨  ç «ìë¥ ¤ ë¥ § ¤ ç¨ �®è¨ (1){(2) ¨¬¥îâ,  ¯à¨¬¥à, ¢ â®çª¥ P ®á®¡¥®áâì, â®
à¥è¥¨¥ § ¤ ç¨ �®è¨ ¡ã¤¥â ¨¬¥âì ®á®¡¥®áâ¨ ¢¤®«ì ¯àï¬ëå, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã P ¨
¯ à ««¥«ìëå ª®®à¤¨ âë¬ ®áï¬. �® ¦¥ á¯à ¢¥¤«¨¢® ¤«ï â®ç¥ª Q ¨ C.

�à ¢¥¨¥ (1) ï¢«ï¥âáï ®¡®¡é¥¨¥¬ 2-¬¥à®£® ãà ¢¥¨ï � ¯« á , ¨¬¥îé¥£® ¯à¨«®¦¥¨ï
¢ â¥®à¨¨ ¯®¢¥àå®áâ¥© ([6], á.158).

�¨â¥à âãà 
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