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�®ª «ì­®-®¤­®¬¥à­ë¥ à §­®áâ­ë¥ ¬¥â®¤ë á®áâ ¢«ïîâ ¢ ¦­®¥ á¥¬¥©áâ¢® ¬¥â®¤®¢ à¥è¥­¨ï
í¢®«îæ¨®­­ëå § ¤ ç. �å ¯®áâà®¥­¨î ¨ ¨áá«¥¤®¢ ­¨î ¯®á¢ïé¥­  ®¡è¨à­ ï «¨â¥à âãà  [1]{[4].
�¤­ ª® ¢®¯à®á ¢ë¢®¤  â®ç­ëå ®æ¥­®ª ¯®£à¥è­®áâ¨ ¨ â¥á­® á¢ï§ ­­ë© á ­¨¬ ¢®¯à®á ®¯â¨¬ «ì­®-
áâ¨ íâ¨å ¬¥â®¤®¢ ®ª § «¨áì ¯«®å® ¨§ãç¥­­ë¬¨ ¤ ¦¥ ¤«ï ¯ à ¡®«¨ç¥áª¨å § ¤ ç. � â® ¦¥ ¢à¥¬ï
¤«ï ç¨áâ® ­¥ï¢­ëå ¬¥â®¤®¢ ¨ ¬¥â®¤®¢ á à áé¥¯«ïîé¨¬áï ®¯¥à â®à®¬ íâ¨ ¢®¯à®áë ã¦¥ å®à®è®
à §à ¡®â ­ë [5]{[13].

� ¤ ­­®© áâ âì¥ ¨§ãç îâáï ¤¢  «®ª «ì­®-®¤­®¬¥à­ëå à §­®áâ­ëå ¬¥â®¤  | áâ ¢è¨© ã¦¥
ª« áá¨ç¥áª¨¬ \¯®á«¥¤®¢ â¥«ì­ë©" ¬¥â®¤ ¨ ¬¥â®¤ á à á¯ à ««¥«¨¢ ­¨¥¬ ¢á¯®¬®£ â¥«ì­ëå è -
£®¢. �¯â¨¬ «ì­ë¥ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¢ L2(Q) ¤«ï ¯¥à¢®£® ¬¥â®¤  ¯®«ãç¥­ë ¥é¥ ¢ [7],   ¤«ï
¢â®à®£® | á®¢á¥¬ ­¥¤ ¢­® ¢ [14]. �¤¥áì ¬ë ¢ë¢®¤¨¬ ®æ¥­ª¨ á¢¥àåã ¨ á­¨§ã ¯®£à¥è­®áâ¨ ¢ í­¥à£¥-
â¨ç¥áª®© ­®à¬¥ ¨ £à ¤¨¥­â  ¯®£à¥è­®áâ¨ ¢ L2(Q) ­  ª« áá¥ ¯à ¢ëå ç áâ¥© ¨§ L2(Q) (¨ ­ ç «ì-

­ëå äã­ªæ¨© ¨§
�

W 1
2(
)). �®«ãç¥­­ë¥ ®æ¥­ª¨ â®«ìª® ¯à¨ ¦¥áâª®¬ ãá«®¢¨¨ � = O(h2) á®¢¯ ¤ îâ

á ¨§¢¥áâ­ë¬¨ ¤«ï ¤àã£¨å ¬¥â®¤®¢ [9]. �®®¡é¥ ¦¥ £®¢®àï, ®­¨ áãé¥áâ¢¥­­® ¯à®¨£àë¢ îâ ¨§¢¥áâ-
­ë¬; ¢ ç áâ­®áâ¨, ¥á«¨ � � "h, â® ¯à®áâ® ®âáãâáâ¢ã¥â áå®¤¨¬®áâì ª ­ã«î £à ¤¨¥­â  ¯®£à¥è­®-
áâ¨ ¢ L2(Q) ­  ãª § ­­®¬ ª« áá¥ ¤ ­­ëå. �à®¬¥ â®£®, ¢ë¢¥¤¥­ë ®æ¥­ª¨ ¯®àï¤ª  O(

p
� +h) ¯à¨

­¥áâ ­¤ àâ­ëå ãá«®¢¨ïå ­  f . �¥§ã«ìâ âë áâ âì¨ ¤®ª § ­ë ¯à¨ ¯®¬®é¨ ®à¨£¨­ «ì­®© â¥å­¨ª¨,
à §¢¨¢ îé¥© ¯à¥¤«®¦¥­­ãî ¢ [7], [12], [14].

�á­®¢­ë¥ à¥§ã«ìâ âë áä®à¬ã«¨à®¢ ­ë ¢ x1. � x 2 á®¤¥à¦ âáï ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥-
­¨ï. �®ª § â¥«ìáâ¢® ®æ¥­®ª ¯®£à¥è­®áâ¨ á¢¥àåã ¤ ­® ¢ x 3,   á­¨§ã | ¢ x 4.

1. �®à¬ã«¨à®¢ª  ®á­®¢­ëå à¥§ã«ìâ â®¢

� áá¬®âà¨¬ ¯¥à¢ãî ­ ç «ì­®-ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨

@u

@t
� a24u = f(x; t) ¢ Q = 
� (0; T ); (1.1)

uj@
�(0;T ) = 0; ujt=0 = u0(x) ­  
 = (0;X1)� � � � � (0; Xn); (1.2)

£¤¥ x = (x1; : : : ; xn); n � 2, 4 =
Pn

i=1 @
2=@x2i | ®¯¥à â®à � ¯« á , @
 | £à ­¨æ  
. �ãáâì ­¨¦¥

f =
Pn

i=1f(i),   a = 1 (çâ® ­¥ ®£à ­¨ç¨¢ ¥â ®¡é­®áâ¨). �ãáâì f 2 L2(Q) ¨ u0 2
�

W 1
2(
).

�¢¥¤¥¬ è £¨ h1 = X1=N1; : : : ; hn = Xn=Nn ¨ � = T=M , £¤¥ Nm � 2; m = 1; n; ¨ M � 2.
�ãáâì h = (h1; : : : ; hn), jhj = (h21 + � � � + h2n)

1=2. � 
 ¢¢¥¤¥¬ à ¢­®¬¥à­ãî á¥âªã !h = fxk =
(k1h1; : : : ; knhn); k1 = 0; N1; : : : ; kn = 0; Nng, £¤¥ k = (k1; : : : ; kn),   ­  [0; T ] | à ¢­®¬¥à­ãî á¥âªã
!� = ftm = m�; m = 0;Mg. �¡®§­ ç¨¬ !h = !h \ 
, @!h = !h \ @
 ¨ !� = !� n f0g.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ 97{01{00214).
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�ã¤¥¬ ¨á¯®«ì§®¢ âì á¥â®ç­ë¥ ®¯¥à â®àë @t�m = (�m � �m�1)=� ¨ ��m = �m�1 á �m = �(tm),  
â ª¦¥ ®¯¥à â®àë �2i 'k = ('k+�i � 2'k + 'k��i)=h

2
i , £¤¥ 'k = '(xk),   �1; : : : ; �n | ª®®à¤¨­ â­ë©

¡ §¨á ¢ Rn. �¯à¥¤¥«¨¬ ãáà¥¤­¥­¨ï: ¤«ï w 2 L1(
) ¯®«®¦¨¬

wh
k
=
Z hn

�hn

Z
� � �

Z Z h1

�h1

w(xk + �)
nY
i=1

h�1
i (1� h�1

i j�ij) d�; £¤¥ � = (�1; : : : ; �n);

¤«ï g 2 L1(0; T ) ¯®«®¦¨¬ g�m = ��1
�R
0

g(tm�1 + �)d�. �¨¦¥ áç¨â ¥¬, çâ® fh;�(i) = (fh(i))
� , i = 1; n.

�§ãç¨¬ ¤¢  ¨§¢¥áâ­ëå «®ª «ì­®-®¤­®¬¥à­ëå ¬¥â®¤  à §«¨ç­®© ª®­áâàãªæ¨¨ ¤«ï § ¤ ç¨
(1.1), (1.2). � áâ ­¤ àâ­®¬ ¯®á«¥¤®¢ â¥«ì­®¬ «®ª «ì­®-®¤­®¬¥à­®¬ ¬¥â®¤¥ ¯à¨¡«¨¦¥­­®¥ à¥è¥-
­¨¥ y (ª®â®à®¥ ®¯à¥¤¥«¥­® ­  á¥âª¥ !h � !� ) ¨ ¢á¯®¬®£ â¥«ì­ë¥ äã­ªæ¨¨ y(i), i = 0; n (ª®â®àë¥
®¯à¥¤¥«¥­ë ­  á¥âª¥ !h � !�) ã¤®¢«¥â¢®àïîâ ¤«ï m = 1;M ãà ¢­¥­¨ï¬

(y(i)m � y(i�1)m)=� � �2i y(i)m = fh;�(i)m ­  !h; (1.3)

y(i)mj@!h = 0; i = 1; n; (1.4)

y(0)m = ym�1; ym = y(n)m; y0 = uh0 : (1.5)

� «®ª «ì­®-®¤­®¬¥à­®¬ ¬¥â®¤¥ á à á¯ à ««¥«¨¢ ­¨¥¬ äã­ªæ¨¨ y ¨ y(i) (i = 1; n) ã¤®¢«¥â¢®-
àïîâ ¤«ï m = 1;M ãà ¢­¥­¨ï¬

�i(y(i)m � ym�1)=� � �2i y(i)m = fh;�(i)m ­  !h; (1.6)

y(i)mj@!h = 0; i = 1; n; (1.7)

ym =
nX
i=1

�iy(i)m; y0 = uh0 : (1.8)

�¤¥áì �i > 0 | ¯®áâ®ï­­ë¥ (­¥ § ¢¨áïé¨¥ ®â � ¨ h),
Pn

i=1 �i = 1.
�ãáâì Sh | ¯à®áâà ­áâ¢® äã­ªæ¨©, § ¤ ­­ëå ­  á¥âª¥ !h ¨ ¤®®¯à¥¤¥«¥­­ëå ­ã«¥¬ ­  @!h,  

Sh;� | ¯à®áâà ­áâ¢® äã­ªæ¨©, § ¤ ­­ëå ­  á¥âª¥ !h�!� ¨ ¤®®¯à¥¤¥«¥­­ëå ­ã«¥¬ ­  @!h�!� .
�¢¥¤¥¬ ¯à®áâà ­áâ¢® S(1) ¯®«¨«¨­¥©­ëå ¢®á¯®«­¥­¨© äã­ªæ¨© ¨§ Sh, â.¥. ¢®á¯®«­¥­¨©, «¨­¥©-
­ëå ¯® xi ­  ª ¦¤®¬ á¥£¬¥­â¥ [(l�1)hi; lhi], l = 1; Ni, ¯à¨ ä¨ªá¨à®¢ ­­ëå §­ ç¥­¨ïå ®áâ «ì­ëå
¯¥à¥¬¥­­ëå (¤«ï ¢á¥å i = 1; n). �¢¥¤¥¬ â ª¦¥ ¯à®áâà ­áâ¢® S ¢®á¯®«­¥­¨© äã­ªæ¨© ¨§ Sh;� , ¯à¨-
­ ¤«¥¦ é¨å S(1) ¯à¨ t = tm, m = 0;M , ¨ ¯®áâ®ï­­ëå ¯® t ­  ª ¦¤®¬ ¯®«ãá¥£¬¥­â¥ (tm�1; tm],
m = 1;M . �¨¦¥ áç¨â ¥¬, çâ® y 2 S ¢ ¬¥â®¤ å (1.3){(1.5) ¨ (1.6){(1.8).

�ä®à¬ã«¨àã¥¬ ®æ¥­ª¨ ¯®£à¥è­®áâ¨. �ãáâì k�k �

W 1
2(
)

= k jD�j kL2(
),   k�kV2(Q) = k k�kL2(
)kL1(0;T )+

k jD � j kL2(Q) | í­¥à£¥â¨ç¥áª ï ­®à¬ . �¤¥áì D = (D1; : : : ;Dn) | £à ¤¨¥­â, Di = @=@xi. �¢¥¤¥¬
­®à¬ã ¤ ­­ëå d = kfkL2(Q) + ku0k �

W 1
2(
)

.

�®«®¦¨¬ �k(�; h) =
�Pk

i=1

Q
1�j�i

�
h2
lj ;k

�1=2
, £¤¥ hl1;k � � � � � hlk;k | ã¯®àï¤®ç¥­­ ï ¯® ­¥-

ã¡ë¢ ­¨î ¯¥à¥áâ ­®¢ª  è £®¢ h1; : : : ; hk,   k = 1; n� 1. �ãáâì h
(k)
min = min1�j�khj , hmin;hii =

min1�j�n; j 6=ihj .

�¥®à¥¬  1. �«ï ¯®á«¥¤®¢ â¥«ì­®£® ¬¥â®¤  (1.3){(1.5) ¢¥à­ë ®æ¥­ª¨ ¯®£à¥è­®áâ¨

ku� ykV2(Q) � c
�
(
p
� + jhj)d +p

�
nX
i=2

�i�1(�; h)kf(i)kL2(Q)

�
; (1.9)

kD(u� y)kL2(Q) � c
�
(
p
� + jhj)d +

nX
i=2

�

h
(i�1)
min

kf(i)kL2(Q)

�
: (1.10)
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� ¬¥ç ­¨¥ 1. �à¨ n = 2 ¯à ¢ë¥ ç áâ¨ ®æ¥­®ª (1.9) ¨ (1.10) á®¢¯ ¤ îâ. �á«¨ ¦¥ n � 3, â®
®æ¥­ª  (1.10) ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, áãé¥áâ¢¥­­® «ãçè¥© ®æ¥­ª®© £à ¤¨¥­â  ¯®£à¥è­®áâ¨,
ç¥¬ â , ª®â®à ï á«¥¤ã¥â ¨§ (1.9).

�¥®à¥¬  2. �«ï ¬¥â®¤  á à á¯ à ««¥«¨¢ ­¨¥¬ (1.6){(1.8) ¢¥à­  ®æ¥­ª  ¯®£à¥è­®áâ¨

ku� ykV2(Q) � c
�
(
p
� + jhj)d +

nX
i=1

�

hmin;hii

kf(i)kL2(Q)

�
: (1.11)

� ãª § ­­ëå ®æ¥­ª å ¯®£à¥è­®áâ¨ ¨ ­¨¦¥ ¯®áâ®ï­­ë¥ c > 0 ¨ ci > 0 ¬®£ãâ § ¢¨á¥âì «¨èì
®â n ¨ � = min 1�i�n�i (¨, â ª¨¬ ®¡à §®¬, ­¥ § ¢¨áïâ ­¨ ®â X1; : : : ;Xn, ­¨ ®â T ).

�«ï áà ¢­¥­¨ï ®â¬¥â¨¬, çâ® ª ª ¤«ï ç¨áâ® ­¥ï¢­®£®, â ª ¨ á à áé¥¯«ïîé¨¬áï ®¯¥à â®à®¬
¯à®¥ªæ¨®­­®-à §­®áâ­ëå ¬¥â®¤®¢ ¨§¢¥áâ­ë [9] ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¢¨¤ 

ku� ykV2(Q) � K(
p
� + jhj)d: (1.12)

� ª¨¥ ®æ¥­ª¨ â®ç­ë ¯® ¯®àï¤ªã ­  ª« áá¥ f 2 L2(Q) ¨, ¡®«¥¥ â®£®, ®¯â¨¬ «ì­ë ­  ãª § ­­®¬
ª« áá¥ ¤«ï è¨à®ª®£® á¥¬¥©áâ¢  ¬¥â®¤®¢ à¥è¥­¨ï § ¤ ç¨ (1.1), (1.2) [11], [13].

�ãáâì
Pn

i=1 kf(i)kL2(Q) � NkfkL2(Q). �á«¨ ¢ë¯®«­¥­® ¦¥áâª®¥ ãá«®¢¨¥ � � N0h
2
min, £¤¥ hmin =

min1�j�nhj , â® ®æ¥­ª¨ (1.9) ¨ (1.11) ¯¥à¥©¤ãâ ¢ ®æ¥­ªã (1.12) (¯à¥¤¯®« £ ¥âáï, çâ® N ¨ N0 |
¯®áâ®ï­­ë¥, ­¥ § ¢¨áïé¨¥ ®â � ¨ h). � ®¡é¥¬ ¦¥ á«ãç ¥ ®æ¥­ª¨ (1.9){(1.11) áãé¥áâ¢¥­­® ®â«¨ç­ë
®â (1.12).

� áá¬®âà¨¬ ¢®¯à®á â®ç­®áâ¨ ¯® ¯®àï¤ªã ®æ¥­®ª (1.10) ¨ (1.11). �£à ­¨ç¨¬áï â¨¯¨ç­ë¬ á«ã-
ç ¥¬, ª®£¤  f(i) = 
if ¯à¨ i = 1; n,

Pn
i=1 
i = 1, ¯à¨ç¥¬ 
i | ¯®áâ®ï­­ë¥ (­¥ § ¢¨áïé¨¥ ®â

� ¨ h). �®«®¦¨¬ ~
 = (
1; : : : ; 
n), Xmin = min1�i�nXi,   â ª¦¥ jQj = j
jT , j
j = X1 : : : Xn ¨

c(0) =
�
2n+1=jQj�1=2. �ãáâì �

C(
) | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ¢ 
 äã­ªæ¨© g, à ¢­ëå 0 ­  @
,
á ­®à¬®© kgk �

C(
)
= maxx2
jg(x)j.

�®«®¦¨¬ eK = f1 � i � n�1 j Pn
k=i+1 
i 6= 0g, ehmin = min

i2eKhi. �á­®, çâ® ¥á«¨ ~
 6= (1; 0; : : : ; 0),

â® eK 6= ?.
�¥®à¥¬  3. �ãáâì u0 = 0. �à¥¤¯®«®¦¨¬, çâ® ~
 6= (1; 0; : : : ; 0),   "�1

0 jhj2 � � � X2
min"0 ¯à¨

¤®áâ â®ç­® ¬ «®¬ "0 = "0(n;~
) > 0. �®£¤  ¤«ï ¯®á«¥¤®¢ â¥«ì­®£® ¬¥â®¤  (1.3){(1.5) ¢¥à­ 

®æ¥­ª  ¯®£à¥è­®áâ¨ á­¨§ã

sup
kfkL2(Q)=1

ku� ykV2(Q) � c(0) sup
f=g sin

�
T
t; kgk�

C(
)

=1

k jD(u� y)j kL2(Q) �

� ec�=ehmin; £¤¥ ec = ec(n;~
) > 0: (1.13)

� ¬¥ç ­¨¥ 2. �à¨ ~
 = (1; 0; : : : ; 0) ®æ¥­ª  (1.9) ¯¥à¥å®¤¨â ¢ ®æ¥­ªã (1.12),   á ¬ ¬¥â®¤ (1.3){
(1.5) íª¢¨¢ «¥­â¥­ ®¤­®¬ã ¨§ ¬¥â®¤®¢ á à áé¥¯«ïîé¨¬áï ®¯¥à â®à®¬ (¯®¤à®¡­¥¥ á¬. x 3).

�«¥¤áâ¢¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë 3 ¨ ¯à¨ ehmin � N0h
(n�1)
min ®æ¥­ª  (1.10) â®ç­  ¯® ¯®àï¤ªã,

â.ª.
p
� + jhj � ("1=20 + "0)�=ehmin ¨

1 �
nX
i=2

(�=h(i�1)
min )kf(i)kL2(Q)

��� nX
i=2

j
ij
�
(�=ehmin)kfkL2(Q)

�
� N0:

�«¥¤áâ¢¨¥ 2. �á«¨ ¤®¯®«­¨â¥«ì­® "1eh1+�min � � ¯à¨ ­¥ª®â®àëå 0 � � < 1 ¨ "1 > 0, â® ¯à -
¢ ï ç áâì ®æ¥­ª¨ (1.13) ­¥ ¬¥­ìè¥ ¢¥«¨ç¨­ë ec"1=(1+�)1 � �=(1+�); íâ® åã¦¥ ¯® ¯®àï¤ªã, ç¥¬ ¤ ¥â
®æ¥­ª  (1.12). � ç áâ­®áâ¨, ¢ ¢ ¦­®¬ á«ãç ¥, ª®£¤  "1ehmin � � , ¯à ¢ ï ç áâì ®æ¥­ª¨ (1.13) ­¥
¬¥­ìè¥ ª®­áâ ­âë ec"1, â.¥. ®âáãâáâ¢ã¥â áå®¤¨¬®áâì ª 0 ¯®£à¥è­®áâ¨ k jD(u � y)j kL2(Q) ­  ª« áá¥
f = g sin(�t=T ), kgk �

C(
)
= 1.
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�®«®¦¨¬ bK = f1 � i � n j 
i 6= 1g, bhmin = min
i2bKhi.

�¥®à¥¬  4. �ãáâì u0 = 0. �à¥¤¯®«®¦¨¬, çâ® "�1
0 jhj2 � � � minfX2

min; Tg"0 ¯à¨ ¤®áâ â®ç-

­® ¬ «®¬ "0 = "0(n; �;~
) > 0. �®£¤  ¤«ï ¬¥â®¤  á à á¯ à ««¥«¨¢ ­¨¥¬ (1.6){(1.8) ¢¥à­  ®æ¥­ª 
¯®£à¥è­®áâ¨ á­¨§ã ¢ ä®à¬¥ (1.13)

sup
kfk

L2(Q)=1

ku� ykV2(Q) � c(0) sup
f=g sin

�
T
t; kgk�

C(
)

=1

k jD(u� y)j kL2(Q) �

� bc�=bhmin; £¤¥ bc = bc(n; �;~
) > 0: (1.14)

�«ï ¬¥â®¤  (1.6){(1.8) á¯à ¢¥¤«¨¢ë  ­ «®£¨ á«¥¤áâ¢¨© 1, 2 (¢ à®«¨ ehmin, h
(n�1)
min ¢ëáâã¯ îâbhmin, hmin).

� ¬¥ç ­¨¥ 3. � ¯à ¢ëå ­¥à ¢¥­áâ¢ å (1.13) ¨ (1.14) äã­ªæ¨ï f ï¢«ï¥âáï  ­ «¨â¨ç¥áª®©

¯® t, ­® íâ® ­¨ç¥£® ­¥ ¤ ¥â ¢ ¯« ­¥ ã«ãçè¥­¨ï ¯®àï¤ª  ¯®£à¥è­®áâ¨ ¯® áà ¢­¥­¨î á® á«ãç ¥¬
f 2 L2(Q). �«ï ç¨áâ® ­¥ï¢­ëå ¬¥â®¤®¢ ¤¥«® ®¡áâ®¨â ¨­ ç¥ ([9], x 1).

�®¯®«­¨¬ ®æ¥­ª¨ (1.10) ¨ (1.11), ãª § ¢ ãá«®¢¨ï ­  äã­ªæ¨¨ f(i), £ à ­â¨àãîé¨¥ á¯à ¢¥¤-
«¨¢®áâì ®æ¥­®ª ¯®àï¤ª  O(

p
� + jhj). �áâ¥áâ¢¥­­®, íâ¨ ãá«®¢¨ï ¯à¥¤¯®« £ îâ ®¯à¥¤¥«¥­­ãî

£« ¤ª®áâì f(i), ­® ­ã¦­  ®­  ­¥ ¯® ¢á¥¬ ¯¥à¥¬¥­­ë¬ ¨, ¡®«¥¥ â®£®, ¯® ç áâ¨ ¯¥à¥¬¥­­ëå ¬®¦¥â
¡ëâì \­¥£ â¨¢­®©".

�ãáâì l = (l1; : : : ; ln) | ¢¥ªâ®à á ª®¬¯®­¥­â ¬¨, à ¢­ë¬¨ 0 ¨«¨ 1, ¯à¨ç¥¬ l 6= 0. �¢¥¤¥¬

£¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢ 
�

W l;0
2 (Q) = fF 2 L2(Q) jDiF 2 L2(Q) ¨ F jxi=0;Xi

= 0 ¤«ï â ª¨å i, çâ®

li = 1g á ­®à¬®© kFk �

W l;0
2 (Q)

=
�P

i : li=1 kDiFk2L2(Q)

�1=2

. � ¯®¬­¨¬ [6], [14], çâ® ãáà¥¤­¥­¨ï fh;�

(¢¢¥¤¥­­ë¥ ¢ëè¥ ¤«ï f 2 L1(Q)) ¥áâ¥áâ¢¥­­® à á¯à®áâà ­ïîâáï ­  ®¡®¡é¥­­ë¥ äã­ªæ¨¨ ¢¨¤ 
f =

Pn
j=1Djfj, £¤¥ f1; : : : ; fn 2 L2(Q).

�ãáâì �(k) { ¢¥ªâ®à ¨§ Rn, ã ª®â®à®£® ¯¥à¢ë¥ k ª®¬¯®­¥­â à ¢­ë 1,   ®áâ «ì­ë¥ à ¢­ë 0.
�ãáâì �hii | ¢¥ªâ®à ¨§ Rn, ã ª®â®à®£® i-ï ª®¬¯®­¥­â  à ¢­  0,   ®áâ «ì­ë¥ à ¢­ë 1.

�¥®à¥¬  5. �«ï ¯®á«¥¤®¢ â¥«ì­®£® ¬¥â®¤  (1.3){(1.5) ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® f(i) =
nP
j=i

DjF(i)j

¯à¨ i = 2; n, ¢¥à­  ®æ¥­ª  ¯®£à¥è­®áâ¨

kD(u� y)kL2(Q) � c
�
(
p
� + jhj)d +p

�
nX
i=2

nX
j=i

kF(i)jk �

W�(i�1) ;0
2 (Q)

�
: (1.15)

�«ï ¬¥â®¤  á à á¯ à ««¥«¨¢ ­¨¥¬ (1.6){(1.8) ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® f(i) = DiF(i) ¯à¨ i = 1; n,
¢¥à­  ®æ¥­ª  ¯®£à¥è­®áâ¨

ku� ykV2(Q) � c
�
(
p
� + jhj)d +p

�
nX
i=1

kF(i)k �

W
�hii;0

2 (Q)

�
: (1.16)

� ¬¥ç ­¨¥ 4. �áïªãî äã­ªæ¨î f 2 L2(Q) ¬®¦­® ¯à¥¤áâ ¢¨âì áã¬¬®© f =
Pn

i=1 f(i),
¢ ª®â®à®© f(i) = DiF(i) ¨

Pn
i=1 kf(i)kL2(Q)

+ kF(i)k �

W
�hii;0

2 (Q)
� ckfkL2(Q). �«ï íâ®£® ¤®áâ â®ç-

­® ¯à¥¤¢ à¨â¥«ì­® à §«®¦¨âì f ¢ áå®¤ïé¨©áï ¢ L2(Q) àï¤ f(x; t) =
P

k>0 f
(k)(t)s(k)(x), £¤¥

s(k)(x) = sin �k1x1
X1

� � � sin �knxn
Xn

, ¨ ¯®«®¦¨âì, ­ ¯à¨¬¥à, f(i)(x; t) =
P

k2Mi
f (k)(t)s(k)(x). �¤¥áì Mi

| ¬­®¦¥áâ¢® â ª¨å ¬ã«ìâ¨¨­¤¥ªá®¢ k > 0, çâ® ki=Xi = max1�j�nkj=Xj , ¯à¨ç¥¬ (¤«ï ®¯à¥-
¤¥«¥­­®áâ¨) ¥á«¨ ki0=Xi0 = ki=Xi ¤«ï ­¥ª®â®à®£® i0 6= i, â® i0 < i. (�á­®, çâ® Mi \ Mj =
? ¯à¨ i 6= j,   M1 [ � � � [ Mn = fk > 0g; ªà®¬¥ â®£®, ¬®¦­® áç¨â âì, çâ® F(i)(x; t) =

�P
k2Mi

�
�ki
Xi

��1
f (k)(t) cos �kixi

Xi

Q
1�j�n; j 6=i sin

�kjxj
Xj

.) �®­¥ç­®, ¯à ªâ¨ç¥áª ï à¥ «¨§ã¥¬®áâì â ª®£®
à §«®¦¥­¨ï f ®áâ ¢«ï¥â ¦¥« âì «ãçè¥£®.
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2. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

�¢¥¤¥¬ ¢ ¯à®áâà ­áâ¢¥ Sh áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ­®à¬ã

('; )h =
N1�1X
k1=1

� � �
Nn�1X
kn=1

'k kh1 : : : hn; k'kh = (';')1=2h :

�®«®¦¨¬ â ª¦¥

(�; �)h;� =
MX
m=1

(�m; �m)h�; k�kh;� = (�; �)1=2h;� :

�ãáâì L[Sh] | ¯à®áâà ­áâ¢® «¨­¥©­ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ Sh,   S[Sh] | ª« áá ®¯¥-
à â®à®¢ A 2 L[Sh] â ª¨å, çâ® A = A� > 0. �ãáâì E | ¥¤¨­¨ç­ë© ®¯¥à â®à,   ®¯¥à â®àë Bi ¨
�i â ª®¢ë, çâ® Bi'k = (1=6)'k+�i + (2=3)'k + (1=6)'k��i ¨ �i'k = ��2i 'k ¯à¨ xk 2 !h (¤«ï ¢á¥å
' 2 Sh). �¢¥¤¥¬ ®¯¥à â®àë

B =
nY
i=1

Bi; Bhii =
Y

1�j�n;j 6=i

Bj ; �d =
nX
i=1

�i; � =
nX
i=1

Bhii�i;

â ª¨¬ ®¡à §®¬, �d ¨ � | íâ® ª®­¥ç­®- ¨ ¯à®¥ªæ¨®­­®-à §­®áâ­ë©  ­ «®£¨ ®¯¥à â®à  (�4).
�¢¥¤¥¬ â ª¦¥ ®¯¥à â®àë (á ¯ à ¬¥âà ¬¨ {i = ��1

i )

E =
nY
i=1

(E + �{i�i); Ehii =
Y

1�j�n;j 6=i

(E + �{j�j);

bB =
nX
i=1

�iEhii; bA =
nX
i=1

�iEhii; _�E =
1
�
(E �E):

�¥âàã¤­® ¢¨¤¥âì, çâ® bA = ��1(E � bB). �¯à ¢¥¤«¨¢® à §«®¦¥­¨¥
_�E =

nX
i=1

{i�i +
nX
k=2

�k�1
X

1�i1<���<ik�n

{i1 : : :{ik�i1 : : :�ik : (2.1)

�á¥ ¢¢¥¤¥­­ë¥ ®¯¥à â®àë ¯à¨­ ¤«¥¦ â ª« ááã S[Sh] ¨ ¨¬¥îâ ®¡éãî á¨áâ¥¬ã á®¡áâ¢¥­­ëå äã­ª-
æ¨©. � ¬ ¯®âà¥¡ã¥âáï ­ ¡®à á¢ï§ë¢ îé¨å ¨å ­¥à ¢¥­áâ¢.

�¥¬¬  1. �¯à ¢¥¤«¨¢ë ®¯¥à â®à­ë¥ ­¥à ¢¥­áâ¢ 

3�nE � B � E; 31�n�d � � � �d; (2.2)

E �B � (1=6)jhj2�d; �d � � � (1=6)jhj2�2
d;bB � E; bA � �dE; (2.3)bA � ��1�d bB; (2.4)

� _�E � bA � n� _�E c � = max
1�i�n

�i; (2.5)

_�E � ��1�dE; (2.6)

RB � bB �E � ��1��d bB; RA � bA� �d � ��1��d bA: (2.7)

�¥à ¢¥­áâ¢  (2.2) á«¥¤ãîâ ¨§ ­¥à ¢¥­áâ¢ (1=3)E � Bi � E. �áâ «ì­ë¥ ­¥à ¢¥­áâ¢  ¤®ª § ­ë
¢ ([14], «¥¬¬  1).

55



�«¥¤áâ¢¨¥ 3. �¯à ¢¥¤«¨¢ë ®¯¥à â®à­ë¥ ­¥à ¢¥­áâ¢ 

E �B � (1=
p
6)jhj�1=2

d ; �d � � � (1=
p
6)jhj�3=2

d ; (2.8)

RB � (��1��d)1=2 bB; RA � (��1��d)1=2 bA; (2.9)
p
� _�E � (��1�d)1=2E; (2.10)

( bA�1 bB)1=2p� _�E � ��1=2E: (2.11)

�¥à ¢¥­áâ¢  (2.8){(2.11) áà ¢­¨â¥«ì­® ¯à®áâ® á«¥¤ãîâ ¨§ ãª § ­­ëå ¢ «¥¬¬¥ 1; ®­¨ ¢ë¢¥¤¥­ë
¨ ã¦¥ ¨á¯®«ì§®¢ «¨áì ¢ [14].

�¢¥¤¥¬ ®¯¥à â®àë �d;hii =
P

1�j�n; j 6=i �j , i = 1; n,   â ª¦¥ E
(k)

=
Qk
j=1(E + �{j�j), _�(k)

E =

��1(E
(k) � E), �(k)

d =
Pk

j=1 �j , k = 1; n (ï¢«ïîé¨¥áï k-¬¥à­ë¬¨ ¢ à¨ ­â ¬¨ ®¯¥à â®à®¢ E, _�E,

�d). �ãáâì E
(0)

= E.

�¥¬¬  2. �¯à ¢¥¤«¨¢ë ®¯¥à â®à­ë¥ ­¥à ¢¥­áâ¢ 

�1=2
d (Ehii �E) � ��1��1=2

d;hii
bA; i = 1; n; (2.12)

�1=2
i �1=2

d (Ehii �E) � ��1=2
p
��1=2

d;hii
bA; i = 1; n; (2.13)

�1=2
d

_�(k)
E � (n�=�)1=2(�(k)

d )1=2 _�E; k = 1; n; (2.14)
p
�(�d � �(k)

d )1=2�1=2
d

_�(k)
E � (n�)1=2��1(�(k)

d )1=2 _�E ; k = 1; n: (2.15)

�®ª § â¥«ìáâ¢®. 1. �¥à ¢¥­áâ¢  (2.12), (2.13) ¤®áâ â®ç­® ¤®ª § âì ¯à¨ i = n. � á¨«ã (n�1)-
¬¥à­®£® ¢ à¨ ­â  «¥¢®£® ­¥à ¢¥­áâ¢  (2.5) ¨¬¥¥¬

���1(Ehni �E) = � _�(n�1)
E �

n�1X
i=1

�i
Y

1�j�n�1; j 6=i

(E + �{j�j) � bA: (2.16)

� ª á«¥¤áâ¢¨¥ ¯®«ãç ¥¬

�d(Ehni �E) = �d;hni(Ehni �E) + �n(Ehni �E) �

� ��1�

�
�d;hni

n�1X
i=1

�iEhii +�n
n�1X
i=1

�iEhni

�
= ��1��d;hni bA: (2.17)

�§ íâ®£® ­¥à ¢¥­áâ¢  ¢ á®ç¥â ­¨¨ á ­¥à ¢¥­áâ¢®¬ Ehii � E � ��1� bA, á¬. (2.16), á«¥¤ã¥â (2.12)
¯à¨ i = n,   ¢ á®ç¥â ­¨¨ á ®ç¥¢¨¤­ë¬ ­¥à ¢¥­áâ¢®¬ �n(Ehii �E) � bA á«¥¤ã¥â (2.13) ¯à¨ i = n.

2. �à¨ k = n ­¥à ¢¥­áâ¢  (2.14), (2.15) ®ç¥¢¨¤­ë. �ãáâì k < n. �®  ­ «®£¨¨ á ¤®ª § â¥«ì-
áâ¢®¬ ­¥à ¢¥­áâ¢  (2.17), ¨á¯®«ì§ãï k-¬¥à­ë© ¢ à¨ ­â «¥¢®£® ­¥à ¢¥­áâ¢  (2.5), ¯®«ãç ¥¬

�d _�
(k)
E = �(k)

d ��1(E
(k) �E) + (�d � �(k)

d )��1(E
(k) �E) �

� ��1

�
�(k)
d

kX
i=1

�iEhii +
nX

j=k+1

�j
kX
i=1

�iEhji

�
= ��1�(k)

d
bA �

� n(�=�)�(k)
d

_�E ;

§¤¥áì ãçâ¥­® â ª¦¥ ¯à ¢®¥ ­¥à ¢¥­áâ¢® (2.5).
�âáî¤  ¢ á®ç¥â ­¨¨ á ®ç¥¢¨¤­ë¬ ­¥à ¢¥­áâ¢®¬ _�(k)

E � _�E á«¥¤ã¥â (2.14),   ¢ á®ç¥â ­¨¨ á
­¥à ¢¥­áâ¢®¬ �(�d��(k)

d ) _�(k)
E � ��1 _�E (ª®â®à®¥ ¢ëâ¥ª ¥â ¨§ à §«®¦¥­¨© _�(k)

E ¨ _�E ¯® áâ¥¯¥­ï¬
� , á¬. (2.1)) á«¥¤ã¥â ­¥à ¢¥­áâ¢® (2.15).

� ¬¥ç ­¨¥ 5. �«ï á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢ (2.4){(2.6), (2.10), (2.12){(2.15) ¨ ¯à ¢ëå ­¥-
à ¢¥­áâ¢ (2.3), (2.7), (2.9) á¢®©áâ¢®

Pn
i=1 �i = 1 (á¬. x 1) ­¥áãé¥áâ¢¥­­®; ­¨¦¥ íâ® ¨á¯®«ì§ã¥âáï.
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� ¦­ãî à®«ì ¨£à ¥â á«¥¤ãîé¨© à¥§ã«ìâ â ®¡ ®æ¥­ª å à¥è¥­¨©  ¡áâà ªâ­®© ¤¢ãá«®©­®©
à §­®áâ­®© áå¥¬ë. �ãáâì P = B@t +A, £¤¥ A;B 2 S[Sh].

�¥¬¬  3. 1. �á«¨ ®¯¥à â®à C 2 S[Sh] ¯¥à¥áâ ­®¢®ç¥­ á A ¨ B, â® ¢¥à­® ­¥à ¢¥­áâ¢®

max 0�m�Mk(BC)1=2�mkh + k(AC)1=2�kh;� �

� (
p
2 + 1)(k(A�1C)1=2P�kh;� +

1p
2
k(BC)1=2�0kh) 8� 2 Sh;� : (2.18)

� ç áâ­®áâ¨ (á«ãç © C = E); ¢¥à­® ­¥à ¢¥­áâ¢®

max 0�m�MkB1=2�mkh + kA1=2�kh;� �
� (

p
2 + 1)(kA�1=2P�kh;� +

1p
2
kB1=2�0kh) 8� 2 Sh;� : (2.19)

2. �á«¨ ®¯¥à â®àë A ¨ B ¯¥à¥áâ ­®¢®ç­ë, â® ¢¥à­® ­¥à ¢¥­áâ¢®

maxfkB@t�kh;� ; kA�kh;�g � kP�kh;� +
1p
2
k(AB)1=2�0kh 8� 2 Sh;� : (2.20)

�®ª § â¥«ìáâ¢®. 1. �¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

@t(
1
2
k(BC)1=2�k2h) +

�

2
k@t(BC)1=2�k

2

h + k(AC)1=2�k2h =

= (B@t� +A�; C�)h � k(A�1C)1=2P�kh k(AC)1=2�kh 8� 2 Sh;� :

� ª á«¥¤áâ¢¨¥ ¨¬¥¥¬

maxf 1p
2
max 0�m�Mk(BC)1=2�mkh; k(AC)1=2�kh;�g �

� k(A�1C)1=2P�kh;� +
1p
2
k(BC)1=2�0kh:

2. �¥à ¢¥­áâ¢® (2.20) [13], [14] ¯®«ãç ¥âáï  ­ «®£¨ç­ë¬ ®¡à §®¬ ¨§ à áá¬®âà¥­¨ï (P�;B@t�)h;�
¨ (P�;A�)h;� .

�à¨ ®æ¥­ª¥ ¯®£à¥è­®áâ¨ á­¨§ã áãé¥áâ¢¥­­ 

�¥¬¬  4. �ãáâì ®¯¥à â®àë A ¨ B ¨¬¥îâ ®¡éãî á®¡áâ¢¥­­ãî äã­ªæ¨î s, â ª çâ®

As = �As ¨ Bs = �Bs. �ãáâì â ª¦¥  h = ahs ¤«ï ­¥ª®â®à®©  2 L1(
). �®£¤  ãà ¢­¥­¨î

P� = fh;� ­  !h � !� á f(x; t) =  (x)ei��t (£¤¥ � 6= 0,   i� | ¬­¨¬ ï ¥¤¨­¨æ ) ã¤®¢«¥â¢®àï¥â
ª®¬¯«¥ªá­®§­ ç­ ï á¥â®ç­ ï äã­ªæ¨ï �(x; t) = {Ps(x)ei��t á ¬­®¦¨â¥«¥¬

{P = ah

��
�
��
2
ctg

��

2
�A + i�(�B +

�

2
�A)

��
: (2.21)

�®ª § â¥«ìáâ¢®. �®¤áâ ¢«ïï ¢ ãà ¢­¥­¨¥ äã­ªæ¨¨ � ¨ f ãª § ­­®£® ¢¨¤ , ¨¬¥¥¬

{P

�
�B

1
�
(1� e�i��� ) + �A

�
=

1
i���

(1� e�i���)ah:

�âáî¤  ¯à¨ ¯®¬®é¨ ä®à¬ã«ë 1� e�i��� = 2i� sin
��
2
e�i�

��

2 ¯®«ãç ¥âáï (2.21).
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3. �®ª § â¥«ìáâ¢® ®æ¥­®ª ¯®£à¥è­®áâ¨ á¢¥àåã

1. � ¤ ­­®¬ ¯ à £à ä¥ è¨à®ª® ¨á¯®«ì§ãîâáï ®¡®§­ ç¥­¨ï ¨ à¥§ã«ìâ âë ¨§ x 2. � áá¬®âà¨¬
á­ ç «  ¯®á«¥¤®¢ â¥«ì­ë© ¬¥â®¤ (1.3){(1.5); ¤«ï ­¥£® ¯®« £ ¥¬ �i = {i = 1, i = 1; n. �áª«îç¥­¨¥
¢á¯®¬®£ â¥«ì­ëå äã­ªæ¨© ¢ ãà ¢­¥­¨ïå (1.3){(1.5) ¤ ¥â

Ey = �y + �
nX
i=1

E
(i�1)

fh;�(i)

(ãà ¢­¥­¨ï ¯¥à¥¯¨áë¢ îâáï ¢ ®¯¥à â®à­®¬ ¢¨¤¥ (E+ ��i)y(i) = y(i�1)+ �f
h;�
(i) , ª ­¨¬ ¯à¨¬¥­ïîâ-

áï ®¯¥à â®àë E
(i�1)

¨ à¥§ã«ìâ âë áã¬¬¨àãîâáï ¯® i = 1; n). �à¥®¡à §ã¥¬ â¥¯¥àì ¯®«ãç¥­­ë©
¤¢ãá«®©­ë© ¬¥â®¤ ª á«¥¤ãîé¥© ã¤®¡­®© ¤«ï ­ á ª ­®­¨ç¥áª®© ä®à¬¥ § ¯¨á¨

@ty + _�Ey =
nX
i=1

E
(i�1)

fh;�(i) ; y0 = uh0 : (3.1)

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¢¢¥¤¥¬ âà¨ ¢á¯®¬®£ â¥«ì­ëå ¬¥â®¤  (áç¨â ¥¬, çâ® v; vd; w 2 S)

B@tv +�v = fh;� ; Bv0 = uh0 ; (3.2)

@tvd +�dvd = fh;� ; vd;0 = uh0 ; (3.3)

@tw + _�Ew = fh;� ; Ew0 = uh0 : (3.4)

�¥â®¤ë (3.2) ¨ (3.3) | íâ® ¯à®¥ªæ¨®­­®- ¨ ª®­¥ç­®-à §­®áâ­ ï ç¨áâ® ­¥ï¢­ë¥ áå¥¬ë. �¥â®¤
(3.4) | ª®­¥ç­®-à §­®áâ­ ï áå¥¬  á à áé¥¯«ïîé¨¬áï ®¯¥à â®à®¬. �­ ®â«¨ç ¥âáï ®â ¬¥â®¤ 
(3.1) áâ ­¤ àâ­ë¬ ¢¨¤®¬ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï ¨ ­ «¨ç¨¥¬ ®¯¥à â®à  E ¢ ­ ç «ì­®¬ ãá«®¢¨¨.

�«ï ¬¥â®¤  (3.2) ¢ á¨«ã x 1 ¨ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 4 ¨§ [9] á«¥¤ã¥â ®æ¥­ª 

ku� vkV2(Q) � c0(
p
� + jhj)d: (3.5)

�®áâ®ï­­ ï c0 ¢ ­¥©  ¡á®«îâ­ ï (â.¥. ª®­ªà¥â­®¥ ç¨á«®), ¢ ç¥¬ ¬®¦­® ã¡¥¤¨âìáï, ¯à®á«¥¤¨¢ § 
¤®ª § â¥«ìáâ¢®¬ ¢ [9].

�¢¥¤¥¬ ®æ¥­ª¨ u� y ª (3.5), ¤ ¢ ®æ¥­ª¨ à §­®áâ¥© v� vd, vd �w ¨ w� y. �®«®¦¨¬ krk �

V h;�

2

=

max 0�m�Mkrmkh + k�1=2rkh;� ¤«ï r 2 Sh;� .
�¥¬¬  5. �¥à­  ®æ¥­ª  kv � vdk �

V h;�

2

� cjhj(kfh;�kh;� + k�1=2
d uh0kh).

�®ª § â¥«ìáâ¢®. � §­®áâì r = v � vd ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬

B@tr +�r = @t(E �B)vd + (�d � �)vd; Br0 = (E �B)vd;0:

�ç¨âë¢ ï, çâ® E � 3nB (á¬. (2.2)), ¨ ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® (2.19) ¤«ï P = B@t +�, ¯®«ãç ¥¬

krk �

V h;�

2

� 3n=2(
p
2 + 1)(k��1=2(E �B)@tvdkh;� +

+k��1=2(�d � �)vdkh;� + k(E �B)vd;0kh):
� á¨«ã ­¥à ¢¥­áâ¢ ��1 � 3n�1��1

d ¨ (2.8),   â ª¦¥ à ¢¥­áâ¢  vd;0 = uh0 ¨¬¥¥¬

krk �

V h;�2

� cjhj(k@ tvdkh;� + k�dvdkh;� + k�1=2
d uh0kh):

�áâ ¥âáï ¢®á¯®«ì§®¢ âìáï ®æ¥­ª®© (2.20) ¤«ï P = @t +�d.

�¥¬¬  6. �¥à­  ®æ¥­ª  kvd � wk �

V h;�

2

� c
p
�(kfh;�kh;� + k�1=2

d uh0kh).
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�®ª § â¥«ìáâ¢®. � §­®áâì r = vd � w ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬

@tr +�dr = ( _�E � �d)w; r0 = � _�Ew0:

�ç¨âë¢ ï, çâ® � � �d, ¨ ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® (2.19) ¤«ï P = @t +�d, ¯®«ãç ¥¬

krk �

V h;�

2

� (
p
2 + 1)(k��1=2

d ( _�E � �d)wkh;� + k� _�Ew0kh):

�®áª®«ìªã _�E � �d � bA� �d = RA ¨ bA � n _�E (á¬. (2.5)),   Ew0 = uh0 , â® ¨§ ­¥à ¢¥­áâ¢ (2.9) ¨
(2.10) á«¥¤ã¥â ®æ¥­ª 

krk �

V h;�

2

� (
p
2 + 1)n

p
�(k _�Ewkh;� + k�1=2

d uh0kh):

�à¨¬¥­ïï á­ ç «  ­¥à ¢¥­áâ¢® (2.20) ¤«ï P = @t+ _�E,   § â¥¬ ­¥à ¢¥­áâ¢  (2.6) ¨ E � E, ¨¬¥¥¬

k _�Ewkh;� � kfh;�kh;� +
1p
2
k _�1=2

E w0kh � c(kfh;�kh;� + k�1=2
d uh0kh);

çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

�¥¬¬  7. �¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kw � yk �

V h;�2

� c
p
�

� nX
i=2

�i�1(�; h)kfh;�(i) kh;� + k�1=2
d uh0kh

�
; (3.6)

k�1=2(w � y)kh;� � c

� nX
i=2

�

h
(i�1)
min

kfh;�(i) kh;� +
p
�k�1=2

d uh0kh
�
; (3.7)

k�1=2(w � y)kh;� � c
p
�

� nX
i=2

k(�(i�1)
d )1=2(�d � �(i�1)

d )�1=2fh;�(i) kh;� +

+ k�1=2
d uh0kh

�
: (3.8)

�®ª § â¥«ìáâ¢®. � §­®áâì r = y � w ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬

@tr + _�Er = 	 �
nX
i=2

(E
(i�1) �E)fh;�(i) ; r0 = � _�Ew0:

�ç¨âë¢ ï, çâ® � � _�E, ¨ ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® (2.19) ¤«ï P = @t + _�E, ¯®«ãç ¥¬

krk �

V h;�

2

� (
p
2 + 1)(k _��1=2

E 	kh;� + k� _�Ew0kh):

�à¨¬¥­ïï ¦¥ ­¥à ¢¥­áâ¢® (2.18) á C = �d _�
�1
E � E, ¨¬¥¥¬

k�1=2rkh;� � (
p
2 + 1)(k�1=2

d
_��1
E 	kh;� + k� _�Ew0kh):

�à¨ ¯®¬®é¨ ­¥à ¢¥­áâ¢ _�(k)
E � _�E ¨ (2.14) ¬®¦­® § ¯¨á âì

k _��1=2
E 	kh;� �

nX
i=2

�k( _� (i�1)
E )

1=2
fh;�(i) kh;� ;

k�1=2
d

_��1
E 	kh;� �

p
n

nX
i=2

�k(�(i�1)
d )

1=2
fh;�(i) kh;� :

�¥âàã¤­® ¢¨¤¥âì, çâ® k(� _�(k)
E )1=2kL[Sh] � c�k(�; h) (¢ á¨«ã ä®à¬ã«ë â¨¯  (2.1) ¤«ï _�(k)

E ) ¨

k(�(k)
d )1=2kL[Sh] � 2

p
n=h

(k)
min ¯à¨ k = 1; n. � ¯®áª®«ìªã á« £ ¥¬®¥ k� _�Ew0kh ®æ¥­¥­® ¢ ¤®ª § â¥«ì-

áâ¢¥ «¥¬¬ë 6, â® ®æ¥­ª¨ (3.6) ¨ (3.7) ãáâ ­®¢«¥­ë.
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�æ¥­ª  (3.8) ¯®«ãç ¥âáï, ¥á«¨ ¤«ï ®æ¥­ª¨ á« £ ¥¬®£® k�1=2
d

_��1
E 	kh;� ¢¬¥áâ® ­¥à ¢¥­áâ¢ 

(2.14) ¯à¨¬¥­¨âì ­¥à ¢¥­áâ¢® (2.15).

�¥¬¬  8. �¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (1.9) ¨ (1.10).

�®ª § â¥«ìáâ¢®. �® ­¥à ¢¥­áâ¢ã âà¥ã£®«ì­¨ª  ¨¬¥¥¬

ku� ykV2(Q) � ku� vkV2(Q) + kv � vdk �

V h;�2

+ kvd � wk �

V h;�

2

+ kw � yk �

V h;�

2

:

�¤¥áì ãçâ¥­®, çâ® k�kV2(Q) = max1�m�M kB1=2�mkh + k�1=2�kh;� � k�k �

V h;�2

¤«ï «î¡®© � 2 S.

�®íâ®¬ã ¯à¨ ¨á¯®«ì§®¢ ­¨¨ å®à®è® ¨§¢¥áâ­å ­¥à ¢¥­áâ¢ kfh;�kh;� � kfkL2(Q) ¨ k�1=2
d uh0kh �

kuh0k �

W 1
2(
)

®æ¥­ª  (1.9) á«¥¤ã¥â ¨§ ®æ¥­ª¨ (3.5) ¨ «¥¬¬ 5{7.

�ë¢®¤ ®æ¥­ª¨ (1.10) ®â«¨ç ¥âáï â®«ìª® ¨á¯®«ì§®¢ ­¨¥¬ ®æ¥­ª¨ (3.7) ¢¬¥áâ® (3.6).

2. �¥à¥©¤¥¬ â¥¯¥àì ª ¬¥â®¤ã á à á¯ à ««¥«¨¢ ­¨¥¬ (1.6){(1.8). �áª«îç¥­¨¥ ¢á¯®¬®£ â¥«ì-
­ëå äã­ªæ¨© ¢ ãà ¢­¥­¨ïå (1.6){(1.8) ¤ ¥â

Ey = bB�y + �
nX
i=1

Ehiif
h;�
(i)

(ãà ¢­¥­¨ï ¯¥à¥¯¨áë¢ îâáï ¢ ®¯¥à â®à­®¬ ¢¨¤¥ (E + �{i�i)�iy(i) = �i�y+ �f
h;�
(i) , ª ­¨¬ ¯à¨¬¥­ï-

îâáï ®¯¥à â®àë Ehii ¨ à¥§ã«ìâ âë áã¬¬¨àãîâáï ¯® i = 1; n). �à¥®¡à §ã¥¬ ¬¥â®¤ ª ª ­®­¨ç¥áª®©
ä®à¬¥ § ¯¨á¨ â¨¯  (3.1){(3.4)

bB @ty + bAy = nX
i=1

Ehiif
h;�
(i) ; y0 = uh0 : (3.9)

�¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ë© ¬¥â®¤ á à áé¥¯«ïîé¨¬áï ®¯¥à â®à®¬ (áç¨â ¥¬, çâ® z 2 S)
bB @tz + bAz = fh;� ; Ez0 = uh0 ; (3.10)

®â«¨ç îé¨©áï ®â ¬¥â®¤  (3.9) áâ ­¤ àâ­ë¬ ¢¨¤®¬ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï ¨ ­ «¨ç¨¥¬ ®¯¥à -
â®à  E ¢ ­ ç «ì­®¬ ãá«®¢¨¨.

�¢¥¤¥¬ ®æ¥­ªã u� y ª (3.5), ¨á¯®«ì§®¢ ¢ «¥¬¬ã 5 ¨ ¤ ¢ ®æ¥­ª¨ vd � z ¨ z � y.

�¥¬¬  9. �¥à­  ®æ¥­ª  kvd � zk �

V h;�

2

� c
p
�(kfh;�kh;� + k�1=2

d uh0kh):

�®ª § â¥«ìáâ¢®. � §­®áâì r = vd � z ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬

@tr +�dr = RB@tz +RAz; r0 = � _�Ez0:

�ç¨âë¢ ï, çâ® � � �d, ¨ ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® (2.19) ¤«ï P = @t +�d, ¯®«ãç ¥¬

krk �

V h;�

2

� (
p
2 + 1)(k��1=2

d RB@tzkh;� + k��1=2
d RAzkh;� + k� _�Ez0kh):

�á¯®«ì§ãï ­¥à ¢¥­áâ¢  (2.9), (2.10) ¨ à ¢¥­áâ¢® Ez0 = uh0 , ¢ë¢®¤¨¬

krk �

V h;�2

� (
p
2 + 1)��1=2

p
�(k bB @tzkh;� + k bAzkh;� + k�1=2

d uh0kh):

�áâ ¥âáï ¯à¨¬¥­¨âì ­¥à ¢¥­áâ¢® (2.20) ¤«ï P = bB @t + bA ¨ ãç¥áâì, çâ® ( bA bB)1=2 � �1=2
d E, á¬.

(2.3).
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�¥¬¬  10. �¥à­ë ®æ¥­ª¨

kz � yk �

V h;�2

� c

� nX
i=1

�

hmin;hii

kfh;�(i) kh;� +
p
�k�1=2

d uh0kh
�
; (3.11)

kz � yk �

V h;�2

� c
p
�

� nX
i=1

k�1=2
d;hii�

�1=2
i fh;�(i) kh;� + k�1=2

d uh0kh
�
: (3.12)

�®ª § â¥«ìáâ¢®. � §­®áâì r = z � y ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬

bB @tr + bAr = � �
nX
i=1

(Ehii �E)fh;�(i) ; r0 = � _�Ez0:

�à¨¬¥­ïï ­¥à ¢¥­áâ¢® (2.18) á P = bB @t + bA ¨ C = �d bA�1 ¨ ­¥à ¢¥­áâ¢® (2.4) , ¯®«ãç ¥¬

�krk �

V h;�2

� max 0�m�Mk(�d bA�1 bB)1=2rmkh + k�1=2
d rkh;� �

� (
p
2 + 1)(k bA�1�1=2

d �kh;� + k(�d bA�1 bB)1=2� _�Ez0kh):
� ãç¥â®¬ ­¥à ¢¥­áâ¢ (2.12) ¨ (2.11) ¨¬¥¥¬

krk �

V h;�2

� c

� nX
i=1

�k�1=2
d;hiif

h;�
(i) kh;� +

p
�k�1=2

d uh0kh
�
:

� á¨«ã â®£®, çâ® k�1=2
d;hiikL[Sh] � 2

p
n� 1=hmin;hii, ®æ¥­ª  (3.11) ¯®«ãç¥­ .

�«ï ¢ë¢®¤  ®æ¥­ª¨ (3.12) ¢¬¥áâ® ­¥à ¢¥­áâ¢  (2.12) ­ã¦­® ¯à¨¬¥­¨âì ­¥à ¢¥­áâ¢® (2.13).

�¥¬¬  11. �¯à ¢¥¤«¨¢  ®æ¥­ª  ¯®£à¥è­®áâ¨ (1.11).

�®ª § â¥«ìáâ¢® ®æ¥­ª¨ (1.11) ®â«¨ç ¥âáï ®â ¤®ª § â¥«ìáâ¢  ®æ¥­ª¨ (1.9), á¬. «¥¬¬ã 8, â®«ìª®
¯à¨¬¥­¥­¨¥¬ «¥¬¬ 9, 10 ¢¬¥áâ® «¥¬¬ 6, 7.

� ¬¥ç ­¨¥ 6. �§ «¥¬¬ 5, 6 ¨ 9 ïá­®, çâ® ®æ¥­ª  (3.5) á®åà ­ï¥â á¨«ã ¯à¨ § ¬¥­¥ v ­ 
vd, w ¨«¨ z,   â ª¦¥ c0 ­  c, â.¥. ®æ¥­ª  â¨¯  (3.5) ¢¥à­  ¨ ¤«ï ¬¥â®¤®¢ (3.3), (3.4) ¨ (3.10).
�â® ¯à¥¤áâ ¢«ï¥â á ¬®áâ®ïâ¥«ì­ë© ¨­â¥à¥á (¨ ¡ã¤¥â áãé¥áâ¢¥­­® ¨á¯®«ì§®¢ ­® ­¨¦¥ ¢ x 4).
�â ­®¢¨âáï ¯®­ïâ­®, çâ® à §«¨ç¨¥ ¢ ®æ¥­ª å ¯®£à¥è­®áâ¨ (3.5) ¨ ¨§ â¥®à¥¬ 1, 2 ®¡ãá«®¢«¥­®
­¥ áâ®«ìª® ª®­áâàãªæ¨¥© ®¯¥à â®à®¢ «®ª «ì­®-®¤­®¬¥à­ëå ¬¥â®¤®¢, áª®«ìª® \£¥­¥à¨àã¥¬®©" ¢
­¨å  ¯¯à®ªá¨¬ æ¨¥© f .

3. �¡à â¨¬áï ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 5. �ë¢®¤ ®æ¥­®ª (1.15) ¨ (1.16) ®â«¨ç ¥âáï ®â ¢ë¢®¤ 
®æ¥­®ª (1.10) ¨ (1.11) â¥¬, çâ®, ¢®-¯¥à¢ëå, ­ ¤® ¨á¯®«ì§®¢ âì ®æ¥­ª¨ (3.8) ¨ (3.12) ¢¬¥áâ® (3.7)
¨ (3.11) á®®â¢¥âáâ¢¥­­®. �®-¢â®àëå, ­ ¤® ¯à¨¬¥­¨âì ­¥à ¢¥­áâ¢ 

k(�(i�1)
d )1=2(�d � �(i�1)

d )�1=2(DjF(i)j)
h;�k

h;�
�

� kF(i)jk �

W�(i�1) ;0
2 (Q)

; j = i; n;

k�1=2
d;hii�

�1=2
i (DiF(i))h;�k

h;�
� kF(i)k �

W
�<i>;0

2 (Q)
; i = 1; n;

ª®â®àë¥ ¯®«ãç îâáï ¯à¨ ¯®¬®é¨ k-¬¥à­ëå ¢ à¨ ­â®¢ ¨§¢¥áâ­ëå ­¥à ¢¥­áâ¢ k��1=2
j (DjF )h;�kh;� �

kFkL2(Q); j = 1; n, ¨ k�1=2
d whkh � kwk �

W 1
2(
)

á ¯®¤å®¤ïé¨¬¨ k ¨ á ãç¥â®¬ ¯¥à¥áâ ­®¢®ç­®áâ¨ á¥-

â®ç­ëå ¨ ­¥¯à¥àë¢­ëå L2-­®à¬ ¯® à §«¨ç­ë¬ ª®®à¤¨­ â­ë¬ ­ ¯à ¢«¥­¨ï¬.
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4. �®ª § â¥«ìáâ¢® ®æ¥­®ª ¯®£à¥è­®áâ¨ á­¨§ã

�ãáâì á­®¢  s(x) = s(k)(x) = sin �k1x1
X1

� � � sin �knxn
Xn

, £¤¥ k1 = 1; N1 � 1; : : : ; kn = 1; Nn � 1. �­ ç¥-

­¨¥ k ¡ã¤¥â ¢ë¡à ­® ¯® å®¤ã ¤®ª § â¥«ìáâ¢ . �®«®¦¨¬ �i =
�
2
hi
sin �kihi

2Xi

�2
, !i = �{i�i. �¥«¨ç¨­ë

�d =
Pn

i=1 �i, � =
Qn
i=1(1 + !i), �

(k)
=
Qk
i=1(1 + !i), �hii =

Q
1�j�n; j 6=i(1 + !j) ¨ ah =

Qn
i=1 �i=(

�ki
Xi
)2

ï¢«ïîâáï ®â¢¥ç îé¨¬¨ äã­ªæ¨¨ s á®¡áâ¢¥­­ë¬¨ ç¨á« ¬¨ ®¯¥à â®à®¢ �d, E, E
(k)
, Ehii (á¬. x 2)

¨ (�)h á®®â¢¥âáâ¢¥­­®. �ã¤¥¬ áç¨â âì �
(0)

= 1.
�ãáâì f(i) = 
if , i = 1; n,  

Pn
i=1 
i = 1. �ë¡¥à¥¬ f(x; t) = s(x) sin�t, £¤¥ � = �=T . �¡®§­ ç¨¬

à¥è¥­¨¥ § ¤ ç¨ (1.1), (1.2) á ¯à ¢®© ç áâìî f ¨ ­ ç «ì­®© äã­ªæ¨¥© u0 ç¥à¥§ u[f; u0], à¥è¥­¨¥
§ ¤ ç¨ (1.3){(1.5) | ç¥à¥§ y[f; u0] ¨ â.¤.

�¨¦¥ ¨á¯®«ì§ã¥âáï áâ ­¤ àâ­ ï § ¯¨áì ª®¬¯«¥ªá­®£® ç¨á« : � = Re � + i�Im �.
1. � áá¬®âà¨¬ ¬¥â®¤ (3.1); ¯à¨ íâ®¬ á­®¢  ¯®«®¦¨¬ �i = {i = 1 ¯à¨ i = 1; n. �ã¤¥¬ ¨áå®¤¨âì

¨§ ­¥à ¢¥­áâ¢ 

kD(u� y)[f; 0]kL2(Q) � kD(y[f; u0]�w[f; u00])kL2(Q) �
�(kD(u� w)[f; 0]kL2(Q) + kD(y[0; u0]� w[0; u00])kL2(Q)); (4.1)

á«¥¤ãîé¥£® ¨§ ­¥à ¢¥­áâ¢  âà¥ã£®«ì­¨ª . �¤¥áì w | à¥è¥­¨¥ à §­®áâ­®© áå¥¬ë (3.4).
�®á¯®«ì§ã¥¬áï «¥¬¬®© 4 ¤«ï P = @t + _�E. �®«®¦¨¬

e{ = 2ah=f�[(ctg ��2 )(�� 1) + i�(�+ 1)]g; e�
 = nX
i=1


i�
(i�1)

:

�ã­ªæ¨¨ y(x; t) = s(x) Im (e{e�
ei��t) ¨ w(x; t) = s(x) Im (e{ei��t) ¨§ Sh;� ï¢«ïîâáï à¥è¥­¨ï¬¨
ãà ¢­¥­¨© (3.1) ¨ (3.4) á ¢ë¡à ­­®© ¢ëè¥ f ¨ á ­ ç «ì­ë¬¨ äã­ªæ¨ï¬¨ u0(x) = eu0s(x) ¨ u00(x) =eu00s(x) á®®â¢¥âáâ¢¥­­® (ï¢­ë© ¢¨¤ eu0 ¨ eu00 ­¥áãé¥áâ¢¥­).

� á¨«ã § ¬¥ç ­¨ï 6 ¨¬¥¥¬

kD(u�w)[f; 0]kL2(Q) � c1jQj1=2(
p
� + jhj): (4.2)

� ¯®¬®éìî ­¥à ¢¥­áâ¢  kD�kL2(Q) � k _�1=2
E �kh;� ¤«ï «î¡®© � 2 S ¨ ­¥à ¢¥­áâ¢  (2.19) ¤«ï

P = @t + _�E ¯®«ãç ¥¬

kD(y[0; u0]� w[0; u00])kL2(Q) � (1 + 1=
p
2)k(y � w)jt=0kh =

= (1 + 1=
p
2)j
j1=22�n=2j( Im e{)(e�
 � 1)j:

�á¯®«ì§ãï â ª¦¥ ä®à¬ã«ã

e�
 � 1 =
nX
i=2


i(�
(i�1) � 1) (4.3)

¨ ­¥à ¢¥­áâ¢  0 < �
(i�1) � 1 � �� 1, j Im (��1)j � (2jRe �j)�1, ¢ë¢®¤¨¬

kD(y[0; u0]� w[0; u00])kL2(Q) � c2e
j
j1=2�; £¤¥ e
 = max2�i�nj
ij: (4.4)

�¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢® ¨ ä®à¬ã« 

kD�kL2(Q) � 3(1�n)=2k�1=2
d �kh;� 8� 2 S;

MX
m=1

� Im2(e{ei��tm) = (T=2)je{j2
(¬ë ãç«¨ ¯à ¢®¥ ­¥à ¢¥­áâ¢® (2.2),   â ª¦¥ à ¢¥­áâ¢® Im2(e{ei��t) = Re2 e{ � sin2 �t+ Re e{ � Ime{ �
sin 2�t+ Im2 e{ � cos2 �t). �®íâ®¬ã

kD(y[f; u0]�w[f; u00])kL2(Q) � c3jQj1=2�1=2d je{j je�
 � 1j: (4.5)
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� ¬¥â¨¬, çâ® je{j � c4�=[�� 1 + ��(�+ 1)] � c4�
�1�=�.

�§ ­¥à ¢¥­áâ¢ (4.1) ¨ (4.5), (4.2), (4.4) á«¥¤ã¥â

kD(u� y)[f; 0]kL2(Q) � jQj1=2fc5��1=2d je�
 � 1j=�� c6(1 + e
)(p� + jhj)g: (4.6)

�«ï «î¡®£® i0 = 1; n� 1 á¯à ¢¥¤«¨¢  ®æ¥­ª  á­¨§ã (á¬. ä®à¬ã«ã (4.3))

je�
 � 1j=� �
���� nX
i=i0+1


i

����� i0X
i=2

j
ij(� (i�1) � 1)=��

�
nX

i=i0+1

j
ij j1� (�
(i�1) � 1)=�j �

���� nX
i=i0+1


i

�����
�c7e
(!�1

i0
+maxi0<j�n!j);

¬ë ãç«¨, çâ® 1 � (�(i�1)=�) � 1 � (1 + maxi�j�n!j)�(n�i+1) � c8maxi0<j�n!j ¯à¨ i0 < i � n.
�ë¡¥à¥¬ i0 2 eK â ª, çâ®¡ë hi0 = ehmin. �®«®¦¨¬ ki = Ni � 1 ¯à¨ i = i0 «¨¡® ki = 1 ¯à¨
i 6= i0; â®£¤  �

1=2
d � p

2=ehmin. �ãáâì â ª¦¥ "�1
0 jhj2 � � � X2

min"0; â®£¤  !�1
i0 + maxi0<j�n!j �

(1=2 + �2)"0 ¨ ¯à¨ ¤®áâ â®ç­® ¬ «®¬ "0 = "0(n;~
) ¨¬¥¥¬ je�
 � 1j=� � (1=2)jPn
i=i0+1 
ij > 0.

�®áª®«ìªã
p
� + jhj � ("1=20 + "0)�=ehmin, â® â¥¯¥àì ¨§ ®æ¥­ª¨ (4.6) á«¥¤ã¥â kD(u� y)[f; 0]kL2(Q) �ec(n;~
)jQj1=22�(n+1)=2�=ehmin. �æ¥­ª  (1.13) ¤®ª § ­ .

2. � áá¬®âà¨¬ â¥¯¥àì ¬¥â®¤ (3.9). �ã¤¥¬ ¨áå®¤¨âì ¨§ ­¥à ¢¥­áâ¢  â¨¯  (4.1), ­® á z ¢ à®«¨
w.

�®á¯®«ì§ã¥¬áï «¥¬¬®© 4 ¤«ï P = bB @t + bA. �®«®¦¨¬
b{ = 2ah

,�
�

nX
i=1

�i[(ctg
��

2
)!i + i�(2 + !i)]�hii

�
; b�
 = nX

i=1


i�hii:

�ã­ªæ¨¨ y(x; t) = s(x) Im (b{b�
ei��t) ¨ z(x; t) = s(x) Im (b{ei��t) ¨§ Sh;� ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢-
­¥­¨© (3.9) ¨ (3.10) á ¢ë¡à ­­®© f ¨ á ­ ç «ì­ë¬¨ äã­ªæ¨ï¬¨ u0(x) = bu0(x)s(x) ¨ u00(x) = bu00s(x)
á®®â¢¥âáâ¢¥­­® (¯à¨ ­¥ª®â®àëå bu0 ¨ bu00).

�ãáâì b�� = Pn
i=1 �i!i�hii | á®¡áâ¢¥­­®¥ ç¨á«® ®¯¥à â®à  � bA. � ¯®¬®éìî ­¥à ¢¥­áâ¢ (2.18)

(¤«ï P = bB @t + bA ¨ C = �d bA�1) ¨ bB � E ¯®«ãç ¥¬

kD(y[0; u0]� z[0; u00])kL2(Q) � (1 + 1=
p
2)k(�d bB bA�1)1=2(y � z)jt=0kh �

� (1 + 1=
p
2)j
j1=22�n=2j(Im b{)(b�
 � 1)j(��d�=b�� )1=2:

�á¯®«ì§ãï ä®à¬ã«ã b�
 � 1 =
Pn

i=1 
i(�hii� 1) ¨ ­¥à ¢¥­áâ¢  �hii� 1 � ��1b�� (á¬. (2.16)), jIm b{j �
4�� 2n��=b�2� , ¢ë¢®¤¨¬

kD(y[0; u0]� z[0; u00])kL2(Q) � c1b
j
j1=2�� 2(��d)1=2(�=b�� )3=2; (4.7)

£¤¥ b
 = max1�i�nj
ij.
�­ «®£¨ç­® ­¥à ¢¥­áâ¢ã (4.5) ¨¬¥¥¬

kD(y[f; u0]� z[f; u00])kL2(Q) � c2jQj1=2�1=2d jb{j jb�
 � 1j: (4.8)

� ¬¥â¨¬, çâ® jb{j � c3�=[b�� + ��
Pn

i=1 �i(1 + !i)�hii] � c4�=�, £¤¥ � =
Pn

i=1(!i +M�1)�hii.
�ç¨âë¢ ï, çâ® ®æ¥­ª¨ (4.1) ¨ (4.2) á®åà ­ïîâ á¨«ã ¯à¨ § ¬¥­¥ w ­  z, ¨ ¯à¨¬¥­ïï â ª¦¥

®æ¥­ª¨ (4.7) ¨ (4.8), ¯®«ãç ¥¬

kD(u� y)[f; 0]kL2(Q) � jQj1=2[c5��1=2d jb�
 � 1j=� � c6(
p
� + jhj+M�3=2��

1=2
d (�=b�� )3=2)]: (4.9)
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�«ï «î¡®£® i0 = 1; n á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ �=b�� � ��1(1 + !�1
i0 ) ¨

jb�
 � 1j=� �
���� X
1�i�n; i6=i0


i

����� j
i0 j(�hi0i � 1)=� �

�
X

1�i�n; i 6=i0

j
ij
�j1� (�hii=�)j+ 1=�

� � j1� 
i0 j �

�c7b
[!�1
i0

+ (1 + !�1
i0
)(maxi6=i0!i +M�1)(1 + maxi6=i0!i)

n�2];

¬ë ¨á¯®«ì§®¢ «¨ à ¢¥­áâ¢®

� � �hii = (!i0 +M�1)(�hi0i � 1) +

+
X
i6=i0

(!i +M�1)�hii � (1 + !i0)
� Y
j 6=i;i0

(1 + !j)� 1
�
� 1 +M�1

¨ ®æ¥­ª¨ �hi0i�1 � (n�1)maxi 6=i0!i(1+maxi6=i0!i)
n�2, �hii � (1+!i0)(1+maxi6=i0!i)

n�2 ¯à¨ i 6= i0,
� � !i0 +M�1.

�ë¡¥à¥¬ i0 2 bK â ª, çâ®¡ë hi0 = bhmin, ¨ ¯®«®¦¨¬ ki = Ni�1 ¯à¨ i = i0 «¨¡® ki = 1 ¯à¨ i 6= i0.
�ãáâì â ª¦¥ "�1

0 jhj2 � � � minfX2
min; Tg"0. �®£¤  !�1

i0 +maxi6=i0!i � (1=2 + �2)"0, M�1 � "0 ¨ ¯à¨
¤®áâ â®ç­® ¬ «®¬ "0 = "0(n; �;~
) ¨¬¥¥¬ jb�
 � 1j=� � (1=2)j1 � 
i0 j > 0. �§ ®æ¥­ª¨ (4.9) â¥¯¥àì
¢ë¢®¤¨¬ kD(u� y)[f; 0]kL2(Q) � bc(n; �;~
)jQj1=22�(n+1)=2�=bhmin. �æ¥­ª  (1.14) ¤®ª § ­ .

� § ª«îç¥­¨¥ ­¥áª®«ìª® á«®¢ ® à¥§ã«ìâ â å ç¨á«¥­­ëå íªá¯¥à¨¬¥­â®¢, ¯à®¢¥¤¥­­ëå ­ ¬¨
¯à¨ n = 2. �¦¥ ¢ á«ãç ¥ ªãá®ç­®-¯®áâ®ï­­ëå f ­ ¡«î¤ ¥âáï ¯à¥¨¬ãé¥áâ¢® ç¨áâ® ­¥ï¢­®£®
¬¥â®¤  (3.3) ¢ â®ç­®áâ¨ ¢ëç¨á«¥­¨ï £à ¤¨¥­â  ­ ¤ ¬¥â®¤ ¬¨ ¨§ x 1 (¤«ï ­¥ á«¨èª®¬ ¬ «®£®
è £  �). �¡­ àã¦¨¢ ¥âáï â ª¦¥ ¯ ¤¥­¨¥ â®ç­®áâ¨ ¬¥â®¤®¢ ¨§ x 1 ¯à¨ ­ àãè¥­¨¨ ãá«®¢¨© 
1; 
2 2
[0; 1] ¨«¨ �1 = �2 = 0:5 (¡®«¥¥ â®£®, ¯à¨ �1 6= �2 ¬®¦¥â â¥àïâìáï á¨¬¬¥âà¨ï à¥è¥­¨ï ¯à¨
á¨¬¬¥âà¨ç­ëå ¤ ­­ëå). �®á«¥¤­¥¥ ®¡áâ®ïâ¥«ìáâ¢®, ­  ­ è ¢§£«ï¤, ¥áâ¥áâ¢¥­­®, ­® ¯®ç¥¬ã-â®
­¥ ­ è«® ®âà ¦¥­¨ï ¢ «¨â¥à âãà¥.
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