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�¤®© ¨§ ª« áá¨ç¥áª¨å § ¤ ç ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ ï¢«ï¥âáï ¨áá«¥¤®¢ ¨¥ ¯à®¥ª-
â¨¢ëå ®â®¡à ¦¥¨© à¨¬ ®¢ëå ¬®£®®¡à §¨©,   â ª¦¥ ®¡®¡é¥¨© â ª¨å ®â®¡à ¦¥¨©. � ¤ -
®© áâ âì¥ à áá¬ âà¨¢ îâáï ª¥«¥à®¢ë ¬®£®®¡à §¨ï ¯à®¨§¢®«ì®© à §¬¥à®áâ¨, ¤®¯ãáª îé¨¥
H-¯à®¥ªâ¨¢ë¥ ®â®¡à ¦¥¨ï [1]{[5].

� à ¡®â¥ [1] ¡ë«¨  ©¤¥ë ä®à¬ë H-¯à®¥ªâ¨¢®-íª¢¨¢ «¥âëå à¨¬ ®¢ëå á¢ï§®áâ¥© ç¥-
âëà¥å¬¥àëå ª¥«¥à®¢ëå ¬®£®®¡à §¨©. �à¨ íâ®¬ ¨á¯®«ì§®¢ «¨áì ª ®¨ç¥áª¨¥ â¨¯ë ¡¨«¨¥©-
ëå ä®à¬   à¨¬ ®¢®¬ ¬®£®®¡à §¨¨,  ©¤¥ë¥ �.�.�¥âà®¢ë¬ [6]. �ª § ë¥ ª ®¨ç¥áª¨¥
â¨¯ë ¯®§¢®«ïîâ ¢®á¯®«ì§®¢ âìáï ¬¥â®¤®¬ ¯®¤¢¨¦®£® ª®á®®à¬ «ì®£® à¥¯¥à  (ª®á®à¥¯¥à ) [7],
[8].

�¥â®¤ ¯®¤¢¨¦®£® ª®á®à¥¯¥à  ï¢«ï¥âáï ®¤¨¬ ¨§ ®á®¢ëå ¯à¨¥¬®¢ ¨áá«¥¤®¢ ¨ï ¯á¥¢¤®-
à¨¬ ®¢ëå ¬®£®®¡à §¨©, ¤®¯ãáª îé¨å ¯à®¥ªâ¨¢ë¥ ®â®¡à ¦¥¨ï [8], [9]. �¤ ª® ã¦¥ ¢ ç¥âë-
à¥å¬¥à®¬ á«ãç ¥ ®¡ àã¦¨¢ ¥âáï, çâ® íâ®â ¬¥â®¤ ¯à¨¢®¤¨â ª ¡®«ìè¨¬ ¢ëç¨á«¨â¥«ìë¬ âàã¤-
®áâï¬ ¯à¨ ¨áá«¥¤®¢ ¨¨ H-¯à®¥ªâ¨¢ëå ®â®¡à ¦¥¨© ª¥«¥à®¢ëå ¬®£®®¡à §¨© ¨, ¢ ç áâ®áâ¨,
¯à¨ ®¯à¥¤¥«¥¨¨H-¯à®¥ªâ¨¢®-íª¢¨¢ «¥âëå à¨¬ ®¢ëå á¢ï§®áâ¥© ª¥«¥à®¢ëå ¬®£®®¡à §¨©.

�â® ¯à¨¢®¤¨â ª ¥®¡å®¤¨¬®áâ¨ ¨á¯®«ì§®¢ ¨ï ª ®¨ç¥áª¨å â¨¯®¢ ¡¨«¨¥©ëå ä®à¬, ª®â®-
àë¥ ãç¨âë¢ «¨ ¡ë áâàãªâãàã ª¥«¥à®¢  ¬®£®®¡à §¨ï M ,   ¨¬¥®, â®â ä ªâ, çâ® ª á â¥«ì®¥
¯à®áâà áâ¢® TpM , p 2 M , ï¢«ï¥âáï ª®¬¯«¥ªáë¬ «¨¥©ë¬ ¯à®áâà áâ¢®¬. � ª¨¥ ª ®¨ç¥-
áª¨¥ â¨¯ë ¡ë«¨  ©¤¥ë ¢ [10]. � ¨å ¯®¬®éìî ¢  áâ®ïé¥© áâ âì¥ ®¯à¥¤¥«ïîâáï H-¯à®¥ªâ¨¢®
íª¢¨¢ «¥âë¥ à¨¬ ®¢ë á¢ï§®áâ¨   ª¥«¥à®¢®¬ ¬®£®®¡à §¨¨ (M; g) ¯à®¨§¢®«ì®© à §¬¥à®-
áâ¨ ¨ á¨£ âãàë.

� à ¡®â¥ ¨á¯®«ì§ãîâáï ®¡®§ ç¥¨ï, ¢¢¥¤¥ë¥ ¢ [10].

1. H-¯à®¥ªâ¨¢ë¥ ®â®¡à ¦¥¨ï ª¥«¥à®¢ëå ¬®£®®¡à §¨©

�ãáâì (M;J) ¥áâì 2n-¬¥à®¥ ¨â¥£à¨àã¥¬®¥ ¯®çâ¨ ª®¬¯«¥ªá®¥ ¬®£®®¡à §¨¥. � ¯®¬¨¬, çâ®
ª¥«¥à®¢®© ¬¥âà¨ª®©   M  §ë¢ ¥âáï (¯á¥¢¤®)à¨¬ ®¢  ¬¥âà¨ª  g á® á¢ï§®áâìî �¥¢¨-�¨¢¨â 
r â ª ï, çâ® g(JX; JY ) = g(X;Y ) ¨ rJ = 0 ¤«ï «î¡ëå ¢¥ªâ®àëå ¯®«¥© X;Y   M . �®çâ¨
ª®¬¯«¥ªá®¥ ¬®£®®¡à §¨¥M á ®¯à¥¤¥«¥®©   ¥¬ ª¥«¥à®¢®© ¬¥âà¨ª®©  §ë¢ ¥âáï ª¥«¥à®¢ë¬
¬®£®®¡à §¨¥¬. �« ¤ª ï ªà¨¢ ï    ª¥«¥à®¢®¬ ¬®£®®¡à §¨¨M  §ë¢ ¥âáïH-¯«  à®©, ¥á«¨
¥¥ ª á â¥«ìë© ¢¥ªâ®à � ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

r�� = a(t)�+ b(t)J(�);

£¤¥ a(t) ¨ b(t) | £« ¤ª¨¥ äãªæ¨¨ ¯ à ¬¥âà  t.
�ãáâìM ,M 0 |¤¢  ª¥«¥à®¢ëå ¬®£®®¡à §¨ï á ¬¥âà¨ª ¬¨ g, g0 ¨ ª®¬¯«¥ªáë¬¨ áâàãªâãà ¬¨

J , J 0 á®®â¢¥âáâ¢¥®. �¨ää¥®¬®àä¨§¬ f :M !M 0  §ë¢ ¥âáïH-¯à®¥ªâ¨¢ë¬ ®â®¡à ¦¥¨¥¬,

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥-
¤®¢ ¨© (£à â ò 96-01-01031).
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¥á«¨ ¤«ï «î¡®© H-¯«  à®© ªà¨¢®©  ¢ M ªà¨¢ ï f �  ï¢«ï¥âáï H-¯«  à®© ªà¨¢®© ¢ M 0.
�á«¨ ¬®£®®¡à §¨¥ M ¤®¯ãáª ¥â H-¯à®¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥, â® £®¢®àïâ, çâ® ¬®£®®¡à §¨ïM ,
M 0 ¨¬¥îâ ®¡é¨¥ H-¯«  àë¥ ªà¨¢ë¥. H-¯à®¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥ ¯¥à¥¢®¤¨â ª®¬¯«¥ªáãî
áâàãªâãàã J ¢ ª®¬¯«¥ªáãî áâàãªâãàã J 0, â. ¥. f� � J = J 0 � f�. �« £®¤ àï íâ®¬ã ¬®¦® ¢ë¡à âì
ª®¬¯«¥ªáë¥ ª àâë ¢ M ¨M 0 â ª, çâ®¡ë á®®â¢¥âáâ¢ãîé¨¥ â®çª¨ p 2M ¨ p0 = f(p) 2M 0 ¨¬¥«¨
®¤¨ ª®¢ë¥ ª®®à¤¨ âë ¨ ª®¬¯®¥âë ª®¬¯«¥ªáëå áâàãªâãà J , J 0 á®¢¯ ¤ «¨. � ª¨¥ á¨áâ¥¬ë
ª®®à¤¨ â ¢M ¨M 0 ¡ã¤¥¬  §ë¢ âì á®®â¢¥âáâ¢¥ë¬¨ ª®¬¯«¥ªáë¬¨ á¨áâ¥¬ ¬¨ ª®®à¤¨ â.

�ãáâì   M § ¤ ë ¤¢¥ ª¥«¥à®¢ë ¬¥âà¨ª¨ g, g0 á® á¢ï§®áâï¬¨ �¥¢¨-�¨¢¨â  r ¨ r0. �á«¨
¬®£®®¡à §¨ï (M; g; J) ¨ (M; g0; J) ¨¬¥îâ ®¡é¨¥ H-¯«  àë¥ ªà¨¢ë¥, â® ¢ «®ª «ìëå ª®®à¤¨-
 â å xi, i = 1; : : : ; 2n,   M ¢ë¯®«ï¥âáï à ¢¥áâ¢® ([3]; [5], c. 212)

aij;l =
1
2
(gil`;j + gjl`;i + 2Jk(iJ

m
j) `;kgml) (1)

¤«ï ¥ª®â®à®£® ¥¢ëà®¦¤¥®£® â¥§®à®£® ¯®«ï a â¨¯  (0; 2) ¨ ¢¥é¥áâ¢¥®§ ç®© äãªæ¨¨ `
  M (§ ¯ïâ ï ¢ (1) ®¡®§ ç ¥â ª®¢ à¨ â®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ ®â®á¨â¥«ì® á¢ï§®áâ¨ r).

� ª ª ª ª¥«¥à®¢ë ¬¥âà¨ª¨ g ¨ g0   M ï¢«ïîâáï íà¬¨â®¢ë¬¨ [11], ¡¨«¨¥©ë¥ ä®à¬ë gp,
g0p ®¯à¥¤¥«ïîâ íà¬¨â®¢® áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ ª á â¥«ì®¬ ¯à®áâà áâ¢¥ TpM , p 2M . �«ï
«î¡ëå ¢¥ªâ®àëå ¯®«¥© X, Y   M â¥§®à®¥ ¯®«¥ a ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ([3], [5])

a(JX; JY ) = a(X;Y ) (2)

¨ â ª¦¥ ®¯à¥¤¥«ï¥â íà¬¨â®¢® áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ TpM . �«¥¤®¢ â¥«ì®, ¬®¦® ¨á¯®«ì§®-
¢ âì â¥®à¥¬ã 1 ¨§ [10] ¤«ï ¯à¨¢¥¤¥¨ï ä®à¬ gp, ap ª ª ®¨ç¥áª®¬ã ¢¨¤ã.

�ãáâì ¡¨«¨¥© ï ä®à¬  a ¨¬¥¥â ¯à¨¢¥¤¥ãî å à ªâ¥à¨áâ¨ªã �¥£à¥ [10]

� = [(m1
1 : : : m

1
s1
) : : : (mk1

1 : : : mk1
sk1
)(mk1+1

1 : : : mk1+1
sk1+1

)(mk1+1
1 : : : mk1+1

sk1+1
) : : :

(mk1+k2
1 : : : mk1+k2

sk1+k2
)(mk1+k2

1 : : : mk1+k2
sk1+k2

)] (3)

¢ ®¡« áâ¨ U � M . �¤¥áì á®¡áâ¢¥ë¥ § ç¥¨ï �A, A = 1; : : : ; k1, ¢¥é¥áâ¢¥ë,   �A, A =
k1 + 1; : : : ; k1 + k2 � k, ª®¬¯«¥ªáë, ¨ ç¥àâ   ¤ ç¨á« ¬¨ mA

s ®§ ç ¥â, çâ® ®¨ á®®â¢¥âáâ¢ãîâ
ª®¬¯«¥ªá®-á®¯àï¦¥®¬ã á®¡áâ¢¥®¬ã § ç¥¨î �A.

�à®¨§¢¥¤¥¬ à §¡¨¥¨¥ ¬®¦¥áâ¢  ¨¤¥ªá®¢ I = f1; : : : ; ng   ¯®¤¬®¦¥áâ¢ . �®«®¦¨¬ nAs =
A�1P
B=1

rB +
s�1P
p=1

mA
p ¯à¨ A = 1; : : : ; k1 ¨ nAs =

k1P
B=1

rB +2
A�1P

B=k1+1
rB +2

s�1P
p=1

mA
p ¯à¨ A = k1+1; : : : ; k1+ k2.

�®£¤  IAs = fp 2 I j p = nAs + 1; : : : ; nAs + mA
s g ¯à¨ A = 1; : : : ; k1 + k2 ¨

�

IAs = fp 2 I j p =

nAs +mA
s ; : : : ; n

A
s +2m

A
s g ¯à¨ A = k1+1; : : : ; k1+k2, ªà®¬¥ â®£®, ®¡®§ ç¨¬ IA �

sAS
s=1

IAs ,
�

IA �
sAS
s=1

�

IAs .

�®£« á® â¥®à¥¬¥ 1 áâ âì¨ [10] ¢ U áãé¥áâ¢ã¥â ¯®¤¢¨¦®© à¥¯¥à fZ�; Z�g, � = 1; : : : ; n,
 ¤ ¯â¨à®¢ ë© ª ª®¬¯«¥ªá®© áâàãªâãà¥ J â ª®©, çâ® ¢ ª ¦¤®© â®çª¥ p 2 U ¬ âà¨æëG = (�g��)
¨ A = (�a��) ¨¬¥îâ ãª § ë© ¢ íâ®© â¥®à¥¬¥ ¢¨¤.

� ª ª ª ãà ¢¥¨¥ (1) ã¤®¢«¥â¢®àï¥âáï â®¦¤¥áâ¢¥® ¢ «î¡®© á¨áâ¥¬¥ ª®®à¤¨ â   M , ¥£®
¬®¦® § ¯¨á âì ¢ ¢¨¤¥

ra(X;Y;W ) =
1
2
(g(X;W )V `+ g(W;Y )X`+ g(JX;W )JY `+ g(JY;W )JX`);

£¤¥ X, Y ,W | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë¥ ¯®«ï  M . �®« £ ï X = Z�, Y = Z�,W = Z�, ¯®«ãç¨¬
[7], [8]

d�a�� � �a��!
�
� � �a��!

�

�
= (Z�`)�� + (Z�`)��; (4)

£¤¥ �aij | ª®¬¯®¥âë ä®à¬ë a ¢ à¥¯¥à¥ fZ�; Z�g, § ¯¨áì ¢¨¤  Z�` ®§ ç ¥â ¤¥©áâ¢¨¥ ¢¥ªâ®à-
®£® ¯®«ï Z�   äãªæ¨î `, a !ij áãâì ª®¬¯®¥âë ä®à¬ë ! á¢ï§®áâ¨ r, ã¤®¢«¥â¢®àïîé¨¥
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á®®â®è¥¨ï¬

!�� = !�
�
; !�

�
= !�� = 0; (5)

!ij = !kj gki; !�� = �!��; !�� = !�� = 0: (6)

�¬®¦ ï (4)   g�� ¨ áã¬¬¨àãï ¯® �; � ®â 1 ¤® n, á ¯®¬®éìî (5), (6)  ©¤¥¬

' =
k1X
A=1

rA�A +
k1+k2X
A=k1+1

rA(�A + �A) (7)

á â®ç®áâìî ¤® ¥áãé¥áâ¢¥®©  ¤¤¨â¨¢®© ¯®áâ®ï®©. � ä®à¬ã«¥ (7) rA ®§ ç ¥â ªà â®áâì
ª®àï �A å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï det(a� �g) = 0.

2. H-¯à®¥ªâ¨¢®-íª¢¨¢ «¥âë¥ à¨¬ ®¢ë á¢ï§®áâ¨:

á«ãç © ¢¥é¥áâ¢¥ëå ª®à¥©

� áá¬®âà¨¬ ãà ¢¥¨¥ (4) ¤«ï ¢á¥å ¢®§¬®¦ëå § ç¥¨© ¨¤¥ªá®¢ �; �,   â ª¦¥ ¢¥é¥áâ¢¥-
ëå ¨ ª®¬¯«¥ªáëå ª®à¥© �A ¯® ®â¤¥«ì®áâ¨.1

1. �ãáâì �; � 2 IAs , �A = �A (®¡®§ ç¥¨ï á¬. ¢ ¯. 1). �á«¨ mA
s = 1, â® �a�� = eAs �A�

A
� , ¨ ¨§ (4)

¯à¨ � = � á«¥¤ã¥â d�A = 2eAs (Z�`)��.
�ãáâì mA

s > 1.2 �¥ â¥àïï ®¡é®áâ¨, ¬®¦® ¯à¥¤¯®«®¦¨âì, çâ® ¡«®ª GA
s à á¯®«®¦¥ ¢ «¥¢®¬

¢¥àå¥¬ ã£«ã ¬ âà¨æë G. �®«®¦¨¬ ¤«ï ã¤®¡áâ¢  mA
s = m. �à¥¤¨ ç¨á¥« �a�� ¥ à ¢ë ã«î

â®«ìª® �a�m��+1 = eAs �A ¯à¨ � = 1; : : : ; n ¨ �a�m��+2 ¯à¨ � = 2; : : : ;m. �§ (4) ¯à¨ � = � = 1
á«¥¤ã¥â Z1` = Z1` = 0. �®« £ ï ¢ (4) ¯®®ç¥à¥¤® � = 1, � = 2; : : : ;m ¨ �; � = 2; : : : ;m, ¯®«ãç¨¬

!1� = (Z�+1`)�1; � = 1; : : : ;m� 2; (8)

eAs d�A + !1m�1 = (Zm`)�1; (9)

d�a�� + !���1 + !���1 = (Z�`)�� + (Z�`)��; �; � = 2; : : : ;m: (10)

�à¨ m = 2 ¨§ (9) ¨ (10) ¢ë¢®¤¨¬ eAs d�A + !11 = (Z2`)�1, !21 = (Z2`)�2 + (Z2`)�2. �ª« ¤ë¢ ï
¯¥à¢®¥ ãà ¢¥¨¥ á ª®¬¯«¥ªá® á®¯àï¦¥ë¬,  ©¤¥¬ eAs d�A = 1=2((Z2`)�1 + (Z2`)�1). �âáî¤ 
á«¥¤ã¥â

!11 =
1
2
((Z2`)�1 � (Z2`)�1):

� á«ãç ¥ m > 2 ¨§ (10) ¯à¨ � 6= m� � + 1 á«¥¤ã¥â à¥ªãàà¥â ï ä®à¬ã« 

!���1 = !��1� + (Z�`)�� + (Z�`)��; �; � = 2; : : : ;m; �+ � 6= m+ 1:

�§ï¢ � � � ¨ ¯à¨¬¥¨¢ íâã ä®à¬ã«ã �� � + 1 à §,  ©¤¥¬

!���1 + !���1 = (Z�`)�� + (Z�`)�� + � � �+ (Z�`)�� + (Z�`)��;

�; � = 2; : : : ;m; � � �; �+ � 6= m+ 1:

�®« £ ï §¤¥áì � = 2, � = m� 2 ¨ ¯®«ì§ãïáì (8), ¯®«ãç¨¬

Z1` = � � � = Zm�1` = Z1` = � � � = Zm�1` = 0; (11)

1� ¬¥â¨¬, çâ® ãà ¢¥¨¥ (4) á â®ç®áâìî ¤® ®¡®§ ç¥¨© á®¢¯ ¤ ¥â á ãà ¢¥¨¥¬ (1.63) áâ âì¨ [8],  
¬ âà¨æë G = (�g

��
), A = (�a

��
) ¢ á«ãç ¥ ¢¥é¥áâ¢¥ëå ª®à¥© å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï det(A��G)

á®¢¯ ¤ îâ ¯® á¢®¥¬ã áâà®¥¨î á á®®â¢¥âáâ¢ãîé¨¬¨ ¬ âà¨æ ¬¨ ¢ ¢¥é¥áâ¢¥®¬ á«ãç ¥ [6].
2�á¯®«ì§ã¥¬ë¥ ®¡®§ ç¥¨ï ¯à¨¢¥¤¥ë ¢ ¯. 1 ¤ ®© áâ âì¨,   â ª¦¥, ¡®«¥¥ ¯®¤à®¡®, ¢ à ¡®â å [10]

¨ [12].
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¯®á«¥ íâ®£® ¨§ (11)  ©¤¥¬

!m� + !m� = (Zm`)��+1 + (Zm`)��+1; � = 1; : : : ;m� 1; (12)

!�� = !��; � = 1; : : : ;m� 2; � = 2; : : : ;m� 1; �+ � 6= m: (13)

�§ (10) ¯à¨ � = 2; : : : ;m � 1, � = m + 1 � � ¨¬¥¥¬ eAs d�A + !�m�� � !��1m+1�� = 0. �ëç¨â ï
®âáî¤  (9), ¯®«ãç¨¬ à¥ªãàà¥âãî ä®à¬ã«ã !�m�� = !��1m+1�� + !1m�1 � (Zm`)�1. �à¨¬¥¨¢
íâã ä®à¬ã«ã m � 2 à § ,  ç¨ ï á � = 2,  ©¤¥¬ !m�1 1 = (m � 1)!1m�1 � (m � 2)(Zm`)�1.
�®«ì§ãïáì à ¢¥áâ¢®¬ !1m�1 = !1m�1 � (Zm`)�1 + (Zm`)�1, ª®â®à®¥ á«¥¤ã¥â ¨§ (9), ¯®«ãç¨¬
!�m�� = (1� �

m
)(Zm`)�1 � �

m
(Zm`)�1, � = 1; : : : ;m� 1. � ¯®¬®éìî íâ®© ä®à¬ã«ë ¨§ (9)  ©¤¥¬

d�A = eA
s

m
((Zm`)�1 + (Zm`)�1). �â ª,

d�A =
eAs
mA

s

((Z
nA
s
+mA

s

`)�nA
s
+1 + (ZnA

s
+mA

s
`)�

nA
s
+1
); (14)

Z�` = Z�` = 0; � = nAs + 1; : : : ; nAs +mA
s � 1; rA > 1; (15)

!
nA
s
+�nA

s
+mA

s
��

= (1�
�

mA
s

)(Z
nA
s
+mA

s

`)�n�
s
+1 �

�

mA
s

(ZnA
s
+mA

s
`)�

nA
s
+1
; (16)

�; � = 1; : : : ;mA
s � 1; s = 1; : : : ; sA; A = 1; : : : ; k1; rA > 1:

�áâ «ìë¥ ª®¬¯®¥âë !��, �; � 2 IAs , ª®â®àë¥ ¥ ¬®£ãâ ¡ëâì ¯®«ãç¥ë ¨§ (14){(16) á ¯®¬®éìî
à ¢¥áâ¢ (5), (6), ï¢«ïîâáï (á®£« á® (12), (13) ) 1-ä®à¬ ¬¨   M , á¢ï§ ë¬¨ á®®â®è¥¨ï¬¨

!
nA
s
+mA

s
nA
s
+�

+ !
nA
s
+mA

s
nA
s
+�

= (Z
nA
s
+mA

s

`)�nA
s
+�+1 + (ZnA

s
+mA

s
`)�

nA
s
+�+1

; (17)

!
nA
s
+�nA

s
+�

= !
nA
s
+� nA

s
+�
; (18)

� = 1; : : : ;mA
s ; � = 2; : : : ;mA

s � 1; �+ � 6= mA
s ;

  ¢ ®áâ «ì®¬ | ¯à®¨§¢®«ìë¬¨.
�á«¨ �A | ªà âë© ¡ §¨á í«¥¬¥â àëå ¤¥«¨â¥«¥© �-¬ âà¨æë (�a�� � ��g��), â.¥. sA > 1, â®

¨§ (14) ¨¬¥¥¬

d�A =
eAs
mA

s

((Z
nA
s
+mA

s

`)�nA
s
+1 + (ZnA

s
+mA

s
`)�

nA
s
+1
) =

eAt
mA

t

((Z
nA
t
+mA

t

`)�nA
t
+1 + (ZnA

t
+mA

t
`)�

nA
t
+1
)

¯à¨ s; t = 1; : : : ; sA, s 6= t, á«¥¤®¢ â¥«ì®,

d�A = 0; Z�` = Z�` = 0; !� = 0 (19)

¯à¨ � 2 IA � [IAs , �;  2 IAs ; s = 1; : : : ; sA.
�®ª §  

�¥¬¬ . �ãáâì (M; g; J) { ª¥«¥à®¢® ¬®£®®¡à §¨¥, a | ¤¨ää¥à¥æ¨àã¥¬ ï á¨¬¬¥âà¨ç ï

¡¨«¨¥© ï ä®à¬  á ¯à¨¢¥¤¥®© å à ªâ¥à¨áâ¨ª®© (3), ®¯à¥¤¥«¥ ï ¢ ®¡« áâ¨ U � M ¨ ã¤®-

¢«¥â¢®àïîé ï á®®â®è¥¨î a(JX; JY ) = a(X;Y ) ¤«ï «î¡ëå ¢¥ªâ®àëå ¯®«¥© X, Y   M .

�ãáâì fZ�; Z�g, � = 1; : : : ; n, | ¯®¤¢¨¦®© à¥¯¥à ¢ U ,  ¤ ¯â¨à®¢ ë© ¢ ª ¦¤®© â®çª¥ p 2 U
ª ª®¬¯«¥ªá®© áâàãªâãà¥ J . �®£¤  ¥á«¨ ä®à¬  a ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1), â® ¢¥é¥áâ¢¥-
ë¥ ªà âë¥ ¡ §¨áë í«¥¬¥â àëå ¤¥«¨â¥«¥© �-¬ âà¨æë (�a�� � ��g��) ¯®áâ®ïë ¢ U .

2. � 2 IAs , � 2 IBt ¨ (A; s) 6= (B; t), �A = �A. � íâ®¬ á«ãç ¥ �a�� = 0 ¨, ¯®« £ ï ¤«ï ã¤®¡áâ¢ 
nAs � Q, nBt � T , ¨§ (4)  ©¤¥¬

(�A � �B)!T+1Q+1 = (ZT+1`)�Q+1 + (ZQ+1`)�T+1; (20)

(�A � �B)!T+1� + !T+1��1 = (ZT+1`)�� + (Z�`)�T+1; (21)

(�B � �A)!Q+1� + !Q+1 ��1 = (ZQ+1`)�� + (Z�`)�T+1; (22)

(�B � �A)!�� + !���1 + !� ��1 = (Z�`)�� + (Z�`)��; (23)
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£¤¥ � > Q+ 1, � > T + 1. �á«¨ A = B ¨, á«¥¤®¢ â¥«ì®, s 6= t ¨ sA > 1, â® ¨§ (19){(23) ¯®«ãç¨¬

!Q+1��1 = !T+1��1 = 0; � > Q+ 1; � > T + 1; (24)

!���1 = !��1�: (25)

�á«¨ A 6= B ¨ mA
s > 1, â® ZQ+1` = 0 ¨ ¨§ (20), (21)  å®¤¨¬

!Q+�T+1 = (ZT+1`)
�X

�=1

(�B � �A)
����1�Q+�; (26)

� = 1; : : : ;mA
s � 1:

�á«¨ rA; rB > 1, â® ®âáî¤  á«¥¤ã¥â !Q+�T+1 = 0 ¯à¨ � = 1; : : : ;mA
s � 1. � ª ¦¥ ¯®«ãç ¥¬

!Q+1T+� = 0 ¯à¨ � = 1; : : : ;mB
t � 1. �à®¬¥ â®£®, ¨§ (21) ¯à¨ � = Q+mA

s ¨¬¥¥¬

!T+1Q+mA
s

= (�A � �B)�1(ZQ+mA
s
`)�T+1: (27)

�á«¨ rA; rB > 2, â® ¢§ï¢ ¢ (23) � < Q+mA
s ¨ � < T+mB

t , á ¯®¬®éìî (15) ¯®«ãç¨¬ à¥ªãàà¥âãî
ä®à¬ã«ã (�B��A)!�� = !��1�+!��1�, ¨§ ª®â®à®©, ¯®« £ ï ¯®á«¥¤®¢ â¥«ì® � = Q+2; : : : ; Q+
mA

s � 1 ¯à¨ ª ¦¤®¬ � = T + 2; : : : ; T +mB
t � 1, ¢ë¢®¤¨¬ !�� = 0 ¢ á¨«ã !Q+1� = !T+1� = 0. �§

(23) ¯à¨ � = Q+mA
s ¨ � < T +mB

t ¯®«ãç¨¬ (�A��B)!� Q+mA
s

= !��1Q+mA
s

+(ZQ+mA
s
`)��. �âáî¤ ,

¯®«ì§ãïáì (27),  ©¤¥¬

!T+� Q+mA
s

= (ZQ+mA
s
`)

�X
�=1

(�A � �B)����1�T+�; (28)

� = 1; : : : ;mB
t � 1:

� ª ¦¥ ¢ë¢®¤¨âáï ä®à¬ã« 

!
Q+� T+mB

t

= (Z
T+mB

t

`)
�X

�=1

(�B � �A)
����1�Q+�; (29)

� = 1; : : : ;mA
s � 1:

� ª®¥æ, ¨§ (23) ¯à¨ � = Q+mA
s ¨ � = T +mB

t ¯®«ãç¨¬

!
Q+mA

s
T+mB

t

= (Z
T+mB

t

`)
mA

sX
�=1

(�B � �A)
��mA

s
�1�Q+� � (ZQ+mA

s
`)

mB

tX
�=1

(�A � �B)
��mB

t
�1�T+� : (30)

3. H-¯à®¥ªâ¨¢®-íª¢¨¢ «¥âë¥ à¨¬ ®¢ë á¢ï§®áâ¨:

ª®¬¯«¥ªáë¥ ª®à¨

�¥â®¤¨ª  ¨áá«¥¤®¢ ¨ï ¢ á«ãç ¥ ª®¬¯«¥ªáëå ª®à¥© ¢ ®á®¢®¬   «®£¨ç  ¢¥é¥áâ¢¥®¬ã
á«ãç î. � á¢ï§¨ á íâ¨¬ ¤ «¥¥ ¬ë ®¯ãáª ¥¬ ¤®ª § â¥«ìáâ¢  ¨ ¯à¨¢®¤¨¬ «¨èì ®ª®ç â¥«ìë¥
à¥§ã«ìâ âë. �®¤à®¡ë¥ ¤®ª § â¥«ìáâ¢  ¬®¦®  ©â¨ ¢ ¤¨áá¥àâ æ¨¨  ¢â®à  [12].

1. �ãáâì �; � 2 eIAs � IAs [
�

IAs , �A 6= �A. � íâ®¬ á«ãç ¥ ¨¬¥îâáï á«¥¤ãîé¨¥ á®®â®è¥¨ï
¬¥¦¤ã ª®¬¯®¥â ¬¨ ä®à¬ë á¢ï§®áâ¨:

d�A =
1
mA

s

((Z
nA
s
+2mA

s

`)�nA
s
+1 + (ZnA

s
+mA

s
`)�

nA
s
+mA

s
+1
); (31)

ZnA
s
+1` = ZnA

s
+mA

s
�1` = ZnA

s
+mA

s
+1` = ZnA

s
+2mA

s
�1` = 0; (32)

!
nA
s
+�nA

s
+2mA

s
��

=
�
1�

�

mA
s

�
((Z

nA
s
+2mA

s

`)�n�
s
+1 �

�

mA
s

(ZnA
s
+mA

s
`)�

nA
s
+mA

s
+1
); rA > 1; (33)

!
nA
s
+�nA

s
+�

= !
nA
s
+mA

s
+�nA

s
+mA

s
+�

= 0; (34)
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!
nA
s
+mA

s
nA
s
+�

= �
�X

�=1

(�A � �A)����1(ZnA+mA
s
`)�

nA
s
+�
; (35)

!
nA
s
+2mA

s
nA
s
+mA

s
+�

= �
�X

�=1

(�A � �A)����1(ZnA+2mA
s
`)�

nA
s
+mA

s
+�
; (36)

�; � = 1; : : : ;mA
s � 1;

!
nA
s
+mA

s
nA
s
+mA

s

= �

mA

sX
�=1

(�A � �A)��m
A

s
�1(ZnA+mA

s
`)�

nA
s
+�

+

+
mA

sX
�=1

(�A � �A)
��mA

s
�1(Z

nA+mA
s

`)�nA
s
+�; (37)

!
nA
s
+2mA

s
nA
s
+2mA

s

= �

mA

sX
�=1

(�A � �A)
��mA

s
�1(ZnA+2mA

s
`)�

nA
s
+mA

s
+�

+

+
mA

sX
�=1

(�A � �A)��m
A

s
�1(Z

nA+2mA
s

`)�nA
s
+mA

s
+�: (38)

�áâ «ìë¥ ª®¬¯®¥âë !��, �; � 2 eIAs ï¢«ïîâáï 1-ä®à¬ ¬¨   M , ã¤®¢«¥â¢®àïîé¨¬¨ á®®â®-
è¥¨ï¬

!
nA
s
+mA

s
nA
s
+mA

s
+��1

+ !
nA
s
+2mA

s
nA
s
+��1

= (Z
nA
s
+2mA

s

`)�nA
s
+� + (ZnA

s
+mA

s
`)�

nA
s
+�
; (39)

!
nA
s
+�nA

s
+mA

s
+�

= !
nA
s
+mA

s
+� nA

s
+�
; (40)

�; � = 1; : : : ;mA
s � 1; s = 1; : : : ; sA; A = k1 + 1; : : : ; k1 + k2 � k;

  ¢ ®áâ «ì®¬ | ¯à®¨§¢®«ìë¬¨.
�á«¨ �A | ªà âë© ¡ §¨á í«¥¬¥â àëå ¤¥«¨â¥«¥© �-¬ âà¨æë (�a�� � ��g��), �; � = 1; : : : ; n,

â.¥. sA > 1, â® ¨§ (31) ¨¬¥¥¬

d�A =
1
mA

s

((Z
nA
s
+2mA

s

`)�nA
s
+1 + (ZnA

s
+mA

s
`)�

nA
s
mA
s
+1
) = (Z

nA
t
+2mA

t

`)�nA
t
+1 + (ZnA

t
+mA

t
`)�

nA
t
mA

t
+1

¯à¨ s; t = 1; : : : ; sA, s 6= t, á«¥¤®¢ â¥«ì®,

d�A = 0; Z�` = Z�` = 0 (41)

¯à¨ � 2 eIA. � ¯®¬®éìî «¥¬¬ë ¯®«ãç ¥âáï

�¥®à¥¬  1. �ãáâì (M; g; J) { ª¥«¥à®¢® ¬®£®®¡à §¨¥, a | ¤¨ää¥à¥æ¨àã¥¬ ï á¨¬¬¥âà¨ç-

 ï ¡¨«¨¥© ï ä®à¬  á ¯à¨¢¥¤¥®© å à ªâ¥à¨áâ¨ª®© (3), ®¯à¥¤¥«¥ ï ¢ ®¡« áâ¨ U � M ¨

ã¤®¢«¥â¢®àïîé ï á®®â®è¥¨î a(JX; JY ) = a(X;Y ) ¤«ï «î¡ëå ¢¥ªâ®àëå ¯®«¥© X, Y   M .

�ãáâì fZ�; Z�g, � = 1; : : : ; n, | ¯®¤¢¨¦®© à¥¯¥à ¢ U ,  ¤ ¯â¨à®¢ ë© ¢ ª ¦¤®© â®çª¥ p 2 U
ª ª®¬¯«¥ªá®© áâàãªâãà¥ J . �®£¤  ¥á«¨ ä®à¬  a ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1), â® ªà âë¥

¡ §¨áë í«¥¬¥â àëå ¤¥«¨â¥«¥© �-¬ âà¨æë (�a�� � ��g��), �; � = 1; : : : ; n, ¯®áâ®ïë ¢ U .

2. � á«ãç ¥ � 2 eIAs , � 2 eIBt ¨ (A; s) 6= (B; t), �A 6= �A, �B 6= �B ¬®¦® ¯®ª § âì [12], çâ®
á®®â¢¥âáâ¢ãîé¨¥ ª®¬¯®¥âë ä®à¬ë á¢ï§®áâ¨ ! ®¯à¥¤¥«ïîâáï ¯à¨ A = B á®®â®è¥¨ï¬¨

!�� = 0; !�� = 0; (42)

� = Q+ 1; : : : ; Q+mA
s � 1; � = T +mB

t + 1; : : : ; T + 2mB
t � 1;

� = Q+mA
s + 1; : : : ; Q+ 2mA

s � 1; � = T + 1; : : : ; T +mB
t � 1:
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!
T+mB

t
+� Q+mA

s

=
�X

�=1

(�A � �A)����1(ZQ+mA
s
`)�

T+mB

t
+�
; (43)

� = 1; : : : ;mB
t � 1;

!
Q+mA

s
+�T+mB

t

=
�X

�=1

(�A � �A)����1(ZT+mB

t

`)�Q+mA
s
+�; (44)

� = 1; : : : ;mA
s � 1;

!
T+2mB

t
Q+2mA

s

=
mA

sX
�=1

(�A � �A)��m
A

s
�1(Z

T+mB

t

`)�Q+mA
s
+� �

�

mA

sX
�=1

(�A � �A)��m
A

s
�1(ZQ+mA

s
`)�

T+mB

t
+�
: (45)

�á«¨ ¦¥ A 6= B, â® ¨¬¥¥¬ à ¢¥áâ¢ 

!Q+�T+1 = (ZT+1`)
�X

�=1

(�B � �A)����1�Q+�; (46)

� = 1; : : : ;mA
s � 1;

!
Q+mA

s
+�T+mB

t
+1

= (Z
T+mB

t
+1
`)

�X
�=1

(�B � �A)
����1�Q+mA

s
+�; � = 1; : : : ;mA

s � 1; (47)

!T+�Q+mA
s

= (ZQ+mA
s
`)

�X
�=1

(�A � �B)
����1�T+�; (48)

� = 1; : : : ;mB
t � 1;

!
Q+�T+mB

t

= (Z
T+mB

t

`)
�X

�=1

(�B � �A)����1�Q+�; (49)

� = 1; : : : ;mA
s � 1;

!
Q+mA

s
T+mB

t

= (Z
T+mB

t

`)
mA

sX
�=1

(�B � �A)��m
A

s
�1�Q+� � (ZQ+mA

s
`)

mB

tX
�=1

(�A � �B)��m
B

t
�1�T+�; (50)

!
T+mB

t
+� Q+2mA

s

= (ZQ+2mA
s
`)

�X
�=1

(�A � �B)
����1�

T+mB

t
+�
; (51)

� = 1; : : : ;mB
t � 1;

!
Q+mA

s
+�T+2mB

t

= (Z
T+2mB

t

`)
�X

�=1

(�B � �A)
����1�Q+mA

s
+�; (52)

� = 1; : : : ;mA
s � 1;

!
Q+2mA

s
T+2mB

t

= (Z
T+2mB

t

`)
mA

sX
�=1

(�B � �A)
��mA

s
�1�Q+mA

s
+� �

� (ZQ+2mA
s
`)

mB

tX
�=1

(�A � �B)��m
B

t
�1�

T+mB

t
+�
: (53)

3. � 2 IAs , � 2 IBt , �A = �A, �B 6= �B. � íâ®¬ á«ãç ¥ �A 6= �B, â. ¥. A 6= B ¨ ¬®¦® ¯®ª § âì,
çâ® ª®¬¯®¥âë !�� � 2 IAs , � 2 IBt ä®à¬ë á¢ï§®áâ¨ ! ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (46), (48){(50).

�âáî¤  á«¥¤ã¥â
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�¥®à¥¬  2. �ãáâì (M; g; J) ¨ (M; g0; J 0) áãâì ¤¢  2n-¬¥àëå ª¥«¥à®¢ëå ¬®£®®¡à §¨ï á ®¡-

é¨¬¨ H-¯«  àë¬¨ ªà¨¢ë¬¨,   r ¨ r0 | á®®â¢¥âáâ¢ãîé¨¥ à¨¬ ®¢ë á¢ï§®áâ¨

r0

XY = rXY + (X')Y + (Y ')X + (JX)'JY � (JY )'JX: (54)

�ãáâì G ¨ G0 | ¬ âà¨çë¥ äãªæ¨¨   M , § ç¥¨ï ª®â®àëå ¢ ª ¦¤®© â®çª¥ p 2 M á®-

¢¯ ¤ îâ á ¬ âà¨æ ¬¨ ¡¨«¨¥©ëå ä®à¬ g, g0 ¢ ª ª®¬-«¨¡® ¡ §¨á¥ ¯à®áâà áâ¢  TpM . �á«¨

�-¬ âà¨æ  e2'GTG0�1G � �G ¨¬¥¥â ¢ ®ªà¥áâ®áâ¨ U ¯à®¨§¢®«ì®© â®çª¨ p 2 M ¯à¨¢¥¤¥ãî

å à ªâ¥à¨áâ¨ªã �¥£à¥, ®¯à¥¤¥«¥ãî à ¢¥áâ¢®¬ (3), ¨ á®¡áâ¢¥ë¥ § ç¥¨ï �1; : : : ; �k, â® áã-
é¥áâ¢ã¥â ¯®¤¢¨¦®© à¥¯¥à fZ�; Z�g ¢ U , ®¯à¥¤¥«¥ë© â¥®à¥¬®© 1 áâ âì¨ [10], ¨ á®¯àï¦¥-

ë© ª fZ�; Z�g ª®à¥¯¥à f�
�; ��g, ®â®á¨â¥«ì® ª®â®àëå ä®à¬  ! á¢ï§®áâ¨ r ®¯à¥¤¥«ï¥âáï ¨§

á«¥¤ãîé¨å ãá«®¢¨©:

1) ¨§ ª®¬¯®¥â !��, �; � 2 IA, �A = �A ¯à¨ sA = 1 ¥ à ¢ë ã«î â®«ìª® ª®¬¯®¥âë,

®¯à¥¤¥«¥ë¥ á®®â®è¥¨ï¬¨ (16){(22), £¤¥ `| äãªæ¨ï  M , á¢ï§  ï á ' ãá«®¢¨ï¬¨

aij = e2�g0lmgligmj, `� = 2�� = `� = 2e�2���g0��g��,   ¯à¨ sA > 1 | ª®¬¯®¥âë !�� á

�+ � � max(nAs + nAt +mA
s + 1; nAs + nAt +mA

t + 1);

� 2 IAs , � 2 m�
t , s = 1; : : : ; sA, s 6= t, á¢ï§ ë¥ ãá«®¢¨¥¬ (25);

2) ª®¬¯®¥âë !��, � 2 IAs , � 2 IBt , �A = �A, �B = �B, A 6= B ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

(28){(30), £¤¥ S � nAs , T � nBt ;

3) ª®¬¯®¥âë !��, �; � 2
eIAs � IAs [

�

IAs , �A 6= �A, ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (33){(38);

4) ª®¬¯®¥âë !��, � 2
eIAs , � 2 eIBt � IBt [

�

IBt , �A 6= �A, �B 6= �B, ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

(42){(45) ¯à¨ A = B ¨ ä®à¬ã« ¬¨ (46){(53) ¯à¨ A 6= B, £¤¥ Q = mA
s , T = mB

t ;
5) ª®¬¯®¥âë !��, � 2 IAs , � 2 eIBt , �A = �A, �B 6= �B, ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (46),

(48){(50).

�®à¬  !0 á¢ï§®áâ¨ r0 ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ (54). �á«¨, ¢ ç áâ®áâ¨, ` = const, â® ! = !0,

â. ¥. á¢ï§®áâ¨ r ¨ r0 á®¢¯ ¤ îâ.

� ®¡®à®â, ¥á«¨ ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ p 2M áãé¥áâ¢ã¥â à¥¯¥à,  ¤ ¯â¨à®¢ ë© ª®¬-
¯«¥ªá®© áâàãªâãà¥   M , ¢ ª®â®à®¬ ¬ âà¨æë G, A ¨¬¥îâ ª ®¨ç¥áª¨© ¢¨¤, ®¯à¥¤¥«¥ë©
â¥®à¥¬®© 1 (á¬. [10]), ¨ ¢ë¯®«ïîâáï ãá«®¢¨ï 1){5) áä®à¬ã«¨à®¢ ®© â¥®à¥¬ë 2, â® ¬¥âà¨-
ª¨ g ¨ g0 ¨¬¥îâ ®¡é¨¥ H-¯«  àë¥ ªà¨¢ë¥, â. ¥. à¨¬ ®¢ë á¢ï§®áâ¨ r ¨ r0 H-¯à®¥ªâ¨¢®
íª¢¨¢ «¥âë.
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