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1�: �« áá¨ç¥áª¨© à¥§ã«ìâ â �.�®à  [1], ª®â®àë© ¢ ®ª®ç â¥«ìãî ä®à¬ã ¯à¨¢¥«¨ �.�¨áá,
�.�ãà ¨ �. �¨¥à, á®áâ®¨â ¢ á«¥¤ãîé¥¬: ¥á«¨ àï¤

1X
k=0

ckz
k (1)

áå®¤¨âáï ¢ ¥¤¨¨ç®¬ ªàã£¥ ¨ ¥£® áã¬¬  ¢ íâ®¬ ªàã£¥ ¯® ¬®¤ã«î ¬¥ìè¥ 1, â® ¢ ªàã£¥ fz : jzj <
1
3
g ¢¥à® ¥à ¢¥áâ¢®

1P
k=0

jckzkj < 1, ¯à¨ç¥¬ ª®áâ â  1
3
¥ ¬®¦¥â ¡ëâì ã«ãçè¥ . � [2] ¡ë«

¯à¨¢¥¤¥ ¤àã£®© ¢ à¨ â ä¥®¬¥  �®à : ¥á«¨ áã¬¬  àï¤  (1) f(z) ¨¬¥¥â ¢ ¥¤¨¨ç®¬ ªàã£¥
¯®«®¦¨â¥«ìãî ¢¥é¥áâ¢¥ãî ç áâì ¨ f(0) > 0, â®

1X
k=0

jckzkj < 2f(0) (2)

¢ ªàã£¥ fz : jzj < 1
3
g. �à¨ íâ®¬ ª®áâ â  1

3
¢ ¥à ¢¥áâ¢¥ (2) â ª¦¥ ¥ ¬®¦¥â ¡ëâì ã«ãçè¥ .

�á«¨ f(z) ¥áâì áã¬¬  àï¤  (1), â® ®¯à¥¤¥«¨¬ Mf(z) :=
1P
k=0

jckjzk ¨ ¬ ¦®à âãî äãªæ¨î

Mf(r). � [3] ¯®áâ ¢«¥  ¯à®¡«¥¬  ®¯à¥¤¥«¥¨ï ¢¥«¨ç¨ë sup
f2B1

inf
0<r<1

Mf(r)

r
:= A, £¤¥ B1 | ª« áá

¢á¥å äãªæ¨© f(z),   «¨â¨ç¥áª¨å ¢ ¥¤¨¨ç®¬ ªàã£¥, ¤«ï ª®â®àëå jf(z)j < 1 ¯à¨ jzj < 1.
�§ â¥®à¥¬ë �®à  á«¥¤ã¥â, çâ® A � 3. � [3] ®è¨¡®ç® ãâ¢¥à¦¤ «®áì, çâ® A = 3. �à ¢¨«ìë©
à¥§ã«ìâ â, ®¯ã¡«¨ª®¢ ë© ¢ [4], á®áâ®¨â ¢ â®¬, çâ® A = 2.

�â¬¥â¨¬ ¥é¥ ¥ª®â®àë¥ ®¡®¡é¥¨ï à¥§ã«ìâ â  �®à  ¤«ï áâ¥¯¥ëå àï¤®¢ ¢ ¥¤¨¨ç®¬ ªàã£¥.
�¡®§ ç¨¬ ç¥à¥§ R(n) à ¤¨ãá �®à  ¤«ï ª« áá  äãªæ¨© ¢¨¤ 

1X
k=n

ckz
k; (3)

â. ¥.  ¨¡®«ìè¨© à ¤¨ãá â ª®©, çâ® ¥á«¨ áã¬¬  àï¤  (3) ¯à¨ ¤«¥¦¨âB1, â®
1P
k=n

jckzkj < 1 ¢ ªàã£¥

fz : jzj < R(n)g. �ç¥¢¨¤®, çâ® R(0) = 1
3
. � [5] ¤®ª § ®, çâ® R(n) � bn, £¤¥ bn | ¯®«®¦¨â¥«ìë©

ª®à¥ì ¬®£®ç«¥ 

xn+1 + x� 1 +
1
4
xn�1(1� x)2:

� [6] ¤«ï q 2 [1; 2) á¨áâ¥¬ â¨ç¥áª¨ ¨§ãç¥  äãªæ¨ï

�q(r) = sup
f2B1

� 1X
k=0

� jf (k)(0)j
k!

�q
rqk
� 1
q

;
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®¯à¥¤¥«¥® ¯®ïâ¨¥ q-à ¤¨ãá  �®à  ¤«ï q 2 [1; 2): Rq := supfr 2 (0; 1) : �q(r) < 1g ¨ ¯®«ãç¥-
ë ¤¢ãáâ®à®¨¥ ®æ¥ª¨ ¤«ï �q(r) ¨ Rq. �®£®¬¥àë¥   «®£¨ â¥®à¥¬ë �®à  ¨ ¥e ®¡®¡é¥¨©
¨¬¥îâáï ¢ [2], [4], [6]{[11] (á¬. â ª¦¥ [12], [13]).

� ¤ ®© áâ âì¥ ¯à¨¢¥¤¥ë ®¢ë¥ à¥§ã«ìâ âë, ®â®áïé¨¥áï ª ãª § ®¬ã ªàã£ã ¢®¯à®á®¢.

2�: � áá¬®âà¨¬ á ç «  q-à ¤¨ãá �®à  ¤«ï q 2 (0; 1).

�à¥¤«®¦¥¨¥. �«ï «î¡®£® q 2 (0; 1) Rq = 0.

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì® § ä¨ªá¨à®¢ ëå r ¨ q 2 (0; 1) à áá¬®âà¨¬ äãªæ¨î

'r
q(z) =

�
1 + r

q

1�q

��1
+ zr

q

1�q

�
1 + r

q

1�q

��1
= A+Dz:

�ç¥¢¨¤®,

'r
q 2 B1 ¨ (Aq +Dqrq)

1
q =

�
1 + r

q

1�q

� 1�q
q > 1:

�® â®£¤  �q(r) �
�
1 + r

q

1�q

� 1�q
q > 1 ¨, á«¥¤®¢ â¥«ì®, Rq � r. � á¨«ã ¯à®¨§¢®«ì®áâ¨ r 2 (0; 1)

¯®«ãç ¥¬ Rq = 0.

� á¢ï§¨ á ¯à¥¤«®¦¥¨¥¬ ¥áâ¥áâ¢¥® ¢¢¥áâ¨ ¯®ïâ¨¥ (q; a)-à ¤¨ãá  �®à , ¯®«®¦¨¢ ¤«ï «î¡ëå
q 2 (0;+1); a 2 (0;+1) : Rq(a) := supfr 2 (0; 1) : �q(r) < ag. �á®, çâ® Rq(1) = Rq. �®«®¦¨¬
¤«ï «î¡ëå q 2 (0;+1) ¨ r 2 (0; 1)

	q
r(x) :=

�
xq +

(2r)q(1� x)q

1� rq

� 1
q

; x 2 [0; 1]:

�¥®à¥¬  1. �«ï ¢á¥å r 2 (0; 1), q 2 (0;+1) ¨ ¢á¥å f 2 B1

Sf
q (r) :=

� 1X
k=0

� jf (k)(0)j
k!

�q
� rkq

� 1
q

� 	q
r(jf(0)j): (4)

�®ª § â¥«ìáâ¢®. �® ¨§¢¥áâ®© «¥¬¬¥ � à â¥®¤®à¨ [12], ¥á«¨ f(z) £®«®¬®àä  ¢ ¥¤¨¨ç®¬
ªàã£¥ ¨ Re f(z) > 0, â® ¤«ï «î¡®£® k � 1 ¨¬¥¥¬ jf (k)(0)j � 2k! Re f(0). �âáî¤  á«¥¤ã¥â, çâ® ¥á«¨

f 2 B1, f(z) =
1P
k=0

fkz
k, â® ¤«ï «î¡®£® k � 1 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® jfkj � 2(1�Re f0). �âáî¤ 

[Sf
q (r)]

q = jf0jq +
1X
k=1

jfkjqrqk � jf0jq + 2q[1�Ref(0)]q

1� rq
:

�®¦® áç¨â âì, çâ® f(0) | ¤¥©áâ¢¨â¥«ì®¥ ¥®âà¨æ â¥«ì®¥ ç¨á«®, â. ª. ¢ á«ãç ¥ ¥®¡å®-
¤¨¬®áâ¨ ¢á¥£¤  ¬®¦® § ¬¥¨âì äãªæ¨î f(z) äãªæ¨¥© g(z) := f(z)ei ¯à¨ ¯®¤å®¤ïé¥¬ .
�ç¥¢¨¤®, çâ® ¬®¤ã«¨ äãªæ¨© f ¨ g ¨ ¨å â¥©«®à®¢áª¨å ª®íää¨æ¨¥â®¢ á®¢¯ ¤ îâ. �®íâ®¬ã

1X
k=0

jfkjqrqk � jf0jq + (2r)q

1� rq
(1� jf0j)q: �

�ëïá¨¬,  áª®«ìª® â®ç  íâ  â¥®à¥¬ . � áá¬®âà¨¬ äãªæ¨î fa(z) = a�z
1�az , £¤¥ a 2 (0; 1).

�á®, çâ® fa(z) 2 B1. �à¨ íâ®¬ fa(z) = a� (1� a2)
1P
k=1

ak�1zk. �á«¨ r1 2 (0; 1), â®

Sfa
q (r1) =

�
aq +

(1� a2)qrq1
1� (ar1)q

� 1
q

:

�® ¯à®¨§¢®«ì®¬ã r 2 (0; 1) ¢ë¡¥à¥¬ r1 = ra1(r) â ª, çâ®¡ë [r1(1 + a)]q(1 � rq) = (2r)q [1� (ar1)q].
�®á«¥¤¥¥ à ¢¥áâ¢® ¨¬¥¥â ¬¥áâ®, ¥á«¨

r1 = ra1(r) = 2rf(2ar)q + (1 + a)q � [(1 + a)r]qg� 1
q :
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�¥âàã¤® ¯à®¢¥à¨âì, çâ®
1
a
> r1 >

2r
1 + a

> r; lim
a!1�0

ra1(r) = r:

�à®¬¥ â®£®, r1 < 1, ¥á«¨
r 2 �0; (1 + a)[2q � (2a)q + (1 + a)q]�

1
q

�
:

�à¨ ¯à®¨§¢®«ì® § ä¨ªá¨à®¢ ®¬ r ¢á¥£¤  ¬®¦®  ©â¨ a0 < 1  áâ®«ìª® ¡«¨§ª®¥ ª 1, çâ®
8a 2 (a0; 1) ra1(r) < 1. �®§ì¬¥¬ ®¬¥à N > 1 â ª®©, çâ® 8n � N rn := n

1
n r

1� 1
n

1 (r) < 1. �®£¤ 

S
f
1� 1

n
q (rn) > S

f
1� 1

n
q (r

1� 1
n

1 (r)) = 	q
r(jf1� 1

n
(0)j):

� ª¨¬ ®¡à §®¬, ¤«ï «î¡ëå r 2 (0; 1) ¨ � 2 (r; 1)  ©¤¥âáï äãªæ¨ï g(z) =
1P
k=0

gkz
k ¨§ B1 â ª ï,

çâ® Sg
q (�) > 	q

r(jg(0)j). � á¨«ã íâ®£® ¤«ï ¯à®¨§¢®«ì®£® � 2 (0; 1) ª ¦¤®¥ ¨§ ¤¢ãå ¥à ¢¥áâ¢

Sf
q (r) � 	q

�r(jf(0)j); Sf
q (r) � �	q

r(jf(0)j)
¥ ¬®¦¥â ¢ë¯®«ïâìáï áà §ã ¤«ï ¢á¥å f 2 B1, ª ª®¢® ¡ë ¨ ¡ë«® ä¨ªá¨à®¢ ®¥ r 2 (0; 1).

� ¬¥ç ¨¥. �à¨ q = 1, r = 1
3
, 	1

1
3

(x) � 1 ¨§ ¥à ¢¥áâ¢  (4) á«¥¤ã¥â, çâ® ¢ íâ®¬ á«ãç ¥

Sf
1

�
1
3

� � 1 8f 2 B1. �á«¨ ãç¥áâì ¥é¥ áª § ®¥ ¯® ¯®¢®¤ã â®ç®áâ¨ â¥®à¥¬ë 1, â® ¬ë ¯®«ãç ¥¬
â¥®à¥¬ã �®à .

� áá¬ âà¨¢ ï äãªæ¨î �qA(x) = [xq + A(1 � x)q]   [0; 1] ¯à¨ ä¨ªá¨à®¢ ëå q 2 (0; 1] ¨
A 2 (0;+1), ®¡ëçë¬¨ ¬¥â®¤ ¬¨   «¨§   å®¤¨¬, çâ® ¥¥  ¨¡®«ìè¥¥ § ç¥¨¥   [0; 1] à ¢®

¯à¨ q 2 (0; 1) ç¨á«ã
�
1 +A

1
1�q

� 1�q
q ,   ¯à¨ q = 1 | ç¨á«ã maxfA 1

q ; 1g. �§ â¥®à¥¬ë 1 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �à¨ ¢á¥å r 2 (0; 1)

�1(r) � max
�
1;

2r
1� r

�
; �q(r) �

�
1 +

�
(2r)q

1� rq

� 1
1�q
� 1�q

q

8q 2 (0; 1): (5)

�§ (5) ¢ëâ¥ª ¥â á®®â®è¥¨¥

Rq

��
1 +

�
(2r)q

1� rq

� 1
1�q
� 1�q

q
�
� r 8r 2 (0; 1); 8q 2 (0; 1): (6)

�â®¡ë § ¯¨á âì (6) ¢ ¥áª®«ìª® ¨®¬, ® à ¢®á¨«ì®¬ ¢¨¤¥, à áá¬®âà¨¬ äãªæ¨î

�q(r) :=
�
1 +

�
(2r)q

1� rq

� 1
1�q
� 1�q

q

;

¥¯à¥àë¢ãî ¨ ¬®®â®® ¢®§à áâ îéãî   [0; 1). �ç¥¢¨¤®, çâ® �q(0) = 1, lim
r!1�0

�q(r) = +1 ¨

�q(r) ¯à¨¨¬ ¥â ¢á¥ § ç¥¨ï ¨§ [1;+1). �à¨ íâ®¬ r =
�
1 + 2q

�
(�q(r))

q

1�q � 1
�q�1	� 1

q . �®íâ®¬ã
¥à ¢¥áâ¢® (6) à ¢®á¨«ì® á«¥¤ãîé¥¬ã

Rq(a) �
�
1 + 2q

�
a

q

1�q � 1
�q�1	� 1

q ; a 2 (1;+1); q 2 (0; 1): (7)

�â®¡ë ¯®«ãç¨âì ®æ¥ªã á¢¥àåã ¤«ï Rq(a), ¢á¯®¬¨¬, çâ®

Sfb
q (r) =

�
bq +

(1� b2)qrq

1� (br)q

�1=q
:

�âáî¤ 

�q(r) � sup
b2(0;1)

�
bq +

(1� b2)qrq

1� (br)q

�1=q
=: �q(r); 0 � r < 1: (8)
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�ãªæ¨ï �q(r) ¥¯à¥àë¢  ¨ ¬®®â®® ¢®§à áâ ¥â   [0; 1), ¯à¨ç¥¬ �q(0) = 1. �à®¬¥ â®£®,

lim
r!1�0

inf �q(r) � lim
r!1�0

inf �q(r) � lim
r!1�0

inf
�
bq +

(1� b2)rq

1� (br)q

�1=q
=
�
bq +

(1� b2)q

1� bq

�1=q

¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ b 2 [0; 1). �âáî¤ 

lim
r!1�0

inf �q(r) � sup
b2(0;1)

�
bq +

(1� b2)q

1� bq

�1=q
=: Aq:

� ª ª ª lim
b!1�0

(1�b)q
1�bq = +1, 0 < q < 1, â® Aq = +1, ¨ â¥¬ ¡®«¥¥ lim

r!1�0
�q(r) = +1, lim

r!1�0
�q(r) =

+1. �¡à â ï ª �q(r) äãªæ¨ï ��1q (a) ¥¯à¥àë¢  ¨ ¬®®â®® ¢®§à áâ ¥â   [1;+1), ¯à¨ç¥¬
��1q (1) = 0, lim

x!+1 ��1q (x) = 1. �§ (8) á«¥¤ã¥â, çâ® 8a 2 [1;+1) �q(��1q (a)) � a, ®âªã¤ 

��1q (a) � Rq(a); a 2 [1;+1): (9)

�¡ê¥¤¨ïï (7) ¨ (9), ¯®«ãç ¥¬ â ª®© à¥§ã«ìâ â.

�¥®à¥¬  2.

��1q (a) � Rq(a) �
�
1 + 2q

�
a

q

1�q � 1
�q�1	� 1

q ; q 2 (0; 1); a 2 [1;+1): (10)

�¡¥ ªà ©¨¥ ç áâ¨ ¥à ¢¥áâ¢ (10) áâà¥¬ïâáï ª ã«î, ª®£¤  a! 1+0. �®íâ®¬ã lim
a!1+0

Rq(a)=0.

�â®¡ë ¢ëïá¨âì  á¨¬¯â®â¨ªã áâà¥¬«¥¨ï ª ã«î äãªæ¨¨ Rq(a) ¯à¨ a ! 1 + 0 ¨ áâà¥¬«¥¨ï
ª +1 äãªæ¨¨ �q(r) ¯à¨ r ! 1 � 0, ¯à¨¢¥¤¥¬ ¥é¥ ¥ª®â®àë¥ ®¤®áâ®à®¨¥ ®æ¥ª¨ ¤«ï íâ¨å
äãªæ¨©. �¬¥®, ¢ å®¤¥ ¤®ª § â¥«ìáâ¢  ¯à¥¤«®¦¥¨ï ¡ë«® ãáâ ®¢«¥®, çâ® 8r 2 (0; 1) �q(r) ��
1 + r

q

1�q

� 1�q
q , ®âªã¤  Rq

��
1 + r

q

1�q

� 1�q
q
� � r. �®« £ ï a =

�
1 + r

q

1�q

� 1�q
q ,  å®¤¨¬

Rq(a) �
�
a

q

1�q � 1
� 1�q

q ; a 2 �1; 2 1�q

q

�
: (11)

� ª ª ª

lim
a!1+0

�
a

q

1�q � 1
� 1�q

q

(a� 1)
1�q

q

=
�

q

1� q

� 1�q

q

=: q;

â® ¨§ (11) ¯®«ãç ¥¬

�«¥¤áâ¢¨¥.

lim
a!1+0

supRq(a)(a� 1)
q�1

q � q; lim
a!1+0

infRq(a)(a� 1)
q�1

q � q
2
:

�æ¥ªã á¢¥àåã ¤«ï �q(r) ¯à¨ r ! 1 � 0 ¤ ¥â ¥à ¢¥áâ¢® (5), ¨§ ª®â®à®£® ¯àï¬® á«¥¤ã¥â,
çâ® 8q 2 (0; 1) lim

r!1�0
sup�q(r)(1 � r)1=q � 2q�1=q. �æ¥ªã á¨§ã ¤«ï �q(r) ¬®¦® ¯®«ãç¨âì, ¥á«¨

§ ¬¥â¨âì, çâ® ¢á¥ à ááã¦¤¥¨ï, ¯à®¢¥¤¥ë¥ ¢ [6] ¢® ¢â®à®© ç áâ¨ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2
á ¨á¯®«ì§®¢ ¨¥¬ à¥§ã«ìâ â  � å  , ®áâ îâáï ¢ á¨«¥ ¡¥§ ¢áïª¨å ¨§¬¥¥¨© ¨ ¢ á«ãç ¥, ª®£¤ 
p 2 (0; 1]. �«¥¤®¢ â¥«ì®, lim

t!1�0
inf �q(r)(1 � r)

1
q
� 1
2 � q

1
2
� 1
q ('(tq))1=q , £¤¥ á®£« á® [6] tq | ¥¤¨-

áâ¢¥ë© ¯®«®¦¨â¥«ìë© ª®à¥ì ãà ¢¥¨ï 2t+q�qet = 0. �¤ ª® ¢ ®â«¨ç¨¥ ®â ¢ëè¥ãª § ëå
®æ¥®ª ¤«ï Rq(a) ¯à¨ a ! 1 + 0 á®®â¢¥âáâ¢ãîé¨¥ ®æ¥ª¨ ¤«ï �q(r) ¯à¨ r ! 1 � 0 ¬¥¥¥ â®çë
(¨¬¥¥âáï \§ §®à" ¢ ¯®àï¤ª¥ à®áâ ).

�®¦® â ª¦¥ ¯®áâ ¢¨âì § ¤ çã ®¡  á¨¬¯â®â¨ª¥ äãªæ¨¨ 1 � Rq(a) ¯à¨ a ! +1. �§ (7)
 å®¤¨¬

1�Rq(a) � 1� �1 + 2q(aq=(1�q) � 1)q�1
��1=q

; a 2 (1;+1); q 2 (0; 1):

� ª ª ª lim
a!+1

(aq=(1�q) � 1)q�1aq = 1, â® lim
a!+1

sup (1�Rq(a)) aq � 2q

q
.
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�æ¥ª¨ á¨§ã ¤«ï 1�Rq(a) ¯à¨ a! +1 ¬®¦®  ©â¨, ®æ¥¨¢ á¨§ã äãªæ¨î (1� ��1q (a)).
�¤ ª®   íâ®¬ ¯ãâ¨ ¥ ã¤ «®áì ¯®«ãç¨âì â®çãî (¯® ¯®àï¤ªã áâà¥¬«¥¨ï ª ã«î 1 � Rq(a))
®æ¥ªã, ¨ ¯®â®¬ã ¬ë ¥¥ §¤¥áì ¥ ¯à¨¢®¤¨¬.

3�: �ª ¦¥¬ â¥¯¥àì à¥§ã«ìâ âë, ®â®áïé¨¥áï ª à ¤¨ãáã R(n). �á®, çâ® R(0) = 1=3 | íâ®
ª« áá¨ç¥áª¨© à ¤¨ãá �®à . �¤ «®áì â®ç® ¢ëç¨á«¨âì à ¤¨ãá R(1).

�¥®à¥¬  3. R(1) = 1p
2
.

�®ª § â¥«ìáâ¢®. �ãáâì f 2 B1, f(z) =
1P
k=1

ckz
k. �®£¤ 

1P
k=1

jckj2 � 1, ¨ ¬ë ¯®«ãç ¥¬

1X
k=1

jckjrk = r
1X
k=1

jckjrk�1 � r

vuut 1X
k=1

jckj2
vuut 1X

k=0

r2k � rp
1� r2

=: �(r):

�ç¥¢¨¤®, çâ® �
�

1p
2

�
= 1. � ª¨¬ ®¡à §®¬, R(1) � 1p

2
.

�¡à â®¥ ¥à ¢¥áâ¢® «¥£ª® ãáâ  ¢«¨¢ ¥âáï á ¯®¬®éìî íªáâà¥¬ «ì®© äãªæ¨¨

f(z) = z
z � 1p

2

1� zp
2

=
1X
k=1

ckz
k:

�«ï íâ®© äãªæ¨¨
1X
k=1

jckjrk = r

 
1p
2
+
1
2

r

1� rp
2

!
;

çâ® à ¢® 1, ¥á«¨ r = 1p
2
.

�«ï n � 1 ¯à¨¢¥¤¥¬ á«¥¤ãîé¨¥ ®æ¥ª¨.

�¥®à¥¬  4. �à¨ n � 1

rn � R(n) �
�
1
2

� 1
n+1

; (12)

£¤¥ rn | ª®à¥ì ¬®£®ç«¥  x2n + x2 � 1 ¢ ¨â¥à¢ «¥ (0; 1).

�®ª § â¥«ìáâ¢®. �á«¨ f(z) =
1P
k=n

ckz
k, â® â ª ¦¥, ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3, ¯®-

«ãç¨¬
1X
k=n

jckjrk � rnp
1� r2

;

®âªã¤  á«¥¤ã¥â «¥¢®¥ ¥à ¢¥áâ¢® ¢ (12).
�«ï ¤®ª § â¥«ìáâ¢  ¯à ¢®© ç áâ¨ ¢ (12) à áá¬®âà¨¬ äãªæ¨î

f(z) = zn
z �R(n)

1� zR(n)

:

� íâ®¬ á«ãç ¥
1P
k=n

jckjRk
(n) = 2(R(n))n+1, ¨ ¯à¨å®¤¨¬ ª ¯à ¢®© ç áâ¨ ¢ ¥à ¢¥áâ¢ å (12).

�â¬¥â¨¬, çâ® ¯à¨ n = 1 ¨§ (12) ¯®«ãç ¥âáï â¥®à¥¬  3. �à®¬¥ â®£®, «¥¢ ï ç áâì ¢ (12) «ãçè¥,
ç¥¬ ¢ëè¥¯à¨¢¥¤¥®¥ ¥à ¢¥áâ¢® ¨§ [5] R(n) � bn. �¥©áâ¢¨â¥«ì®, ¢ ¨â¥à¢ «¥ (0; 1)

P1(x) = xn+1 + x� 1 +
1
4
xn�1(1� x2) > P2(x) = x2n + x2 � 1: (13)

�¥£ª® ¢¨¤¥âì, çâ® ¬®£®ç«¥ë P1(x) ¨ P2(x) ¨¬¥îâ ¢ ¨â¥à¢ «¥ (0; 1) à®¢® ¯® ®¤®¬ã ª®àî.
�à®¬¥ â®£®, P1(0) = �1, P1(rn) > 0 ¢ á¨«ã ¥à ¢¥áâ¢  (13). �®íâ®¬ã bn 2 (0; rn), â. ¥. bn < rn.
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4�: �¥à ¢¥áâ¢® (2) ¬®¦® § ¬¥¨âì íª¢¨¢ «¥âë¬:

1
2f(0)

1X
k=0

jckzkj < 1:

� áá¬®âà¨¬ â¥¯¥àì â ªãî § ¤ çã:  ©â¨

sup
f

inf
0<r<1

M1f(r)
r

= B; £¤¥ M1(f) =
1

2f(0)

1X
k=0

jckjzk;

  sup à áá¬ âà¨¢ ¥âáï ¯® ¢á¥¬ã ª« ááã £®«®¬®àäëå ¢ ¥¤¨¨ç®¬ ªàã£¥ äãªæ¨© f â ª¨å, çâ®
Re f(z) > 0, f(0) > 0.

�¥®à¥¬  5. B =
3 + 2

p
2

2
.

� ¬¥â¨¬, çâ® ®â¢¥â §¤¥áì ¤àã£®©, ç¥¬ ¢ § ¤ ç¥ �¨â¥à  (áà ¢¨ A ¨ B), ¨ ¡«¨¦¥ ª 3.
�®ª § â¥«ìáâ¢®. �§ ¥à ¢¥áâ¢  � à â¥®¤®à¨ ¢ëâ¥ª ¥â

M1f(r)
r

� 1
r

�
1
2
+

1X
k=1

rk
�
=

1 + r

2r(1� r)
: (14)

�¥£ª® ¯à®¢¥à¨âì, çâ® min ¯à ¢®© ç áâ¨ (14) ¢ ¨â¥à¢ «¥ (0; 1) à ¢¥ 3+2
p
2

2
. �¥¬ á ¬ë¬ ¤®ª § ®,

çâ® B � 3+2
p
2

2
. �¡à â®¥ ¥à ¢¥áâ¢® ¯®«ãç ¥âáï ¤«ï íªáâà¥¬ «ì®© äãªæ¨¨

1 + z

1� z
: � (15)

� áá¬®âà¨¬   «®£¨çãî § ¤ çã ¢ ®£à ¨ç¥®© ¯®«®© ®¡« áâ¨ �¥©å à¤â  D � Cn. �ãáâì
f(z) =

P
�
c�z

�, £¤¥ z = (z1; : : : ; zn), � = (�1; : : : ; �n), ¢á¥ �j | æ¥«ë¥ ¥®âà¨æ â¥«ìë¥ ç¨á« ,

z� = z�11 : : : z�nn , f(z) ¨¬¥¥â ¢ D ¯®«®¦¨â¥«ìãî ¢¥é¥áâ¢¥ãî ç áâì ¨ f(0) > 0. �®«®¦¨¬

B1(D) = sup
f
inf
r

M2f(r)
r

; £¤¥ M2f(r) =
1

2f(0)
max

(r1;:::;rn)2Dr

X
�

jc�jr�11 : : : r�nn ;

Dr = rD, sup ¡¥à¥âáï ¯® ¢á¥¬ã ãª § ®¬ã ª« ááã T (D) £®«®¬®àäëå ¢ D äãªæ¨©.

�¥®à¥¬  6. �«ï £¨¯¥àª®ãá  D� = fz : jz1j+ � � �+ jznj < 1g ¢¥à®
3 + 2

p
2

2
� B1(D�) < 4; 1751: (16)

�®ª § â¥«ìáâ¢® «¥¢®© ç áâ¨ ¥à ¢¥áâ¢  (16) ®ç¥¢¨¤® á«¥¤ã¥â ¨§ â®£®, çâ® ¯®¤ª« áá®¬
ª« áá  T (D�) ï¢«ï¥âáï ¬®¦¥áâ¢® äãªæ¨©, § ¢¨áïé¨å â®«ìª® ®â ®¤®£® ¯¥à¥¬¥®£® z1, à á-
á¬®âà¥®¥ ¢ â¥®à¥¬¥ 5. �®ª § â¥«ìáâ¢® ¯à ¢®© ç áâ¨ ¥à ¢¥áâ¢  (16) ¯®«ãç ¥âáï ¯à¨ à áá¬®-
âà¥¨¨ ¬®£®¬¥à®£®   «®£  äãªæ¨¨ (15)

f(z) =
1 + z1 + � � �+ zn
1� z1 � � � � � zn

: (17)

�«ï ªà âª®áâ¨ ®¯ãáª ¥¬ ¯à®áâë¥ ¢ëç¨á«¥¨ï (  «®£¨çë¥ ¢ëª« ¤ª¨ ¨¬¥îâáï ¢ ¤®ª § â¥«ì-
áâ¢¥ â¥®à¥¬ë 8).

�®«®¦¨¬

B2(D) = sup
f
inf
r

M3f(r)
r

; £¤¥ M3f(r) =
1

2f(0)

X
�

jc�jmax
z2Dr

jz�j;

sup ¢ B2(D) à áá¬ âà¨¢ ¥âáï ¯® â®¬ã ¦¥ ª« ááã T (D) £®«®¬®àäëå ¢ D äãªæ¨©.
� ¬¥â¨¬, çâ® B1(D) ¨ B2(D) | íâ® ¤¢  à §ëå ¬®£®¬¥àëå   «®£  ¢¥«¨ç¨ë B ¨§ â¥®à¥-

¬ë 5.

8



�¥®à¥¬  7. �«ï ¢áïª®© ®£à ¨ç¥®© ¯®«®© ®¡« áâ¨ �¥©å à¤â  D � Cn á¯à ¢¥¤«¨¢®

¥à ¢¥áâ¢® B2(D) < (n+ 1)(e � 1
2
).

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï ¬¥â®¤ áâ âì¨ [13], «¥£ª® ¯®«ãç¨âì ¬®£®¬¥à®¥ ®¡®¡é¥¨¥ ¥-
à ¢¥áâ¢  � à â¥®¤®à¨: ¥á«¨ f(z) £®«®¬®àä  ¢ ¯®«®© ®£à ¨ç¥®© ®¡« áâ¨ �¥©å à¤â  D,
Re f(z) > 0, f(0) > 0, â® jc�j � 2c0

d�(D)
, c0 = f(0), £¤¥ d�(D) = sup

D
jz�j. � «¥¥ ¨¬¥¥¬

1
2f(0)

X
�

jc�jmax
Dr

jz�j � 1
2c0

�
c0 + 2c0

1X
j�j=1

d�(Dr)
d�(D)

�
=
1
2
+

1X
k=1

 
n+ k � 1

k

!
rk =

=
1
2
+

1
(1� r)n

� 1 =
1

(1� r)n
� 1
2
;

£¤¥ j�j = �1 + � � �+ �n. �®íâ®¬ã

inf
r

M3f(r)
r

� inf
r

�
1

r(1� r)n
� 1
2r

�
: (18)

�ëà ¦¥¨¥ ¢ ª¢ ¤à âëå áª®¡ª å ¢ (18) ¢ â®çª¥ r = 1
n+1

à ¢® (n + 1)
��
1 + 1

n

�n � 1
2

�
<

(n+ 1)
�
e� 1

2

�
.

�¥®à¥¬  8. �«ï £¨¯¥àª®ãá  D� n
�

1p
2
+ 1

�
< B2(D�).

�®ª § â¥«ìáâ¢®. �«ï äãªæ¨¨ (17)

inf
r

1
2f(0)r

X
�

jc�jmax
z2D�r

jz�j = inf
r

1
r

�
1
2
+

1X
k=1

X
j�j=k

k!
�1! : : : �n!

d�(D�
r )
�
:

�à¨¬¥ïï ¬¥â®¤ ¬®¦¨â¥«¥© � £à ¦ ,  å®¤¨¬, çâ® ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ à ¢®

inf
r

1
r

�
1
2
+

1X
k=1

� X
j�j=k

k!
�1! : : : �n!

��1
1 : : : ��n

n

kk

�
rk
�
> inf

r

1
r

�
1
2
+ rn+

�
n+

n(n� 1)
4

�
r2
�
=

= inf
r

�
1
2r

+ n+
n2 + 3n

4
r

�
=

s
n2 + 3n

2
+ n > n

�
1p
2
+ 1

�
: �

� ¬¥â¨¬ ¢ § ª«îç¥¨¥, çâ® ¨§ â¥®à¥¬ 7 ¨ 8 ¯®«ãç îâáï ¤¢ãáâ®à®¨¥ ®æ¥ª¨ ¤«ï £¨¯¥àª®ãá 
D�: 1; 7n < B2(D�) < 2; 22(n+ 1).

�¤¨ ¨§  ¢â®à®¢ áâ âì¨ ¢ëà ¦ ¥â ¡« £®¤ à®áâì ¯à®ä¥áá®àã �.�. �§ à¨ã §  ¯à¨£« è¥¨¥
á  ãçë¬ ¢¨§¨â®¬ ¢ ã¨¢¥àá¨â¥â � à-�« , ¢® ¢à¥¬ï ª®â®à®£® ¯à¨ ®¡áã¦¤¥¨¨ á ¯à®ä¥áá®à®¬
�.�.�©§¥¡¥à£®¬ ¨§¢¥áâ®© â¥®à¥¬ë �®à  ¨ ¥e ¢®§¬®¦ëå ®¡®¡é¥¨© ¢®§¨ª«  ¨¤¥ï  ¯¨á ¨ï
íâ®© à ¡®âë.
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