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1. � [1] ¤®ª § ®, çâ® ª« áá �¥å à¨ à¥£ã«ïàëå ¢ ®¡« áâ¨ D äãªæ¨© f(z), ª®â®àë¥ ã¤®¢«¥-
â¢®àïîâ á®®â®è¥¨î

sup
z2D

[jff(z); zgjR2(D; z)] � a(D) (1)

á® è¢ àæ¨ ®¬ ff; zg = (f 00=f 0)0�(f 00=f 0)2=2 ¨ á ª®ä®à¬ë¬ à ¤¨ãá®¬ R(D; z) ®¡« áâ¨D ¢ â®çª¥
z, á®áâ®¨â ¨§ ®¤®«¨áâëå äãªæ¨©, ª®£¤   ¨¡®«ìè ï ¢®§¬®¦ ï ¯®áâ®ï ï a(D) < 2, ¥á«¨
D ®â«¨ç ¥âáï ®â ªàã£  ¨ ¯®«ã¯«®áª®áâ¨. � ¢® ¨§¢¥áâ® [2], [3], çâ® ¤«ï ªàã£  ¨ ¯®«ã¯«®áª®áâ¨
a(D) = 2.

�«ï ¬®£¨å ®¡« áâ¥© á®®â®è¥¨¥ (1) á ã¢¥«¨ç¥®© ¯à ¢®© ç áâìî ¥«ì§ï ¨á¯®«ì§®¢ âì
¢ ª ç¥áâ¢¥ ¤®áâ â®ç®£® ãá«®¢¨ï p-«¨áâ®áâ¨ á p � 2. �â® § ç¨â, çâ® ¥ áãé¥áâ¢ãîâ â ª¨¥
¯®áâ®ïë¥ ap = ap(D), çâ®¡ë ap > a1 = a(D), ¯à¨ç¥¬ äãªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (1)
á ¯à ¢®© ç áâìî ap ¢¬¥áâ® a(D), ¡ë«¨ ¥ ¡®«¥¥ ç¥¬ p-«¨áâë¬¨.

�«¥¤ãï ([4], ¯. 2.1), áª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥ äãªæ¨® « �¥å à¨ ¢ (1) ¥ ï¢«ï¥âáï p-¤®-
¯ãáâ¨¬ë¬ ¯à¨ p � 2. � ¯®¬¨¬, çâ® 1-¤®¯ãáâ¨¬®áâì íâ®£® äãªæ¨® «  ¤®ª §   ¢ ä®à¬¥
å à ªâ¥à¨§ æ¨¨ ¤«ï ®¡« áâ¥© á £à ¨æ ¬¨ ¢ ¢¨¤¥ ª¢ §¨®ªàã¦®áâ¥©. � á«ãç ¥ ®¤®á¢ï§®©
®¡« áâ¨ D á¯à ¢¥¤«¨¢  â ª ï íª¢¨¢ «¥â®áâì ( ¯à., [5]) a(D) > 0, @D | ª¢ §¨®ªàã¦®áâì.

�â¢¥à¦¤¥¨¥, çâ® äãªæ¨® « �¥å à¨ ¢ (1) ¥ ï¢«ï¥âáï p-¤®¯ãáâ¨¬ë¬ ¯à¨ p � 2 ¢ ªàã£¥ ¨
¯®«ã¯«®áª®áâ¨, ¤®ª § ® �¨««®¬ [3] ¥é¥ ¢ 1949 £. � «®£¨çë¥ ä ªâë ¤«ï ãá«®¢¨ï �¥ªª¥à  ¢
ä®à¬¥

sup
z2D

[jf 00(z)=f 0(z)jR(D; z)] � b(D)

¯®«ãç¥ë ¢ [6] ¨ [7].
�¥«ìî ¤ ®© áâ âì¨ ï¢«ï¥âáï ã¢¥«¨ç¥¨¥  ¡®à  ®¡« áâ¥©, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢® ãâ¢¥à-

¦¤¥¨¥ ® ¥¢®§¬®¦®© p-¤®¯ãáâ¨¬®áâ¨ äãªæ¨® «  ¢ (1) ¯à¨ p � 2. � ªãî â¥®à¥¬ã ¢ á«ãç ¥
¡¥áª®¥çëå á¥ªâ®à®¢ ¯à¥¤áâ ¢¨« �.�.� î¬®¢ [8], ® áâà®£®£® ¤®ª § â¥«ìáâ¢  ¥ ¤ «. �ë ¯à¨-
¢¥¤¥¬ ª®àà¥ªâ¨à®¢ª¨ ¥£® ãâ¢¥à¦¤¥¨ï ¨ ¤®ª § â¥«ìáâ¢ .

2. � [9], [10] ¨ [1] ¯®«ãç¥ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë, ª®â®àë¥ ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï ¢¯®á«¥¤-
áâ¢¨¨. �à¨¬¥ïï ª¢ §¨ª®ä®à¬®¥ ®âà ¦¥¨¥ ®â®á¨â¥«ì® áâ®à® á¥ªâ®à  D

{
= fz : j arg zj <

{�=2g ¢ ä®à¬¥

�(z) =

(
z1�1={z1={e�i�; j arg zj < {�=2;

z1�1=(2�{)z1=(2�{)e�i{�=(2�{); {�=2� 2� < arg z < �{�=2;
�¥åâ® ¯®«ãç¨« ¤®áâ â®çë¥ ãá«®¢¨ï ®¤®«¨áâ®áâ¨ ¤«ï ¤¢ãå ¢¨¤®¢ á¥ªâ®à®¢. �¬¥®, ¯à¨ ®¡®-
§ ç¥¨¨

kff(z); zgkD{ = sup
z2D{

[jff(z); zgjR2(D
{
; z)]

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâë òò02-01-00914, 03-01-00015).

3



¤®áâ â®çë¬¨ ãá«®¢¨ï¬¨ ®¤®«¨áâ®áâ¨ ¢ ®¡« áâ¨ D
{
ï¢«ïîâáï

kff(z); zgkD{ � 2{2; 0 < { � 1; (2)

kff(z); zgkD{ � 2{(2� {); 1 � { < 2: (3)

�«ï ¤®ª § â¥«ìáâ¢  ¯à¨¬¥ï«®áì ª¢ §¨ª®ä®à¬®¥ ¯à®¤®«¦¥¨¥ äãªæ¨¨ f(z) ¨§ ®¡« áâ¨ D
{

  ¢áî ¯«®áª®áâì ¢ ä®à¬¥

bf(z) = f1(�(z)) + (z � �)f 01(�(z))
f2(�(z)) + (z � �)f 02(�(z))

; z 2 D2�{ = C nD
{
;

¯à¨ç¥¬ bf(z) = f1(z)=f2(z) = f(z), z 2 D
{
, ¨ f 00k (z) +

ff;zg
2
fk = 0, k = 1; 2.

�á«®¢¨ï (2) ¨ (3) ¯à¨¢®¤ïâ ª ¥à ¢¥áâ¢ã j bf 0z= bf 0zj < 1, ª®â®à®¥ ®¡¥á¯¥ç¨¢ ¥â £®¬¥®¬®àä®¥
®â®¡à ¦¥¨¥ w = bf(z) ¯«®áª®áâ¨   ¯«®áª®áâì. �«¥¤®¢ â¥«ì®, áã¦¥¨¥ íâ®£® ®â®¡à ¦¥¨ï |
äãªæ¨ï f(z) | ¡ã¤¥â ®¤®«¨áâ®© ¢ D

{
.

� ®¡é¥¬ á«ãç ¥ ¤«ï ®¤®«¨áâ®áâ¨ f(z) ¢ ®¡« áâ¨ D ¤®áâ â®ç® ®¡¥á¯¥ç¨âì ¥à ¢¥áâ¢®

jz��j2
���ff(z); zgj�(z)���(j�zj+ j�zj) < 2, £¤¥ z 2 C nD ¨ �(z) | ª¢ §¨ª®ä®à¬®¥ ®âà ¦¥¨¥ ®¡« áâ¨

C nD ¢ £à ¨æ¥ @D.

3. �«ï ®¡« áâ¨ D
{
= fz : j arg zj < {�=2g ¯à¨ 0 < { < 2 ª®ä®à¬ë© à ¤¨ãá § ¯¨áë¢ ¥âáï

¢ ¢¨¤¥

R(D
{
; z) = 2{jzj cos arg z

{

: (4)

�«ï ¯à®¢¥àª¨ ¨á¯®«ì§ã¥¬ äãªæ¨î F (!), ®â®¡à ¦ îéãî ®¡« áâì D
{
  ªàã£ â ª, çâ®¡ë

F (z) = 0. � ª ª ª F (!) = (!1={ � z1={)=(!1={ � z1={), â® jF 0(z)j = 1
{
jzj1={�1=(2Re z1={). �®íâ®¬ã

¤«ï R(D
{
; z) = 1=jF 0(z)j á¯à ¢¥¤«¨¢  ä®à¬ã«  (4).

�â®à®¥ ®¡®á®¢ ¨¥ ä®à¬ã«ë (4) á¢ï§ ® á äãªæ¨¥©

z = z(�) =
�
1 + �

1� �

�{ �
� =

z1={ � 1
z1={ + 1

�
;

®â®¡à ¦ îé¥© ªàã£ E = f� : j�j < 1g   ®¡« áâì D
{
. � íâ®¬ á«ãç ¥

R(D
{
; z) = jz0(�)j(1� j�j2) = 2{

����1 + �

1� �

����{�1 1� j�j2
j1� �j2 = 2{jzj jz

1={ + 1j2 � jz1={ � 1j2
j(z1={ + 1)2 � (z1={ � 1)2j =

=
2{jzj4jzj1={ cos arg z

{

4jzj1={ = 2{jzj cos arg z
{

:

4. �¥ã«ãçè ¥¬®áâì ãá«®¢¨© (2) (¯à¨ 0 < { � 1) ¯®«ãç ¥âáï á ¯®¬®éìî äãªæ¨¨ �¨««  [3]

f"(z) =
zi" � 1
i"

=
ei" ln z � 1

i"
= ln z +

i"

2
(ln z)2 + � � � (5)

¨ ¥¥ ¯à¥¤¥«ì®£® ¯®«®¦¥¨ï f0(z) = lim
"!0

f"(z) = ln z. �¥©áâ¢¨â¥«ì®, ¤«ï z ¨¬¥¥¬ fz ; zg =

��1
z2
� 1

2

(�1)2

z2
= 1�2

2z2
. �®£¤  ff"(z); zg = fzi"; zg = 1+"2

2z2
¨ ff0(z); zg = 1

z2
� 1

2z2
= 1

2
1
z2
. �«¥¤®¢ -

â¥«ì®,

kff"(z); zgkD{ = sup
z2D{

�
1 + "2

2jzj2 4{
2jzj2 cos2 arg z

{

�
= 2{2(1 + "2); " � 0;

¯à¨ç¥¬ sup ¤®áâ¨£ ¥âáï ¯à¨ arg z = 0.
� ¨â®£¥ ®¡ àã¦¨«¨ [10], çâ® «î¡®¥ à áè¨à¥¨¥ (á ª®íää¨æ¨¥â®¬ 2{2 + e", e" > 0) ª« áá 

äãªæ¨© á ãá«®¢¨¥¬ (2) ¯à¨¢®¤¨â ª ¯®ï¢«¥¨î ¡¥áª®¥ç®«¨áâëå äãªæ¨©, ª ª®â®àë¬ ®â®-
áïâáï äãªæ¨¨ (5) á " > 0. �®íâ®¬ã äãªæ¨® « �¥å à¨ ¨§ (2) ¥ ï¢«ï¥âáï p-¤®¯ãáâ¨¬ë¬ ¯à¨
p � 2.
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5. �ãªæ¨¨ (5) ¥ ¯®§¢®«ïîâ ¤®ª § âì ¥ã«ãçè ¥¬®áâì ãá«®¢¨ï (3), â. ª. ¯à¨ 1 < { < 2
kff"(z); zgkD{ = 2{(2� {) {

2�{ (1 + "2) = 2{(2� {)(1 + "2)Q, £¤¥ Q = {=(2� {) > 1. �®íâ®¬ã
ã¦®  ©â¨ ¤àã£®© ¯ãâì ®¡®á®¢ ¨ï ¨â®£  (¨§ ¯à¥¤ë¤ãé¥£® ¯ãªâ ) ¢ ¯à¨¬¥¥¨¨ ª ª« ááã á
ãá«®¢¨¥¬ (3).

� ®á®¢ ¨¥ ¤ «ì¥©è¥£® ¨§«®¦¥¨ï ¯®«®¦¨¬ äãªæ¨î �¥åâ¨¥  [1]

w = h(z) : D
{
7! B

{
= D

{
\ (�D

{
+ 1); 1 < { < 2; (6)

â. ¥. B
{
ï¢«ï¥âáï ¯¥à¥á¥ç¥¨¥¬ ®¡« áâ¥© fw : j argwj < {�=2g ¨ fw : j arg(1� w)j < {�=2g (à¨á. 1).

�à¥¤¢ à¨â¥«ì® ¨á¯®«ì§ã¥¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î

g(�) : H = f� : Im � > 0g 7! B
{
\H;

®â®¡à ¦ îéãî ¢¥àåîî ¯®«ã¯«®áª®áâì   ¢¥àåîî ¯®«®¢¨ã ®¡« áâ¨ B
{
á ®à¬¨à®¢ª®©

g(1) = 0, g(0) = 1, g(1) =1) g(�) = C0

�R
0

�{=2�1(� � 1)�{d� + 1, C0 = �1=
1R
0

�{=2�1(� � 1)�{d�.

�¨á. 1

�¥¬ á ¬ë¬ «ãçã (�1; 0)   ¢¥é¥áâ¢¥®© ®á¨ ¯«®áª®áâ¨ � á®®â¢¥âáâ¢ã¥â ¨â¥à¢ « (0; 1)  
¢¥é¥áâ¢¥®© ®á¨ ¯«®áª®áâ¨ w. � ¨á¯®«ì§®¢ ¨¥¬ ¯à¨æ¨¯  á¨¬¬¥âà¨¨ ¯®«ãç¨¬, çâ® äãªæ¨ï
g(�) ¯¥à¥¢®¤¨â ¯«®áª®áâì � á à §à¥§®¬ ¯® «ãçã (0;1) (  ¢¥é¥áâ¢¥®© ®á¨) ¢ ®¡« áâì B

{
.

�«®áª®áâì á à §à¥§®¬ (0;1) ¯®«ãç¨âáï ¨§ ®¡« áâ¨ D
{
á ¯®¬®éìî äãªæ¨¨ � = �z2={, ¯®íâ®¬ã

h(z) = g(�z2={). �à®¢¥¤¥¬ ¥âàã¤ë¥ ¢ëç¨á«¥¨ï ¤«ï è¢ àæ¨ ®¢ á ¨á¯®«ì§®¢ ¨¥¬ g0(�) =
C0�

{=2�1(� � 1)�{. �®«ãç¨¬

fh(z); zg = fg(�); �gj�=�z2={
4
{

2
z4={�2 + f�z2={; zg;

fg(�); �g =
��
{

2
� 1

�
1
�
� {

� � 1

�0
� 1
2

��
{

2
� 1

�
1
�
� {

� � 1

�2
=
4� {2

8�2
+
2{ � {2

2
1

�(� � 1)2
;

f�z2={ ; zg = 1� 4={2

2z2
:

�®íâ®¬ã

fh(z); zg = 4� {2

8z4={
4
{

2
z4={�2 +

2{ � {2

2

�
� 1
z2={

�
1

(1 + z2={)2
4
{

2
z4={�2 +

{
2 � 4
2{2z2

=

= � 2
{

2

2{ � {2

z2
1

(z1={ + z�1={)2
:

�á¯®«ì§ã¥¬ ®æ¥ªã

jfh(z); zgjR2(D
{
; z) =

2
{

2

2{ � {2

jzj2
1

jz1={ + z�1={j2 4{
2jzj2 cos2 arg z

{

� 2(2{ � {2);

â. ª. jz1={ + z�1={j2 = jzj2={ + jzj�2={ + 2Re ei2(arg z)={ � 2(1 + cos 2 arg z
{

) = 4 cos2 arg z
{
, ¯à¨ç¥¬ § ª

à ¢¥áâ¢  ¡ã¤¥â ¤®áâ¨£ âìáï â®«ìª® ¯à¨ jzj = 1. �®«ãç¥ãî ®æ¥ªã ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

kfh(z); zgkD{ = 4{ � 2{2: (7)
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�®áª®«ìªã £à ¨æ  @h(D
{
) ¨¬¥¥â ¤¢®©ãî â®çªã ¢ 1, â® äãªæ¨ï h(z) ¡ã¤¥â ¥®¤®«¨áâ®© ¢

§ ¬ªãâ®© ®¡« áâ¨ D
{
. �ãªæ¨ï ew = 1=h(z) á®§¤ áâ ¤¢®©ãî â®çªã ¢ ã«¥   £à ¨æ¥ ®¡« áâ¨

1=h(D
{
), â. ª. 1=h(ei{�=2) = 1=h(e�i{�=2) = 0. � «®¥ ¨§¬¥¥¨¥ äãªæ¨¨ 1=h(z) ¬®¦¥â ¯à¨¢¥áâ¨

ª ¥®¤®«¨áâ®áâ¨ ¢ ®âªàëâ®© ®¡« áâ¨ D
{
( ¯à., ¯à¨ ¤¥©áâ¢¨¨ ( ew � 1=2)1+�, � > 0). �à¨ íâ®¬

ª®íää¨æ¨¥â ¢ ®æ¥ª¥ (7) ¬ «® ¨§¬¥¨âáï. �¥¬ á ¬ë¬ ¯®ª §   ¥¢®§¬®¦®áâì ã¢¥«¨ç¥¨ï
ª®íää¨æ¨¥â  ¢ ¤®áâ â®ç®¬ ãá«®¢¨¨ ®¤®«¨áâ®áâ¨ (3).

�® äãªæ¨¨ h(z) = g(�z2={) á ®â®¡à ¦¥¨¥¬ (6) ¬®¦® ¯®áâà®¨âì äãªæ¨î [8]

f(z; ") =
"

h(z=")
; (8)

ª®â®à ï ®â®¡à ¦ ¥â ®¡« áâì D
{
  ®¡« áâì D

{
¡¥§ ªàã£®¢®© «ã®çª¨ á ã£«®¢ë¬¨ â®çª ¬¨ ¢ 0

¨ 1. �ãªæ¨ï f(z; ") ¡ã¤¥â áª«¥¨¢ âì â®çª¨ "e�i{�=2, â. ¥. f("e�i{�=2; ") = f("ei{�=2; ").
�à¨ ä¨ªá¨à®¢ ®¬ z ¨ ¯à¨ "! 0 à áªà®¥¬ ¢ (8) ¯®«ãç¨¢èãîáï ¥®¯à¥¤¥«¥®áâì, ãç¨âë-

¢ ï, çâ® h(1) = 0, f(1; ") =1. �¬¥¥¬ f(z; 0) = lim
"!0

"
h(z=")

= z lim
!!1

1
!h(!)

.

�çâ¥¬, çâ®

h(!) = g(�!2={) = C0

�Z �!2={

0

t{=2�1(t� 1)�{dt�
Z 1

0

t{=2�1(t� 1)�{dt
�
=

= C0

Z �!2={

1
t{=2�1(t� 1)�{dt � C1

Z �!2={

1
t�{=2�1dt = C2!

�1:

�®íâ®¬ã lim
!!1

1
!h(!)

= 1
C2

= C 6= 0 ¨ f(z; 0) = Cz. �®áâ®ï ï C ¡ã¤¥â ¢¥é¥áâ¢¥®© ¨ ¯®«®¦¨-

â¥«ì®©, â. ª. ¯®¢®à®â  ¢ ¯«®áª®áâ¨ f ¥ ¡ã¤¥â ¤® ¯à¥¤¥«ì®£® ¯¥à¥å®¤ , á«¥¤®¢ â¥«ì®, ¥£® ¥
¡ã¤¥â ¨ ¢ ¯à¥¤¥«¥.

�á¯®«ì§ãï ®æ¥ªã (7), ¯®ª ¦¥¬, çâ®

kff(z; "); zgkD{ = 4{ � 2{2; " > 0: (9)

�¥©áâ¢¨â¥«ì®,

jff(z; "); zgjR2(D
{
; z) = jfh(z="); zgjR2(D

{
; z) =

=
2
{

2

2{ � {2

(jzj=")2
1

j(z=")1={ + (z=")�1={ j2"2 4{
2jzj2 cos2 arg z

{

=

= 2(2{ � {2)
cos2 arg z

{

j(z=")1={ + (z=")�1={j2 � 4{ � 2{2

á® § ª®¬ à ¢¥áâ¢  ¯à¨ jzj = ".
�à¥¤¥«ì®¥ ¯®«®¦¥¨¥ ¯®¢¥àå®áâ¨ á ãà ¢¥¨¥¬ 
 = jff(z; "); zgjR2(D

{
; z)  ¤ ®¡« áâìî

D
{
¡ã¤¥â á ¬®© íâ®© ®¡« áâìî D

{
á® áâ®«¡¨ª®¬ ¢ëá®â®© 4{ � 2{2 ¯à¨ z = 0. �® ¯à¥¤¥«ì®£®

¯®«®¦¥¨ï á£« ¦¥ë¥ áâ®«¡¨ª¨ ¡ã¤ãâ à á¯®«®¦¥ë   ®ªàã¦®áâ¨ jzj = ", ¨¬¥âì âã ¦¥ ¢ë-
á®âã ¨ ¤ ¢ âì ¯« ¢ë¥ ¯¥à¥å®¤ë   ¯®¢¥àå®áâ¨, à á¯®«®¦¥®©  ¤ D

{
¨ ¡«¨§ª®© ª D

{
, â. ¥.

¨¬¥îé¥© ¬ «ë¥ ¢ëá®âë.

6. �«ï ¯®á«¥¤ãîé¨å ¯®áâà®¥¨© ã¦® ¨áá«¥¤®¢ âì â ª®¥ ¯à¥®¡à §®¢ ¨¥ ®¡« áâ¨ D
{
(¯à¨

1 � { < 2)   D
{
, çâ®¡ë â®çª  0 ¯¥à¥è«  ¢ â®çªã "ei{�=2, â®çª  "e�i{�=2 ¯¥à¥è«  ¢ 0 ¨ 1

®áâ « áì   ¬¥áâ¥. �â¨¬ ¯à¥®¡à §®¢ ¨¥¬ ¡ã¤¥â

! = �(z; ") = (z1={ + i"1={){ (10)

| áã¯¥à¯®§¨æ¨ï äãªæ¨© '(z) = z1={+i"1={ ¨ !(�) = �{. �®á¬®âà¨¬, ª ª ¢¥¤¥â á¥¡ï è¢ àæ¨  ®â
äãªæ¨¨ �(z; ") ¯à¨ ¬ «ëå " ¨ ¢ ¯à¥¤¥«¥ ¯à¨ "! 0. �®á«¥¤®¢ â¥«ì® ¯®«ãç¨¬ â ª¨¥ ¢ëà ¦¥¨ï
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¤«ï è¢ àæ¨ ®¢

f!; �g = f�{; �g = 1� {2

2�2
; f'(z); zg = fz1={ + i"1={ ; zg = 1� 1={2

2z2
;

f�(z; "); zg = f!; �gj�='(z) � '02(z) + f'(z); zg = "1={
{

2 � 1
{

2

1
2z2

2iz1={ � "1={

(z1={ + i"1={)2
:

�á«¨ z 6= 0 ¨ z 6= "e�i{�=2, â® ¤«ï ®áâ «ìëå z 2 D
{
®áãé¥áâ¢«ï¥âáï ¯®â®ç¥ç ï áå®¤¨¬®áâì

è¢ àæ¨   f!['(z)]; zg ª ã«î: lim
"!0

f�(z; "); zg = 0. �ã«î ¡ã¤¥â à ¢¥ è¢ àæ¨  ¯à¥¤¥«ì®©

äãªæ¨¨, â. ª. lim
"!0

�(z; ") = z.

� á¯¨è¥¬ ¨ ®æ¥¨¬ ¯à®¨§¢¥¤¥¨¥

A(z; ") = jf�(z; "); zgjR2(D
{
; z) = "1={

{
2 � 1
{

2

1
2jzj2

j2iz1={ � "1={j
jz1={ + i"1={ j2 4{

2jzj2 cos2 arg z
{

=

= 2"1={({2 � 1)
j2iz1={ � "1={ j
jz1={ + i"1={j2 cos

2 arg z
{

= 2({2 � 1)
j2i(z=")1={ � 1j
ji(z=")1={ � 1j2 cos

2 arg z
{

:

�¡®§ ç¨¬ i(z=")1={ = �, â®£¤  �
2
+ 1

{

arg z = arg � = � ¨ cos arg z
{

= cos(�
2
� �) = sin�. �®íâ®¬ã

A(z; ") = 2({2 � 1) j2��1j
j��1j2 sin

2 � = 2({2 � 1)A1(�; �), £¤¥

A1(�; �) =

p
1 + 4�2 � 4�
1 + �2 � 2�

�2 � �2

�2
; � + i� = � = �ei� = � cos � + i� sin�: (11)

�ã¦®  ©â¨ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ A1(�; �) ¯® � (�� � � � �) ¨ � (0 � � <1).
�¥à¢ ï ¯à®¨§¢®¤ ï ¯® � ¯à¨ ä¨ªá¨à®¢ ®¬ � ¢ë£«ï¤¨â ¤®¢®«ì® £à®¬®§¤ª®

dA1(�; �)
d�

=
�2[6�3 � (9�2 + 6)�2 + (4�4 + 7�2 + 1)� � 3�4]

�2(1 + �2 � 2�)2
p
1 + 4�2 � 4�

:

�¥¬ ¥ ¬¥¥¥ ®âáî¤  á¤¥« ¥¬ ¢ë¢®¤, çâ® dA1(�;�)

d�
> 0 ¯à¨ � 2 [��; 0]. �®íâ®¬ã max

������
A1(�; �)

¡ã¤¥â ¤®áâ¨£ âìáï ¯à¨ ¯®«®¦¨â¥«ìëå § ç¥¨ïå � < �. � ãç¥â®¬ â®£®, çâ®

j2�� 1j �
p
1 + 4�2 � 4� <

p
1 + 4�2; � 2 (0; �]; (12)

¢ë¤¥«¨¬ ¨§ ¢ëà ¦¥¨ï (11) (¤«ï A1(�; �)) ã¤®¡ãî ¤«ï   «¨§  ç áâì

A2(�; �) = (�2 � �2)[(1 + �2 � 2�)�2]�1:

�à®¨§¢®¤ ï íâ®© äãªæ¨¨ ¯® � ®¡à é ¥âáï ¢ ã«ì ¢ â®çª å �2 ¨ 1. �¥©áâ¢¨â¥«ì®,

A02 =
dA2(�; �)

d�
= � 2

�2
�(1 + �2 � 2�)� �2 + �2

(1 + �2 � 2�)2
=

2
�2
�2 � (1 + �2)� + �2

(1 + �2 � 2�)2

¨ ¯à¨ �<1 A02 =

(
> 0; � 2 [��; �2);
< 0; � 2 (�2; �];

¯à¨ �>1 A02 =

(
> 0; � 2 [��; 1);
< 0; � 2 (1; �]:

�®íâ®¬ã max
�2[��;�]

A2(�; �) =

A2(�2; �) =
�2��4

(1��2)�2 = 1 ¯à¨ � � 1 ¨ max
�2[��;�]

A2(�; �) = A2(1; �) =
�2�1

(�2�1)�2
= 1

�2
¯à¨ � � 1.

� ¯®¬®éìî ¥à ¢¥áâ¢ (12) ¯®«ãç¨¬ ®æ¥ªã ¤«ï ¬ ªá¨¬ã¬  äãªæ¨¨ (11) ¯à¨ �� < � < �.
�¬¥®,

max
�
A1(�; �) = A1(�0; �) =

p
1 + 4�2 � 4�0A2(�0; �) �

p
1 + 4�2 � 4�0 max

0<�<�
A2(�; �);

A1(0; �) < max
�
A1(�; �) <

p
1 + 4�2; � � 1;

2�� 1
�2

< max
�
A1(�; �) <

p
1 + 4�2

�2
; � � 1:

�à¨ ¬ «ëå � max
�
A1(�; �) ¡ã¤¥â ¡«¨§®ª ª 1 á¢¥àåã.
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�«ï A = max
z2D{

A(z; ") ¯®«ãç¨¬ ®æ¥ªã 2({2 � 1)A1(0; �) < A < 2({2 � 1)
p
1 + 4�2 (� � 1),

ª®â®àãî § ¯¨è¥¬ ¢ ®á« ¡«¥®¬ ¢¨¤¥ 2({2 � 1) < A < 2({2 � 1)
p
5. �â®¡ë A = kf�(z; "); zgkD{

¡ë«® ¥ ¡®«ìè¥ 4{ � 2{2, ã¦® ®£à ¨ç¥¨¥   {:

1 � { � {0 ) kf�(z; "); zgkD{ � 4{ � 2{2; (13)

¯à¨ç¥¬

{1 � 1;2 < {0 < 1;36 � {2: (14)

�¡®áã¥¬ ¥à ¢¥áâ¢  (14):

1) ({2 � 1)
p
5 = 2{ � {2 , {

2 � 2{
1+
p
5
�

p
5

1+
p
5
= 0) {1 =

1+
p

6+
p
5

1+
p
5

� 1;2;

2) {2 � 1 = 2{ � {2 , {
2 � { � 1=2 = 0) {2 = (1 +

p
3)=2 � 1;36.

7. � ¯®¬®éìî äãªæ¨© f(z; ") á ¯à¥¤áâ ¢«¥¨¥¬ (8) ¨ �(z; ") á ¯à¥¤áâ ¢«¥¨¥¬ (10) ¯®áâà®¨¬
¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© á  à áâ îé¨¬ ¯®àï¤ª®¬ «¨áâ®áâ¨.

�  ã«¥¢®¬ íâ ¯¥ ¡¥à¥¬ äãªæ¨î

F0(z; "0; �0) = [(f(z; "0)� a0"0)
1+�0 + b0"0]

1=(1+�0);

�0 ¨ "0 | ¬ «ë¥ ¯®«®¦¨â¥«ìë¥ ¢¥«¨ç¨ë, a0 | ä¨ªá¨à®¢  ï ¯®«®¦¨â¥«ì ï ¢¥«¨ç¨ 
¬¥ìè¥ 1, (�b0"0) | â®çª  ¯¥à¥á¥ç¥¨ï á ¢¥é¥áâ¢¥®© ®áìî  á¨¬¯â®âë ª ®¡à §ã «ãç  arg z =
{�=2 ¯à¨ ®â®¡à ¦¥¨¨ äãªæ¨¥© (f(z; "0)� a0"0)1+�0 .

�  ¯¥à¢®¬ ¨ ¯®á«¥¤ãîé¨å íâ ¯ å ¢áâã¯ ¥â ¢ ¤¥©áâ¢¨¥ äãªæ¨ï (10). �ã¤¥¬ ¨¬¥âì

F1(z; "1; �1) = [ff [�(F0(z; "0; �0); "1); "1]� a1"1g1+�1 + b1"1]
1=(1+�1);

: : :

Fn(z; "n; �n) = [ff [�(Fn�1(z; "n�1; �n�1); "n); "n]� an"ng1+�n + bn"n]1=(1+�n); (15)

: : :

�á¥ �k | ¬ «ë¥ ¯®«®¦¨â¥«ìë¥ ¢¥«¨ç¨ë, ak | ä¨ªá¨à®¢  ï ¯®«®¦¨â¥«ì ï ¢¥«¨ç¨-
  ¬¥ìè¥ 1, (�bk"k) | â®çª  ¯¥à¥á¥ç¥¨ï á ¢¥é¥áâ¢¥®© ®áìî  á¨¬¯â®âë ª ®¡à §ã «ã-
ç  arg z = {�=2 ¯à¨ ®â®¡à ¦¥¨¨ äãªæ¨¥© (f(z; "k)� ak"k)1+�k (k = 1; 2; : : : ). �â¬¥â¨¬,
çâ® ¢¥èïï äãªæ¨ï ¢ «î¡®© (k-©) áã¯¥à¯®§¨æ¨¨,  ç¨ ï á ¯¥à¢®©, á®¢¯ ¤ ¥â á äãªæ¨¥©
F0(z; "k; �k) = F0k(z).

� £«ï¤®áâì ¤¥©áâ¢¨© ¯à¥¤áâ ¢«¥ëå áã¯¥à¯®§¨æ¨© ¯®ª §ë¢ ¥â, çâ® Fn(z; "n; �n) ï¢«ï¥âáï
(n+ 2)-«¨áâ®© äãªæ¨¥© ¢ ®¡« áâ¨ D

{
.

�à®ï¢«¥¨¥ ¯¥à¢®© áã¯¥à¯®§¨æ¨¨ ¢¨¤® ¨§ à¨á. 2.

2 áª«¥¥ë¥ â®çª¨ 2 áª«¥¥ë¥ â®çª¨ ¯¥à¥¬¥é¥ë 3 áª«¥¥ë¥ â®çª¨
�¨á. 2

8. � ©¬¥¬áï ¥à ¢¥áâ¢ ¬¨ ¤«ï ®à¬ è¢ àæ¨ ®¢, ¢ ª®â®àëå ãç áâ¢ãîâ ¢ë¯¨á ë¥ áã¯¥à-
¯®§¨æ¨¨.
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� ç¥¬ ®æ¥ª¨ á F0(z; "0; �0). �ëç¨á«¨¬ è¢ àæ¨  áã¯¥à¯®§¨æ¨©

fF0(z; "0; �0); zg = f(!0(z) + b0"0)1=(1+�0); !0 + b0"0g!002(z) + f!0(z); zg; (16)

¯à¨ç¥¬ !0(z) = [f(z; "0)� a0"0]1+�0 , ¨

f!0(z); zg = f(f(z; "0)� a0"0)1+�0 ; f(z; "0)gf 02(z; "0) + ff(z; "0); zg:
�à¨ ®æ¥ª¥ sup

z2D{
[jf!0(z); zgjR2(D

{
; z)] ãçâ¥¬ (9) ¨

sup
z2D{

�
1� (1 + �0)2

2jf(z; "0)� a0"0j2 jf
0(z; "0)j2R2(D

{
; z)

�
=
�0(�0 + 2)

2
sup
z2D{

� jf 0(z; "0)j
jf(z; "0)� a0"0jR(D{

; z)
�2

:

� ª ª ª ln(f(z; "0)� a0"0) � 2
{
ln z � 2

{
lna + ln[f(a; "0)� a0"0], 0 < a 2 D

{
, â® ¯® ¯à¨æ¨¯ã

£¨¯¥à¡®«¨ç¥áª®© ¬¥âà¨ª¨ ([11], á. 326) ¯®«ãç¨¬ (á¬. à¨á. 3 ¨ 4)

�¨á. 3 �¨á. 4

jf 0(z; "0)j
jf(z; "0)� a0"0j =

2
{

j 0(z)j
j (z)j �

2
{

1
j (z)j

R(D
{
;  )

R(D
{
; z)

=
2
{

1
j (z)j

2{j j cos arg 
{

R(D
{
; z)

� 4
R(D

{
; z)

:

� ¯¥à¥å®¤ å § ¤¥©áâ¢®¢   äãªæ¨ï  (z), ®â®¡à ¦ îé ï ®¡« áâì D
{
  ç áâì íâ®© ®¡« áâ¨.

�âáî¤  jf 0(z; "0)jR(D{
; z)=jf(z; "0) � a0"0j � 4 ¨ kf!0(z); zgkD{ = sup

z2D{
[jf!0(z); zgjR2(D

{
; z)] �

4{ � 2{2 + 01, £¤¥ 01 = 8�0(�0 + 2) | ¬ « ï ¢¥«¨ç¨  ¯à¨ ¬ «®¬ ¯ à ¬¥âà¥ �0.
� «®£¨ç® ¯®«ãç ¥âáï ¥à ¢¥áâ¢® ¤«ï (16)

sup
z2D{

[jfF0(z; "0; �0); zgjR2(D
{
; z)] � 1� (1 + �0)�2

2
sup
z2D{

� j!00(z)j
j!0(z) + b0"0jR(D{

; z)
�2

+

+ kf!0(z); zgkD{ � �0(�0 + 2)
2(�0 + 1)2

(�0 + 1)2{ + 4{ � 2{2 + 01 = 4{ � 2{2 + 0;

¯à¨ç¥¬ ¬ «ë¥ ¢¥«¨ç¨ë 0 = 01 + 02 ¨ 02 = �0
�0+2
�0+1

{.�
ln(!0(z) + b0"0) � (1 + �0) ln z � (1 + �0) lna+ ln[!0(a) + b0"0])

j!00(z)j
j!0(z) + b0"0j = (1 + �0)

j 0(z)j
j (z)j � (1 + �0)

1
j (z)j

R(D
{
;  )

R(D
{
; z)

=

= (1 + �0)
1

j (z)j
2{j j cos arg 

{

R(D
{
; z)

� 2{(1 + �0)
R(D

{
; z)

]

�â®£®¢ ï ®æ¥ª  ¤«ï ã«¥¢®£® íâ ¯  ¯®«ãç¥  ¢ ä®à¬¥

kfF0(z; "0; �0); zgk � 4{ � 2{2 + 0: (17)
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�æ¥¨¬ ®à¬ã è¢ àæ¨   ¤«ï ¯¥à¢®© áã¯¥à¯®§¨æ¨¨. � ç «¥ ¢®§ì¬¥¬ �[F0(z; "0; �0); "1] ¨
¤«ï è¢ àæ¨   f�(F0); zg ¯®«ãç¨¬ áã¬¬ã f�[F0(z; "0; �0); "1]; F0gF 0

0
2 + fF0(z; "0; �0); zg, ®âªã¤ 

kf�[F0(z; "0; �0); "1]; zgk � sup
z2D{

[jf�[F0; "1]; F0gj jF 002(z; "0; �0)jR2(D
{
; z) +

+ jfF0(z; "0; �0); zgjR2(D
{
; z)]: (18)

�à¨ ®æ¥ª¥ áã¬¬ë ¬®¤ã«¥© ãçâ¥¬ á«¥¤ãîé¥¥ ®¡áâ®ïâ¥«ìáâ¢®. � ¦¤®¥ á« £ ¥¬®¥ ¬®¦®
¯à¥¤áâ ¢¨âì ¢ ä®à¬¥ ¯®¢¥àå®áâ¨  ¤ ®¡« áâìî D

{
, ¯à¨ç¥¬ ¯à¥¤¥«ì®¥ ¯®«®¦¥¨¥ íâ®© ¯®-

¢¥àå®áâ¨ | á ¬  ®¡« áâì D
{
á® áâ®«¡¨ª®¬ ¢ £à ¨ç®© â®çª¥. �® ¯à¥¤¥«ì®£® ¯®«®¦¥¨ï ãª -

§ ë© áâ®«¡¨ª ¯¥à¥©¤¥â ¢ ®¡« áâì ¨ á£« ¤¨âáï. �  ¨áª«îç¥¨¥¬ ¥ª®â®à®© ®ªà¥áâ®áâ¨ á ¬ ª-
á¨¬ «ì®© ¢ëá®â®© ¯®¢¥àå®áâì ¡ã¤¥â à á¯®« £ âìáï   ¬ «®© ¢ëá®â¥, ¯®ªàë¢ ï ¢áî ®¡« áâì
D
{
¨ á®¢¯ ¤ ï á íâ®© ®¡« áâìî ¢ ¯à¥¤¥«¥, ª®£¤  ¬ «ë¥ ¯ à ¬¥âàë ¤®áâ¨£ãâ ã«¥¢®£® ¯à¥¤¥« .

�à¨ íâ®¬ ¢ëá®â  ¯®¢¥àå®áâ¨ ®¡à â¨âáï ¢ ã«ì §  ¨áª«îç¥¨¥¬ £à ¨ç®£® áâ®«¡¨ª .
�ë¡®à®¬ ¯ à ¬¥âà®¢ ¬®¦® à §¢¥áâ¨ ®ªà¥áâ®áâ¨ ¬ ªá¨¬ «ìëå § ç¥¨© ¤¢ãå ¯®¢¥àå®-

áâ¥©. �à¨ á«®¦¥¨¨ ¯®¢¥àå®áâ¥©,   áà¥§¥ ª®â®àëå ¨¬¥îâáï ¯® ®¤®¬ã ¬ ªá¨¬ã¬ã, ¯®«ãç¨âáï
¯®¢¥àå®áâì,   áà¥§¥ ª®â®à®© ¡ã¤ãâ ¤¢  ¬ ªá¨¬ã¬ . �à¨ íâ®¬ ¬ ªá¨¬ «ìë© ¬®¤ã«ì áã¬¬ë
¡ã¤¥â ¬ «® ®â«¨ç âìáï ®â ª ¦¤®£® ¨§ ¤¢ãå ¬ ªá¨¬ã¬®¢ ¢ ®â¤¥«ì®áâ¨.

�  áà¥§ å ¯®¢¥àå®áâ¥© ¯®ï¢ïâáï «¨¨¨, ¨§®¡à ¦¥ë¥ áå¥¬ â¨ç®   à¨á. 5.

�¨á. 5

�çâ¥¬ ¥à ¢¥áâ¢® (17) ¨ ¥à ¢¥áâ¢® (13), ¯¥à¥¯¨á ®¥ ¢ ¢¨¤¥

jf�[F0; "1]; F0gj � (4{ � 2{2)R�2(D
{
; F0);

®âªã¤ 

jf�[F0; "1]; F0gj jF 002(z; "0; �0)jR2(D
{
; z) � (4{ � 2{2)R�2(D

{
; F0)R2(D

{
; F0) = 4{ � 2{2:

�à¨ ãç¥â¥ à §¢¥¤¥ëå ¬ ªá¨¬ã¬®¢ ¤¢ãå á« £ ¥¬ëå ¯®¤ § ª®¬ sup ¢ (18) ¯®«ãç¨¬

kf�[F0; "1]; F0gkD{ � 4{ � 2{2 + 11;

£¤¥ 11 | ¬ « ï ¢¥«¨ç¨ .
� «¥¥ ¢®§ì¬¥¬ F1(z; "1; �1) = (!1(z) + b1"1)1=(1+�1), !1(z) = (f(�; "1)� a1"1)1+�1 ¨ ¯®á«¥¤®¢ -

â¥«ì® ¯®ª ¦¥¬, çâ®
kff [�(F0; "1); "1]; zgkD{ � 4{ � 2{2 + 12;

¨, ª ª ¯à¨ ®æ¥ª å, á¢ï§ ëå á F0(z; "0; �0), ¯®«ãç¨¬ kf!1(z); zgkD{ � 4{ � 2{2 + 13 ¨
kfF1(z; "1; �1); zgkD{ � 4{ � 2{2 + 1. � íâ¨å ¥à ¢¥áâ¢ å á« £ ¥¬ë¥ 1k (k = 1; 2; 3) ¨ 1 ï¢«ï-
îâáï áª®«ì ã£®¤® ¬ «ë¬¨ ¯®«®¦¨â¥«ìë¬¨ ¢¥«¨ç¨ ¬¨.

� «®£¨ç® ¯à®¨áå®¤¨â ®æ¥ª  ®à¬ë è¢ àæ¨   ¤«ï äãªæ¨¨ Fn(z; "n; �n) ¢ (15). �«ï ¤®-
áâ¨¦¥¨ï £« ¤ª¨å £à ¨çëå § ç¥¨© ¨ ¤«ï ã¯à®é¥¨ï ®æ¥®ª ¢ ¥¯®áà¥¤áâ¢¥®© ¡«¨§®áâ¨
®â £à ¨æë ®¡« áâ¨ D

{
¬®¦® ¨á¯®«ì§®¢ âì äãªæ¨¨ ¢¨¤  Fn(z + �n; "n; �n) ¢¬¥áâ® (15).

9. �ä®à¬ã«¨àã¥¬ ¨â®£®¢ë© à¥§ã«ìâ â.

�¥®à¥¬ . �ãªæ¨¨ Fn(z; "n; �n) ¢¨¤  (15) ï¢«ïîâáï (n+2)-«¨áâë¬¨ ¢ ®¡« áâ¨ D
{
¨ ã¤®-

¢«¥â¢®àïîâ ãá«®¢¨î

sup
z2D{

[jfFn(z; "n; �n); zgjR2(D
{
; z)] � 4{ � 2{2 + n(f"kgnk=0; f�kgnk=0)
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á® áª®«ì ã£®¤® ¬ «ë¬¨ ¯®«®¦¨â¥«ìë¬¨ ¢¥«¨ç¨ ¬¨ n (§ ¢¨áïé¨¬¨ ®â  ¡®à®¢ f"kg ¨ f�kg)
¯à¨ ¤®¯®«¨â¥«ì®¬ ãá«®¢¨¨   {: 1 � { � {0 ¨ 1;2 < {0 < 1;36.

�«¥¤áâ¢¨¥. �ãªæ¨® « sup
z2D{

[jff(z); zgjR2(D
{
; z)] ¥ ï¢«ï¥âáï p-¤®¯ãáâ¨¬ë¬ ¯à¨ p � 2 ¢

®¡« áâïå D
{
, á®¤¥à¦ é¨å ¯®«ã¯«®áª®áâ¨, ¯à¨ { � {0.

� ¬¥ç ¨¥. �á¥ ¨§«®¦¥ë¥ ¯®áâà®¥¨ï ¨ ®æ¥ª¨ ®ª §ë¢ îâáï  ¨¡®«¥¥ ¯à®áâë¬¨ ¯à¨
{ = 1, â. ¥. ¢ á«ãç ¥ ¯®«ã¯«®áª®áâ¨. �¢â®àë ¤«ï áâà å®¢ª¨ ¨ ¢¤®å®¢¥¨ï ¯à®¢¥«¨ ¯®¤à®¡®
¢á¥ ¢ëª« ¤ª¨ ¢ íâ®¬ á«ãç ¥, ® ¯ã¡«¨ª®¢ âì ¥ áâ «¨, ¯®â®¬ã çâ® ¯à¨¬¥à �¨««  (£®¤ë© ¤«ï
¯®«ã¯«®áª®áâ¨) ï¢«ï¥âáï ¡®«¥¥ ¢¯¥ç â«ïîé¨¬.

�¥áì ¬ â¥à¨ « áâ âì¨ ¢ ª®á¯¥ªâ¨¢®¬ ¢¨¤¥ ¡ë« ¤®«®¦¥   ª®ä¥à¥æ¨¨ ¯® â¥®à¨¨ äãª-
æ¨© ¢ 2003 £. [12].
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