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� ¤ ®© áâ âì¥ ¯à¥¤« £ ¥âáï ®¡é ï áå¥¬  ®âëáª ¨ï â®çª¨ ¢ë¯ãª«®£® ¬®¦¥áâ¢ . �¤  ¨§
¥¥ à¥ «¨§ æ¨© ¤ ¥â á¯®á®¡ ¯®áâà®¥¨ï  ¯à ¢«¥¨© á¯ãáª  ¤«ï ¥£« ¤ª¨å áâà®£® ¯á¥¢¤®¢ë¯ã-
ª«ëå äãªæ¨©. �  ®á®¢¥ íâ®£® á¯®á®¡  à §à ¡ âë¢ îâáï à¥« ªá æ¨®ë¥  «£®à¨â¬ë à¥è¥¨ï
§ ¤ ç¨ ¯á¥¢¤®¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï.

�ãáâì G � Rn | ¢ë¯ãª«®¥ ®£à ¨ç¥®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢®,
�

G 6= ;, W (x;G) =
fa 2 Rn : ha; z � xi � 0 8z 2 Gg | ª®ãá ®¡®¡é¥®-®¯®àëå ¢¥ªâ®à®¢ ¤«ï ¬®¦¥áâ¢  G ¢
â®çª¥ x 2 Rn. �¯¨è¥¬ ¯à®æ¥¤ãàã, ª®â®à ï ¨á¯®«ì§ã¥âáï ¯à¨ à¥ «¨§ æ¨¨ ¯à¥¤« £ ¥¬ëå ¨¦¥
¬¥â®¤®¢ ¨«¨ ¬®¦¥â á«ã¦¨âì áå¥¬®© ®âëáª ¨ï â®çª¨ ¬®¦¥áâ¢  G.

�à®æ¥¤ãà  �. �ãáâì y =2
�

G. �ë¡¨à ¥âáï ª®¥ç®¥ ¬®¦¥áâ¢® P � fp 2 Rn : p 2 W (y;G),
kpk � C < 1g. �âà®¨âáï ¢ë¯ãª«®¥ ®£à ¨ç¥®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® M0 � Rn, á®¤¥à¦ é¥¥
â®çªã y� = argmin

x2G
max
p2P

hp; x� yi. �ë¡¨à îâáï â ª¨¥ ç¨á«  �, �, çâ®

0 < � � � < 1; (1)

¯®« £ ¥âáï i = 0.
1�. �âëáª¨¢ ¥âáï â®çª  yi 2Mi, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

max
p2P

hp; yi � yi � max
p2P

hp; y� � yi: (2)

�á«¨ yi 2 G, â® ¯à®æ¥áá § ª ç¨¢ ¥âáï. � ¯à®â¨¢®¬ á«ãç ¥ ¯®« £ ¥âáï hi = yi � y.
2�. �®« £ ¥âáï yi = y + �ihi, £¤¥ �i | ¬ ªá¨¬ «ì®¥ ¨§ ç¨á¥« � � 0, ¤«ï ª®â®àëå y + �hi 2

co(fyg [G).

3�. �®« £ ¥âáï zi =

(
yi; �i > 0;

yi + �(yi � yi); �i = 0;
zi = yi + �(yi � yi), zi = �izi + (1� �i)zi, £¤¥ �i 2 [0; 1].

4�. � ¬®¦¥áâ¢¥ fa 2 Rn : a 2 W (zi; G), kak = 1g ¢ë¡¨à ¥âáï â ª®¥ ¯®¤¬®¦¥áâ¢® Ai, çâ®
¤«ï ¢á¥å a 2 Ai ¨ ¥ª®â®à®£® � > 0 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

ha; y � zii � ��: (3)

5�. �®« £ ¥âáï Mi+1 =Mi \ fx 2 Rn : ha; x� zii � 0 8a 2 Aig, ¨ á«¥¤ã¥â ¯¥à¥å®¤ ª ¯. 1� ¯à¨ i,
ã¢¥«¨ç¥®¬   ¥¤¨¨æã.

�®§¬®¦®áâì ¢ë¡®à  ¬®¦¥áâ¢ Ai ¨ ç¨á«  �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (3), ¡ã¤¥â ®¡áã-
¦¤ âìáï ¯®§¦¥ ¯à¨ ®¯¨á ¨¨ à¥ «¨§ æ¨¨ ¯à®æ¥¤ãàë �. � ¬¥â¨¬, çâ® ¥á«¨ y 62 G, â® ¯à®æ¥¤ãàã
¬®¦® áç¨â âì áå¥¬®© ®âëáª ¨ï â®çª¨ ¨§ G, ¯®áª®«ìªã ¨¦¥ ¡ã¤¥â ¤®ª § ® áãé¥áâ¢®¢ ¨¥
¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ â®ç¥ª yi, áå®¤ïé¥©áï ª â®çª¥ ¨§ G. �à¥¤«®¦¥ ï áå¥¬ , ¢®®¡é¥ £®¢®-
àï, ¥ ®¡¥á¯¥ç¨¢ ¥â à¥è¥¨¥ § ¤ ç¨ ®âëáª ¨ï â®çª¨ ¨§ ¬®¦¥áâ¢  §  ª®¥ç®¥ ç¨á«® è £®¢,
¯®íâ®¬ã ¥¥ ¥«ì§ï  §¢ âì íää¥ªâ¨¢®©. �¤ ª®, ¢®-¯¥à¢ëå, ¥á«¨ § ¤ âì ¥ª®â®à®¥ ¢ë¯ãª«®¥

§ ¬ªãâ®¥ ¬®¦¥áâ¢® B â ª®¥, çâ®
�

B 6= ;, B �
�

G, ¨ ¯à¨¬¥¨âì ¯à®æ¥¤ãàã � ¤«ï  å®¦¤¥¨ï
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â®çª¨ ¬®¦¥áâ¢  B, â® ç¥à¥§ ª®¥ç®¥ ç¨á«® è £®¢ ¡ã¤¥â  ©¤¥  â®çª  ¨§ G. �®-¢â®àëå, ®¤-
  ¨§ à¥ «¨§ æ¨© ¯à®æ¥¤ãàë � ¡ã¤¥â ¨á¯®«ì§®¢   ¨¦¥ ª ª ¯à ªâ¨ç¥áª¨© á¯®á®¡ ¯®áâà®¥¨ï
 ¯à ¢«¥¨© á¯ãáª  ¢ ¯à¥¤« £ ¥¬ëå ¬¥â®¤ å ¬¨¨¬¨§ æ¨¨ áâà®£® ¯á¥¢¤®¢ë¯ãª«®© äãªæ¨¨.

�â ª, ¢ à¥§ã«ìâ â¥ ¯à¨¬¥¥¨ï ®¯¨á ®© ¯à®æ¥¤ãàë «¨¡®   ¥ª®â®à®¬ è £¥ ¡ã¤¥â  ©¤¥ 
â®çª  yi 2 G, «¨¡® ¢ëà ¡®â ¥âáï ¯®á«¥¤®¢ â¥«ì®áâì fyig, i 2 I = f0; 1; : : : g.

�¥¬¬  1. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fyig, i 2 I, ¯®áâà®¥  á®£« á® ¯à®æ¥¤ãà¥ �. �®£¤ 
 ©¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì fyig, i 2 I 0 � I, áå®¤ïé ïáï ª ¥ª®â®à®© â®çª¥ ¨§ G.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ¤«ï ¢á¥å i; j 2 I â ª¨å, çâ® j > i, ¢ë¯®«ïîâáï ¢ª«îç¥¨ï
Mj �Mi, yj 2Mi, ¨ «î¡®© í«¥¬¥â ¬®¦¥áâ¢  Ai ï¢«ï¥âáï ®¡®¡é¥®-®¯®àë¬ ¤«ï ¬®¦¥áâ¢ 
Mj , â® ha; yj � zii � 0 8a 2 Ai, j > i. �à®¬¥ â®£®,

zi = yi + i(y � yi); (4)

£¤¥ i 2 (0; 1), i 2 I. � ç¨â, ha; yi � yji � iha; yi � yi,   ¯®áª®«ìªã ha; yi � yi � ha; zi � yi � �, â®
ha; yi�yji � i� ¤«ï ¢á¥å j > i ¨ ¢á¥å a 2 Ai. �âáî¤  á ãç¥â®¬ â®£®, çâ® kak = 1, ¯®«ãç¨¬ ®æ¥ªã
kyi�yjk � i�, £¤¥ j > i. � á¨«ã ®£à ¨ç¥®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fyig, i 2 I, ¨§ ¯à¥¤ë¤ãé¥£®
¥à ¢¥áâ¢  á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ â ª®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ fig, i 2 I1 � I, çâ® i ! 0,
i!1, i 2 I1. �®£¤  ¨§ (4), ãç¨âë¢ ï ®£à ¨ç¥®áâì á¢¥àåã ¢¥«¨ç¨ ky � yik, i 2 I1, ¯®«ãç ¥¬
¯à¥¤¥«ì®¥ á®®â®è¥¨¥

lim
i2I1

kzi � yik = 0: (5)

� «¥¥, ¤«ï ª ¦¤®£® i 2 I1 ¢ á¨«ã (1)  ©¤¥âáï â ª®¥ ç¨á«® �i 2 [�; �], çâ® zi � yi = �i(yi � yi)
¨«¨

(1=�i)kzi � yik = kyi � yik; i 2 I1: (6)

�®£« á® (2)  ©¤¥âáï â ª®¥ r > 0, çâ® ky � yik � r 8i 2 I1. �®£¤  ¥âàã¤® ¤®ª § âì áãé¥áâ¢®-
¢ ¨¥ â ª®£® ç¨á«  � 2 (0; 1), çâ®

ky � yik � �kx� yik (7)

¤«ï «î¡®£® x 2 G, i 2 I1. �ãáâì ¤«ï ¥ª®â®à®£® i 2 I1 ¢ë¯®«ï¥âáï ¢ª«îç¥¨¥ yi 2 G. �®£¤ 
 ©¤¥âáï â®çª  eyi 2 G ( ¯à., eyi = PrG(yi)) â ª ï, çâ® kyi � yik � keyi � yik. �á«¨ yi 62 G ¤«ï
¥ª®â®à®£® i 2 I1, â® yi = y, ¨ ¢ á¨«ã (7)

kyi � yik � �kx� yik (8)

¤«ï ¢á¥å x 2 G. � ª¨¬ ®¡à §®¬, ¬®¦® ¯®áâà®¨âì â ªãî ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª eyi, i 2 I1,
çâ® eyi 2 G ¨ kyi�yik � �keyi�yik ¤«ï ¢á¥å i 2 I1. �âáî¤  ¨ ¨§ à ¢¥áâ¢  (6) á«¥¤ã¥â ¥à ¢¥áâ¢®

(1=(�i�))kzi � yik � keyi � yik; i 2 I1: (9)

�ë¤¥«¨¬ ¨§ ®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâ¨ feyig, i 2 I1, áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì
feyig, i 2 I2 � I1. �ãáâì ey | ¥¥ ¯à¥¤¥«ì ï â®çª . �â¬¥â¨¬, çâ® ey 2 G ¢ á¨«ã § ¬ªãâ®áâ¨ G.
�¥à¥å®¤ï ¢ ¥à ¢¥áâ¢¥ (9) ª ¯à¥¤¥«ã ¯® i ! 1, i 2 I2, ¨ ãç¨âë¢ ï (5), ¯®«ãç¨¬ ¯à¥¤¥«ì®¥
á®®â®è¥¨¥ lim

i2I2
keyi � yik = 0, ¨§ ª®â®à®£® á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.

� ¬¥â¨¬, çâ® â®çª¨ yi ¢ ¯à¥¤«®¦¥®© ¯à®æ¥¤ãà¥ ¬®¦® ¨áª âì,  ¯à¨¬¥à, ¨§ ãá«®¢¨ï
max
p2P

hp; yi � yi = min
x2Mi

max
p2P

hp; x � yi. � â ª®¬ á«ãç ¥ ¬®¦¥áâ¢® M0 ã¤®¡® ¢ë¡¨à âì ¢ ¢¨¤¥

¬®£®£à ¨ª , ¯®áª®«ìªã § ¤ ç  ®âëáª ¨ï â®ç¥ª yi ¯à¨ ¢á¥å i 2 I ¡ã¤¥â § ¤ ç¥© «¨¥©®-
£® ¯à®£à ¬¬¨à®¢ ¨ï.

�à®æ¥¤ãà  � ¨¬¥¥â ¯®ª  «¨èì ¯à¨æ¨¯¨ «ìë© å à ªâ¥à, â. ª. ¥ ãª §  á¯®á®¡ ¯®áâà®¥-
¨ï ¬®¦¥áâ¢ Ai, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (3). �à¨¢¥¤¥¬ ¯à¨¬¥à ¨á¯®«ì§®¢ ¨ï ¯à®æ¥¤ãàë.
�¯¨è¥¬ ¥¥ à¥ «¨§ æ¨î ¤«ï ¬®¦¥áâ¢  G á¯¥æ¨ «ì®£® ¢¨¤  ¨ ¯®ª ¦¥¬, ª ª á ¯®¬®éìî íâ®©
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à¥ «¨§ æ¨¨ ¬®¦® à¥è âì § ¤ çã ®âëáª ¨ï  ¯à ¢«¥¨ï á¯ãáª  ¤«ï áâà®£® ¯á¥¢¤®¢ë¯ãª«®©
äãªæ¨¨.

�ãáâì äãªæ¨ï f(x) ¤¨ää¥à¥æ¨àã¥¬  ¯®  ¯à ¢«¥¨ï¬ ¢ Rn, f 0(x0; h) | ¥¥ ¯à®¨§¢®¤ ï ¢
â®çª¥ x0 ¯®  ¯à ¢«¥¨î h. �ãªæ¨ï f(x)  §ë¢ ¥âáï [1] ¯á¥¢¤®¢ë¯ãª«®© ¢ Rn, ¥á«¨ ¢ «î¡®©
â®çª¥ x0 ¢ë¯®«ï¥âáï ¨¬¯«¨ª æ¨ï

f 0(x0; x� x0) � 0 =) f(x) � f(x0)

¤«ï ¢á¥å x 2 Rn. �ãªæ¨ï f(x)  §¢   áâà®£® ¯á¥¢¤®¢ë¯ãª«®© ¢ Rn [1], ¥á«¨ ¢ «î¡®© â®çª¥ x0
¤«ï ¢á¥å x 2 Rn, x 6= x0, ¨¬¥¥â ¬¥áâ® ¨¬¯«¨ª æ¨ï

f 0(x0; x� x0) � 0 =) f(x) > f(x0)

«¨¡® íª¢¨¢ «¥â ï ¥© ¨¬¯«¨ª æ¨ï f(x) � f(x0) =) f 0(x0; x� x0) < 0.
�â ª, ¯ãáâì f(x) | áâà®£® ¯á¥¢¤®¢ë¯ãª« ï ¤¨ää¥à¥æ¨àã¥¬ ï ¯®  ¯à ¢«¥¨ï¬ ¢ Rn äãª-

æ¨ï, y 2 Rn, ¬®¦¥áâ¢® E(y) = fx 2 Rn : f(x) � f(y)g ®£à ¨ç¥®,
�

E(y) 6= ;, G = E(y) \ Q, £¤¥

Q � Rn | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® â ª®¥, çâ® y 2 Q ¨
�

G 6= ;. �ãáâì W (f; y) = fa 2 Rn :
ha; x� yi � 0 8x 2 E(y)g | ª®ãá ®¡®¡é¥®-®¯®àëå ¢¥ªâ®à®¢ ¤«ï äãªæ¨¨ f(x) ¢ â®çª¥ y [2].
�¥ «¨§ æ¨ï ¯à®æ¥¤ãàë � § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬.

� ¤ ¥âáï ¬®¦¥áâ¢® P � fp 2 Rn : p 2 W (f; y), kpk � c < 1g. � ª ¨ ¢ ¯à®æ¥¤ãà¥ �,
¢ë¡¨à îâáï ¬®¦¥áâ¢® M0 ¨ ç¨á«  �, �. �  i-¬ è £¥, i = 0; 1; : : : , á®£« á® ¯ãªâ ¬ 1�{3�

¯à®æ¥¤ãàë � á ãç¥â®¬ â®£®, çâ® G = E(y) \ Q = co(fyg [G),  å®¤ïâáï â®çª¨ yi, yi, zi. � «¥¥,
¥á«¨

f(zi) � f(y); (10)

â® áâà®¨âáï ¬®¦¥áâ¢® Ai � fa 2 Rn : a 2 W (f; zi), kak = 1g. � ¯à®â¨¢®¬ á«ãç ¥ ¢ë¡¨à ¥âáï
¬®¦¥áâ¢® Ai í«¥¬¥â®¢ a 2 W (zi; Q), kak = 1, â ª®¥, çâ® ¢ë¯®«ï¥âáï (3) ¯à¨ ¢á¥å a 2 Ai ¨
¥ª®â®à®¬ � > 0. � â¥¬ ¢ë¯®«ï¥âáï ¯. 5� ¯à®æ¥¤ãàë.

�®ª ¦¥¬, çâ® íâ®â  «£®à¨â¬ ¤¥©áâ¢¨â¥«ì® ï¢«ï¥âáï à¥ «¨§ æ¨¥© ¯à®æ¥¤ãàë �. �â¬¥â¨¬,
çâ® ¢ ®¯¨á ®¬  «£®à¨â¬¥ í«¥¬¥âë ¬®¦¥áâ¢ P ¨ Ai ï¢«ïîâáï ®¡®¡é¥®-®¯®àë¬¨ ¢¥ª-
â®à ¬¨ ¤«ï ¬®¦¥áâ¢  G ¢ â®çª å y ¨ zi á®®â¢¥âáâ¢¥®. �®íâ®¬ã ¤«ï ¤®ª § â¥«ìáâ¢  â®£®,
çâ®  «£®à¨â¬ ï¢«ï¥âáï à¥ «¨§ æ¨¥© ¯à®æ¥¤ãàë, ¤®áâ â®ç® ¯®ª § âì ¢ë¯®«¥¨¥ ¤«ï ¢¥ªâ®à®¢
a 2 Ai ãá«®¢¨ï (3) ¯à¨ ¢á¥å i 2 I ¨ ¥ª®â®à®¬ � > 0.

�ãáâì ¬®¦¥áâ¢® I1 � I â ª®¢®, çâ® ¤«ï ¢á¥å i 2 I1 á¯à ¢¥¤«¨¢® (10),   I2 = I n I1. �«ï i 2 I2
ãá«®¢¨¥ (3) ¢ë¯®«ï¥âáï ¯® ¯®áâà®¥¨î  «£®à¨â¬ , ¯à¨ç¥¬ ¥á«¨

y 2
�

Q; (11)

â® ¢ ¬®¦¥áâ¢® Ai, i 2 I2, ¬®¦® ¢ª«îç âì «î¡ë¥ ¢¥ªâ®àë a 2W (zi; Q), kak = 1, â. ª. ¤«ï íâ¨å
¢¥ªâ®à®¢ ¥à ¢¥áâ¢® (3) § ¢¥¤®¬® ¢ë¯®«ï¥âáï ¯à¨ ¥ª®â®à®¬ � > 0. �®§¬®¦®áâì ¢ë¯®«¥¨ï
ãá«®¢¨ï (3) ¤«ï ¢á¥å i 2 I1 ®¡®á®¢ë¢ ¥â

�¥¬¬  2. �ãé¥áâ¢ã¥â â ª®¥ ç¨á«® � > 0, çâ® ¤«ï ¢á¥å i 2 I1 ¨ ¢á¥å a 2W (f; zi), kak = 1,
¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® (3).

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® á®£« á® (10) ha; y � zii � 0 ¤«ï ¢á¥å i 2 I1 ¨ ¢á¥å
a 2 W (f; zi). �®¯ãáâ¨¬, çâ® ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¥¢¥à®. �®£¤   ©¤ãâáï ¯®¤¯®á«¥¤®¢ â¥«ì®-
áâ¨ â®ç¥ª zi, i 2 I 0 � I1, ¨ ai 2W (f; zi), kaik = 1, i 2 I 0, â ª¨¥, çâ® lim

i2I0

hai; y� zii = 0. �ë¤¥«¨¬ ¨§

¯®á«¥¤®¢ â¥«ì®áâ¥© fzig, faig, i 2 I 0, áå®¤ïé¨¥áï ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ fzig, faig, i 2 I
00

� I 0.
�ãáâì á®®â¢¥âáâ¢¥® z ¨ a | ¨å ¯à¥¤¥«ìë¥ â®çª¨. �®£¤ 

lim
i2I

00

hai; y � zii = ha; y � zi = 0: (12)
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�®ª ¦¥¬, çâ®

a 2W (f; z); (13)

â. ¥. ¤«ï ¢á¥å x 2 E(z) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® ha; x � zi � 0. �à¥¤¯®«®¦¨¬ áãé¥áâ¢®¢ ¨¥
â ª®© â®çª¨ x 2 E(z), çâ® ha; x � zi =  > 0. �ë¡¥à¥¬ â ª¨¥ ®ªà¥áâ®áâ¨ !1, !2, !3 â®ç¥ª a, x
¨ z á®®â¢¥âáâ¢¥®, çâ® ha; x � zi � =2 8a 2 !1, x 2 !2, z 2 !3. �®áª®«ìªã ai 2 !1, zi 2 !3 ¤«ï
¢á¥å i 2 I

00

,  ç¨ ï á ¥ª®â®à®£® ®¬¥à  N � 0, â® hai; x � zii � =2 ¤«ï ¢á¥å i � N , i 2 I
00

, ¨
¢á¥å x 2 !2. � ª ª ª f(x) � f(z), â®  ©¤ãâáï â®çª  ex ¨ ®¬¥à N 0 � N â ª¨¥, çâ® f(ex) < f(zi)
8 i � N 0, i 2 I

00

. �®£¤ , á ®¤®© áâ®à®ë, hai; ex� zii � =2 8 i � N 0, i 2 I
00

,   á ¤àã£®© áâ®à®ë,

hai; ex � zii < 0 8 i � N 0, i 2 I
00

, ¯®áª®«ìªã ex 2 �

E(zi), i � N 0, i 2 I
00

. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥
¤®ª §ë¢ ¥â ¢ª«îç¥¨¥ (13).

� «¥¥, ¢ á¨«ã (10) f(z) � f(y). �á«¨ ¤®¯ãáâ¨âì, çâ® f(z) > f(y), â® á®£« á® (13) ha; y�zi < 0,
  íâ® ¯à®â¨¢®à¥ç¨â (12). � ç¨â, f(z) = f(y). �®£¤  ¨§ ®¯à¥¤¥«¥¨ï áâà®£®© ¯á¥¢¤®¢ë¯ãª«®áâ¨
äãªæ¨¨ f(x) á«¥¤ã¥â, çâ® y � z |  ¯à ¢«¥¨¥ á¯ãáª  ¤«ï f(x) ¢ â®çª¥ z, â. ¥. ¯à¨ ¥ª®â®à®¬

� > 0 ¢ë¯®«ï¥âáï ¢ª«îç¥¨¥ z + �(y � z) 2
�

E(z). �âáî¤  á ãç¥â®¬ (13) á«¥¤ã¥â ¥à ¢¥áâ¢®
ha; z + �(y � z)� zi < 0, ª®â®à®¥ ¯à®â¨¢®à¥ç¨â (12).

� ª¨¬ ®¡à §®¬, ¯à¨¢¥¤¥ë© ¢ëè¥  «£®à¨â¬ ¤¥©áâ¢¨â¥«ì® ï¢«ï¥âáï à¥ «¨§ æ¨¥© ¯à®æ¥¤ã-
àë �. Eá«¨ ¢  «£®à¨â¬¥ ¯®«®¦¨âì Q = Rn, â® ¤«ï ¢á¥å i 2 I á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (10), ¨
I2 = ;. �®¤ç¥àª¥¬ â ª¦¥, çâ® ¯à¨ ¢ë¯®«¥¨¨ ¢ª«îç¥¨ï (11) ¢ à¥ «¨§ æ¨¨ ¥ ã¦® ª®-
ªà¥â® § ¤ ¢ âì § ç¥¨¥ �, ¨á¯®«ì§ã¥¬®¥ ¢ á ¬®© ¯à®æ¥¤ãà¥ �, â. ª. á®£« á® á¤¥« ®¬ã ¢ëè¥
§ ¬¥ç ¨î ¨ «¥¬¬¥ 2 ¤«ï ¢á¥å i 2 I1 ¨ i 2 I2 ãá«®¢¨¥ (3) § ¢¥¤®¬® ¢ë¯®«ï¥âáï ¯à¨ ¥ª®â®à®¬
� > 0.

�®ª ¦¥¬ â¥¯¥àì, çâ® á ¯®¬®éìî íâ®© à¥ «¨§ æ¨¨ §  ª®¥ç®¥ ç¨á«® è £®¢ ¬®¦® ¯®áâà®-
¨âì ¤«ï áâà®£® ¯á¥¢¤®¢ë¯ãª«®© äãªæ¨¨ f(x)  ¯à ¢«¥¨¥ ã¡ë¢ ¨ï ¢ â®çª¥ y. �ãáâì á®£« á®
 «£®à¨â¬ã ¯®«ãç¥  ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª yi, i 2 I. �®£¤  ¯® «¥¬¬¥ 1  ©¤¥âáï ¯®¤¯®á«¥¤®-
¢ â¥«ì®áâì íâ®© ¯®á«¥¤®¢ â¥«ì®áâ¨, áå®¤ïé ïáï ª ¥ª®â®à®© â®çª¥ ey 2 E(y) \ Q. �ç¥¢¨¤®,ey 6= y ¨ f(ey) � f(y). �âáî¤  á ãç¥â®¬ áâà®£®© ¯á¥¢¤®¢ë¯ãª«®áâ¨ ¨ ¥¯à¥àë¢®áâ¨ äãªæ¨¨ f(x)
á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ â ª®© ®ªà¥áâ®áâ¨ w â®çª¨ ey, çâ® ¤«ï ¢á¥å x 2 w ¢¥ªâ®à x� y ¡ã¤¥â  -
¯à ¢«¥¨¥¬ á¯ãáª  ¤«ï äãªæ¨¨ f(x) ¢ â®çª¥ y. � ç¨â, ¢ å®¤¥ ¯®áâà®¥¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨
fyig, i 2 I,  ©¤¥âáï ®¬¥à i0 2 I,  ç¨ ï á ª®â®à®£® ¢á¥  ¯à ¢«¥¨ï yi � y áâ ãâ ¨áª®¬ë¬¨.

�ª §ë¢ ¥âáï, çâ®  ¯à ¢«¥¨¥ ã¡ë¢ ¨ï, ª®â®à®¥ ¬®¦® ¯®«ãç¨âì á ¯®¬®éìî ®¯¨á ®©
à¥ «¨§ æ¨¨, ¯®§¢®«ï¥â áãé¥áâ¢¥® ã¬¥ìè âì § ç¥¨¥ äãªæ¨¨. �â®â ä ªâ ¡ã¤¥â ¨á¯®«ì§®¢ 
¨¦¥ ¯à¨ ¯®áâà®¥¨¨ à¥« ªá æ¨®ëå ¬¥â®¤®¢ ¬¨¨¬¨§ æ¨¨. � [3] â ª®© á¯®á®¡ ®âëáª ¨ï
 ¯à ¢«¥¨© ¯à¨¬¥¥ ¢ ¬¥â®¤¥ ¡¥§ãá«®¢®© ¬¨¨¬¨§ æ¨¨ áâà®£® ¯á¥¢¤®¢ë¯ãª«®© äãªæ¨¨.

�â¬¥â¨¬, çâ® à¥ «¨§ æ¨ï ¯à®æ¥¤ãàë � ¬®¦¥â ¨á¯®«ì§®¢ âìáï ¯à¨ ¯®áâà®¥¨¨  ¯à ¢«¥¨©
á¯ãáª  ¨ ¢ â®¬ á«ãç ¥, ¥á«¨ äãªæ¨ï f(x) áâà®£® ¢ë¯ãª« . �®£¤  ¢  «£®à¨â¬¥ ¬®¦¥áâ¢® P
¬®¦® § ¤ ¢ âì ª ª ¯®¤¬®¦¥áâ¢® ¬®¦¥áâ¢  @f(y) áã¡£à ¤¨¥â®¢ äãªæ¨¨ f(x) ¢ â®çª¥ y,  
¢ ª ç¥áâ¢¥ í«¥¬¥â®¢ ¬®¦¥áâ¢  Ai, i 2 I1, ¬®¦® ¢ë¡¨à âì ¢¥ªâ®àë p = g=kgk, £¤¥ g 2 @f(zi).

�¥à¥©¤¥¬ ª ¯®áâà®¥¨î ¤¢ãå ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç¨

min
x2D

f(x); (14)

£¤¥ D � Rn | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢®,
�

D 6= ;, f(x) | ¤¨ää¥à¥æ¨àã¥¬ ï ¯®  -
¯à ¢«¥¨ï¬ áâà®£® ¯á¥¢¤®¢ë¯ãª« ï ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ¬®¦¥áâ¢  D äãªæ¨ï. �ãáâì
x� = argmin

x2D
f(x), f� = f(x�), D(y) = fx 2 D : f(x) � f(y)g, £¤¥ y 2 D.

�¥à¢ë© ¨§ ¯à¥¤« £ ¥¬ëå ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç¨ (14) ¢ëà ¡ âë¢ ¥â ¯®á«¥¤®¢ â¥«ì®áâì
¯à¨¡«¨¦¥¨© xk, k 2 K = f0; 1; : : : g, ¨ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. �ë¡¨à ¥âáï â®çª   ç «ì®£®
¯à¨¡«¨¦¥¨ï x0 2 D, § ¤ îâáï ç¨á«  �, �k, k 2 K, â ª¨¥, çâ® 0 < � � 1, 0 < � � �k � 1, k 2 K.
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�ãáâì  ©¤¥  â®çª  xk, ®â«¨ç ï ®â x�. �®£¤  ¢ë¡¨à ¥âáï ¯®¤¬®¦¥áâ¢® Pk ¬®¦¥áâ¢ 

Wk = fp 2 Rn : p 2W (f; xk); kpk = 1g

¨ ®âëáª¨¢ ¥âáï â ª ï â®çª  xk 2 D(xk), çâ®

max
p2Pk

hp; xk � xki � �k min
x2D(xk)

max
p2Pk

hp; x� xki: (15)

� å®¤¨âáï �k | ¬ ªá¨¬ «ì®¥ ¨§ ç¨á¥« � � 0, ¯à¨ ª®â®àëå xk+�(xk�xk) 2 D(xk), ¨ ¯®« £ ¥âáï
sk = �k(xk � xk), xk+1 = xk + �ksk, £¤¥ è £ �k ¢ë¡¨à ¥âáï ¨§ ãá«®¢¨ï

f(xk + �ksk) � (1� �)f(xk) + �wk; (16)

wk = min
0<��1

f(xk + �sk).

�â®à®© ¨§ ¯à¥¤« £ ¥¬ëå ¬¥â®¤®¢ ¯à¥¤ § ç¥ ¤«ï à¥è¥¨ï § ¤ ç¨ (14) á ¤®¯®«¨â¥«ìë¬
ãá«®¢¨¥¬ áâà®£®© ¢ë¯ãª«®áâ¨ ¬®¦¥áâ¢  D, â. ¥. á ãá«®¢¨¥¬, çâ®

�x1 + (1� �)x2 2
�

D 8x1; x2 2 D; � 2 (0; 1):

�â®â  «£®à¨â¬ ®â«¨ç ¥âáï ®â ¯à¥¤ë¤ãé¥£® «¨èì â¥¬, çâ®   k-¬ è £¥ ¯®¤¬®¦¥áâ¢® Pk ¢ë¡¨-
à ¥âáï ¨§ ¬®¦¥áâ¢ 

Wk = fp 2 Rn : p 2Wf (xk;D); kpk = 1g;

£¤¥ Wf (xk;D) = fa 2 Rn : ha; x� xki � 0 8x 2 D(xk)g | ª®ãá ®¡®¡é¥®-®¯®àëå ¢¥ªâ®à®¢ ¤«ï
äãªæ¨¨ f(x) ¢ â®çª¥ xk ®â®á¨â¥«ì® ¬®¦¥áâ¢  D.

� ¬¥â¨¬, çâ® ¥á«¨ ¢ ¯¥à¢®¬  «£®à¨â¬¥ ¢ ¬®¦¥áâ¢® Pk ¢ª«îç îâáï â®«ìª® ¢¥ªâ®àë ª®ãá 
W (f; xk), â® ¢® ¢â®à®¬ ªà®¬¥ ¨å ¬®£ãâ ¢ª«îç âìáï í«¥¬¥âë ¬®¦¥áâ¢ W (xk;D),   â ª¦¥ ®à-
¬¨à®¢ ë¥ «¨¥©ë¥ ª®¬¡¨ æ¨¨ á ¥®âà¨æ â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨ ¢¥ªâ®à®¢ ¨§ W (f; xk)
¨ W (xk;D). �á«¨ ¢ § ¤ ç¥ (14)

D = fx 2 Rn : F (x) � 0g (17)

¨ äãªæ¨¨ f(x), F (x) áâà®£® ¢ë¯ãª«ë, â® ¢  «£®à¨â¬ å ¢ ª ç¥áâ¢¥ í«¥¬¥â®¢ ¬®¦¥áâ¢ Pk ¬®£ãâ
¢ë¡¨à âìáï ®à¬¨à®¢ ë¥ áã¡£à ¤¨¥âë äãªæ¨© f(x) ¨ F (x) ¢ â®çª å xk. �â¬¥â¨¬ â ª¦¥,
çâ® ¬®¦¥áâ¢® D(xk) ¨¬¥¥â ®¡é¨© ¢¨¤, ¨ § ¤ ç  ®âëáª ¨ï â®çª¨ xk ¨§ ãá«®¢¨ï (15) ï¢«ï¥âáï
á«®¦®© á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥¨ï. �®§¦¥ ¡ã¤¥â ¯à¥¤«®¦¥ á¯®á®¡ à¥è¥¨ï íâ®© § ¤ ç¨,
®á®¢ ë©   ¯à®æ¥¤ãà¥ � ¨ ¯®§¢®«ïîé¨©  ©â¨ xk, à¥è ï ª®¥ç®¥ ç¨á«® § ¤ ç «¨¥©®£®
¯à®£à ¬¬¨à®¢ ¨ï.

�¡®áã¥¬ áå®¤¨¬®áâì ¬¥â®¤®¢, ¯à¥¤¢ à¨â¥«ì® ¤®ª § ¢ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à-
¦¤¥¨ï.

�¥¬¬  3. �ãáâì äãªæ¨ï f(x) ¯á¥¢¤®¢ë¯ãª«  ¨ ¤¨ää¥à¥æ¨àã¥¬  ¯®  ¯à ¢«¥¨ï¬ ¢ Rn,

¬®¦¥áâ¢® D � Rn ¢ë¯ãª«® ¨ § ¬ªãâ®, ¯®á«¥¤®¢ â¥«ì®áâ¨ â®ç¥ª xk 2 D, pk 2 Wf (xk;D),
k 2 K, â ª®¢ë, çâ® xk ! x, k !1, pk ! p, k !1. �®£¤ 

p 2Wf (x;D): (18)

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¤«ï ¢á¥å x 2 D(x) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

hp; x� xi � 0;

â®£¤  «¥¬¬  ¡ã¤¥â ¤®ª §  . �®¯ãáâ¨¬ ¯à®â¨¢®¥, â. ¥. áãé¥áâ¢ãîâ  > 0 ¨ â®çª  y 2 D â ª¨¥,
çâ® f(y) � f(x) ¨ hp; y � xi = . �ë¡¥à¥¬ ®ªà¥áâ®áâ¨ !1 â®çª¨ p, !2 â®çª¨ y ¨ !3 â®çª¨ x â ª,
çâ®¡ë ¤«ï ¢á¥å p 2 !1, y 2 !2, x 2 !3 ¢ë¯®«ï«®áì ¥à ¢¥áâ¢®

hp; y � xi � =2:

� ª ª ª p ¨ x | ¯à¥¤¥«ìë¥ â®çª¨ ¯®á«¥¤®¢ â¥«ì®áâ¥© fpkg ¨ fxkg á®®â¢¥âáâ¢¥®, â®

hpk; y � xki � =2 (19)
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¤«ï ¢á¥å k 2 K,  ç¨ ï á ¥ª®â®à®£® ®¬¥à  N � 0, ¨ ¤«ï ¢á¥å y 2 !2. �®áª®«ìªã y 2 D(x),

â® ¢ ®ªà¥áâ®áâ¨ !2 ¬®¦® ¢ë¡à âì â ªãî â®çªã ey 2 �

D, çâ® f(ey) < f(xk) 8k 2 K, k � N 0, £¤¥
N 0 � N . � ª¨¬ ®¡à §®¬, á ®¤®© áâ®à®ë, ¢ á¨«ã (19) hpk; ey � xki � =2 8k � N 0, k 2 K,   á

¤àã£®© áâ®à®ë, hpk; ey � xki < 0 8k � N 0, k 2 K, â. ª. ey 2 �

D(xk), k � N 0, k 2 K. �®«ãç¥®¥
¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.

�® áå¥¬¥ ®¡®á®¢ ¨ï «¥¬¬ë 3 ¤®ª §ë¢ ¥âáï

�¥¬¬  4. �ãáâì ¢ ãá«®¢¨ïå «¥¬¬ë 3 ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª pk, k 2 K, ¢ë¡à   ¨§

ª®ãá  W (f; xk). �®£¤  p 2W (f; x).

�¥¬¬  5. �ãáâì äãªæ¨ï f(x) áâà®£® ¯á¥¢¤®¢ë¯ãª«  ¨ ¤¨ää¥à¥æ¨àã¥¬  ¯®  ¯à ¢«¥¨ï¬

¢ Rn, ¬®¦¥áâ¢® D � Rn ¢ë¯ãª«®, § ¬ªãâ®,
�

D 6= ;, ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª xk 2 D, k 2 K,

â ª®¢ , çâ® ¤«ï ¢á¥å k 2 K ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

f(xk) � f� + t (20)

¯à¨ ¥ª®â®à®¬ t > 0. �®£¤   ©¤¥âáï â ª®¥  > 0, çâ®

hp; x� � xki � � (21)

¤«ï ¢á¥å p 2W (f; xk), kpk = 1, ¨ ¢á¥å k 2 K. �á«¨ ¬®¦¥áâ¢® D, ªà®¬¥ â®£®, áâà®£® ¢ë¯ãª«®,
â® (21) á¯à ¢¥¤«¨¢® â ª¦¥ ¤«ï ¢á¥å p 2Wf (xk;D), kpk = 1, ¨ ¢á¥å k 2 K.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã x� 2 D(xk), k 2 K, â® hp; x� � xki � 0 ¤«ï ¢á¥å p 2 W (f; xk),
p 2Wf (xk;D), kpk = 1, k 2 K. �®ª ¦¥¬ ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë. �®¯ãáâ¨¬, çâ® ®® ¥¢¥à®.
�®£¤  áãé¥áâ¢ãîâ áå®¤ïé ïáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì fxkg, k 2 K 0 � K, ¯®á«¥¤®¢ â¥«ì®áâ¨
fxkg, k 2 K, ¨ áå®¤ïé ïáï ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª pk 2W (f; xk), kpkk = 1, k 2 K 0, â ª¨¥, çâ®

lim
k2K0

hpk; x
� � xki = 0: (22)

�ãáâì x ¨ p | ¯à¥¤¥«ìë¥ â®çª¨ ¯®á«¥¤®¢ â¥«ì®áâ¥© fxkg, k 2 K 0, ¨ fpkg, k 2 K 0, á®®â¢¥â-
áâ¢¥®. �â¬¥â¨¬, çâ® x 6= x� á®£« á® (20),   kpk = 1. �®£¤  ¢ á¨«ã (22)

hp; x� � xi = 0: (23)

�â® à ¢¥áâ¢® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® x� 2
�

E(x),   ¢¥ªâ®à p ¯® «¥¬¬¥ 4 ï¢«ï¥âáï ®¡®¡é¥®-
®¯®àë¬ ¤«ï äãªæ¨¨ f(x) ¢ â®çª¥ x.

�®ª ¦¥¬ ¢â®à®¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¯® â®© ¦¥ áå¥¬¥, áç¨â ï â¥¯¥àì ¬®¦¥áâ¢® D áâà®£®
¢ë¯ãª«ë¬. �®¯ãáâ¨¬, çâ® ãâ¢¥à¦¤¥¨¥ ¥¢¥à®. �ë¤¥«¨¬, ª ª ¨ ¢ëè¥, áå®¤ïéãîáï ¯®¤¯®á«¥-
¤®¢ â¥«ì®áâì fxkg, k 2 K 0 � K, ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, k 2 K, á ¯à¥¤¥«ì®© â®çª®© x ¨
áå®¤ïéãîáï ¯®á«¥¤®¢ â¥«ì®áâì fpkg, k 2 K 0, pk 2 Wf (xk;D), kpkk = 1, k 2 K 0, á ¯à¥¤¥«ì®©
â®çª®© p â ª¨¥, çâ® ¢ë¯®«ï¥âáï (22),   § ç¨â, ¨ (23). �®«®¦¨¬ y = (1=2)x� + (1=2)x. �®£¤  ¨§
(23) á«¥¤ã¥â

hp; y � xi = 0: (24)

�®áª®«ìªã ¬®¦¥áâ¢  D ¨ E(x) áâà®£® ¢ë¯ãª«ë ¨
�

D(x) 6= ;, â® D(x) â ª¦¥ áâà®£® ¢ë¯ãª«®.

�«¥¤®¢ â¥«ì®, y 2
�

D(x),   â. ª. ¯® «¥¬¬¥ 3 ¢ë¯®«ï¥âáï ¢ª«îç¥¨¥ (18), â® hp; y � xi < 0.
�®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯à®â¨¢®à¥ç¨â (24).

�¥®à¥¬ . �ãáâì ¤«ï äãªæ¨¨ f(x) ¨ ¬®¦¥áâ¢  D ¢ë¯®«ïîâáï ãá«®¢¨ï, ãª § ë¥ ¢

¯®áâ ®¢ª¥ § ¤ ç¨ (14), ¨ ¬®¦¥áâ¢® D(x0) ®£à ¨ç¥®. �®£¤  ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg,
k 2 K, ¯®áâà®¥®© ¯¥à¢ë¬ ¨§ ¯à¥¤«®¦¥ëå ¬¥â®¤®¢, á¯à ¢¥¤«¨¢® ¯à¥¤¥«ì®¥ á®®â®è¥¨¥

lim
k!1

f(xk) = f�: (25)
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�á«¨ ¬®¦¥áâ¢® D, ªà®¬¥ â®£®, áâà®£® ¢ë¯ãª«®, â® ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, k 2 K,

¯®áâà®¥®© ¯® ¢â®à®¬ã ¬¥â®¤ã, â ª¦¥ ¢ë¯®«ï¥âáï à ¢¥áâ¢® (25).

�®ª § â¥«ìáâ¢®. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fxkg, k 2 K, ¯®áâà®¥  «î¡ë¬ ¨§ ¤¢ãå ¯à¥¤-
«®¦¥ëå ¬¥â®¤®¢. �®«®¦¨¬ exk = xk + sk. � ª ª ª exk 2 D, f(exk) � f(xk), k 2 K,   äãªæ¨ï
f(x) áâà®£® ¯á¥¢¤®¢ë¯ãª« , â®  ¯à ¢«¥¨¥ sk ï¢«ï¥âáï ¯®¤å®¤ïé¨¬ ¤«ï f(x) ¢ â®çª¥ xk ¯à¨
¢á¥å k 2 K. �®íâ®¬ã ¯®á«¥¤®¢ â¥«ì®áâì ff(xk)g à¥« ªá æ¨® , ¨ áãé¥áâ¢ã¥â

lim
k!1

f(xk) = f � f�:

�®¯ãáâ¨¬, çâ® ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë, ª á îé¥¥áï â®£® ¬¥â®¤ , ¯® ª®â®à®¬ã ¯®áâà®¥  ¯®á«¥-
¤®¢ â¥«ì®áâì fxkg, ¥¢¥à®. �®£¤  f > f�, ¨ ¤«ï ¢á¥å k 2 K ¯à¨ ¥ª®â®à®¬ t > 0 á¯à ¢¥¤«¨¢®
¥à ¢¥áâ¢® (20). �«¥¤®¢ â¥«ì®, ¯® «¥¬¬¥ 5  ©¤¥âáï â ª®¥  > 0, çâ® ¤«ï ¢á¥å k 2 K ¨ ¢á¥å
p 2 Pk ¢ë¯®«ï¥âáï (21),   § ç¨â,

max
p2Pk

hp; x� � xki � �; k 2 K: (26)

� á¨«ã (20)  ©¤ãâáï â®çª  uk 2 D(xk) ¨ ç¨á«® �k > 0 â ª¨¥, çâ® x� = xk+�k(uk�xk), �k � � <1,
¤«ï ¢á¥å k 2 K. �®£¤  á ãç¥â®¬ (15) max

p2Pk
hp; x��xki � �max

p2Pk
hp; uk�xki � � min

x2D(xk)
max
p2Pk

hp; x�xki �

(�=�)max
p2Pk

hp; xk � xki, k 2 K. �âáî¤  ¨ ¨§ ¥à ¢¥áâ¢  (26) á«¥¤ã¥â kxk � xkk � � = �=� ¨

kexk � xkk � � 8 k 2 K: (27)

� «¥¥, ¢ë¤¥«¨¬ ¨§ ®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, k 2 K, áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ -
â¥«ì®áâì fxkg, k 2 K 0 � K, â ª, çâ®¡ë ¯®á«¥¤®¢ â¥«ì®áâì fexkg, k 2 K 0, ¡ë«  â ª¦¥ áå®¤ïé¥©-
áï. �ãáâì, á®®â¢¥âáâ¢¥®, x ¨ ex | ¯à¥¤¥«ìë¥ â®çª¨ íâ¨å ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¥©. �®£« á®
(27) x 6= ex. �à®¬¥ â®£®, f(ex) � f(x), â. ª. f(exk) � f(xk), k 2 K 0. �®£¤  ¨§ ãá«®¢¨ï áâà®£®©
¯á¥¢¤®¢ë¯ãª«®áâ¨ f(x) á«¥¤ã¥â, çâ® ¢¥ªâ®à ex � x ï¢«ï¥âáï ¯®¤å®¤ïé¨¬ ¤«ï äãªæ¨¨ f(x) ¢
â®çª¥ x ®â®á¨â¥«ì® D  ¯à ¢«¥¨¥¬. �®íâ®¬ã  ©¤¥âáï â ª®¥ � 2 (0; 1], çâ® x+ �(ex� x) 2 D
¨ f(x+ �(ex� x)) < f(x) ¨«¨

f(x+ �(ex� x)) < f: (28)

� á¨«ã (16) f(xk+1) � (1 � �)f(xk) + �f(xk + �(exk � xk)) 8k 2 K 0. �¥à¥å®¤ï ¢ ¯®á«¥¤¥¬
¥à ¢¥áâ¢¥ ª ¯à¥¤¥«ã ¯® k ! 1, k 2 K 0, á ãç¥â®¬ â®£®, çâ® lim

k2K0

f(xk) = lim
k2K0

f(xk+1) = f ,

¯®«ãç¨¬ á®®â®è¥¨¥, ¯à®â¨¢®à¥ç é¥¥ (28).

�ëè¥ ã¦¥ ®â¬¥ç « áì âàã¤®¥¬ª®áâì ®âëáª ¨ï ¢ ¬¥â®¤ å â®ç¥ª xk ¨§ ãá«®¢¨ï (15). �ª ¦¥¬
â¥¯¥àì ¯à ªâ¨ç¥áª¨© á¯®á®¡ à¥è¥¨ï § ¤ ç¨ (15), áç¨â ï, çâ® �k < 1,   ¬®¦¥áâ¢® D § ¤ ®
¢ ¢¨¤¥ (17). �â¬¥â¨¬, çâ® D ¬®¦® § ¤ âì á¨áâ¥¬®© ¥à ¢¥áâ¢ fj(x) � 0, j 2 J , á® áâà®£®
¯á¥¢¤®¢ë¯ãª«ë¬¨ äãªæ¨ï¬¨ ¢ «¥¢®© ç áâ¨,   § â¥¬ ¯®«®¦¨âì F (x) = max

j2J
fj(x). �¥âàã¤®

¯à®¢¥à¨âì, çâ® äãªæ¨ï F (x) ¡ã¤¥â â ª¦¥ áâà®£® ¯á¥¢¤®¢ë¯ãª«®©.
�à¨¬¥¨¬ ¤«ï à¥è¥¨ï § ¤ ç¨  å®¦¤¥¨ï â®çª¨ xk   k-¬ è £¥ ¬¥â®¤®¢ ¯à®æ¥¤ãàã �,

¯®«®¦¨¢ ¢ ¥© y = xk,G = D(xk), P = Pk ¨ ¢ë¡à ¢ ¢ë¯ãª«®¥ ®£à ¨ç¥®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢®
M0 â ª, çâ® D �M0. �á«¨   i-¬ è £¥ ¯à®æ¥¤ãàë ¢ë¯®«¨âáï ¢ª«îç¥¨¥ yi 2 D(xk), â® ¬®¦®
¯®«®¦¨âì xk = yi, ¨ § ¤ ç  à¥è¥ . � ¯à®â¨¢®¬ á«ãç ¥ á®£« á® ¯ãªâ ¬ 2�, 3� ®âëáª¨¢ îâáï
â®çª¨ yi ¨ zi. �ë¡¨à ¥âáï Ai ª ª ¯®¤¬®¦¥áâ¢® ¬®¦¥áâ¢  fa 2 Rn : a 2W (f; zi), kak = 1g, ¥á«¨
f(zi) � f(xk), ¨ ¯®¤¬®¦¥áâ¢® ¬®¦¥áâ¢  fa 2 Rn : a 2 W (F; zi), kak = 1g ¢ ¯à®â¨¢®¬ á«ãç ¥.
� â¥¬ áâà®¨âáï Mi+1 á®£« á® ¯. 5� ¯à®æ¥¤ãàë.

�®ª ¦¥¬, çâ® ¤«ï íâ®£®  «£®à¨â¬  ¢ë¯®«ï¥âáï ãá«®¢¨¥ (3) ¯à¨ ¥ª®â®à®¬ � > 0, ¥ § ¢¨-
áïé¥¬ ®â i 2 I. �ãáâì I 0 = fi 2 I : f(zi) � f(y)g, I

00

= I n I 0. �®áª®«ìªã F (zi) � F (y) 8i 2 I
00

,
â® ¯® «¥¬¬¥ 2  ©¤ãâáï â ª¨¥ ç¨á«  �0; �

00

> 0, çâ® ha; y � zii � ��0 ¤«ï ¢á¥å i 2 I 0, a 2 W (f; zi),
kak = 1, ¨ ha; y � zii � ��

00

¤«ï ¢á¥å i 2 I
00

, a 2 W (F; zi), kak = 1. � ç¨â, ¤«ï ¢á¥å i 2 I ¨ ¢á¥å
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a 2 Ai ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® ha; y � zii � �maxf�0; �
00

g, ¨ ®¯¨á ë©  «£®à¨â¬ ®âëáª ¨ï
â®çª¨ xk ï¢«ï¥âáï à¥ «¨§ æ¨¥© ¯à®æ¥¤ãàë �.

�®ª ¦¥¬ â¥¯¥àì, çâ® íâ¨¬  «£®à¨â¬®¬ §  ª®¥ç®¥ ç¨á«® ¨â¥à æ¨© ¤¥©áâ¢¨â¥«ì® ®âëáª¨-
¢ ¥âáï â®çª  xk ¨§ ãá«®¢¨ï (15). �à¨ ®¡®á®¢ ¨¨ «¥¬¬ë 1 ¡ë«® ¯®ª § ®, çâ® áãé¥áâ¢ã¥â ¯®¤-
¯®á«¥¤®¢ â¥«ì®áâì fyig, i 2 I1 � I, ¤«ï ª®â®à®© á¯à ¢¥¤«¨¢® (5). �®£¤  ¢ á¨«ã ¢ë¡®à  â®ç¥ª zi
¢ë¯®«ï¥âáï à ¢¥áâ¢® lim

i2I1
kyi�yik = 0, ¨§ ª®â®à®£® á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ â ª®£® ®¬¥à  i0, çâ®

kyi0 �xkk � �kkyi0 �xkk. � ç¨â, (1=�k)max
p2Pk

hp; yi0 �xki � max
p2Pk

hp; yi0 �xki � min
x2D(xk)

max
p2Pk

hp; x�xki,

¨ â®çª  xk = yi0 ï¢«ï¥âáï ¨áª®¬®©.
�ç¥¢¨¤®, çâ® ¢ ®¯¨á ®¬  «£®à¨â¬¥ ¬®¦¥áâ¢®M0 ã¤®¡® ¢ë¡¨à âì ¢ ¢¨¤¥ ¬®£®£à ¨ª ,

  yi ®âëáª¨¢ âì ª ª â®çª¨ ¬¨¨¬ã¬  äãªæ¨¨ max
p2Pk

hp; x� xki   ¬®¦¥áâ¢ å Mi.

�á«¨ á¯®á®¡ § ¤ ¨ï ¬®¦¥áâ¢  D ¥ ª®ªà¥â¨§¨à®¢ , â® ¯à¨ ®âëáª ¨¨ xk   i-¬ è £¥
¯à®æ¥¤ãàë ¬®¦¥áâ¢® Ai ¬®¦® § ¤ ¢ âì á«¥¤ãîé¨¬ ®¡à §®¬. �á«¨ zi =2 E(xk), â® Ai � fa 2
Rn : a 2 W (f; zi), kak = 1g. � ¯à®â¨¢®¬ á«ãç ¥ Ai ¢ë¡¨à ¥âáï ¨§ í«¥¬¥â®¢ a 2 W (zi;D),
kak = 1, â ª, çâ®¡ë ¢ë¯®«ï«®áì ¥à ¢¥áâ¢® (3) ¯à¨ ¢á¥å a 2 Ai ¨ ¥ª®â®à®¬ � > 0. �®¤ç¥àª¥¬,

çâ® ¥á«¨ xk 2
�

D, â® (3) á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å a 2 W (zi;D), ¯®íâ®¬ã ¢ â ª®¬ á«ãç ¥ § ¤ ¢ âì �
¢ ¯à®æ¥¤ãà¥ ¥â ¥®¡å®¤¨¬®áâ¨, ¨ «î¡®© ®à¬¨à®¢ ë© ¢¥ªâ®à ¨§ W (zi; D) ¬®¦® ¢ª«îç âì ¢
Ai.

� ¬¥â¨¬, çâ®, ¨á¯®«ì§ãï á¢®©áâ¢® ¥¯à¥àë¢®áâ¨ äãªæ¨¨ g(x) = max
p2P

hp; x � yi, ¤«ï áå®-

¤ïé¥©áï ª â®çª¥ ¨§ G ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ fyig, i 2 I 0 � I, ¯®á«¥¤®¢ â¥«ì®áâ¨ fyig, i 2 I,
¯®áâà®¥®© ¯à®æ¥¤ãà®© �, ¥âàã¤® ¤®ª § âì à ¢¥áâ¢® lim

i2I0

g(yi) = min
x2G

g(x). �®íâ®¬ã ¯à®æ¥¤ãàã

� ¬®¦® à áá¬ âà¨¢ âì, ¢ ç áâ®áâ¨, ª ª ¬¥â®¤ ¬¨¨¬¨§ æ¨¨   G äãªæ¨¨ g(x). �á«¨ ¯à¨ íâ®¬
¢ ª ç¥áâ¢¥ yi ¢ë¡¨à âì â®çª¨ ¬¨¨¬ã¬  g(x)   ¬®¦¥áâ¢ å Mi, â® ¯à®æ¥¤ãà  ¨¤¥©® ¡«¨§ª  ª
¨§¢¥áâë¬ ¬¥â®¤ ¬ ®¯®àëå ¬®¦¥áâ¢ �.�.�ã« â®¢  ¤«ï § ¤ ç¨ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï
([4], c. 25).

� § ª«îç¥¨¥ ¯à¨¢¥¤¥¬ ®æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à¥¤«®¦¥ëå ¬¥â®¤®¢, ¯®«ì§ãïáì à¥-
§ã«ìâ â ¬¨ à ¡®âë [5], ¢ ª®â®à®© ¨§¢¥áâ ï ¬¥â®¤¨ª  �.�.� à¬ ®¢  ([6], c. 172) ¯®«ãç¥¨ï
®æ¥®ª ¤«ï ¬¥â®¤®¢ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï à á¯à®áâà ¥    § ¤ ç¨ ¯á¥¢¤®¢ë¯ãª«®£®
¯à®£à ¬¬¨à®¢ ¨ï. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fxkg ¯®áâà®¥  «î¡ë¬ ¨§ ¤¢ãå ¯à¥¤«®¦¥ëå
 «£®à¨â¬®¢, ak = f(xk)� f�, ¨ ¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥« �k, k 2 K, â ª®¢ , çâ®

�kak � �f 0(xk; x
� � xk) 8 k 2 K: (29)

�®£¤  á®£« á® â¥®à¥¬¥ 3 ([5])

f(xm)� f� � a0

�
1 + a0

m�1X
k=0

�2k(f(xk)� f(xk+1))

(f 0(xk; x� � xk))
2

��1
; m = 1; 2; : : :

�á«¨ äãªæ¨ï f(x) ¤¨ää¥à¥æ¨àã¥¬ , d = diamD(x0), â® ¨§ ¯à¥¤ë¤ãé¥£® ¥à ¢¥áâ¢  á«¥¤ã¥â

f(xm)� f� � a0

�
1 +

a0
d2

m�1X
k=0

�2k(f(xk)� f(xk+1))

kf 0(xk)k
2

��1
; m = 1; 2; : : :

�â¬¥â¨¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì f�kg, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î (29), áãé¥áâ¢ã¥â á®£« á®
®¯à¥¤¥«¥¨î áâà®£®© ¯á¥¢¤®¢ë¯ãª«®áâ¨ äãªæ¨¨ f(x), ¯à¨ç¥¬ ¬®¦® ¯®«®¦¨âì �k = 1, k 2 K,
¥á«¨ f(x) áâà®£® ¢ë¯ãª« .
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