
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1999 ���������� ò 12 (451)

��� 519.10

�.�.�������, �.�.������

� ��������������� �������� �������������
�������������� ���������� ������ ������

1. �¢¥¤¥­¨¥

� ®â«¨ç¨¥ ®â ª« áá¨ç¥áª®© âà ­á¯®àâ­®© § ¤ ç¨ (��) ¬­®£®£à ­­¨ª ¬­®£®¨­¤¥ªá­®© �� ¬®-
¦¥â ¨¬¥âì ­¥æ¥«®ç¨á«¥­­ë¥ ¢¥àè¨­ë ¯à¨ æ¥«®ç¨á«¥­­ëå ¨áå®¤­ëå ¤ ­­ëå (­ ¯à., [1]{[3]). �â®,
¥áâ¥áâ¢¥­­®, § âàã¤­ï¥â ¯®¨áª æ¥«®ç¨á«¥­­ëå à¥è¥­¨©, ¯à¥¢à é ï, ­ ¯à¨¬¥à, ¯à®¡«¥¬ã ¯à®-
¢¥àª¨ æ¥«®ç¨á«¥­­®© á®¢¬¥áâ­®áâ¨ âà¥å¨­¤¥ªá­®© ¯« ­ à­®© �� ¢ NP -¯®«­ãî [4]. �áâ ­®¢«¥­ 
â ª¦¥ NP -¯®«­®â   ªá¨ «ì­®© ¨ ¯« ­ à­®© âà¥å¨­¤¥ªá­®© § ¤ ç¨ (¯à®¡«¥¬ë) ¢ë¡®à  [5], [6].
�â¨¬, ¢ ç áâ­®áâ¨, ®¡êïá­ï¥âáï ¡®«ìè®© ¨­â¥à¥á ª á¢®©áâ¢ ¬ ¨ ¬¥â®¤ ¬ à¥è¥­¨ï ¬­®£®¨­¤¥ªá-
­ëå ��, ª®â®àë© ®¯à ¢¤ë¢ ¥â ¨áá«¥¤®¢ ­¨ï áâàãªâãàë ¬­®£®£à ­­¨ª®¢ íâ®£® ª« áá  § ¤ ç.

� íâ®© à ¡®â¥ ¨áá«¥¤ãîâáï ­¥æ¥«®ç¨á«¥­­ë¥ ¢¥àè¨­ë ¬­®£®£à ­­¨ª  è¨à®ª® à á¯à®áâà -
­¥­­®© ¢ ¯à¨«®¦¥­¨ïå ¬­®£®¨­¤¥ªá­®©  ªá¨ «ì­®© § ¤ ç¨ ¢ë¡®à .

2. �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï, á¢®©áâ¢  ¨ à¥§ã«ìâ âë

�ãáâì ­ âãà «ì­ë¥ ç¨á«  p ¨ n ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬ p � 2 ¨ n � 2. � áá¬®âà¨¬
¬­®£®£à ­­¨ª M(p; n), § ¤ ­­ë© ãá«®¢¨ï¬¨

nX
i1=1

� � �
nX

is�1=1

nX
is+1=1

� � �
nX

ip=1

xi1:::ip = 1 8is 2 Nn; 8s 2 Np; (1)

xi1:::ip � 0 8(i1; : : : ; ip) 2 Np
n ; (2)

£¤¥ Nt = f1; 2; : : : ; tg, Np
n = Nn � � � � �Nn| {z }

p

. �®áª®«ìªã æ¥«®ç¨á«¥­­ë¥ â®çª¨ ¬­®£®£à ­­¨ª 

M(p; n) á«ã¦ â ¤®¯ãáâ¨¬®© ®¡« áâìî p-¨­¤¥ªá­®©  ªá¨ «ì­®© § ¤ ç¨ ¢ë¡®à  ([1], á. 308), â®
¬­®£®£à ­­¨ª M(p; n) ¡ã¤¥¬ ­ §ë¢ âì ¬­®£®£à ­­¨ª®¬ p-¨­¤¥ªá­®©  ªá¨ «ì­®© § ¤ ç¨ ¢ë¡®-
à . � ¬¥â¨¬, çâ® ¯à¨ p = 2 íâ®â ¬­®£®£à ­­¨ª ï¢«ï¥âáï ¬­®£®£à ­­¨ª®¬ å®à®è® ¨§¢¥áâ­®© ¨
¨§ãç¥­­®© § ¤ ç¨ ® ­ §­ ç¥­¨ïå.

�ã¤¥¬ ¯®«ì§®¢ âìáï â¥à¬¨­®«®£¨¥© ¨ ®¡®§­ ç¥­¨ï¬¨ ¨§ [1].
�§¢¥áâ­ë á«¥¤ãîé¨¥ ®á­®¢­ë¥ á¢®©áâ¢  ¬­®£®£à ­­¨ª  M(p; n) ([1], [2]):
1) à ­£ ¬ âà¨æë á¨áâ¥¬ë (1) à ¢¥­ (n � 1)p + 1; ¨§ íâ®£® á¢®©áâ¢  ¢ëâ¥ª ¥â, çâ® ¢¥àè¨­ 

¬­®£®£à ­­¨ª  M(p; n) á®¤¥à¦¨â ­¥ ¡®«¥¥ ç¥¬ (n� 1)p+ 1 ¯®«®¦¨â¥«ì­ëå ª®¬¯®­¥­â;
2) à §¬¥à­®áâì ¬­®£®£à ­­¨ª  M(p; n) à ¢­  np � (n� 1)p� 1;
3) ª®«¨ç¥áâ¢® æ¥«®ç¨á«¥­­ëå ¢¥àè¨­ ¬­®£®£à ­­¨ª  M(p; n) à ¢­® (n!)p�1;
4) ¬­®£®£à ­­¨ª M(2; n) ï¢«ï¥âáï æ¥«®ç¨á«¥­­ë¬, â. ¥. ¢á¥ ¥£® ¢¥àè¨­ë ¨¬¥îâ æ¥«®ç¨á«¥­-

­ë¥ ª®¬¯®­¥­âë;
5) ¤¨ ¬¥âà ¬­®£®£à ­­¨ª  M(2; n) ¯à¨ n � 4 à ¢¥­ 2;
6) ª ¦¤®© ¢¥àè¨­¥ ¬­®£®£à ­­¨ª  M(2; n) ®â¢¥ç ¥â 2n�1nn�2 ¤®¯ãáâ¨¬ëå ¡ §¨á®¢;

� ¡®â  ¯®¤¤¥à¦ ­  �®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© �¥á¯ã¡«¨ª¨ �¥« àãáì (¯à®¥ªâ ò�97-
266).
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7) ®â «î¡®£® ¤®¯ãáâ¨¬®£® ¡ §¨á  ¬­®£®£à ­­¨ª  M(2; n) ¬®¦­® ¯¥à¥©â¨ ¢ «î¡®© ¤àã£®© ¤®-
¯ãáâ¨¬ë© ¡ §¨á ­¥ ¡®«¥¥, ç¥¬ §  2n�1 è £®¢, ¯à¨ç¥¬ ¢ ¯®áâà®¥­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ª ¦¤ë¥
¤¢  àï¤®¬ áâ®ïé¨å ¡ §¨á  ¡ã¤ãâ ®â«¨ç âìáï â®«ìª® ®¤­¨¬ ¢¥ªâ®à-áâ®«¡æ®¬, ¨ ¢á¥ ¡ §¨áë ¡ã¤ãâ
¤®¯ãáâ¨¬ë¬¨;

8) ¬­®£®£à ­­¨ª M(3; 2) ­¥ ï¢«ï¥âáï æ¥«®ç¨á«¥­­ë¬, â. ¥. ¨¬¥¥â ¢¥àè¨­ë á ¤à®¡­ë¬¨ ª®®à-
¤¨­ â ¬¨.

� íâ®© à ¡®â¥ ¤®ª § ­  á«¥¤ãîé ï ®á­®¢­ ï

�¥®à¥¬ . �«ï ç¨á«  fu0 (M(p; n)) ­¥æ¥«®ç¨á«¥­­ëå ¢¥àè¨­ ¬­®£®£à ­­¨ª  M(p; n) ¯à¨ p � 3
á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

fu0 (M(p; n)) � (n!)p�1
�
n2 � n

4

��
n2 + 3n+ 2

6

�p�3

: (3)

�®ª § â¥«ìáâ¢® ¯à¨¢¥¤¥­­®© â¥®à¥¬ë ®¯¨à ¥âáï ­  ­¥ª®â®àë¥ ¯à¥¤¢ à¨â¥«ì­ë¥ à¥§ã«ìâ âë,
ª®â®àë¥ ­ §®¢¥¬ ãâ¢¥à¦¤¥­¨ï¬¨,   ­¥ «¥¬¬ ¬¨ ¢¢¨¤ã ¨å á ¬®áâ®ïâ¥«ì­®£® §­ ç¥­¨ï.

3. �à¥¤¢ à¨â¥«ì­ë¥ à¥§ã«ìâ âë

�ãáâì p � 3. � áá¬®âà¨¬ (p� 1)-¨­¤¥ªá­ãî ¬ âà¨æã y = kyi1:::ip�1kn, ¯à¨­ ¤«¥¦ éãî ¬­®£®-
£à ­­¨ªãM(p�1; n). � ¯¨è¥¬ íâã ¬ âà¨æã ¢ ¢¨¤¥ np�1-¬¥à­®£® ¢¥ªâ®à  z(y) = (y1:::11; y1:::12; : : : ;
yn:::nn). �¤ «¨¢ ¢ ¢¥ªâ®à¥ z(y) ­ã«¥¢ë¥ ª®¬¯®­¥­âë, ¯®«ãç¨¬ ¢¥ªâ®à z+(y), ç¨á«® ª®¬¯®­¥­â
ª®â®à®£® à ¢­® ç¨á«ã t(y) ¯®«®¦¨â¥«ì­ëå í«¥¬¥­â®¢ ¬ âà¨æë y. � ¬¥â¨¬, çâ® ª®¬¯®­¥­âë ¢¥ª-
â®à  z+(y) § ­ã¬¥à®¢ ­ë â¥¬ ¦¥ á¯®á®¡®¬, çâ® ¨ ª®¬¯®­¥­âë ¢¥ªâ®à  z(y). �®áª®«ìªã áã¬¬ 
ª®¬¯®­¥­â ¢¥ªâ®à  z+(y) à ¢­  n, â® ¯ à  ¢¥ªâ®à®¢ z+(y) ¨ ep = (1; : : : ; 1| {z }

n

) ®¯à¥¤¥«ï¥â ª« áá¨ç¥-

áª¨© âà ­á¯®àâ­ë© ¬­®£®£à ­­¨ªM(z+(y); ep) ¯®àï¤ª  t(y)�n, ª®â®àë© ­ ¨¡®«¥¥ ¯®«­® ¨§ãç¥­
(­ ¯à., [1], [2], [7]{[11]).

�ãáâì g(y) = kgyjipkt(y)�n | ­¥ª®â®à ï ¬ âà¨æ  ¬­®£®£à ­­¨ª  M(z+(y); ep), £¤¥ ¨­¤¥ªá j
¯à¥¤áâ ¢«ï¥â á®¡®© á®¢®ªã¯­®áâì ¨­¤¥ªá®¢ (i1; : : : ; ip�1), § ¤ ¢ ¥¬ãî ­®¬¥à ¬¨ ª®¬¯®­¥­â ¢¥ª-
â®à  z+(y). �®£¤  ¯® íâ®© ¬ âà¨æ¥ ®¯à¥¤¥«¨¬ ¬ âà¨æã x(g(y)) = kxg(y)i1:::ip

kn á®£« á­® ¯à ¢¨«ã

xg(y)i1:::ip
=

(
gyjip ; ¥á«¨ (i1; : : : ; ip�1) = j;

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥:

�ç¥¢¨¤­®, çâ® ¯®áâà®¥­­ ï â ª¨¬ ®¡à §®¬ ¬ âà¨æ  x(g(y)) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (1) ¨
(2), â. ¥. x(g(y)) 2M(p; n). �«¥¤®¢ â¥«ì­®, ¬­®£®£à ­­¨ª M(p; n) ¯à¨ p � 3 ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

M(p; n) = fx(g(y)) : y 2M(p� 1; n); g(y) 2M(z+(y); ep)g: (4)

�á­®¢ë¢ ïáì ­  íâ®¬ à ¢¥­áâ¢¥, «¥£ª® ¤®ª § âì

�â¢¥à¦¤¥­¨¥ 1. �«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  p � 3 á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

1) fx(g(y)) : g(y) 2 vertM(z+(y); ep)g � vertM(p; n) 8y 2 vertM(p� 1; n);
2) vertM(z+(y1); ep) \ vertM(z+(y2); ep) = ; 8y1; y2 2 vertM(p� 1; n), y1 6= y2,

£¤¥ vertM | ¬­®¦¥áâ¢® ¢¥àè¨­ ¬­®£®£à ­­¨ª  M .

�§ ãâ¢¥à¦¤¥­¨ï 1 ¢ëâ¥ª ¥â

�â¢¥à¦¤¥­¨¥ 2. �«ï ç¨á«  f0(M(p; n)) ¢¥àè¨­ ¬­®£®£à ­­¨ª  M(p; n), p � 3, á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢®

f0(M(p; n)) �
X

y2vertM(p�1;n)

f0(M(z+(y); ep)):

�­®¦¥áâ¢® ¢á¥å æ¥«®ç¨á«¥­­ëå ¢¥àè¨­ ¬­®£®£à ­­¨ª  M(p; n) ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§
Z(p; n). �ç¥¢¨¤­®, ¢áïª ï æ¥«®ç¨á«¥­­ ï â®çª  ¬­®£®£à ­­¨ª  M(p; n) ï¢«ï¥âáï ¥£® ¢¥àè¨­®©.
�®íâ®¬ã ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï 1 ¨ à ¢¥­áâ¢  (4) ­¥âàã¤­® ¤®ª § âì á«¥¤ãîé¨¥ ¤¢  ãâ¢¥à¦¤¥­¨ï.

66



�â¢¥à¦¤¥­¨¥ 3. �«ï ç¨á«  fu0 (M(p; n)) ­¥æ¥«®ç¨á«¥­­ëå ¢¥àè¨­ ¬­®£®£à ­­¨ª  M(p; n),
p � 3, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

fu0 (M(p; n)) �
X

y2vertM(p�1;n)nZ(p�1;n)

f0(M(z+(y); ep)):

�â¢¥à¦¤¥­¨¥ 4. �¨á«® f z0 (M(p; n)) æ¥«®ç¨á«¥­­ëå ¢¥àè¨­ ¬­®£®£à ­­¨ª  M(p; n), p � 3,
¢ëà ¦ ¥âáï ä®à¬ã«®©

f z0 (M(p; n)) =
X

y2Z(p�1;n)

f0(M(z+(y); ep)):

� ª ª ª f0(M(2; n)) = n! (­ ¯à., [1], á. 169), â® ­  ®á­®¢ ­¨¨ ãâ¢¥à¦¤¥­¨ï 4 ¬¥â®¤®¬ ¨­¤ãªæ¨¨
¯® ç¨á«ã p ¯®«ãç ¥¬ á«¥¤ãîé¨© ¨§¢¥áâ­ë© à¥§ã«ìâ â ([1], á. 309): ç¨á«® æ¥«®ç¨á«¥­­ëå ¢¥àè¨­
¬­®£®£à ­­¨ª  M(p; n) ¢ëà ¦ ¥âáï ä®à¬ã«®©

f z0 (M(p; n)) = (n!)p�1: (5)

� ¬¥â¨¬, çâ® à ­¥¥ ([1], á. 309; [12], a â ª¦¥ [13]) íâ  ä®à¬ã«  ¡ë«  ¢ë¢¥¤¥­  á ¨á¯®«ì§®-
¢ ­¨¥¬ â¥®à¥¬ë ® ¢§ ¨¬­® ®¤­®§­ ç­®¬ á®®â¢¥âáâ¢¨¨ ¬¥¦¤ã ¬­®¦¥áâ¢®¬ ¯« ­®¢ (¤®¯ãáâ¨¬ëå
à¥è¥­¨©) p-¨­¤¥ªá­®©  ªá¨ «ì­®© § ¤ ç¨ ¢ë¡®à  ¨ ¬­®¦¥áâ¢®¬ ®àâ®£®­ «ì­ëå á¨áâ¥¬ ¬­®£®-
¬¥à­ëå ªã¡®¢.

�§¢¥áâ­® ([1], á. 292), çâ® à §¬¥à­®áâì ¬­®£®£à ­­¨ª M(p; n) à ¢­  ç¨á«ã d = np�(n�1)p�1.
� ä¨ªá¨àã¥¬ ­¥ª®â®à®¥ ç¨á«® k 2 f0; 1; 2; : : : ; d � 1g. �á­®, çâ® k-£à ­ìî ¬­®£®£à ­­¨ª 

M(p; n) ¬®¦¥â ¡ëâì «¨èì ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® ¢¨¤  FG = fx 2M(p; n) : xi1:::ip = 0 8(i1; : : : ; ip) 2
Gg; £¤¥ G � Np

n , jGj = d� k.
�ç¥¢¨¤­®, ¤«ï «î¡ëå p � 3 ¨ y 2 vertM(p � 1; n) ¬­®¦¥áâ¢® fx(g(y)) : g(y) 2 M(z+(y); ep)g

ï¢«ï¥âáï k-£à ­ìî ¬­®£®£à ­­¨ª  M(p; n), £¤¥ k = (n � 1)(t(y) � 1). �®áª®«ìªã ¬­®¦¥áâ¢®
fx(g(y)) : g(y) 2 M(z+(y); ep)g ï¢«ï¥âáï æ¥«®ç¨á«¥­­®© (n � 1)2-£à ­ìî ¬­®£®£à ­­¨ª  M(p; n)
¯à¨ p � 3 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  y | æ¥«®ç¨á«¥­­ ï ¢¥àè¨­  ¬­®£®£à ­­¨ª  M(p� 1; n),
â® ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï 4 ¯®«ãç ¥¬ ¢ ¦­oe

�«¥¤áâ¢¨¥ 1. �­®£®£à ­­¨ªM(p; n) ¯à¨ p � 3 ¨¬¥¥â (n!)p�2 æ¥«®ç¨á«¥­­ëå (n�1)2-£à ­¥©,
®¡« ¤ îé¨å á¢®©áâ¢ ¬¨

 ) F1 \ F2 = ; ¤«ï «î¡ëå â ª¨å £à ­¥© F1 ¨ F2;
¡) ª ¦¤ ï â ª ï £à ­ì á®¤¥à¦¨â n! æ¥«®ç¨á«¥­­ëå ¢¥àè¨­.

� ¦­®áâì íâ®£® á«¥¤áâ¢¨ï, ¢ ç áâ­®áâ¨, á®áâ®¨â ¢ â®¬, çâ® § ¤ ç  ­ å®¦¤¥­¨ï íªáâà¥¬ã¬ 
äã­ªæ¨¨

nX
i1=1

� � �
nX

ip=1

ci1:::ipxi1:::ip ;

£¤¥ ci1:::ip | § ¤ ­­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« , ¯à¨ ®£à ­¨ç¥­¨ïå (1) ¨

xi1:::ip = 0 ¨«¨ 1 8(i1; : : : ; ip) 2 Np
n;

á¢®¤¨âáï ª à¥è¥­¨î (n!)p�2 ¤¢ãå¨­¤¥ªá­ëå § ¤ ç ® ­ §­ ç¥­¨ïå

extr
� X

(i1;:::;ip�1)2K(y)

nX
ip=1

ci1:::ipxi1:::ip : kxi1:::ipkn 2M(z+(y); ep)
�

8y 2 Z(p� 1; n):

�¤¥áì K(y) = f(i1; : : : ; ip�1) 2 Np�1
n : yi1:::ip�1 > 0g.
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4. �®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë

�®ª § â¥«ìáâ¢® ­¥à ¢¥­áâ¢  (3) ¯à¨ p � 3 ¯à®¢¥¤¥¬ ¨­¤ãªæ¨¥© ¯® ç¨á«ã p.
�­ ç «  ãáâ ­®¢¨¬ á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢  (3) ¤«ï p = 3.

�ãáâì n = 2, y� =




1=2 1=2
1=2 1=2





. �á­®, çâ® y� 2M(2; 2). � áá¬®âà¨¬ ¬­®£®£à ­­¨ªM(z+(y�); e3)

¯®àï¤ª  4 � 2, ®¯à¥¤¥«¥­­ë© ¢¥ªâ®à ¬¨ z+(y�) = (1=2(1;1); 1=2(1;2); 1=2(2;1); 1=2(2;2)) ¨ e3 = (1; 1).
�â®â ¬­®£®£à ­­¨ª ¨¬¥¥â 6 ¢¥àè¨­

x1 =










1=2(1;1;1) 0
1=2(1;2;1) 0

0 1=2(2;1;2)
0 1=2(2;2;2)









 ; x2 =










1=2(1;1;1) 0

0 1=2(1;2;2)
1=2(2;1;1) 0

0 1=2(2;2;2)









 ; x3 =










0 1=2(1;1;2)

1=2(1;2;1) 0
0 1=2(2;1;2)

1=2(2;2;1) 0









 ;

x4 =










0 1=2(1;1;2)
0 1=2(1;2;2)

1=2(2;1;1) 0
1=2(2;2;1) 0









 ; x5 =










1=2(1;1;1) 0

0 1=2(1;2;2)
0 1=2(2;1;2)

1=2(2;2;1) 0









 ; x6 =










0 1=2(1;1;2)

1=2(1;2;1) 0
1=2(2;1;1) 0

0 1=2(2;2;2)









 :

�®ª ¦¥¬, çâ® ¬ âà¨æ  x5 ï¢«ï¥âáï ¢¥àè¨­®© ¬­®£®£à ­­¨ª  M(3; 2).
�ãáâì Ri1i2i3 | ¢¥ªâ®à-áâ®«¡¥æ ¬ âà¨æë ®£à ­¨ç¥­¨© (1) ¯à¨ p = 3, ã ª®â®à®£® ¥¤¨­¨æë

áâ®ïâ ¢ áâà®ª å á ­®¬¥à ¬¨ i1, n + i2 ¨ 2n + i3,   ®áâ «ì­ë¥ í«¥¬¥­âë | ­ã«¨. �®£¤  ¢¥ªâ®à-
áâ®«¡æë ¬ âà¨æë ®£à ­¨ç¥­¨© (1), á®®â¢¥âáâ¢ãîé¨¥ ¯®«®¦¨â¥«ì­ë¬ ª®¬¯®­¥­â ¬ ¬ âà¨æë x5,
¬®¦­® § ¯¨á âì ¢ â ª®¬ ¢¨¤¥ R111 = [1 0 1 0 1 0]>, R122 = [1 0 0 1 0 1]>, R212 = [0 1 1 0 0 1]>,
R221 = [0 1 0 1 1 0]> (> | §­ ª âà ­á¯®­¨à®¢ ­¨ï).

� ª ª ª ¢¥ªâ®à­®-¬ âà¨ç­®¥ ãà ¢­¥­¨¥ �1R111 + �2R122 + �3R212 + �4R221 = 0 ¨¬¥¥â ¥¤¨­-
áâ¢¥­­®¥ à¥è¥­¨¥ �1 = �2 = �3 = �4 = 0, â® ¢¥ªâ®àë R111; R122; R212; R221 ï¢«ïîâáï «¨­¥©­®
­¥§ ¢¨á¨¬ë¬¨ ¨, á«¥¤®¢ â¥«ì­®, ¬ âà¨æ  x5 ï¢«ï¥âáï ¢¥àè¨­®© ¬­®£®£à ­­¨ª M(3; 2). A­ «®-
£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® ¨ ¬ âà¨æ  x6 ï¢«ï¥âáï ¢¥àè¨­®© ¬­®£®£à ­­¨ª  M(3; 2). C ¯®¬®éìî
 ­ «®£¨ç­ëå à ááã¦¤¥­¨© ¬®¦­® ¤®ª § âì, çâ® ¬ âà¨æë x1, x2, x3 ¨ x4 ­¥ ï¢«ïîâáï ¢¥àè¨­ ¬¨
¬­®£®£à ­­¨ª  M(3; 2). �â ª, fu0 (M(3; 2)) � 2.

�ãáâì â¥¯¥àì n � 3. �®£¤  ¤«ï «î¡ëå ¯®¤¬­®¦¥áâ¢ Is � Nn, jIsj = n� 2, s = 1; 2; 3, «î¡®£®
R 2 fR1; R2g ¨ «î¡®© ¬ âà¨æë kyi1i2i3kn�2; ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬X

i22I2

X
i32I3

yi1i2i3 = 1 8i1 2 I1;
X
i12I1

X
i32I3

yi1i2i3 = 1 8i2 2 I2;
X
i12I1

X
i22I2

yi1i2i3 = 1 8i3 2 I3;

yi1i2i3 = 0 ¨«¨ 1 8(i1; i2; i3) 2 I1 � I2 � I3;
(6)

¬ âà¨æ  x = kxi1i2i3kn á í«¥¬¥­â ¬¨ xi1i2i3 = yi1i2i3 8(i1; i2; i3) 2 I1�I2�I3; xi1i2i3 = 1=2 8(i1; i2; i3) 2
R; xi1i2i3 = 0 ¤«ï ®áâ «ì­ëå (i1; i2; i3) ¨§ N 3

n ï¢«ï¥âáï ­¥æ¥«®ç¨á«¥­­®© ¢¥àè¨­®© ¬­®£®£à ­­¨ª 
M(3; n). �¤¥áì

R1 = f(r1; r2; r3); (r01; r
0
2; r3); (r1; r

0
2; r

0
3); (r

0
1; r2; r

0
3)g;

R2 = f(r1; r
0
2; r3); (r

0
1; r2; r3); (r1; r2; r

0
3); (r

0
1; r

0
2; r

0
3)g;

¯à¨ç¥¬ Nn n Is = frs; r
0
sg, s = 1; 2; 3. �®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï ¯à®¢®¤¨âáï â ª ¦¥, ª ª

¨ ¤®ª § â¥«ìáâ¢® ¯à¨­ ¤«¥¦­®áâ¨ ¬ âà¨æ x5 ¨ x6 ª ¬­®¦¥áâ¢ã vertM(3; 2).
�¥£ª® ¢¨¤¥âì, çâ® ç¨á«® á¯®á®¡®¢ ¢ë¡®à  ¯®¤¬­®¦¥áâ¢ I1; I2 ¨ I3 (Is � Nn, jIsj = n � 2,

s = 1; 2; 3) à ¢­® (n�1)3n3=8,   ç¨á«® ¬ âà¨æ kyi1i2i3kn�2, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (6), à ¢­®
((n� 2)!)2 (á¬. (5)). �âáî¤ , ãç¨âë¢ ï, çâ® ¤«ï ¢ë¡®à  R ¨¬¥îâáï ¤¢¥ ¢®§¬®¦­®áâ¨, ¯à¨å®¤¨¬
ª ­¥à ¢¥­áâ¢ã

fu0 (M(3; n)) � (n!)2
�
n2 � n

4

�
:
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�à¥¤¯®«®¦¨¬, çâ® ­¥à ¢¥­áâ¢® (3) ¢¥à­® ¤«ï p = k � 1, â. ¥.

fu0 (M(k � 1; n)) � (n!)k�2
�
n2 � n

4

��
n2 + 3n+ 2

6

�k�4

; (7)

¨ à áá¬®âà¨¬ á«ãç ©, ª®£¤  p = k. �  ®á­®¢ ­¨¨ ãâ¢¥à¦¤¥­¨ï 3 ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

fu0 (M(k; n)) � fu0 (M(k � 1; n))min ff0(M(z+(y); ek)) : y 2 vertM(k � 1; n) n Z(k � 1; n)g:

�â¬¥â¨¬, çâ® «î¡ ï ­¥æ¥«®ç¨á«¥­­ ï ¢¥àè¨­  y ¬­®£®£à ­­¨ª  M(k � 1; n) ¯à¨ k � 4 á®-
¤¥à¦¨â ¯® ªà ©­¥© ¬¥à¥ 4 ­¥æ¥«®ç¨á«¥­­ëå ª®¬¯®­¥­âë. �®íâ®¬ã ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

minft(y) : y 2 vertM(k � 1; n) n Z(k � 1; n)g � n+ 2:

�¥¯¥àì, ¢®á¯®«ì§®¢ ¢è¨áì (7),   â ª¦¥ ­¥à ¢¥­áâ¢®¬

minff0(M(z+(y); ek)) : y 2 vertM(k � 1; n) n Z(k � 1; n)g � (n+ 2)!=6;

¯®«ãç¥­­ë¬ á®£« á­® â¥®à¥¬¥ 5.3 ¨§ ([1], á. 229), ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢  (3)
¯à¨ p = k: �

5. �«¥¤áâ¢¨ï

�§ â¥®à¥¬ë ¨ ä®à¬ã«ë (5) ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. �«ï «î¡ëå ­ âãà «ì­ëå ç¨á¥« p � 3 ¨ n � 2 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

f z0 (M(p; n))
f0(M(p; n))

�

��
n2 � n

4

��
n2 + 3n+ 2

6

�p�3

+ 1
��1

:

� [2] áä®à¬ã«¨à®¢ ­  £¨¯®â¥§ : ¤«ï ¢áïª®£® p-¨­¤¥ªá­®£®  ªá¨ «ì­®£® âà ­á¯®àâ­®£® ¬­®-

£®£à ­­¨ª  M(a1; : : : ; ap) =
n
x = kxi1:::ipkn1�����np :

n1P
i1=1

� � �
ns�1P
is�1=1

ns+1P
is+1=1

� � �
npP
ip=1

xi1:::ip = asis 8is 2 Nns ,

8s 2 Np, xi1:::ip � 0 8(i1; : : : ; ip) 2 Nn1 � � � � � Nnp

o
, ®¯à¥¤¥«¥­­®£® æ¥«®ç¨á«¥­­ë¬¨ ¢¥ªâ®à ¬¨

as = (as1; : : : ; a
s
ns
) 8s 2 Np, á¯à ¢¥¤«¨¢  ®æ¥­ª  f z0 (M(a1; : : : ; ap))=f0(M(a1; : : : ; ap)) � 2=p, £¤¥

f z0 (M(a1; : : : ; ap)) | ç¨á«® æ¥«®ç¨á«¥­­ëå ¢¥àè¨­,   f0(M(a1; : : : ; ap)) | ç¨á«® ¢¥àè¨­ ¬­®£®-
£à ­­¨ª  M(a1; : : : ; ap). �¯à®¢¥à£ ¥â íâã £¨¯®â¥§ã

�«¥¤áâ¢¨¥ 3. �«ï «î¡ëå ­ âãà «ì­ëå ç¨á¥« p � 3 ¨ n � 3 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

f z0 (M(p; n))=f0(M(p; n)) < 2=p: (8)

�®ª § â¥«ìáâ¢®. � ª ª ª ¯à¨ p � 3 ¨ n � 3 ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï�
n2 � n

4

��
n2 + 3n+ 2

6

�p�3

+ 1 �
3
2

�
10
3

�p�3

+ 1 =
�
3
�
10
3

�p�3

+ 2
�
=2 > p=2;

â® ¢ á¨«ã á«¥¤áâ¢¨ï 2 ¨¬¥¥¬ (8).

� ¬¥ç ­¨¥. �¥£ª® ¯à®¢¥à¨âì, çâ® fu0 (M(3; 2))=2. �âáî¤  á ãç¥â®¬ à ¢¥­áâ¢  f z0 (M(3; 2))=4
(á¬. (5)) ¯®«ãç ¥¬ f z0 (M(3; 2))=f0(M(3; 2)) = 2=3.

�®áª®«ìªã ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ ­ âãà «ì­®¬ ç¨á«¥ p � 3 á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
n!1

��
n2 � n

4

��
n2 + 3n+ 2

6

�p�3

+ 1
��1

= 0;

â® ­  ®á­®¢ ­¨¨ á«¥¤áâ¢¨ï 2 ¯®«ãç ¥¬
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�«¥¤áâ¢¨¥ 4. �«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® ­ âãà «ì­®£® ç¨á«  p � 3

lim
n!1

f z0 (M(p; n))
f0(M(p; n))

= 0:

�­ë¬¨ á«®¢ ¬¨, ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® ­ âãà «ì­®£® ç¨á«  p � 3 á à®áâ®¬ n ®â­®è¥­¨¥
ç¨á«  æ¥«®ç¨á«¥­­ëå ¢¥àè¨­ ¬­®£®£à ­­¨ª  M(p; n) ª ®¡é¥¬ã ç¨á«ã ¢¥àè¨­ íâ®£® ¬­®£®£à ­-
­¨ª  áâà¥¬¨âáï ª ­ã«î.
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