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�  å®¢® ¯à®áâà áâ¢® X ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã   ®âà¥§ª¥ [0; 1] äãªæ¨©  §ë¢ ¥âáï á¨¬-
¬¥âà¨çë¬ [1], ¥á«¨

1) ¨§ g 2 X ¨ jf(t)j � jg(t)j ¯®çâ¨ ¢áî¤ã   [0; 1] á«¥¤ã¥â f 2 X ¨ kfkX � kgkX ;
2) ¨§ f 2 X ¨ à ¢®¨§¬¥à¨¬®áâ¨ äãªæ¨© jf(t)j ¨ jg(t)j á«¥¤ã¥â g 2 X ¨ kfkX = kgkX ([1],

á. 123).
�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ k kX ®§ ç ¥â ®à¬ã í«¥¬¥â   2 X.

�à¨¬¥à ¬¨ á¨¬¬¥âà¨çëå ¯à®áâà áâ¢ ï¢«ïîâáï ¯à®áâà áâ¢  �¥¡¥£  Lq, 1 � q < +1,
�à«¨ç , �®à¥æ , � àæ¨ª¥¢¨ç  [1].

�ãáâì �e(t) | å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¨§¬¥à¨¬®£® ¬®¦¥áâ¢  e � [0; 1]. �ãªæ¨ï
'(�e) = k�ekX  §ë¢ ¥âáï äã¤ ¬¥â «ì®© äãªæ¨¥© ¯à®áâà áâ¢  X, £¤¥ �e | ¬¥à  �¥-
¡¥£  ¨§¬¥à¨¬®£® ¬®¦¥áâ¢  e � [0; 1].

� ª¨¬ ®¡à §®¬, äã¤ ¬¥â «ì ï äãªæ¨ï á¨¬¬¥âà¨ç®£® ¯à®áâà áâ¢  X ¥áâì äãªæ¨ï
'(t) = k�[0;t]kX , ®¯à¥¤¥«¥ ï   [0; 1]. �ãªæ¨î '(t) ¬®¦® áç¨â âì ¢®£ãâ®©, ¥ã¡ë¢ îé¥©,
¥¯à¥àë¢®©   [0; 1], ¯à¨ç¥¬ '(0) = 0 ([1], á. 137).

� ¤ «ì¥©è¥¬ á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® á äã¤ ¬¥â «ì®© äãªæ¨¥© ' ¡ã¤¥¬ ®¡®§ ç âì
X(').

�¥à¥§ �� ®¡®§ ç¨¬ ®¯¥à â®à à áâï¦¥¨ï (��f)(x) = f(x
�
), ¥á«¨ x

�
2 [0; 1] ¨ (��f)(x) = 0, ¥á«¨

x

�
=2 [0; 1].
�§¢¥áâ®, çâ® ®¯¥à â®à �� ¥¯à¥àë¢¥ ¢ «î¡®¬ á¨¬¬¥âà¨ç®¬ ¯à®áâà áâ¢¥ ¨ áãé¥áâ¢ãîâ

¯à¥¤¥«ë


X
= lim

�!0

lnk��kX!X

ln �
; X = lim

�!1

lnk��kX!X

ln �
;

¯à¨ íâ®¬ 0 � 
X
� X � 1 ([1], cá. 131, 134; [2], á. 1250), k��kX!X | ®à¬  ®¯¥à â®à  �� .

�¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® X(')  §ë¢ ¥âáï ¬ ªá¨¬ «ìë¬ ¯à®áâà áâ¢®¬, ¥á«¨

kfkX = sup
�Z 1

0

f(t)g(t)dt : g 2 X 0('); kgkX0 � 1
�
;

£¤¥ X 0(') | ¤¢®©áâ¢¥®¥ á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® ª ¯à®áâà áâ¢ã X('). �â¬¥â¨¬ â ª¦¥,
çâ® ¥á«¨ '(t) | äã¤ ¬¥â «ì ï äãªæ¨ï á¨¬¬¥âà¨ç®£® ¯à®áâà áâ¢  X, â® äãªæ¨ï '(t) =
t

'(t)
¯à¨ t 2 (0; 1] ¨ '(0) = 0 ï¢«ï¥âáï äã¤ ¬¥â «ì®© äãªæ¨¥© á®¯àï¦¥®£® ¯à®áâà áâ¢ 

X 0 ([1], á. 144).
�à¨¬¥à ¬¨ ¬ ªá¨¬ «ìëå á¨¬¬¥âà¨çëå ¯à®áâà áâ¢ ï¢«ïîâáï ¯à®áâà áâ¢  �¥¡¥£  Lq,

1 � q <1, �à«¨ç , �®à¥æ , � àæ¨ª¥¢¨ç  ([1], á. 144).
�«ï äãªæ¨¨ '(t), t 2 [0; 1], ¯®«®¦¨¬

�' = lim
t!0

'(2t)
'(t)

; �' = lim
t!0

'(2t)
'(t)

:

�§¢¥áâ®, çâ® ¥á«¨ X(') | á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢®, â® 1 � �' � �' � 2: �«ï ªà âª®áâ¨
¡ã¤¥¬ ¯®«ì§®¢ âìáï § ¯¨áìî A(y) � B(y), ª®â®à ï ®§ ç ¥â, çâ® áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ìë¥
¯®áâ®ïë¥ C1, C2 â ª¨¥, çâ® C1A(y) � B(y) � C2A(y) ¤«ï ¢á¥å y.
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�ãáâì ¤   ¯®á«¥¤®¢ â¥«ì®áâì fpng1n=1 æ¥«ëå ç¨á¥« pn � 2, n = 1; 2; : : : �®«®¦¨¬ G =
�
x =

fxng1n=1 : xn | æ¥«®¥ ç¨á«®, 0 � xn � pn � 1
	
¨ m0 = 1, mn = p1 � : : : � pn. �®¦¥áâ¢® G ï¢«ï¥âáï

£àã¯¯®© á ®¯¥à æ¨¥© á«®¦¥¨ï u, ª ª ¯®ª®®à¤¨ âë¬ á«®¦¥¨¥¬ ¯® ¬®¤ã«î pn, n = 1; 2; : : :
�®¯®«®£¨ï ¢ £àã¯¯¥ G ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ¯®¤£àã¯¯

Gn =
�
x = fxkg1k=1 2 G : xk = 0 ¤«ï k = 1; 2; : : : ; n

	
:

�ãáâì ®â®¡à ¦¥¨¥ � : G! [0; 1] ®¯à¥¤¥«¥® à ¢¥áâ¢®¬

�(ex) = 1X
k=1

xk
mk

= x;

£¤¥ ex 2 G ¨ x 2 [0; 1], xk = 0; 1; : : : ; pk � 1. �â® ®â®¡à ¦¥¨¥ ï¢«ï¥âáï ¢§ ¨¬® ®¤®§ çë¬
¢áî¤ã, ªà®¬¥ â®ç¥ª l

mn
, l = 0; 1; : : : ;mn � 1, n = 1; 2; : : : � ¬¥ïï ®âà¥§®ª I � [0; 1] ¬®¤¨ä¨æ¨à®-

¢ ë¬ ®âà¥§ª®¬ I� á á®®â¢¥âáâ¢ãîé¨¬¨ â®¯®«®£¨¥© ¨ ®¯¥à æ¨¥© á«®¦¥¨ï, ª ª íâ® á¤¥« ® ¢
[3], ¯®«ãç¨¬ ¨§®¬®àäë¥ â®¯®«®£¨ç¥áª¨¥ £àã¯¯ë I�, G.

�  ¬®¤¨ä¨æ¨à®¢ ®¬ ®âà¥§ª¥ I� = [0; 1]� ®¯à¥¤¥«¨¬ á¨áâ¥¬ã äãªæ¨© �à ©á  [3]. �®«®¦¨¬

 0(x) = 1;  mk
(x) = exp

�
2�ixk+1

pk+1

�
; x 2 I�:

�á«¨ n =
rP

k=0
�kmk, £¤¥ �k = 0; 1; : : : ; pk+1 � 1, â® ¯®«®¦¨¬

 n(x) =
rY

k=0

( mk
(x))�k ; x 2 I�:

�¨áâ¥¬  äãªæ¨© f ng ï¢«ï¥âáï ¯®«®© ®àâ®®à¬¨à®¢ ®© ¯¥à¨®¤¨ç¥áª®© ¬ã«ìâ¨¯«¨ª â¨¢®©
á¨áâ¥¬®© [3].

�¥à¥§ an(f) ¡ã¤¥¬ ®¡®§ ç âì ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨© f 2 L1 ¯® á¨áâ¥¬¥ �à ©á 
f ng. �®«®¦¨¬

�n;j(f; t) =
(j+1)mn�1X
v=jmn

av(f) v(t); j = 0; 1; : : : ; pn+1 � 1; t 2 [0; 1]:

� á«ãç ¥ sup
n

pn < +1 � â à¨ [4] ¤®ª § «, çâ® ¤«ï «î¡®© äãªæ¨¨ f 2 Lq, 1 < q < +1, ¨¬¥îâ
¬¥áâ® ¥à ¢¥áâ¢ 

c1kfkq �
�ja0(f) j2 + 1X

n=0

pn+1�1X
j=0

j�n;j(f; t)j2
� 1

2

q

� c2kfkq; (1)

£¤¥ c1, c2 | ¥ª®â®àë¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥. �¤¥áì Lq | ¯à®áâà áâ¢® �¥¡¥£  á ®à¬®©

kfkq =
�Z 1

0
jf(x)jqdx

� 1
q

; 1 � q < +1:

�¤ ª® ¢ á«ãç ¥ sup
n

pn = +1 ¥à ¢¥áâ¢  (1) ¥ ¢á¥£¤  ¢¥àë [4], [5].

� ¤ ®© áâ âì¥ íâ¨ ¢®¯à®áë ¨§ãç îâáï ¤«ï äãªæ¨¨ f 2 X('). �«ï ¤®ª § â¥«ìáâ¢  ®á®¢-
ëå à¥§ã«ìâ â®¢ ¨á¯®«ì§ã¥âáï

�¥¬¬  A ([6], á. 10). �ãáâì ¤ ë  -äãªæ¨¨ '1(x) ¨ '2(x), x 2 [0; 1] ¨ �'1 < �'2 . �®£¤  ¤«ï
äãªæ¨¨

�(x) =

(
'2(x)
'1(x)

; x 2 (0; 1];

0; x = 0;

áãé¥áâ¢ã¥â  -äãªæ¨ï �1(x), ¤«ï ª®â®à®© ��1 > 1 ¨ �1(x) � �(x), x 2 [0; 1].
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�¥®à¥¬  1. �ãáâì X(') | á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢®, 0 < 
X
; X < 1 ¨ ¬ã«ìâ¨¯«¨-

ª â¨¢ ï á¨áâ¥¬  f ng ®¯à¥¤¥«¥  ®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâìî fpng. �®£¤  ¤«ï «î¡®©
äãªæ¨¨ f 2 X(') ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 

c1kfkX �
�ja0(f)j2 + 1X

n=0

pn+1�1X
j=0

j�n;j(f)j2
� 1

2

X

� c2kfkX :

�®ª § â¥«ìáâ¢®. � ª ª ª ¯® ãá«®¢¨î â¥®à¥¬ë 0 < 
X
� X < 1, â® áãé¥áâ¢ãîâ q0; q1 2

(1;1) â ª¨¥, çâ® 0 < 1
q0
< 

X
� X < 1

q1
< 1. � á¨«ã ¯à ¢®£® ¥à ¢¥áâ¢  ¢ (1) áã¡«¨¥©ë©

®¯¥à â®à

Tf =
�
ja0(f)j2 +

1X
n=0

pn+1�1X
j=0

j�n;j(f)j2
� 1

2

®£à ¨ç¥® ¤¥©áâ¢ã¥â ¨§ Lqi ¢ Lqi (i = 0; 1). �«¥¤®¢ â¥«ì®, íâ®â ®¯¥à â®à ®£à ¨ç¥® ¤¥©-
áâ¢ã¥â ¨§ X(') ¢ X(') [7], [8], â. ¥.�ja0(f)j2 + 1X

n=0

pn+1�1X
j=0

j�n;j(f)j2
� 1

2

X

� ckfkX

¤«ï «î¡®© äãªæ¨¨ f 2 X(').
�à®â¨¢®¯®«®¦®¥ ¥à ¢¥áâ¢® ¤®ª §ë¢ ¥âáï á ¯®¬®éìî ¯à¨æ¨¯  ¤¢®©áâ¢¥®áâ¨ ¨ ¯à¥¤ë-

¤ãé¥£® ¥à ¢¥áâ¢ .

�¥®à¥¬  2. �ãáâì X(') | ¬ ªá¨¬ «ì®¥ á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢®, 2
1
2 < �' � �' < 2,

¨ á¨áâ¥¬  �à ©á  f ng ®¯à¥¤¥«¥  ¥®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâìî fpng. �®£¤  áãé¥-

áâ¢ã¥â äãªæ¨ï f0 2 X('), ¤«ï ª®â®à®©

1X
n=0

pn+1�1X
j=1

j�n;j(f0; t)j2 = +1

¤«ï ¢á¥å t 2 [0; 1].

�®ª § â¥«ìáâ¢®. � ª ª ª ¯®á«¥¤®¢ â¥«ì®áâì fpng ¥®£à ¨ç¥ ï, â® ¬®¦® ¢ë¡à âì ¯®¤-
¯®á«¥¤®¢ â¥«ì®áâì fpnkg â ªãî, çâ® pnk+1 > 2k, k = 1; 2; : : : � áá¬®âà¨¬ àï¤

1X
n=0

pn+1�1X
j=1

�n;j(t); t 2 [0; 1];

á ª®íää¨æ¨¥â ¬¨ av = (kpnk+1)�
1
2 , ¥á«¨ v = jmnk , av = 0, ¥á«¨ v 6= jmnk . �®ª ¦¥¬, çâ® íâ®â

àï¤ ¯® ®à¬¥ ¯à®áâà áâ¢  X(') áå®¤¨âáï ª ¥ª®â®à®© äãªæ¨¨ f0 2 X('). �® á¢®©áâ¢ã ®à¬ë
¡ã¤¥¬ ¨¬¥âì  vX

k=l

pnk+1�1X
j=1

�nk;j(�)

X

�
vX

k=l

 pnk+1�1X
j=1

�nk;j(�)

X

: (2)

�ãáâì g 2 X 0(') | ¯à®¨§¢®«ì ï äãªæ¨ï â ª ï, çâ® kgkX0 � 1. �®£¤  ¯® ®¯à¥¤¥«¥¨î
äãªæ¨© á¨áâ¥¬ë �à ©á  ¯®«ãç¨¬���� Z 1

0

pnk+1�1X
j=1

�nk;j(t)g(t)dt
���� = ���� Z 1

0

pnk+1�1X
j=1

(kpnk+1)
�
1
2 jmnk

(t)g(t)dt
���� =

= (kpnk+1)
�
1
2

���� Z 1

0

pnk+1�1X
j=1

�
XE(k)(t) +XE(k)(t) exp

�
2�i

jnk+1(t)
pnk+1

��
g(t)dt

����: (3)
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�¤¥áì XE(k)(t), XE(k)(t) | å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ á®®â¢¥âáâ¢¥® ¬®¦¥áâ¢ E(k) =
mnk�1S
r=0

[ r

mnk

; r

mnk

+ 1
mnk+1

] ¨ E(k) = [0; 1] n E(k).
�® ®¯à¥¤¥«¥¨î ¬ ªá¨¬ «ì®£® á¨¬¬¥âà¨ç®£® ¯à®áâà áâ¢  ¨ å à ªâ¥à¨áâ¨ç¥áª®© äãª-

æ¨¨, ãç¨âë¢ ï, çâ® ¬¥à  �¥¡¥£  �E(k) = 1
pnk+1

, ¯®«ãç¨¬

���� Z 1

0

pnk+1�1X
j=1

�
XE(k)(t) +XE(k)(t) exp

�
2�i

jnk+1(t)
pnk+1

��
g(t)dt

���� =
=
����(pnk+1 � 1)

Z
E(k)

g(t)dt �
Z
E(k)

g(t)dt
���� � (pnk+1 � 1)kXE(k)kX + kXE(k)kX =

= (pnk+1 � 1)'(�E(k)) + kXE(k)kX = (pnk+1 � 1)'(p�1nk+1) + kXE(k)kX
¤«ï «î¡®© äãªæ¨¨ g 2 X 0('), kgkX0 � 1, ®âªã¤  á ãç¥â®¬ (3) á«¥¤ã¥â pnk+1�1X

j=1

�nk;j(�)

X

�
�q

(kpnk+1)
�
�1

(pnk+1 � 1)'(p�1nk+1) + kX[0;1]kX (4)

¤«ï «î¡®£® k = 1; 2; : : : �® ãá«®¢¨î â¥®à¥¬ë
p
2 < �'. �®£¤  ¯® «¥¬¬¥ A áãé¥áâ¢ã¥â  -äãªæ¨ï

�(t) â ª ï, çâ®
'(t)p
t
� �(t); t 2 (0; 1] ¨ �� > 1:

�® á¢®©áâ¢ã ¬®®â®®áâ¨ äãªæ¨¨ �(t), ãç¨âë¢ ï, çâ® pnk+1 > 2k, k = 1; 2; : : : , ¯®«ãç¨¬

vX
k=l

'(p�1nk+1) �
vX

k=l

�

�
1
2k

�
� (ln 2)�1

2�l+1Z
0

�(t)
dt

t
= O(�(2�l+1)): (5)

� ª ª ª �(t)! 0 ¯à¨ t! 0, â® ¨§ (2), (4) ¨ (5) á«¥¤ã¥â vX
k=l

pnk+1�1X
j=1

�nkj


X

! 0; v; l! +1:

�«¥¤®¢ â¥«ì®, ¢ á¨«ã ¯®«®âë ¯à®áâà áâ¢  X(') áãé¥áâ¢ã¥â äãªæ¨ï f0 2 X(') â ª ï, çâ®f0 � vX
k=1

pnk+1�1X
j=1

�nkj


X

! 0; v ! +1;

â. ¥. ç¨á«  av ¡ã¤ãâ ª®íää¨æ¨¥â ¬¨ �ãàì¥ äãªæ¨¨ f0 2 X(') ¯® ¬ã«ìâ¨¯«¨ª â¨¢®© á¨áâ¥¬¥
f ng. �® «¥£ª® ¢¨¤¥âì, çâ®

1X
k=0

pnk+1�1X
j=1

j�n;j(t)j2 = +1

¤«ï «î¡®£® t 2 [0; 1].

�¥®à¥¬  3. �ãáâì á¨áâ¥¬  �à ©á  ®¯à¥¤¥«¥  ¥®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâìî fpng.
�®£¤  áãé¥áâ¢ã¥â äãªæ¨ï f(t), ¥ ¯à¨ ¤«¥¦ é ï ¨ ®¤®¬ã ¨§ ¬ ªá¨¬ «ìëå á¨¬¬¥âà¨ç-

ëå ¯à®áâà áâ¢ X('), 1 < �' <
p
2, ¤«ï ª®â®à®©

1X
k=0

pnk+1�1X
j=1

j�nj(f; t)j2 � c

¤«ï «î¡®£® t 2 [0; 1].
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�®ª § â¥«ìáâ¢®. �ãáâì fpnkg | ¯®¤¯®á«¥¤®¢ â¥«ì®áâì, ¯®áâà®¥ ï ¯à¨ ¤®ª § â¥«ìáâ¢¥
â¥®à¥¬ë 2. � ª ª ª ¯® ãá«®¢¨î â¥®à¥¬ë �' <

p
2, â® áãé¥áâ¢ã¥â " 2 (0; 1

2
) â ª®¥, çâ® �' <

2
1
2
�" <

p
2.

� áá¬®âà¨¬ àï¤
1X
n=0

pn+1�1X
j=1

�n;j(t); t 2 [0; 1];

á ª®íää¨æ¨¥â ¬¨

av =

(
p
�
1
2
�"

nk+1 ; ¥á«¨ v = jmnk ;

0; ¥á«¨ v 6= jmnk :

�®£¤  «¥£ª® ã¡¥¤¨âìáï, çâ®

1X
n=0

pn+1�1X
j=1

j�n;j(t)j2 =
1X
k=1

pnk+1�1X
j=1

jajmnk
j2 =

1X
k=1

p�2"nk+1 < +1

¤«ï «î¡®£® t 2 [0; 1]. �â¨¬ ®¤®¢à¥¬¥® ¤®ª § «¨, çâ® ¤ ë© àï¤ ¡ã¤¥â àï¤®¬ �ãàì¥ ¥ª®â®-
à®© äãªæ¨¨ f 2 L2.

�¥¯¥àì ¯®ª ¦¥¬, çâ® äãªæ¨ï f 2 L2 ¥ ¯à¨ ¤«¥¦¨â ¨ ®¤®¬ã ¨§ ¯à®áâà áâ¢ X('),
�' <

p
2. �® ®¯à¥¤¥«¥¨î ¬ ªá¨¬ «ì®£® á¨¬¬¥âà¨ç®£® ¯à®áâà áâ¢  X(') ¨ äãªæ¨© �à ©á 

¯®«ãç¨¬ pnk+1�1X
j=1

ajmnk
 jmnk


X

� 1
kXE(k)kX0

���� Z
E(k)

pnk+1�1X
j=1

ajmnk
 jmnk

(t)dt
���� = 1

2
p
1
2
�"

nk+1'(p
�1
nk+1): (6)

�® «¥¬¬¥ A áãé¥áâ¢ã¥â äãªæ¨ï �(t) â ª ï, çâ®

t
1
2
�"

'(t)
� �(t)! 0 ¯à¨ t! 0:

�«¥¤®¢ â¥«ì®, ¢ á¨«ã (6) pnk+1�1X
j=1

ajmnk
 jmnk


X

! +1 ¯à¨ k ! +1:

� ç¨â, f =2 X(').
� ¬¥ç ¨¥. � á«ãç ¥ X(') = Lq, 1 < q < +1, q 6= 2, â¥®à¥¬ë 2 ¨ 3 à ¥¥ ¤®ª § ë ¢ [5].

�«ï á¨áâ¥¬ë �®«è  (â. ¥. pn = 2 ¤«ï ¢á¥å n = 1; 2; : : : ) ¥à ¢¥áâ¢  (1) ¢ ¯à®áâà áâ¢¥ �à«¨ç 
¤®ª § ë ¢ [9].
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