
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1999 ���������� ò 11 (450)

��� 517.953

�.�. �������

�� ��������������� � ����������� ��������
���������������� ��������� � ������� �����������
������� ������� �� ���� ���������� ������������

������ ����������

� § ¤ ç¥ ¯à¨¢¥¤¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã § ¬¥­®© ­¥¨§¢¥áâ-
­®© ¨ ¯¥à¥¬¥­­ëå ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¯®ï¢«ïîâáï (®â­®á¨â¥«ì­ë¥) ¨­¢ à¨ ­âë ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® â ª¨å ¯à¥®¡à §®¢ ­¨© [1], [2]. �­¢ à¨ ­âë ¢ ¦­ë ¨ ¢ § ¤ ç¥
£àã¡®© ª« áá¨ä¨ª æ¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (­ ¯à., ­  í««¨¯â¨ç¥áª¨¥, £¨¯¥à¡®«¨ç¥-
áª¨¥, ¯ à ¡®«¨ç¥áª¨¥ ª¢ §¨«¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï) [3]. �®âï ¢ à §«¨ç­ëå ¢®-
¯à®á å, ª á îé¨åáï «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (���) ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå,
¡ë«¨ ¨á¯®«ì§®¢ ­ë ­¥ª®â®àë¥ ª®­ªà¥â­ë¥ ¨­¢ à¨ ­âë à §«¨ç­ëå ¯®¤ª« áá®¢ â ª¨å ãà ¢­¥-
­¨© (­ ¯à., ¨­¢ à¨ ­â � ¯« á ) [4], [5], â¥¬ ­¥ ¬¥­¥¥ ¨­¢ à¨ ­âë ¢á¥£® ª« áá  ��� ¢ ç áâ­ëå
¯à®¨§¢®¤­ëå ¢â®à®£® ¯®àï¤ª  ®áâ ¢ «¨áì ¯®çâ¨ ­¥ ¨§ãç¥­­ë¬¨.

�â® ª á ¥âáï ®¡ëª­®¢¥­­ëå ��� n-£® ¯®àï¤ª , ¨å (®â­®á¨â¥«ì­ë¥) ¨­¢ à¨ ­âë ­ å®¤¨«¨áì
à §­ë¬¨ á¯®á®¡ ¬¨ [1], [2], [6]{[11]. � ç áâ­®áâ¨, ¢ [10], [11] ¡ë« ¯à¥¤«®¦¥­  «£¥¡à ¨ç¥áª¨© ¬¥-
â®¤ ®¯¨á ­¨ï ¨­¢ à¨ ­â®¢ â ª¨å ãà ¢­¥­¨©, § ¤ ­­ëå ­ ¤ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬
¯®«¥¬.

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï ��� ç áâ­ëå ¯à®¨§¢®¤­ëå ¢â®à®£® ¯®àï¤ª , § ¤ ­­ë¥
­ ¤ ¤¨ää¥à¥­æ¨ «ì­ë¬ ¯®«¥¬ (F; @1; @2). �¢®¤¨âáï ¥áâ¥áâ¢¥­­ë©  ­ «®£ \§ ¬¥­ë ¯¥à¥¬¥­­ëå"
(§ ¬¥­  ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ @1, @2 ¯® á¯¥æ¨ «ì­®¬ã § ª®­ã), § ¤ ç  íª¢¨¢ «¥­â­®áâ¨
â ª¨å ãà ¢­¥­¨© á¢®¤¨âáï ª ¡®«¥¥ ¯à®áâ®© § ¤ ç¥ íª¢¨¢ «¥­â­®áâ¨ (â¥®à¥¬  1) ¨ á ¯®¬®éìî íâ®©
â¥®à¥¬ë ®¯¨áë¢ ¥âáï ¯®«¥ ¨­¢ à¨ ­â­ëå ¤¨ää¥à¥­æ¨ «ì­ëå à æ¨®­ «ì­ëå äã­ªæ¨© â ª¨å
ãà ¢­¥­¨© ­ ¤ ¯®«¥¬ ª®­áâ ­â ¯®«ï (F; @1; @2) (â¥®à¥¬  2). �«ï ¯à®áâ®âë ¢á¥ à áá¬ âà¨¢ ¥¬ë¥
¤¨ää¥à¥­æ¨ «ì­ë¥ ¯®«ï áç¨â îâáï á®¤¥à¦ é¨¬¨ ¯®«¥ à æ¨®­ «ì­ëå ç¨á¥«.

�á¯®«ì§®¢ ­­ë¥ ¯®­ïâ¨ï ¨ à¥§ã«ìâ âë ¤¨ää¥à¥­æ¨ «ì­®©  «£¥¡àë ¬®£ãâ ¡ëâì ­ ©¤¥­ë ¢
[12], [13].

�à¨ § ¬¥­¥ ¯¥à¥¬¥­­ëå � = �(x; y), � = (x; y) ãà ¢­¥­¨¥

A(x; y)uxx +B(x; y)uxy +C(x; y)uyy + a(x; y)ux + b(x; y)uy = 0

¯¥à¥å®¤¨â ¢ ãà ¢­¥­¨¥ â®£® ¦¥ ¢¨¤ 

A1(�; �)v�� +B1(�; �)v�� + C1(�; �)v�� + a1(�; �)v� + b1(�; �)v� = 0;

¯à¨ç¥¬ ®¯¥à â®àë ç áâ­ëå ¯à®¨§¢®¤­ëå ¯® �, � ¨ x, y á¢ï§ ­ë á®®â­®è¥­¨¥¬ � = g�1@, £¤¥
@ (�) ¥áâì ¢¥ªâ®à-áâ®«¡¥æ á \ª®®à¤¨­ â ¬¨" @1 = @=@x, @2 = @=@y (á®®â¢¥âáâ¢¥­­® �1 = @=@�,
�2 = @=@�) ¨ g | ¬ âà¨æ  á í«¥¬¥­â ¬¨ g11 = �x, g12 = �x, g21 = �y, g22 = �y.

� á«ãç ¥ ¯à®¨§¢®«ì­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«ï (F; @1; @2), £¤¥ @1@2 = @2@1, â® ¦¥ á ¬®¥
¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ á«¥¤ãîé¥¬ ¢¨¤¥. �ãáâì

A@21u+B@1@2u+ C@22u+ a@1u+ b@2u = 0 (1)
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| ��� ­ ¤ (F; @1; @2). �à¨ § ¬¥­¥ � = g�1@ ãà ¢­¥­¨¥ (1) ¯¥à¥å®¤¨â ¢ ãà ¢­¥­¨¥ â®£® ¦¥ ¢¨¤ 

A1�
2
1v +B1�1�2v + C1�

2
2v + a1�1v + b1�2v = 0; (2)

£¤¥ g 2 GL@(2; F ) = fg = (gij)i;j=1;2 2 GL(2; F ) : @2g1j = @1g12 ¯à¨ j = 1; 2g, @ (�) | ¢¥ªâ®à-
áâ®«¡¥æ á \ª®®à¤¨­ â ¬¨" @1, @2 (á®®â¢¥âáâ¢¥­­® �1, �1). � ¬¥â¨¬, çâ® ¯à¨ íâ®¬ ­®¢ë¥ ¤¨ää¥-
à¥­æ¨ «ì­ë¥ ®¯¥à â®àë �1, �2 â ª¦¥ ª®¬¬ãâ¨àãîâ ¬¥¦¤ã á®¡®©. �à®¬¥ â®£®, ª®íää¨æ¨¥­âë
ãà ¢­¥­¨© (1), (2) ¨ ª®¬¯®­¥­âë g á¢ï§ ­ë á®®â­®è¥­¨ï¬¨8>>>>>>><

>>>>>>>:

A1 = Ag211 +Bg11g21 + Cg221;

B1 = 2Ag11g12 +B(g11g22 + g12g21) + 2Cg21g22;

C1 = Ag212 +Bg12g22 + Cg222;

a1 = A@1g11 +B@1g21 + C@2g21 + ag11 + bg21;

b1 = A@1g12 +B@1g22 + C@2g22 + ag12 + bg22:

(3)

�¯à¥¤¥«¥­¨¥. �á«¨ ¤«ï g 2 GL@(2; F ) ª®íää¨æ¨¥­âë ãà ¢­¥­¨© (1) ¨ (2) á¢ï§ ­ë á®®â­®-
è¥­¨ï¬¨ (3) ¨ � = g�1@, â® ãà ¢­¥­¨ï (1) ¨ (2) ­ §®¢¥¬ íª¢¨¢ «¥­â­ë¬¨ ®â­®á¨â¥«ì­® g ¨ ¡ã¤¥¬
¯¨á âì V1 = �@hg; V i, £¤¥ V1 = (A1; B1; C1; a1; b1), V = (A;B;C; a; b). �à®¬¥ â®£®, ¤«ï ¯à®áâ®âë
¢¬¥áâ® @1 (á®®â¢¥âáâ¢¥­­® @2u, �1u, �2u) ¡ã¤¥¬ ¯¨á âì ux (á®®â¢¥âáâ¢¥­­® uy, u�, u�) ¨ �@i hg; V i
¡ã¤¥â ®§­ ç âì i-î ª®¬¯®­¥­âã ¢¥ªâ®à  �@hg; V i.

�§ á¨áâ¥¬ë á®®â­®è¥­¨© (3) âàã¤­® ¯®«ãç¨âì ¨­¢ à¨ ­âë ���. �®íâ®¬ã á­ ç «  ­ ©¤¥¬
¡®«¥¥ ¯à®áâãî, ­® íª¢¨¢ «¥­â­ãî (3) á¨áâ¥¬ã à ¢¥­áâ¢. � ¤ ­­®© à ¡®â¥ ¡ã¤¥¬ à áá¬ âà¨-
¢ âì á«ãç © ãà ¢­¥­¨© (1) á ®¡à â¨¬ë¬¨ ¤¨áªà¨¬¨­ ­â ¬¨, â. ¥. â ª¨å, ¤«ï ª®â®àëå DhV i =
B2 � 4AC 2 F �. �¢¥¤¥¬ á«¥¤ãîé¨¥ ¤¨ää¥à¥­æ¨ «ì­®-à æ¨®­ «ì­ë¥ äã­ªæ¨¨:

a@fV g = ACx �AxC +BCy �ByC � bB + 2aC;

b@fV g = AxB �ABx +AyC �ACy � aB + 2bA;

�@hV i = a@fV g=DhV i; �@hV i = b@fV g=DhV i:

�¥®à¥¬  1. �á«¨ g 2 GL@(2; F ), � = g�1@, â® ãà ¢­¥­¨ï (1) ¨ (2) íª¢¨¢ «¥­â­ë ®â­®á¨-

â¥«ì­® g â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¯à ¢¥¤«¨¢ë�
A1 B1=2
B1=2 C1

�
= gt

�
A B=2
B=2 C

�
g;

�
�@hV1i
�@hV i

�
= g�1

�
�@hV i
�@hV i

�
;

(4)

£¤¥ t ®§­ ç ¥â âà ­á¯®­¨à®¢ ­¨¥.

�®ª ¦¥¬ á­ ç « 

�à¥¤«®¦¥­¨¥ 1. �ãáâì � | ¯à®¨§¢®«ì­ë© í«¥¬¥­â F . �®£¤  áãé¥áâ¢ã¥â â ª®¥ à áè¨-

à¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«ï (F; @1; @2), çâ® á¨áâ¥¬  ãà ¢­¥­¨©(
@2s = @1t;

s = �t

¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ ¢ íâ®¬ à áè¨à¥­¨¨.

�®ª § â¥«ìáâ¢®. �á«¨ ¤ ­­ ï á¨áâ¥¬  ­¥ ¨¬¥¥â ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ¢ ¨áå®¤­®¬ ¯®«¥,
â®, áç¨â ï t ¤¨ää¥à¥­æ¨ «ì­®© ¯¥à¥¬¥­­®©, à áá¬®âà¨¬ F � F ht; @2i, £¤¥ F � F ht; @2i | ¯®«¥
¢á¥å @2-¤¨ää¥à¥­æ¨ «ì­ëå à æ¨®­ «ì­ëå äã­ªæ¨© ®â t ­ ¤ F . �®«®¦¨¢ @1t = @2�t + �@2t,
¯à¥¢à â¨¬ ¥£® ¢ (@1; @2)-¤¨ää¥à¥­æ¨ «ì­®¥ ¯®«¥. �à¨ íâ®¬ ¯®«ãç¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ¯®«¥
¡ã¤¥â à áè¨à¥­¨¥¬ (F; @1; @2), ¨ (�t; t) ¡ã¤¥â à¥è¥­¨¥¬ § ¤ ­­®© á¨áâ¥¬ë.
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�à¥¤«®¦¥­¨¥ 2. �á«¨ g1 2 GL@(2; F ) | â ª®© í«¥¬¥­â, çâ® A(g111)
2+Bg111g

1
21+C(g121)

2 =

A(g112)
2 + Bg112g

1
22 + C(g122)

2 = 0 (â. ¥. ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¬ âà¨æë (g1)t
�

A B=2
B=2 C

�
g1 à ¢­ë

­ã«î), â® �
�@4hg

1; V i
�@5hg

1; V i

�
= �(g1)t

�
2A B
B 2C

��
�@hV i
�@hV i

�
: (5)

�¯à ¢¥¤«¨¢®áâì íâ®£® ¯à¥¤«®¦¥­¨ï ¬®¦¥â ¡ëâì ¯à®¢¥à¥­  ¯àï¬ë¬¨ ¢ëª« ¤ª ¬¨.
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � ¬¥â¨¬, çâ®, ­¥ ­ àãè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì ãá«®¢¨ï

¯à¥¤«®¦¥­¨ï 2 ¢ë¯®«­¥­­ë¬¨. �¥©áâ¢¨â¥«ì­®, ¯à¨ A = C = 0, B 6= 0 ¢ ª ç¥áâ¢¥ g1 ¬®¦­®
¢§ïâì ¥¤¨­¨ç­ãî ¬ âà¨æã E ¢â®à®£® ¯®àï¤ª . �á«¨ ¦¥ A 6= 0 ¨«¨ C 6= 0 (áª ¦¥¬ A 6= 0), â®, ­¥
­ àãè ï ®¡é­®áâ¨, ¬®¦­® ¤®¯ãáâ¨âì áãé¥áâ¢®¢ ­¨¥ �1 6= �2 2 F , ª®â®àë¥ ï¢«ïîâáï à¥è¥­¨ï¬¨
ãà ¢­¥­¨ï

A�2 +B�+ C = 0:

�®£¤  á®£« á­® ¯à¥¤«®¦¥­¨î 1 áãé¥áâ¢ãîâ â ª®¥ à áè¨à¥­¨¥ (F; @1; @2) � (F ; @1; @2) ¨ í«¥¬¥­âë
g1ij ¨§ F , çâ® á¯à ¢¥¤«¨¢ë á¨áâ¥¬ë à ¢¥­áâ¢(

@2g
1
11 = @1g

1
21;

g111 = �1g
1
21;

(
@2g

1
21 = @1g

1
22;

g112 = �2g
1
22:

�«ï â ª®£® g1 = (g1ij)i;j=1;2 ¨¬¥¥¬ g1 2 GL@(2; F ).
�¥à¢®¥ à ¢¥­áâ¢® á¨áâ¥¬ë (4) ¥áâì ­¥ çâ® ¨­®¥, ª ª ¬ âà¨ç­ ï § ¯¨áì ¯¥à¢ëå âà¥å à ¢¥­áâ¢

á¨áâ¥¬ë (3). �ãáâì á¯à ¢¥¤«¨¢  á¨áâ¥¬  à ¢¥­áâ¢ (3) ¨ g1 2 GL@(2; F ) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
¯à¥¤«®¦¥­¨ï 2. �®£¤  á®£« á­® ¯à¥¤«®¦¥­¨î 2 ¨¬¥¥¬ à ¢¥­áâ¢® (5). �§ ¯¥à¢ëå âà¥å à ¢¥­áâ¢
á¨áâ¥¬ë (3) ¯®«ãç¨¬, çâ® ¤«ï ¬ âà¨æë g1 = g�1g1 ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¬ âà¨æë

(g1)t
�

A1 B1=2
B1=2 C1

�
g1 (6)

â ª¦¥ à ¢­ë ­ã«î. �®íâ®¬ã á­®¢  á®£« á­® ¯à¥¤«®¦¥­¨î 2 ¨¬¥¥¬�
�@4hg

1; V1i
�@5hg

1; V1i

�
= �(g1)t

�
2A1 B1

B1 2C1

��
�@hV1i
�@hV1i

�
: (7)

� ¤àã£®© áâ®à®­ë, ¯à¨ g1 2 GL@(2; F ), g2 2 GLg�1
1

@(2; F ) à ¢¥­áâ¢®

�g
�1

1
@


g2; �

@hg1; zi
�
= �@h@=@g1g2; zi (8)

®ç¥¢¨¤­®. �®íâ®¬ã
��hg1; V1i = ��



g1; �@hg; V i

�
= �@hg1; V i;

®âªã¤  ­¥¬¥¤«¥­­® ¯®«ãç ¥¬ ¢â®à®¥ à ¢¥­áâ¢® á¨áâ¥¬ë (4). �â¨¬ ¯®ª § ­®, çâ® ¨§ á¨áâ¥¬ë
à ¢¥­áâ¢ (3) á«¥¤ã¥â á¨áâ¥¬  à ¢¥­áâ¢ (4).

�¡à â­®, ¯ãáâì ¢¥à­  á¨áâ¥¬  à ¢¥­áâ¢ (4) ¨ g1 2 GL@(2; F ) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¯à¥¤-
«®¦¥­¨ï 2. �®£¤  á­®¢  ¤«ï ¬ âà¨æë g1 = g�1g1 ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¬ âà¨æë (6) à ¢­ë
­ã«î. �à®¬¥ â®£®, á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  (5) ¨ (7) ¨ ¢â®à®¥ à ¢¥­áâ¢® á¨áâ¥¬ë (4). �âáî¤ 
«¥£ª® ¯®«ãç¨¬ à ¢¥­áâ¢® �

��4hg
1; V1i

��5hg
1; V1i

�
=
�
�@4hg

1; V i
�@5hg

1; V i

�
;

â. ¥.
��hg1; V1i = �@hg1; V i:

� ¤àã£®© áâ®à®­ë, á®£« á­® (8) ¨¬¥¥¬

��


g1; �@hg; V i

�
= �@hg1; V i:

�§ íâ¨å ¯®á«¥¤­¨å ¤¢ãå à ¢¥­áâ¢ ¯®«ãç¨¬ à ¢¥­áâ¢® V1 = �@hg; V i. �
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� ¬¥ç ­¨¥. � á ¬®¬ ¤¥«¥, â¥®à¥¬  1 ®áâ ­¥âáï á¯à ¢¥¤«¨¢®© ¨ ¢ á«ãç ¥, ª®£¤  ¤¨ää¥à¥­æ¨-
 «ì­ë¥ ãà ¢­¥­¨ï ¢¨¤  (1) § ¤ ­ë ­ ¤ ª®¬¬ãâ â¨¢­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ª®«ìæ®¬ (F; @1; @2),
¯à¨ç¥¬ ¤¨áªà¨¬¨­ ­â DhV i ï¢«ï¥âáï ®¡à â¨¬ë¬ í«¥¬¥­â®¬ ª®«ìæ . � íâ®¬ ¬®¦­® ã¡¥¤¨âìáï
­¥¯®áà¥¤áâ¢¥­­ë¬ ¢ëç¨á«¥­¨¥¬.

� ¤ «ì­¥©è¥¬ ¯à¨ ®¯¨á ­¨¨ ¨­¢ à¨ ­â®¢ ¡ã¤ãâ ­ã¦­ë á«¥¤ãîé¨¥ ¤¢¥ «¥¬¬ë ¤«ï á«ãç ï
m = 2.

�¥¬¬  1. �ãáâì (F; @1; @2; : : : ; @m) | ¤¨ää¥à¥­æ¨ «ì­®¥ ¯®«¥ å à ªâ¥à¨áâ¨ª¨ ­ã«ì. �«¥-

¤ãîé¨¥ âà¨ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

1) ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë @1; @2; : : : ; @m «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ F ;
2) ­¥ áãé¥áâ¢ã¥â ­¥­ã«¥¢®£® @-¤¨ää¥à¥­æ¨ «ì­®£® ¬­®£®ç«¥­  ­ ¤ F ,  ­­ã«¨àãîé¥£®áï

¯à¨ ¢á¥å §­ ç¥­¨ïå ¯¥à¥¬¥­­ëå ¨§ F ;
3) ¥á«¨

p@fx11; x12; : : : ; x1m; x21; : : : ; x2m; : : : ; xm1; : : : ; xmmg = p@f(xij)i;j=1;mg

|â ª®© ¤¨ää¥à¥­æ¨ «ì­ë© ¬­®£®ç«¥­ ­ ¤ F , çâ® p@fgg = 0 ¯à¨ «î¡®¬ g = (gij)i;j=1;m 2

GL@(m;F ) = fg = (gij)i;j=1;m 2 GL(m;F ) : @kgij = @igkj ¯à¨ i; j; k = 1;mg, â® ¤«ï ¯¥à¥-

¬¥­­ëå (tij)i;j=1;m, ¤«ï ª®â®àëå @ktij = @itkj ¯à¨ i; j; k = 1;m, â ª¦¥ ¢ë¯®«­¥­® à ¢¥­-

áâ¢® p@f(tij)i;j=1;mg = 0.

�®ª § â¥«ìáâ¢®. �ª¢¨¢ «¥­â­®áâì ãá«®¢¨© (1) ¨ (2) ¤®ª § ­  ¢ ([13], á. 139). �¥£ª® ã¡¥-
¤¨âìáï, çâ® ¨§ âà¥âì¥£® ãá«®¢¨ï á«¥¤ã¥â ¢â®à®¥, ¨ ¯®íâ®¬ã ¤®áâ â®ç­® ¯®ª § âì, çâ® ¨§ ¢â®à®£®
ãá«®¢¨ï á«¥¤ã¥â âà¥âì¥. �à¥¤¯®«®¦¨¬ ®¡à â­®¥. �¨ää¥à¥­æ¨ «ì­ë© ¬­®£®ç«¥­ p@f(tij)i;j=1;mg
¬®¦¥â ¡ëâì ¯¥à¥¯¨á ­ ¢ ¢¨¤¥ ¬­®£®ç«¥­  q ®â ¬®­®¬®¢ @nk;ik @

nk+1;i
k+1 : : : @nm;i

m tki, £¤¥ ni;j | ­¥®âà¨-
æ â¥«ì­ë¥ æ¥«ë¥ ç¨á« , i; k = 1;m. �ãáâì t1; t2; : : : ; tm | ¤¨ää¥à¥­æ¨ «ì­ë¥ ¯¥à¥¬¥­­ë¥ ­ ¤
F . �®« £ ï tij = @itj , ¨§ ­¥à ¢¥­áâ¢  0 6= p@f(tij)i;j=1;mg ¯®«ãç¨¬ ­¥­ã«¥¢®© ¤¨ää¥à¥­æ¨ «ì­ë©
¬­®£®ç«¥­ q ®â t1; t2; : : : ; tm, §­ ç¥­¨¥ ª®â®à®£® ¯à¨ ¢á¥å §­ ç¥­¨ïå t1; t2; : : : ; tm ¨§ F à ¢­® ­ã«î,
çâ® ¯à®â¨¢®à¥ç¨â ¯. 2 ¤ ­­®© «¥¬¬ë.

�¥¬¬  2. �ãáâì (F; @1; @2; : : : ; @m) | ¤¨ää¥à¥­æ¨ «ì­®¥ ¯®«¥ å à ªâ¥à¨áâ¨ª¨ ­ã«ì,

@1; @2; : : : ; @m «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ F , (tij)i;j=1;m | â ª¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ¯¥à¥¬¥­­ë¥,

çâ® @ktij = @itkj ¯à¨ i; j; k = 1;m ¨ p@fx1; x2; : : : ; xmg | ¯à®¨§¢®«ì­ë© ­¥­ã«¥¢®© ¤¨ää¥à¥­æ¨-

 «ì­ë© ¬­®£®ç«¥­ ­ ¤ F . �®£¤  ¤¨ää¥à¥­æ¨ «ì­ ï à æ¨®­ «ì­ ï äã­ªæ¨ï p@fT11=T ; T 21=T ; : : : ;
Tm1=Tg â ª¦¥ ­¥ à ¢­  ­ã«î, £¤¥ T = det(tij)i;j=1;m ¨ Tk1 ¥áâì  «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥ í«¥-

¬¥­â  tk1 ¢ (tij)i;j=1;m.

�®ª § â¥«ìáâ¢®. �ãáâì (tij)i=2;m;j=1;m | â ª¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ¯¥à¥¬¥­­ë¥ ­ ¤ F , çâ®
@ktij = @itkj ¯à¨ i; k = 2;m, j = 1;m ¨ x1; x2; : : : ; xm | ¯à®¨§¢®«ì­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ¯¥à¥-
¬¥­­ë¥ ­ ¤ F . �®«®¦¨¬

t11 = 1=x1 �
mX
i=2

ti1xi=x1; t1k = �
mX
i=2

tikxi=x1

¯à¨ k = 2;m ¨

@1tk1 = @k
n
1=x1 �

mX
i=2

ti1xi=x1
o
; @1tkj = @k

n
�

mX
i=2

tijxi=x1
o

¯à¨ j; k = 2;m, â®£¤  ¤«ï (tij)i;j=1;m ¯à¨ i; j; k = 1;m ¨¬¥¥¬ @ktij = @itkj . �à®¬¥ â®£®, ¤«ï
(tij)i;j=1;m ¯à¨ «î¡®¬ k = 1;m ¢ë¯®«­¥­ë à ¢¥­áâ¢  Tk1=T = xk ¨ ¯®íâ®¬ã p@fT11=T ; T 21=T ; : : : ;
Tm1=Tg 6= 0.
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�â¬¥â¨¬ â ª¦¥, çâ® ¥á«¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë @1; @2; : : : ; @m «¨­¥©­® ­¥§ ¢¨á¨¬ë
­ ¤ F , â® ®­¨ â ª¦¥ «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ ¯®«¥¬ @ ¤¨ää¥à¥­æ¨ «ì­ëå à æ¨®­ «ì­ëå äã­ª-
æ¨© ®â @-¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ­ ¤ F .

�¥à¥©¤¥¬ ª ®¯¨á ­¨î ¨­¢ à¨ ­â®¢. �«ï íâ®£® ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® @1, @2 «¨-
­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ F , K = fa 2 F : @1a = @2a = 0g | ¯®«¥ ª®­áâ ­â F , z1; z2; : : : ; z5 |
¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥ ­ ¤ F ¨ z = (z1; z2; : : : ; z5).

�¯à¥¤¥«¥­¨¥. �¨ää¥à¥­æ¨ «ì­®-à æ¨®­ «ì­ãî äã­ªæ¨î f@hzi ­ ¤ K ­ §®¢¥¬ ¨­¢ à¨ ­â-
­®©, ¥á«¨ ¤«ï «î¡®£® g 2 GL@(2; F ) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

f g
�1@


�@hg; zi

�
= f@hzi:

�­®¦¥áâ¢® ¢á¥å â ª¨å ¨­¢ à¨ ­â®¢ ®¡®§­ ç¨¬ ç¥à¥§ K1.

�à¨¢¥¤¥¬ ¯à¨¬¥àë ¨­¢ à¨ ­â­ëå ¤¨ää¥à¥­æ¨ «ì­ëå à æ¨®­ «ì­ëå äã­ªæ¨©. �§ ¢â®à®£®
à ¢¥­áâ¢  á¨áâ¥¬ë (4) ¯®«ãç¨¬ 

�g�1@


�@hg; zi

�
�g

�1@


�@hg; zi

�
!
= g�1

�
�@hzi
�@hzi

�
:

�®íâ®¬ã äã­ªæ¨ï

�@1hzi =
��

�@hzi
�@hzi

��t ��
z1 z2=2
z2=2 z3

��
�@hzi
�@hzi

��2

ï¢«ï¥âáï ¨­¢ à¨ ­â­®© ¤¨ää¥à¥­æ¨ «ì­®© à æ¨®­ «ì­®© äã­ªæ¨¥©. � ª ¦¥ ¯®«ãç¨¬ ¨­¢ à¨-
 ­â­®áâì äã­ªæ¨¨

�@2hzi =
�
(@�@1hzi)

t

�
z1 z2=2
z2=2 z3

�
@�@1 hzi

�2

:

�à®¬¥ â®£®, ¥á«¨ ®¯à¥¤¥«¨¬ ¬ âà¨æã �@hzi ª ª ¬ âà¨æã á í«¥¬¥­â ¬¨ �@
11hzi = @1�

@
1hzi, �

@
12hzi =

@1�
@
2 hzi, �

@
21hzi = @2�

@
1hzi, �

@
22hzi = @2�

@
2hzi, â® ¯à¨ g 2 GL@(2; F ) ¨¬¥¥¬ à ¢¥­áâ¢®

�g�1@


�@hg; zi

�
= g�1�@hzi;

¨ ¬ âà¨æ  �@hzi ¡ã¤¥â ­¥¢ëà®¦¤¥­­®©. �®«®¦¨¬ @ = (�@hzi)�1@.
�«¥¤ãîé ï â¥®à¥¬  ¤ ¥â ®¯¨á ­¨¥ í«¥¬¥­â®¢ K1.

�¥®à¥¬  2. �®«¥ K1 ï¢«ï¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ¯®«¥¬ ­ ¤K ®â­®á¨â¥«ì­® ¤¨ää¥à¥­æ¨-

 «ì­ëå ®¯¥à â®à®¢ @1, @2 ¨ ¯®à®¦¤ ¥âáï ª®¬¯®­¥­â ¬¨ �@


�@hzi; z

�
. �à®¬¥ â®£®, ¥£® áâ¥¯¥­ì

¤¨ää¥à¥­æ¨ «ì­®© âà ­áæ¥­¤¥­â­®áâ¨ ­ ¤ K à ¢­  3.

�®ª § â¥«ìáâ¢®. �­¢ à¨ ­â­®áâì K1 ®â­®á¨â¥«ì­® ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ @1, @2
­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ à ¢¥­áâ¢ 

�g�1@


�@hg; h; zi

�
= g�1�@hzi:

�®ª ¦¥¬ ¨­¢ à¨ ­â­®áâì ª®¬¯®­¥­â �@


�@hzi; z

�
. �¥©áâ¢¨â¥«ì­®, ¯à¨ g 2 GL@(2; F ) ¨¬¥¥¬

�g
�1@
D
�g�1@



�@hg; zi

�
; �@hg; zi

E
= �g

�1@


g�1�@hzi; �@hg; zi

�
;

¨ ¯®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ á®£« á­® (8) à ¢­® �@


�@hzi; z

�
, çâ® ¨ âà¥¡®¢ «®áì ¯®ª § âì.

�á«¨ ¤«ï ¤¨ää¥à¥­æ¨ «ì­®© à æ¨®­ «ì­®© äã­ªæ¨¨ f@hzi ¯à¨ «î¡®¬ g 2 GL@(2; F ) ¢ë¯®«-
­ï¥âáï à ¢¥­áâ¢®

f g
�1@


�@hg; zi

�
= f@hzi;

â® ¯à¨ g = �@hzi á®£« á­® «¥¬¬ ¬ 1 ¨ 2, ¢ ç áâ­®áâ¨, ¨¬¥¥¬

f (�
@hzi)�1@

D
�@h�@hzi; zi

E
= f@hzi;
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â. ¥. K1 ¯®à®¦¤ ¥âáï ª®¬¯®­¥­â ¬¨ �@


�@hzi; z

�
ª ª @-¤¨ää¥à¥­æ¨ «ì­®¥ ¯®«¥ ­ ¤ K.

�«ï ¤®ª § â¥«ìáâ¢  à ¢¥­áâ¢  @�tr :degK1=K = 3 à áá¬®âà¨¬ ¡ è­î @-¤¨ää¥à¥­æ¨ «ì­ëå
¯®«¥©

K � K1 � K1



�@
11hzi;�

@
12hzi;�

@
21hzi;�

@
22hzi

�
:

�®á«¥¤­¥¥ ¯®«¥ ¥áâì Khzi-¯®«¥ ¢á¥å @-¤¨ää¥à¥­æ¨ «ì­ëå à æ¨®­ «ì­ëå äã­ªæ¨© ®â z ­ ¤ K,
à áá¬ âà¨¢ ¥¬®¥ ª ª @-¤¨ää¥à¥­æ¨ «ì­®¥ ¯®«¥ (¯®áª®«ìªã �@



(�@hzi)�1; �@h�@hzi; zi

�
= z), ¨

¯®íâ®¬ã @�tr :degKhzi=K = 5. �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¤®áâ â®ç­® ¯®ª § âì
à ¢¥­áâ¢® @ � tr :degKhzi=K1 = 2.

�«¥¬¥­âë �@
21hzi, �

@
22hzi @-¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç­ë ­ ¤ K1



�@
11hzi;�

@
12hzi

�
. �®ª ¦¥¬

íâ®, ­ ¯à¨¬¥à, ¤«ï �@
21hzi. �®£« á­® à ¢¥­áâ¢ ¬

@1�
@
21hzi = @2�

@
11hzi; @1�

@
22hzi = @2�

@
12hzi;

@1 = �@
11hzi@1 +�@

12hzi@2 ¨ @2 = �@
21hzi@1 +�@

22hzi@2

¨¬¥¥¬

(�@
11hzi@1 +�@

12hzi@2)�
@
21hzi = (�@

21hzi@1 +�@
22hzi@2)�

@
11hzi;

(�@
11hzi@1 +�@

12hzi@2)�
@
22hzi = (�@

21hzi@1 +�@
22hzi@2)�

@
12hzi:

(9)

�®á«¥¤­¥¥ à ¢¥­áâ¢® ¢ ¢¥ªâ®à­®© ä®à¬¥ ¨¬¥¥â ¢¨¤

(�@
11hzi;�

@
12hzi)@�

@
22hzi = (�@

21hzi;�
@
22hzi)@�

@
12hzi: (10)

�§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (9) á«¥¤ã¥â

@[(�@
11hzi@1 +�@

12hzi@2)�
@
21hzi] = @(�@

21hzi@1�
@
11hzi) + @�@

22hzi@2�
@
11hzi +�@

22hzi@ @2�
@
11hzi:

�¬­®¦¨¢ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® á«¥¢  ­  (�@
11hzi;�

@
12hzi) á ãç¥â®¬ (10), ¨¬¥¥¬

(�@
11hzi;�

@
12hzi)@[(�

@
11hzi@1 +�@

12hzi@2)�
@
21hzi] =

= (�@
11hzi;�

@
12hzi)@(�

@
21hzi@1�

@
11hzi) + (�@

21hzi;�
@
22hzi)@�

@
12hzi@2�

@
11hzi+

+�@
22hzi(�

@
11hzi;�

@
12hzi)@ @2�

@
11hzi: (11)

�á«¨ @2�@
11hzi = 0, â® ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (9) ¯®ª §ë¢ ¥â ¤¨ää¥à¥­æ¨ «ì­ãî  «£¥-

¡à ¨ç­®áâì í«¥¬¥­â  �@
21hzi ­ ¤ K1



�@
11hzi;�

@
12hzi

�
.

�á«¨ @2�@
11hzi 6= 0, â® ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (9) �@

22hzi ¬®¦­® ¢ëà §¨âì ç¥à¥§ �
@
11hzi,

�@
12hzi, �

@
21hzi ¨ ¨å @-¤¨ää¥à¥­æ¨ «ë ¨ ¯®«®¦¨âì íâ® ¢¬¥áâ® �@

22hzi ¢ (11). � ª ï ¯à®æ¥¤ãà 
¤ ¥â ­¥­ã«¥¢®¥ @-¤¨ää¥à¥­æ¨ «ì­®¥ ¯®«¨­®¬¨ «ì­®¥ ãà ¢­¥­¨¥ ­ ¤K1



�@
11hzi;�

@
12hzi

�
, ª®â®à®¥

 ­­ã«¨àã¥âáï ­  �@
21hzi, çâ® ¯®ª §ë¢ ¥â @-¤¨ää¥à¥­æ¨ «ì­ãî  «£¥¡à ¨ç­®áâì í«¥¬¥­â  �@

21hzi
­ ¤ K1



�@
11hzi;�

@
12hzi

�
.

�®ª ¦¥¬ @-¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áªãî ­¥§ ¢¨á¨¬®áâì á¨áâ¥¬ë í«¥¬¥­â®¢ �@
11hzi,

�@
12hzi ­ ¤ K1. �ãáâì p@ft1; t2g | â ª®© ­¥­ã«¥¢®© ¤¨ää¥à¥­æ¨ «ì­ë© ¬­®£®ç«¥­ ­ ¤ K1, çâ®

p@f�@
11hzi;�

@
12hzig = 0:

�®£¤  íâ® à ¢¥­áâ¢® ¤®«¦­® ¢ë¯®«­ïâìáï ¨ ¯à¨ § ¬¥­¥ z 7! �@hg; zi, @ 7! g�1@, £¤¥ g 2 GL@(2; F ).
� ª ª ª ¯à¨ íâ®¬ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à @ ¨ ª®íää¨æ¨¥­âë ¬­®£®ç«¥­  p@ft1; t2g ­¥
¬¥­ïîâáï, ¨¬¥¥¬

p@fG11�
@
11hzi+G12�

@
21hzi; G11�

@
12hzi +G12�

@
22hzig = 0; (12)

8



£¤¥ Gij | á®®â¢¥âáâ¢ãîé¨¥ í«¥¬¥­âë ¬ âà¨æë, ®¡à â­®© ª g. �ãáâì (tij)i;j=1;2 | â ª¨¥ @-
¯¥à¥¬¥­­ë¥, çâ® @1t21 = @2t11, @1t22 = @2t12. �¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¤«ï ¬ âà¨æë

g =
�
�@
11hzi �@

12hzi
�@
21hzi �@

22hzi

��
t11 t12
t21 t22

�

¢ë¯®«­ïîâáï à ¢¥­áâ¢  @2g1j = @1g2j ¯à¨ j = 1; 2, ¨ ¯®íâ®¬ã á®£« á­® «¥¬¬¥ 1 ¨§ à ¢¥­áâ¢ 
(12) ¨¬¥¥¬ p@fT 11=T ; T21=Tg = 0, ¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ G11�@

11hzi + G12�@
21hzi = T11=T =

t22=(t11t22 � t12t21), G11�@
12hzi + G12�@

22hzi = T21=T = �t12=(t11t22 � t12t21). �®«ãç¥­­®¥ à ¢¥­áâ¢®
p@fT11=T ; T 21=Tg = 0 ¯à®â¨¢®à¥ç¨â «¥¬¬¥ 2.

�à¥¤¯®«®¦¨¬, çâ® § ¤ ­ë â ª¨¥ ¯à®¨§¢®«ì­ë¥ �@1hzi, �
@
2hzi í«¥¬¥­âë K1, çâ® �@hzi | ®¡à -

â¨¬ ï ¬ âà¨æ , ¯®áâà®¥­­ ï á ¯®¬®éìî �@1hzi, �
@
2hzi ¢ëè¥¨§«®¦¥­­ë¬ á¯®á®¡®¬. �®«®¦¨¬

X = fz 2 F 5 : �@1hzi; �
@
2 hzi ®¯à¥¤¥«¥­ë ¢ z ¨ (z22 � z1z3) det �

@hzi 6= 0g:

�®£« á­® «¥¬¬¥ 2 X 6= 0.
�«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï  ­ «®£®¬ ¨§¢¥áâ­®£® à¥§ã«ìâ â  ¨§  «£¥¡à ¨ç¥áª®© â¥®à¨¨

¨­¢ à¨ ­â®¢ ® à §¤¥«¥­¨¨ ¨­¢ à¨ ­â ¬¨ ®à¡¨â ®¡é¥£® ¯®«®¦¥­¨ï.

�¥®à¥¬  3. �ãáâì g 2 GL@(2; F ), � = g�1@. �á«¨ ¤«ï ãà ¢­¥­¨ï (1) V 2 X ¨ ¤«ï «î¡®£®

f@hzi 2 K1, ®¯à¥¤¥«¥­­®£® ­  X, ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® f@hV i = f@hV1i, â® ãà ¢­¥­¨ï (1) ¨ (2)
íª¢¨¢ «¥­â­ë ®â­®á¨â¥«ì­® g.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã � = g�1@ ¨ ��i hV1i = �@i hV i ¯à¨ i = 1; 2, ¨¬¥¥¬ ��hV1i =
g�1�@hV i. �®¬¯®­¥­âë ¬ âà¨æë

(�@hzi)t
�

z1 z2=2
z2=2 z3

�
�@hzi

¨ ¢¥ªâ®à 

(�@hzi)�1
�
�@hzi
�@hzi

�

®¯à¥¤¥«¥­ë ­  X ¨ ï¢«ïîâáï ¨­¢ à¨ ­â ¬¨. �®íâ®¬ã

(��hV1i)t
�

A1 B1=2
B1=2 C1

�
��hV1i = (��hV i)t

�
A B=2
B=2 C

�
�@hV i;

(��hV1i)
�1

�
��hV1i
��hV1i

�
= (�@hV i)�1

�
�@hV i
�@hV i

�
:

�â¨ à ¢¥­áâ¢  ®§­ ç îâ, çâ®

�
A1 B1=2
B1=2 C1

�
= gt

�
A B=2
B=2 C

�
g;

�
��hV1i
��hV1i

�
= g�1

�
�@hV i
�@hV i

�
;

¨ á®£« á­® â¥®à¥¬¥ 1 íâ® ¨ ®§­ ç ¥â íª¢¨¢ «¥­â­®áâì ãà ¢­¥­¨© (1) ¨ (2) ®â­®á¨â¥«ì­® g.
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