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1. �¢¥¤¥­¨¥

� à¨ æ¨®­­ë¥ ­¥à ¢¥­áâ¢  ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ï¢«ïîâáï ¤®áâ â®ç­® à á¯à®áâà ­¥­­ë¬ ¨
íää¥ªâ¨¢­ë¬ ¨­áâàã¬¥­â®¬ ¤«ï ¨áá«¥¤®¢ ­¨ï ¨ ¯®¨áª  à¥è¥­¨© á ¬ëå à §­®®¡à §­ëå § ¤ ç
à ¢­®¢¥á­®£® â¨¯  (­ ¯à., [1]{[3]). �® ®¯à¥¤¥«¥­¨î à¥è¥­¨¥ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢  á®áâ®¨â
¢ ­ å®¦¤¥­¨¨ â®çª¨ z� 2 Z â ª®©, çâ®

hQ(z�); z � z�i � 0 8z 2 Z;
£¤¥ Z | ­¥ª®â®à®¥ ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¢ ­®à¬¨à®¢ ­­®¬ ¯à®áâà ­áâ¢¥ E, Q : Z ! E� |
§ ¤ ­­®¥ ®â®¡à ¦¥­¨¥ (E� ®§­ ç ¥â á®¯àï¦¥­­®¥ ¯à®áâà ­áâ¢® ª E). � à ¡®â å [4]{[6] ¡ë« 
à áá¬®âà¥­  ®¡®¡é¥­­ ï ¯àï¬®-¤¢®©áâ¢¥­­ ï á¨áâ¥¬  ¢ à¨ æ¨®­­ëå ­¥à ¢¥­áâ¢ ¨ ¯®ª § ­®,
çâ® ¬­®£¨¥ à ¢­®¢¥á­ë¥ ¬®¤¥«¨ íª®­®¬¨ª¨ ä®à¬ã«¨àãîâáï ¢ ¢¨¤¥ â ª®© á¨áâ¥¬ë. �¥è¥­¨¥
á¨áâ¥¬ë á®áâ®¨â ¢ ®¯à¥¤¥«¥­¨¨ ¯ àë â®ç¥ª (x�; y�) 2 X � Y â ª¨å, çâ®

hT (x�); x� x�i+ hy�;H(x)�H(x�)i � 0 8x 2 X; (1)

hB(y�)�H(x�); y � y�i � 0 8y 2 Y; (2)

£¤¥ X ¨ Y | ­¥¯ãáâë¥, ¢ë¯ãª«ë¥ ¨ § ¬ª­ãâë¥ ¯®¤¬­®¦¥áâ¢  ¨§ Rn ¨

Rm
+ = fy 2 Rm j yi � 0; i = 1; : : : ;mg

á®®â¢¥âáâ¢¥­­®, T : X ! Rn ¨ B : Rm
+ ! Rm | § ¤ ­­ë¥ ­¥¯à¥àë¢­ë¥ ®â®¡à ¦¥­¨ï,

H : X ! Rm | ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥, ª®¬¯®­¥­âë ª®â®à®£® Hi : X ! R, i = 1; : : : ;m,
ï¢«ïîâáï ¢ë¯ãª«ë¬¨ äã­ªæ¨ï¬¨. �¨áâ¥¬  (1), (2) â ª¦¥ ®¡®¡é ¥â ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ ¢
¢¨¤¥ á¥¤«®¢®© â®çª¨ äã­ªæ¨¨ � £à ­¦  [4]{[6], çâ® ®¡êïá­ï¥â ¥¥ ­ §¢ ­¨¥. �à®¬¥ â®£®, ¢ [7]
¯®ª § ­®, çâ® ª ¢¨¤ã (1), (2) ¯à¨¢®¤ïâáï â ª¦¥ ¬®¤¥«¨ á¥â¥¢®£® à ¢­®¢¥á¨ï ¨ àï¤ ­¥ï¢­ëå § ¤ ç
®¯â¨¬¨§ æ¨¨. �«ï à¥è¥­¨ï á¨áâ¥¬ë (1), (2) ¢ [4]{[7] ¡ë«¨ ¯à¥¤«®¦¥­ë ¨â¥à æ¨®­­ë¥ ¬¥â®¤ë
¤¢®©áâ¢¥­­®£® â¨¯ , ¢ ª®â®àëå ¨á¯®«ì§®¢ ­ë (¤«ï ®¡¥á¯¥ç¥­¨ï áå®¤¨¬®áâ¨) á¢®©áâ¢  á¨«ì­®©
¬®­®â®­­®áâ¨ ®â®¡à ¦¥­¨© T ¨ B,   â ª¦¥ ¢ë¯®«­¥­¨¥ ãá«®¢¨ï �¨¯è¨æ  ¤«ï ®â®¡à ¦¥­¨ï H.
� ¬¥â¨¬, çâ® ãá«®¢¨ï á¨«ì­®© ¬®­®â®­­®áâ¨ ¬®¦­® § ¬¥­¨âì ®¡ëç­®© ¬®­®â®­­®áâìî, ¥á«¨
¢ ¨â¥à â¨¢­ãî áå¥¬ã ¢¢¥áâ¨ ¯à®ªá¨¬ «ì­ë© ¬¥â®¤ [6], â®£¤  ¢á¯®¬®£ â¥«ì­ë¥ á¨áâ¥¬ë ¢ íâ®¬
¬¥â®¤¥ ¡ã¤ãâ ®¡« ¤ âì âà¥¡ã¥¬ë¬¨ á¢®©áâ¢ ¬¨.

�¤­ ª® ¯à¥¤«®¦¥­­ë¥ à ­¥¥ ¤¢®©áâ¢¥­­ë¥ ¬¥â®¤ë âà¥¡ãîâ â®ç­®£® à¥è¥­¨ï ¢á¯®¬®£ â¥«ì-
­ëå § ¤ ç ¯® ¯¥à¥¬¥­­ë¬ x ¨ y, çâ® ¬®¦¥â ¢ë§¢ âì § âàã¤­¥­¨ï ¯à¨ ¨å à¥ «¨§ æ¨¨, ¢ ®á®-
¡¥­­®áâ¨ ¤«ï á«ãç ï ­¥«¨­¥©­ëå ®â®¡à ¦¥­¨© T ¨ B. �®íâ®¬ã ®á­®¢­®© æ¥«ìî ¤ ­­®© à ¡®âë

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥-
¤®¢ ­¨© (ª®¤ ¯à®¥ªâ  ò 04-01-00484).
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ï¢«ï¥âáï ¯®áâà®¥­¨¥ ¯à¨¡«¨¦¥­­ëå ¤¢®©áâ¢¥­­ëå ¬¥â®¤®¢, à¥ «¨§ã¥¬ëå ¨ ¢ ­¥«¨­¥©­®¬ á«ã-
ç ¥. �à®¬¥ â®£®, ¨å áå®¤¨¬®áâì ¤®ª §ë¢ ¥âáï ¯à¨ ®á« ¡«¥­­ëå ¯à¥¤¯®«®¦¥­¨ïå ­  ®â®¡à ¦¥-
­¨ï T ¨ B ¯® áà ¢­¥­¨î á ¯à¥¤¯®«®¦¥­¨ï¬¨ ¨§ [4]{[7] ¤«ï  ­ «®£¨ç­ëå â®ç­ëå ¬¥â®¤®¢. � ª¨¬
®¡à §®¬, ¤ ­­ë¥ ¬¥â®¤ë ¬®£ãâ ¡ëâì ­¥¯®áà¥¤áâ¢¥­­® ¯à¨¬¥­¥­ë ¤«ï £®à §¤® ¡®«¥¥ è¨à®ª®£®
ª« áá  ¯à¨ª« ¤­ëå § ¤ ç.

2. �à¨¡«¨¦¥­­ë© ¯à®¥ªâ¨¢­ë© ¬¥â®¤

�á­®¢®© ¤«ï ¯®¨áª  à¥è¥­¨© á¨áâ¥¬ë (1), (2) ¡ã¤¥â ¯à¨¡«¨¦¥­­ë© ¬¥â®¤ ¯à®¥ªâ¨¢­®£® â¨¯ 
¤«ï á«¥¤ãîé¥£® ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢ : ­ ©â¨ â®çªã y� 2 Y â ªãî, çâ®

hF (y�); y � y�i � 0 8y 2 Y; (3)

£¤¥ F : Y ! Rm | ­¥ª®â®à®¥ § ¤ ­­®¥ ®â®¡à ¦¥­¨¥. �¥á¬®âàï ­  ¡®«ìè®¥ ç¨á«® à ¡®â ¯®
¯à®¥ªâ¨¢­ë¬ ¬¥â®¤ ¬ (­ ¯à., [1], [8]), ®¡®á­®¢ ­¨¥ ¬¥â®¤  á ­¥â®ç­ë¬ ¢ëç¨á«¥­¨¥¬ í«¥¬¥­â®¢
¯®âà¥¡ã¥â ¤®¯®«­¨â¥«ì­ëå à¥§ã«ìâ â®¢. �­ ç «¥ ­ ¯®¬­¨¬ ®¯à¥¤¥«¥­¨ï á¢®©áâ¢ ¬®­®â®­­®áâ¨
¤«ï ®â®¡à ¦¥­¨©.

�â®¡à ¦¥­¨¥ F : Y ! Rm ­ §ë¢ ¥âáï

 ) ¬®­®â®­­ë¬, ¥á«¨ ¤«ï «î¡ëå â®ç¥ª y0; y00 2 Y
hF (y0)� F (y00); y0 � y00i � 0;

b) á¨«ì­® ¬®­®â®­­ë¬ á ª®­áâ ­â®© { > 0, ¥á«¨ ¤«ï «î¡ëå â®ç¥ª y0; y00 2 Y
hF (y0)� F (y00); y0 � y00i � {ky0 � y00k2;

á) ®¡à â­® á¨«ì­® ¬®­®â®­­ë¬ (���-®â®¡à ¦¥­¨¥¬) á ª®­áâ ­â®© 
 > 0, ¥á«¨ ¤«ï «î¡ëå
â®ç¥ª y0; y00 2 Y

hF (y0)� F (y00); y0 � y00i � 
kF (y0)� F (y00)k2:
�â¬¥â¨¬, çâ® á¢®©áâ¢® ®¡à â­®© á¨«ì­®© ¬®­®â®­­®áâ¨ F ®§­ ç ¥â á¨«ì­ãî ¬®­®â®­­®áâì

®¡à â­®£® ®â®¡à ¦¥­¨ï F�1 ¨ ­ §ë¢ ¥âáï â ª¦¥ ª®-ª®íàæ¨â¨¢­®áâìî (­ ¯à., [9]). �â® á¢®©-
áâ¢® ¢«¥ç¥â ¬®­®â®­­®áâì ¨ ¢ë¯®«­¥­¨¥ ãá«®¢¨ï �¨¯è¨æ  ¤«ï ®â®¡à ¦¥­¨ï F á ª®­áâ ­â®©
1=
. � ¤àã£®© áâ®à®­ë, «î¡®¥ ®â®¡à ¦¥­¨¥, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î �¨¯è¨æ , ª®â®à®¥ ª
â®¬ã ¦¥ «¨¡® á¨«ì­® ¬®­®â®­­®, «¨¡® ï¢«ï¥âáï £à ¤¨¥­â®¬ ¢ë¯ãª«®© äã­ªæ¨¨, â ª¦¥ ï¢«ï¥â-
áï ���-®â®¡à ¦¥­¨¥¬. � ¯®¬­¨¬ â ª¦¥, çâ® ®â®¡à ¦¥­¨¥ ­ §ë¢ ¥âáï «®ª «ì­® «¨¯è¨æ¥¢ë¬,
¥á«¨ ®­® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ­  «î¡®¬ ®£à ­¨ç¥­­®¬ ¯®¤¬­®¦¥áâ¢¥ ®¡« áâ¨ ®¯à¥-
¤¥«¥­¨ï. �®  ­ «®£¨¨, «®ª «ì­ë¬ ���-®â®¡à ¦¥­¨¥¬ ¡ã¤¥¬ ­ §ë¢ âì «î¡®¥ ®â®¡à ¦¥­¨¥,
ª®â®à®¥ ï¢«ï¥âáï ���-®â®¡à ¦¥­¨¥¬ ­  «î¡®¬ ®£à ­¨ç¥­­®¬ ¯®¤¬­®¦¥áâ¢¥ ®¡« áâ¨ ®¯à¥¤¥-
«¥­¨ï.

� áá¬®âà¨¬ â¥¯¥àì á«¥¤ãîé¨© ¯à®¥ªâ¨¢­ë© ¬¥â®¤ ¤«ï § ¤ ç¨ (3).

�¥â®¤ 1. �ë¡¥à¥¬ â®çªã u0 2 Y , ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ç¨á¥« f�kg ¨ ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ ­¥®âà¨æ â¥«ì­ëå ç¨á¥« f�0kg, f�00kg â ª¨¥, çâ®

1X
k=0

(�0k + �00k ) < +1: (4)

�á«¨ ¨§¢¥áâ­  â®çª  uk 2 Y , k � 0, â® ®¯à¥¤¥«ï¥¬ â®çªã uk+1 2 Y ¨§ ãá«®¢¨ï

kuk+1 � euk+1k � �00k ; (5)

£¤¥ euk+1 2 Y ï¢«ï¥âáï à¥è¥­¨¥¬ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢ 

hfk + ��1k (euk+1 � uk); u� euk+1i � 0 8u 2 Y; (6)
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¯à¨ íâ®¬

kfk � F (uk)k � �0k: (7)

� ª¨¬ ®¡à §®¬, ¬¥â®¤ ¤®¯ãáª ¥â ª ª ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ (6), â ª
¨ ­¥â®ç­®¥ ¢ëç¨á«¥­¨¥ §­ ç¥­¨© ®â®¡à ¦¥­¨ï F . � ¤àã£®© áâ®à®­ë, â®çª  euk+1 ¥áâì à¥§ã«ìâ â
¯à®¥ªæ¨¨ â®çª¨ uk � �kf

k ­  ¬­®¦¥áâ¢® Y , â. ¥. (6) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

euk+1 = �Y (u
k � �kf

k); (8)

£¤¥ �Y (�) | ®â®¡à ¦¥­¨¥ ¯à®¥ªâ¨à®¢ ­¨ï ­  Y . �à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (6) ¯®§¢®«ï¥â
à¥ «¨§®¢ âì ¬¥â®¤ ¤ ¦¥ ¢ á«ãç ¥, ª®£¤  ¬­®¦¥áâ¢® Y § ¤ ­® á ¯®¬®éìî ­¥«¨­¥©­ëå ®£à ­¨ç¥-
­¨©. �à®¬¥ â®£®, â ª®¥ à¥è¥­¨¥ §­ ç¨â¥«ì­® ®¡«¥£ç ¥â à¥ «¨§ æ¨î ¨ ¢ «¨­¥©­®¬ á«ãç ¥.

�­ ç «¥ ¯à¨¢¥¤¥¬ ¤¢  ¨§¢¥áâ­ëå à¥§ã«ìâ â .

�¥¬¬  2.1 ([8], £«. 3, «¥¬¬  1.1). �á«¨ ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì f�kg ã¤®¢«¥â¢®àï¥â

ãá«®¢¨ï¬

�k+1 � �k + �k; �k � 0;
1X
k=0

�k < +1;

â® ®­  ¨¬¥¥â ¯à¥¤¥«.

�¥¬¬  2.2 ([8], £«. 5, «¥¬¬  1.4). �á«¨ ®â®¡à ¦¥­¨¥ Q : Y ! Rm ï¢«ï¥âáï ���-®â®¡à -

¦¥­¨¥¬ á ª®­áâ ­â®© 
, â® ®â®¡à ¦¥­¨¥ y 7! y � �Y [y � �Q(y)] ¯à¨ � 2 [0; 4
) ï¢«ï¥âáï

���-®â®¡à ¦¥­¨¥¬ á ª®­áâ ­â®© e
 = 1� �=(4
).

�¡®á­®¢ ­¨¥ áå®¤¨¬®áâ¨ ¬¥â®¤  1 ¡ã¤¥â ¯à®¢®¤¨âìáï ­  ®á­®¢¥ á«¥¤ãîé¥£® á¢®©áâ¢  ¨â¥à -
æ¨®­­®£® ¯à®æ¥áá  ¯®¨áª  à¥è¥­¨© § ¤ ç¨ P (y�) = 0, ª®â®à®¥ ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ¨ ¬®¤¨ä¨-
ª æ¨¥© ¡«¨§ª¨å à¥§ã«ìâ â®¢ ¨§ ([8], £«. 5, â¥®à¥¬  1 ¨ [10], ¯à¥¤«®¦¥­¨¥ 2).

�à¥¤«®¦¥­¨¥ 2.1. �ãáâì ®â®¡à ¦¥­¨ï P ¨ Pk ¨¬¥îâ ­¥¯ãáâ®¥ ¨ á®¢¯ ¤ îé¥¥ ¬­®¦¥-

áâ¢® ª®à­¥© V �, ®â®¡à ¦¥­¨ï Pk ï¢«ïîâáï «®ª «ì­ë¬¨ ���-®â®¡à ¦¥­¨ï¬¨, ¯®á«¥¤®¢ â¥«ì-

­®áâì fukg ¯®áâà®¥­  ¯® ¯à ¢¨« ¬

uk+1 = uk � �kp
k; kpk � Pk(uk)k � �k;

1X
k=0

�k < +1 (9)

¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï :

a) ¤«ï «î¡®£® u 2 Rm áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨­¤¥ªá®¢ fksg, çâ®
lim
s!1

Pks(u) = d(u); kd(u)k <1;

b) ¤«ï «î¡®£® u 62 V � ¢ë¯®«­ï¥âáï inf
k�0

kPk(u)k > 0;

á) ¤«ï ä¨ªá¨à®¢ ­­®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  V ���-ª®­áâ ­âë 
k ®â®¡à ¦¥­¨© Pk
­  V ®£à ­¨ç¥­ë á­¨§ã ç¨á«®¬ 
0 = 
0(V ) > 0.

�®£¤  áãé¥áâ¢ãîâ ç¨á«  �0; �00 > 0 â ª¨¥, çâ® ¯à¨ �k 2 [�0; �00] ¯®á«¥¤®¢ â¥«ì­®áâì fukg
áå®¤¨âáï ª ­¥ª®â®à®© â®çª¥ u� 2 V �.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â eu 2 V �, ®¡®§­ ç¨¬ vk+1 = uk � �kPk(uk).
�®£¤  ¨¬¥¥¬

kvk+1 � euk2 = k[uk � �kPk(u
k)]� [eu� �kPk(eu)]k2 =

= kuk � euk2 � 2�khPk(uk)� Pk(eu); uk � eui+ �2kkPk(uk)� Pk(eu)k2 �
� kuk � euk2 � 2�k
kkPk(uk)k2 + �2kkPk(uk)k2;
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£¤¥ 
k | ���-ª®­áâ ­â  ¤«ï Pk ­  ¬­®¦¥áâ¢¥ fu
�� ku� euk � kuk � eukg. �á«¨ ¢ë¡à âì

�k < 2
k; (10)

â®

kvk+1 � euk2 � kuk � euk2 � �k(2
k � �k)kPk(uk)k2 � kuk � euk2:
�¥¯¥àì, ¨á¯®«ì§ãï (8), ¯®«ãç ¥¬

kuk+1 � euk � kvk+1 � euk+ kuk+1 � vk+1k � kuk � euk+ �k;

­® â®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì fukg ®£à ­¨ç¥­ , â. ¥. â®çª¨ uk ¨ eu ­ å®¤ïâáï ¢ ­¥ª®â®à®¬ ®£à -
­¨ç¥­­®¬ ¬­®¦¥áâ¢¥ eV . �«¥¤®¢ â¥«ì­®, ¯® ãá«®¢¨î c) 
k � 
0 > 0 ¤«ï k = 0; 1; : : : , ¨ ¬®¦­®
®¯à¥¤¥«¨âì �00 < 2
0 ¨ �0 2 (0; �00). � ª¨¬ ®¡à §®¬,

kuk+1 � euk2 � kuk+1 � vk+1k2 + 2huk+1 � vk+1; vk+1 � eui+ kvk+1 � euk2 �
� kuk � euk2 � �k(2
0 � �k)kPk(uk)k2 + 2�kkuk � euk+ �2k � kuk � euk2 � c1kPk(uk)k2 + c2�k;

£¤¥ c1; c2 <1. �ç¨âë¢ ï (9), ¨§ «¥¬¬ë 2.1 â¥¯¥àì ¯®«ãç ¥¬

lim
k!1

kuk � euk = � � 0 (11)

¨
1X
k=0

kPk(uk)k2 < +1: (12)

�§ ®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fukg á«¥¤ã¥â, çâ® ®­  ¨¬¥¥â ¯à¥¤¥«ì­ë¥ â®çª¨. �ãáâì
¯®¤¯®á«¥¤®¢ â¥«ì­®áâì fuklg áå®¤¨âáï ª u�, â®£¤  ¨¬¥¥¬


klkPkl(u�)� Pkl(u
kl)k2 � hPkl(u�); u� � ukli � hPkl(ukl); u� � ukli:

�§ ãá«®¢¨© (11), (12) ¨ a), b) ¯®«ãç ¥¬, ­¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, çâ® lim
k!1

kPkl(u�)�Pkl(ukl)k = 0.

�â® á ãç¥â®¬ (12) ¤ ¥â

lim
k!1

kPkl(u�)k = 0:

�¥¯¥àì ¨§ ãá«®¢¨ï b) á«¥¤ã¥â, çâ® u� 2 V �. �®íâ®¬ã ¬®¦­® ¯®«®¦¨âì eu = u� ¢ (11). �®£¤  � = 0
¨ ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢®.

�  ®á­®¢¥ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ãáâ ­®¢¨¬ áå®¤¨¬®áâì ¬¥â®¤  1.

�¥®à¥¬  2.1. �á«¨ § ¤ ç  (3) ¨¬¥¥â à¥è¥­¨¥, F : Y ! Rm | «®ª «ì­®¥ ���-®â®¡à -

¦¥­¨¥, â® áãé¥áâ¢ãîâ ç¨á«  �0; �00 > 0 â ª¨¥, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fukg, ¯®áâà®¥­­ ï
¬¥â®¤®¬ 1 á �k 2 [�0; �00], áå®¤¨âáï ª à¥è¥­¨î § ¤ ç¨ (3).

�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨ï Pk : Rm ! Rm ¯® ä®à¬ã«¥

Pk(u) = u� �Y [u� �kF (u)];

  â ª¦¥

P (u) = u� �Y [u� �F (u)]

¤«ï ¯à®¨§¢®«ì­®£® ä¨ªá¨à®¢ ­­®£® ç¨á«  � > 0. �®£¤  ¢á¥ ®â®¡à ¦¥­¨ï P , Pk ¨¬¥îâ ®¤¨­ ª®¢®¥
¬­®¦¥áâ¢® ª®à­¥©, á®¢¯ ¤ îé¥¥ á ¬­®¦¥áâ¢®¬ à¥è¥­¨© § ¤ ç¨ (3) (­ ¯à., [8], £«. 5, «¥¬¬  1.5).
�®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fukg, ¯®áâà®¥­­ ï ¬¥â®¤®¬ 1, ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬
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¯à¥¤«®¦¥­¨ï 2.1. �¥©áâ¢¨â¥«ì­®, ¢ (9) ¬®¦­® ¯®«®¦¨âì �k = 1, â®£¤  pk = uk � uk+1. �à®¬¥
â®£®, ¨á¯®«ì§ãï (5), (7), (8) ¨ ­¥à áâï£¨¢ îé¥¥ á¢®©áâ¢® ¯à®¥ªæ¨¨, ¯®«ãç ¥¬

kpk � Pk(uk)k = k(uk � uk+1)� (uk � �Y [uk � �kF (uk)])k = kuk+1 � �Y [uk � �kF (uk)]k �
� kuk+1 � euk+1k+ keuk+1 � �Y [uk � �kF (uk)]k �

� �00k + k�Y [uk � �kf
k]� �Y [u

k � �kF (u
k)]k � �00k + �kkfk � F (uk)k � �00k + �k�

0
k � �00k + �00�0k = �k;

¨ á®£« á­® (4) ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï ¢ (9). �®áª®«ìªã F | «®ª «ì­®¥ ���-®â®¡à ¦¥­¨¥,
â® ¤«ï ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  V ®­® ï¢«ï¥âáï ���-®â®¡à ¦¥­¨¥¬ á ­¥ª®â®à®© ª®­áâ ­â®©

 = 
(V ), â®£¤  ¯® «¥¬¬¥ 2.2 ®â®¡à ¦¥­¨ï Pk ®¡« ¤ îâ ���-á¢®©áâ¢®¬ á ª®­áâ ­â®© 
k =

k(V ) = 1 � �k=(4
), ¥á«¨ ¢ë¡à âì �k 2 (0; 4
). �­ «®£¨ç­®, íâ® á¢®©áâ¢® ¢ë¯®«­ï¥âáï ¤«ï
®â®¡à ¦¥­¨ï P á ª®­áâ ­â®© e
 = 1 � �=(4
), ¥á«¨ � 2 (0; 4
). �â ª, ¢á¥ ®â®¡à ¦¥­¨ï P ¨ Pk
ï¢«ïîâáï «®ª «ì­ë¬¨ ���-®â®¡à ¦¥­¨ï¬¨. �®«¥¥ â®£®, ¥á«¨ �k < 2
, â®

2
k = 2(1 � �k=(4
)) > 2(1 � 1=2) = 1 = �k

¨ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (10) ¨ ãá«®¢¨¥ c) ¯à¥¤«®¦¥­¨ï 2.1. � á¨«ã ®£à ­¨ç¥­­®áâ¨ ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ fukg, ®â®¡à ¦¥­¨¥ F ¡ã¤¥â ���-®â®¡à ¦¥­¨¥¬ ­  ¬­®¦¥áâ¢¥ eV , á®¤¥à¦ é¥¬
®¤­® ¨§ à¥è¥­¨© ¨ ¯®á«¥¤®¢ â¥«ì­®áâì fukg, ¨ ¬®¦­® ®¯à¥¤¥«¨âì �0 < �00 < 2
( eV ). �á«®¢¨ï a)
¨ b) ¯à¥¤«®¦¥­¨ï 2.1 á«¥¤ãîâ ¨§ ­¥¯à¥àë¢­®áâ¨ ®â®¡à ¦¥­¨ï F , ­¥à áâï£¨¢ îé¥£® á¢®©áâ¢ 
¯à®¥ªæ¨¨ ¨ ®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�kg. � ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì fukg
áå®¤¨âáï ª à¥è¥­¨î § ¤ ç¨ (3).

3. �à®¥ªâ¨¢­ë© ¤¢®©áâ¢¥­­ë© ¬¥â®¤

�¥à¥©¤¥¬ â¥¯¥àì ª à¥è¥­¨î ®á­®¢­®© á¨áâ¥¬ë (1), (2). � íâ®¬ à §¤¥«¥, ¤®¯®«­¨â¥«ì­® ª
á¤¥« ­­ë¬ ¢ à §¤¥«¥ 1 ¯à¥¤¯®«®¦¥­¨ï¬, ¡ã¤¥¬ áç¨â âì, çâ® ®â®¡à ¦¥­¨¥ T : X ! Rn á¨«ì­®
¬®­®â®­­® á ª®­áâ ­â®© { > 0, ®â®¡à ¦¥­¨¥ B : Rm

+ ! Rm «®ª «ì­® ®¡à â­® á¨«ì­® ¬®­®â®­­®,
®â®¡à ¦¥­¨¥ H : X ! Rm ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ , ¥£® ª®¬¯®­¥­âë Hi : X ! R,
i = 1; : : : ;m, ï¢«ïîâáï ¢ë¯ãª«ë¬¨ äã­ªæ¨ï¬¨.

�à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ¤«ï ¯à®¨§¢®«ì­®© â®çª¨ y 2 Rm
+ áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥ x(y) 2 X ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢ 

hT [x(y)]; x � x(y)i+ hy;H(x) �H[x(y)]i � 0 8x 2 X;
(­ ¯à., [3], á«¥¤áâ¢¨¥ 2.1.4). �®íâ®¬ã ®â®¡à ¦¥­¨¥ y 7! x(y) ®¤­®§­ ç­® ¨ ®¯à¥¤¥«¥­® ­  Rm

+ .
�®£¤  ¬®¦­® ®¯à¥¤¥«¨âì ®¤­®§­ ç­®¥ ®â®¡à ¦¥­¨¥ C : Rm

+ ! Rm ¯® ä®à¬ã«¥

C(y) = �H[x(y)]:
�áâ ­®¢¨¬ á¢®©áâ¢  ¬®­®â®­­®áâ¨ ¨ ­¥¯à¥àë¢­®áâ¨ ¤«ï ®â®¡à ¦¥­¨ï C.

�¥¬¬  3.1. a) �«ï «î¡ëå â®ç¥ª y0; y00 2 Rm
+ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

hy0 � y00; C(y0)� C(y00)i � {kx(y0)� x(y00)k2:
b) �â®¡à ¦¥­¨¥ C ï¢«ï¥âáï ���-®â®¡à ¦¥­¨¥¬ á ª®­áâ ­â®© 
 = {=L2

H , £¤¥ LH | ª®­-

áâ ­â  �¨¯è¨æ  ®â®¡à ¦¥­¨ï H.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ì­® â®çª¨ y; y00 2 Rm
+ ¨ ®¡®§­ ç¨¬ x0 = x(y0); x00 = x(y00).

�® ®¯à¥¤¥«¥­¨î ¨¬¥¥¬
hT (x0); x00 � x0i+ hy0;H(x00)�H(x0)i � 0

¨
hT (x00); x0 � x00i+ hy00;H(x0)�H(x00)i � 0:
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�®á«¥ á«®¦¥­¨ï íâ¨å ­¥à ¢¥­áâ¢ ¯®«ãç ¥¬

hy0 � y00;H(x00)�H(x0)i � hT (x0)� T (x00); x0 � x00i � {kx0 � x00k2;
â. ¥. ãâ¢¥à¦¤¥­¨¥ a) á¯à ¢¥¤«¨¢®. �®áª®«ìªã ®â®¡à ¦¥­¨¥ H ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ ,
â. ¥.

kH(x0)�H(x00)k � LHkx0 � x00k 8x0; x00 2 X;
â®

hy0 � y00; C(y0)� C(y00)i � {kx(y0)� x(y00)k2 � ({=L2
H)kC(y0)� C(y00)k2;

â.¥. C ï¢«ï¥âáï ���-®â®¡à ¦¥­¨¥¬ á ª®­áâ ­â®© 
 = {=L2
H . �®íâ®¬ã ãâ¢¥à¦¤¥­¨¥ b) â ª¦¥

á¯à ¢¥¤«¨¢®.

� ª ã¦¥ ®â¬¥ç «®áì, á¨áâ¥¬  (1), (2) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡®¡é¥­¨¥ ãá«®¢¨© ®¯â¨¬ «ì­®-
áâ¨ ¢ ¢¨¤¥ á¥¤«®¢®© â®çª¨. �¥©áâ¢¨â¥«ì­®, ¢ â®¬ á«ãç ¥, ª®£¤  ®â®¡à ¦¥­¨¥ B ¯®áâ®ï­­®, â. ¥.
B(y) � b, Y = Rm

+ , a ®â®¡à ¦¥­¨¥ T ï¢«ï¥âáï £à ¤¨¥­â®¬ ­¥ª®â®à®© ¢ë¯ãª«®© äã­ªæ¨¨ f , á®®â-
­®è¥­¨ï (1), (2) ¯à¥¤áâ ¢«ïîâ á®¡®© ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ ¤«ï § ¤ ç¨ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨
f ­  ¬­®¦¥áâ¢¥ D = fx 2 X j H(x) � bg ¨ ®¯à¥¤¥«ïîâ á¥¤«®¢ãî â®çªã ®¡ëç­®© äã­ªæ¨¨ � -
£à ­¦  L(x; y) = f(x) + hy;H(x) � bi.

� áá¬®âà¨¬ á«¥¤ãîé¥¥ ¤¢®©áâ¢¥­­®¥ ¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢®: ­ ©â¨ â®çªã y� 2 Y â ªãî,
çâ®

hB(y�) + C(y�); y � y�i � 0 8y 2 Y: (13)

�áâ ­®¢¨¬ á¢ï§ì ¬¥¦¤ã § ¤ ç¥© (13) ¨ á¨áâ¥¬®© (1),(2).

�¥¬¬  3.2. a) �á«¨ ¯ à  â®ç¥ª (x�; y�) ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë (1), (2), â® â®çª  y�

ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (13).
b) �á«¨ â®çª  y� ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (13) ¨ x� = x(y�), â® ¯ à  â®ç¥ª (x�; y�) ï¢«ï-

¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë (1), (2).

�®ª § â¥«ìáâ¢® íâ¨å ãâ¢¥à¦¤¥­¨© á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨© § ¤ ç ¨ ®â®¡à ¦¥­¨ï C. � ª¨¬
®¡à §®¬, ¢¬¥áâ® à¥è¥­¨ï á¨áâ¥¬ë (1), (2) ¬®¦­® à¥è âì ¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢® (13). �ç¥-
¢¨¤­®, ¤«ï íâ®£® ¬®¦­® ¨á¯®«ì§®¢ âì ¬¥â®¤ 1, ¥á«¨ ®¯à¥¤¥«¨âì ®â®¡à ¦¥­¨¥ F ¯® ä®à¬ã«¥

F (y) = B(y) + C(y): (14)

�®®â¢¥âáâ¢ãîé ï ¬®¤¨ä¨ª æ¨ï ¬¥â®¤  ¡ã¤¥â ®¯à¥¤¥«ïâìáï á«¥¤ãîé¨¬ ®¡à §®¬.

�¥â®¤ 2. �ë¡¥à¥¬ â®çªã y0 2 Y , ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ç¨á¥« f�kg ¨ ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ ­¥®âà¨æ â¥«ì­ëå ç¨á¥« f"0kg; f"00kg â ª¨¥, çâ®

1X
k=0

("0k + "00k) < +1: (15)

�  ª ¦¤®© k-© ¨â¥à æ¨¨, k = 0; 1; : : : , ¨§¢¥áâ­  â®çª  yk 2 Y , â®£¤  ®¯à¥¤¥«ï¥¬ â®çªã xk 2 X
â ªãî, çâ®

kxk � x(yk)k � "0k; (16)

¯®« £ ¥¬ ck = �H(xk) ¨ ¢ëç¨á«ï¥¬ ¨â¥à æ¨®­­ãî â®çªã yk+1 2 Y ¨§ ãá«®¢¨©

kyk+1 � �Y [y
k � �k(B(y

k) + ck)]k � "00k; (17)

¯®á«¥ ç¥£® ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥© ¨â¥à æ¨¨.

�áâ ­®¢¨¬ áå®¤¨¬®áâì ¬¥â®¤  2 ª à¥è¥­¨î ¨áå®¤­®© § ¤ ç¨.
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�¥®à¥¬  3.1. �à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (1), (2) ¨¬¥¥â à¥è¥­¨¥. �ãé¥áâ¢ãîâ ç¨á« 

�0; �00 > 0 â ª¨¥, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì f(xk; yk)g ¯®áâà®¥­  ¬¥â®¤®¬ 2 ¯à¨ �k 2
[�0; �00], â® ®­  áå®¤¨âáï ª à¥è¥­¨î á¨áâ¥¬ë (1), (2).

�®ª § â¥«ìáâ¢®. �® ãá«®¢¨î ®â®¡à ¦¥­¨¥ B ï¢«ï¥âáï «®ª «ì­ë¬ ���-®â®¡à ¦¥­¨¥¬ ¨
â ª®¢® ¦¥ ®â®¡à ¦¥­¨¥ C á®£« á­® «¥¬¬¥ 3.1 b). �«ï «î¡®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  V � Y
®­¨ ï¢«ïîâáï ���-®â®¡à ¦¥­¨ï¬¨ á ­¥ª®â®àë¬¨ ª®­áâ ­â ¬¨ 
1 ¨ 
2 á®®â¢¥âáâ¢¥­­®, â. ¥. ¤«ï
«î¡ëå y0; y00 2 V ¨¬¥¥¬

hB(y0)�B(y00); y0 � y00i � 
1kB(y0)�B(y00)k2

¨

hC(y0)�C(y00); y0 � y00i � 
2kC(y0)� C(y00)k2:
�®íâ®¬ã ¤«ï ®â®¡à ¦¥­¨ï F ¨§ (14) ¯®«ãç ¥¬

hF (y0)� F (y00); y0 � y00i � 
1kB(y0)�B(y00)k2 + 
2kC(y0)�C(y00)k2 �
� (
=2)[kB(y0)�B(y00)k2 + kC(y0)� C(y00)k2] +

+(
=2)[2kB(y0)�B(y00)kkC(y0)�C(y00)k] � (
=2)kF (y0)� F (y00)k2;
£¤¥ 
 = minf
1; 
2g, â. ¥. F ï¢«ï¥âáï ���-®â®¡à ¦¥­¨¥¬ ­  V . �¥¯¥àì ãá«®¢¨ï â¥®à¥¬ë 2.1
¤«ï ®â®¡à ¦¥­¨ï F ¨ § ¤ ç¨ (13) ¢ë¯®«­ïîâáï. �®ª ¦¥¬, çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï (4){(7).
�ç¥¢¨¤­®, ¬®¦­® ¯®«®¦¨âì �00k = "00k á®£« á­® (5) ¨ (17). �® ¯®áâà®¥­¨î

kck � C(yk)k = 

H(xk)�H[x(yk)]


 � LHkxk � x(yk)k � LH"

0
k;

£¤¥ LH | ª®­áâ ­â  �¨¯è¨æ  ¤«ï ®â®¡à ¦¥­¨ï H. �®íâ®¬ã ¬®¦­® ®¯à¥¤¥«¨âì �0k = LH"
0
k ¨ ¨§

(15) á«¥¤ã¥â, çâ® á®®â­®è¥­¨ï (4) ¨ (7) ¢ë¯®«­ïîâáï. �®íâ®¬ã ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2.1 á¯à -
¢¥¤«¨¢®, â. ¥. ­ ©¤ãâáï â ª¨¥ ç¨á«  �0; �00 > 0, çâ® ¯à¨ �k 2 [�0; �00] ¯®á«¥¤®¢ â¥«ì­®áâì fykg áå®-
¤¨âáï ª â®çª¥ y�, ª®â®à ï ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (13). �§ «¥¬¬ë 3.1 á«¥¤ã¥â ­¥¯à¥àë¢­®áâì
®â®¡à ¦¥­¨ï y 7! x(y), ¯®íâ®¬ã á ãç¥â®¬ (15) ¨ (16) ¯à¥¤¥«ì­ë¥ â®çª¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fxkg
áãé¥áâ¢ãîâ ¨ á®¢¯ ¤ îâ á ¥¤¨­áâ¢¥­­®© â®çª®© x� = x(y�). � íâ® §­ ç¨â, çâ® ¯®á«¥¤®¢ â¥«ì-
­®áâì fxkg áå®¤¨âáï ª â®çª¥ x�. �® «¥¬¬¥ 3.2 ¯ à  â®ç¥ª (x�; y�) á®áâ ¢«ï¥â à¥è¥­¨¥ á¨áâ¥¬ë
(1), (2).

�®áª®«ìªã ¬¥â®¤ 2 â ª¦¥ ¤®¯ãáª ¥â ­¥â®ç­®¥ à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­ëå § ¤ ç ª ª ¯® ¯àï-
¬ë¬ ¢ (16), â ª ¨ ¯® ¤¢®©áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ ¢ (17), â® ®­ ¬®¦¥â ¡ëâì ¯®«­®áâìî ç¨á«¥­­®
à¥ «¨§®¢ ­ ¤«ï à §«¨ç­ëå â¨¯®¢ ®â®¡à ¦¥­¨© T ¨ B ¨ ¬­®¦¥áâ¢ X ¨ Y . � ¨¡®«ìèãî á«®¦-
­®áâì ¯à¨ à¥ «¨§ æ¨¨ ¡ã¤¥â ¯à¥¤áâ ¢«ïâì ¯à¨¡«¨¦¥­­®¥ ¢ëç¨á«¥­¨¥ â®çª¨ x(yk) ¢ (16). �«ï
¯®«ãç¥­¨ï à¥è¥­¨ï á âà¥¡ã¥¬®© â®ç­®áâìî ¬®¦­® ¨á¯®«ì§®¢ âì  ¯¯ à â ®æ¥­®ç­ëå äã­ªæ¨©
(­ ¯à., [10], [11]). �«¥¤ãï íâ®¬ã ¯®¤å®¤ã, ¤«ï § ¤ ­­®£® ç¨á«  � > 0 ¨ äã­ªæ¨¨ � : Z � Z ! R
â ª®©, çâ® �(z; z) = 0 ¤«ï «î¡®£® z 2 Z,   â ª¦¥

�(z; z0) + �(z0; z) � ��kz � z0k2 8z; z0 2 Z; (18)

£¤¥ Z | ­¥¯ãáâ®¥, ¢ë¯ãª«®¥ ¨ § ¬ª­ãâ®¥ ¯®¤¬­®¦¥áâ¢® ª®­¥ç­®¬¥à­®£® ¯à®áâà ­áâ¢  E, ®¯à¥-
¤¥«¨¬ ¢á¯®¬®£ â¥«ì­ãî äã­ªæ¨î

e'�(z) = max
z02Z

f��(z; z0)� 0;5�kz � z0k2g: (19)

�á«¨ äã­ªæ¨ï �(z; �) ¢ë¯ãª«  ¨ ­¥¯à¥àë¢­  ¤«ï ª ¦¤®£® z 2 Z, â® ¢­ãâà¥­­ïï § ¤ ç  ¢ (19)
¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ w(z), â.¥.

e'�(z) = ��(z; w(z)) � 0;5�kz � w(z)k2:
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�â¬¥â¨¬ â ª¦¥, çâ® ¢ á«ãç ¥, ª®£¤  ¢ë¯®«­ï¥âáï (18) á � > 0, äã­ªæ¨ï � ­¥¯à¥àë¢­ ,   äã­ª-
æ¨ï �(z; �) ¢ë¯ãª«  ¤«ï «î¡®£® z 2 Z, ®¡é ï § ¤ ç  à ¢­®¢¥á¨ï, ª®â®à ï á®áâ®¨â ¢ ­ å®¦¤¥­¨¨
â®çª¨ z� 2 Z â ª®©, çâ®

�(z�; z0) � 0 8z0 2 Z;
¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (­ ¯à., [3], á«¥¤áâ¢¨¥ 2.1.4). �ã­ªæ¨ï e'� ï¢«ï¥âáï ®æ¥­®ç­®© ¤«ï
íâ®© § ¤ ç¨ ¢ â®¬ á¬ëá«¥, çâ® e'�(z) � 0 ¤«ï «î¡®£® z 2 Z ¨ ãá«®¢¨¥ e'�(z) = 0 íª¢¨¢ «¥­â­®
â®¬ã, çâ® z = z�. �à®¬¥ â®£®, ¢ íâ¨å ãá«®¢¨ïå äã­ªæ¨ï e'� ­¥¯à¥àë¢­  ([11], ¯à¥¤«®¦¥­¨ï 3.1 ¨
3.2).

�¥¬¬  3.3 ([11], «¥¬¬  4). �ãáâì ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ (18) á � > 0, äã­ªæ¨ï � ­¥-

¯à¥àë¢­ ,   äã­ªæ¨ï �(z; �) ¢ë¯ãª«  ¤«ï «î¡®£® z 2 Z. �®£¤  ¤«ï «î¡®© â®çª¨ z 2 Z ¢ë¯®«­ï-

¥âáï ­¥à ¢¥­áâ¢® e'�(z) � �kz � z�k2;
£¤¥

� =

(
� � 0;5�; ¥á«¨ � � �;

0;5� 2=�; ¥á«¨ � < �:

�¥¯¥àì à áá¬®âà¨¬ äã­ªæ¨î

�(x; x0) = hT (x); x0 � xi+ hy;H(x0)�H(x)i (20)

¯à¨ ä¨ªá¨à®¢ ­­®¬ y 2 Rm
+ ¨ ®¯à¥¤¥«¨¬ Z = X. �®£¤  z� á®¢¯ ¤ ¥â á x(y), �(x; x) = 0 ¤«ï

«î¡®£® x 2 X, ¡®«¥¥ â®£®, ¯à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï «¥¬¬ë 3.3
¤«ï äã­ªæ¨¨ � ¨§ (20), ¯à¨ íâ®¬ � = {. �á«¨ ®¯à¥¤¥«¨âì

'�(x) = max
x02X

fhT (x); x� x0i+ hy;H(x)�H(x0)i � 0;5�kx � x0k2g;

â® ¨§ «¥¬¬ë 3.3 á«¥¤ã¥â ®æ¥­ª 
'�(x) � �kx� x(y)k2:

�®íâ®¬ã ¢¬¥áâ® (16) ¬®¦­® ¨á¯®«ì§®¢ âìq
'�(xk) � "k: (21)

�®£¤  ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3.1 ¯®«ãç¨¬ �0k = LH"
0
k=
p
�,   ¨§ (15) ¯à¨¤¥¬ ª á®®â­®è¥­¨î (4),

¨ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 3.1 ®áâ ­¥âáï á¯à ¢¥¤«¨¢ë¬.
�à¨â¥à¨© (21), ®ç¥¢¨¤­®, ­ ¬­®£® ¯à®é¥, ç¥¬ (16).

4. �¢®©áâ¢¥­­ë© ¬¥â®¤ à áé¥¯«¥­¨ï

� àï¤ã á ¯à®¥ªâ¨¢­ë¬ ¬¥â®¤®¬, ¢ à ¡®â å [4]{[7] ¤«ï à¥è¥­¨ï ¤¢®©áâ¢¥­­®£® ¢ à¨ æ¨®­­®£®
­¥à ¢¥­áâ¢  (13) ¨á¯®«ì§®¢ «áï ¬¥â®¤ à áé¥¯«¥­¨ï [12] á â®ç­ë¬ à¥è¥­¨¥¬ ¢á¥å ¢á¯®¬®£ â¥«ì-
­ëå § ¤ ç. �  ®á­®¢¥ ¯®«ãç¥­­ëå ¢ ¯à¥¤ë¤ãé¨å à §¤¥« å à¥§ã«ìâ â®¢ ¬®¦­® ¯®áâà®¨âì ¯à¨-
¡«¨¦¥­­ë© ¢ à¨ ­â ¬¥â®¤  à áé¥¯«¥­¨ï, ª®â®àë© ®¡¥á¯¥ç¨¢ ¥â áå®¤¨¬®áâì ¯à¨ ¡®«¥¥ á« ¡ëå
¯à¥¤¯®«®¦¥­¨ïå ¯® áà ¢­¥­¨î á ¯à®¥ªâ¨¢­ë¬ ¬¥â®¤®¬. � ¨¬¥­­®, ¢ íâ®¬ à §¤¥«¥, ¤®¯®«­¨-
â¥«ì­® ª ¯à¥¤¯®«®¦¥­¨ï¬ à §¤¥«  1, ¡ã¤¥¬ áç¨â âì, çâ® ®â®¡à ¦¥­¨¥ T : X ! Rn á¨«ì­®
¬®­®â®­­® á ª®­áâ ­â®© { > 0, ®â®¡à ¦¥­¨¥ B : Rm

+ ! Rm ­¥¯à¥àë¢­® ¨ ¬®­®â®­­®,   ®â®¡à -
¦¥­¨¥ H : X ! Rm ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ , ¥£® ª®¬¯®­¥­âë Hi : X ! R; i = 1; : : : ;m,
ï¢«ïîâáï ¢ë¯ãª«ë¬¨ äã­ªæ¨ï¬¨. � ª¨¬ ®¡à §®¬, ®á« ¡«¥­® ãá«®¢¨¥ ­  ®â®¡à ¦¥­¨¥ B.

�«ï § ¤ ­­®© â®çª¨ y 2 Rm ¨ ç¨á«  � > 0 ¢ íâ¨å ãá«®¢¨ïå áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
w 2 Y § ¤ ç¨

hB(w) + ��1(w � y); v � wi � 0 8v 2 Y;
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ª®â®à®¥ ¬®¦­® áç¨â âì §­ ç¥­¨¥¬ ®â®¡à ¦¥­¨ï W (�) ¢ â®çª¥ y. �â® ®â®¡à ¦¥­¨¥ ®¡« ¤ ¥â
®á­®¢­ë¬¨ á¢®©áâ¢ ¬¨ ¯à®¥ªæ¨¨, ¯®áª®«ìªã ï¢«ï¥âáï ¯à®ªá¨¬ «ì­ë¬ ¢ ®â­®è¥­¨¨ ®â®¡à ¦¥-
­¨ï B.

�¥¬¬  4.1. a) �â®¡à ¦¥­¨¥ W (�) ï¢«ï¥âáï ­¥à áâï£¨¢ îé¨¬ ¨ ���-®â®¡à ¦¥­¨¥¬ á

ª®­áâ ­â®© 1.
b) �®®â­®è¥­¨¥ y� = W (�)[y� � �C(y�)] ¤«ï � > 0 íª¢¨¢ «¥­â­® â®¬ã, çâ® â®çª  y� ï¢«ï-

¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (13).

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ì­® â®çª¨ y0; y00 2 Y ¨ ®¡®§­ ç¨¬ w0 = W (�)(y0); w00 =
W (�)(y00). �® ®¯à¥¤¥«¥­¨î ¨¬¥¥¬

hB(w0) + ��1(w0 � y0); w00 � w0i � 0

¨
hB(w00) + ��1(w00 � y00); w0 � w00i � 0:

�®á«¥ á«®¦¥­¨ï, ãç¨âë¢ ï ¬®­®â®­­®áâì B, ¯®«ãç ¥¬

�kw00 � w0k2 + hy00 � y0; w00 � w0i � �hB(w0)�B(w00); w0 � w00i � 0;

â. ¥. ¢ë¯®«­ï¥âáï ���-á¢®©áâ¢® ¤«ï W (�) á ª®­áâ ­â®© 1. �âáî¤  â ª¦¥ á«¥¤ã¥â

ky00 � y0k � kw00 � w0k;
â. ¥. ®â®¡à ¦¥­¨¥ W (�) ­¥à áâï£¨¢ îé¥¥. � «¥¥, ãá«®¢¨¥ y� =W (�)[y� � �C(y�)] ®§­ ç ¥â

hB(y�)� ��1[y� � (y� � �C(y�))]; v � y�i � 0 8v 2 Y;
¯®íâ®¬ã y� ¥áâì à¥è¥­¨¥ (13).

� ª¨¬ ®¡à §®¬, ®â®¡à ¦¥­¨¥ W (�) ¬®¦­® ¨á¯®«ì§®¢ âì ¢¬¥áâ® ¯à®¥ªâ¨¢­®£® �Y ,   ¤«ï ®â®-
¡à ¦¥­¨ï y 7! y�W (�)[y��Q(y)] ¯à¨ � 2 (0; 4
) ¡ã¤¥â ¢ë¯®«­ïâìáï ���-á¢®©áâ¢® á ª®­áâ ­â®©e
 = 1� �=(4
), ¥á«¨ Q : Y ! Rm | ���-®â®¡à ¦¥­¨¥ á ª®­áâ ­â®© 
, á®£« á­® «¥¬¬¥ 2.2.

�¥â®¤ 3. �ë¡¥à¥¬ â®çªã y0 2 Y , ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ç¨á¥« f�kg, ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ ­¥®âà¨æ â¥«ì­ëå ç¨á¥« f"0kg, f"00kg â ª¨¥, çâ® ¢ë¯®«­ï¥âáï (15),   â ª¦¥ ç¨á« 
� > 0, � > 0.

�  ª ¦¤®© k-© ¨â¥à æ¨¨, k = 0; 1; : : : , ¨§¢¥áâ­  â®çª  yk 2 Y , â®£¤  ®¯à¥¤¥«ï¥¬ â®çªã xk 2 X
â ªãî, çâ® ¢ë¯®«­ï¥âáï (21), ¯®« £ ¥¬ ck = �H(xk) ¨ ¢ëç¨á«ï¥¬ ¨â¥à æ¨®­­ãî â®çªã yk+1 2 Y
¨§ ãá«®¢¨ï q

 �(yk+1) � "00k ; (22)

£¤¥
 �(yk+1) = max

y2Y
fhB(yk+1) + ��1k (yk+1 � yk) + ck; yk+1 � yi � 0;5�kyk+1 � yk2g;

¯®á«¥ ç¥£® ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥© ¨â¥à æ¨¨.

� ª¨¬ ®¡à §®¬, ¢ ¬¥â®¤¥ 3 ¤«ï ®æ¥­ª¨ â®ç­®áâ¨ ­¥¯®áà¥¤áâ¢¥­­® ¨á¯®«ì§ãîâáï ®æ¥­®ç­ë¥
äã­ªæ¨¨. � ª ¨ ¢ ¬¥â®¤¥ 2, â®çª  xk ï¢«ï¥âáï ¯à¨¡«¨¦¥­¨¥¬ ª â®çª¥ x(yk),   â®çª  yk+1 {
¯à¨¡«¨¦¥­¨¥¬ ª â®çª¥ eyk+1 =W (�k)[yk � �kc

k], â.¥.

hB(eyk+1) + ��1k (eyk+1 � yk) + ck; v � eyk+1i � 0 8v 2 Y:
�â® ®§­ ç ¥â, çâ® ¯à®¥ªâ¨¢­ë© ¬¥â®¤ ¯® ¤¢®©áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ §¤¥áì § ¬¥­¥­ ¬¥â®¤®¬
à áé¥¯«¥­¨ï, ï¢­ë¬ ¯® ®â­®è¥­¨î ª ®â®¡à ¦¥­¨î C ¨ ­¥ï¢­ë¬ ¯® ®â­®è¥­¨î ª B, çâ® ¯®¤à -
§ã¬¥¢ ¥â ¤®áâ â®ç­ãî ¯à®áâ®âã íâ®£® ®â®¡à ¦¥­¨ï. �¥¬ ­¥ ¬¥­¥¥, §­ ç¥­¨¥ äã­ªæ¨¨  � ¬®¦¥â
¡ëâì ¢ëç¨á«¥­® ¡¥§ § âàã¤­¥­¨©, çâ®¡ë ®¡¥á¯¥ç¨âì âà¥¡ã¥¬ãî â®ç­®áâì ¯à¨¡«¨¦¥­¨ï.

�å®¤¨¬®áâì ¬¥â®¤  3 ¬®¦­® ®¡®á­®¢ âì á ¯®¬®éìî ¯à¥¤«®¦¥­¨ï 2.1.
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�¥®à¥¬  4.1. �à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (1), (2) ¨¬¥¥â à¥è¥­¨¥. �ãé¥áâ¢ãîâ ç¨á« 

�0; �00 > 0 â ª¨¥, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì f(xk; yk)g ¯®áâà®¥­  ¬¥â®¤®¬ 3 ¯à¨ �k 2
[�0; �00], â® ®­  áå®¤¨âáï ª à¥è¥­¨î á¨áâ¥¬ë (1), (2).

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥ 3.1 ®â®¡à ¦¥­¨¥ C ï¢«ï¥âáï ���-®â®¡à ¦¥­¨¥¬ á ª®­-
áâ ­â®© 
 = {=L2

H ,   ®â®¡à ¦¥­¨¥ W (�) : Rm ! Rm á®£« á­® «¥¬¬¥ 4.1 ®¡« ¤ ¥â á¢®©áâ¢ ¬¨
¯à®¥ªâ¨¢­®£® ®â®¡à ¦¥­¨ï �Y . �®íâ®¬ã, ¥á«¨ ®¯à¥¤¥«¨âì

P (u) = u�W (�)[u� �C(u)]

¤«ï � 2 (0; 4
), â® ¯® «¥¬¬¥ 2.2 ®â®¡à ¦¥­¨¥ P ¡ã¤¥â ���-®â®¡à ¦¥­¨¥¬ á ª®­áâ ­â®©e
 = 1� �=(4
). �®£¤  ®¯à¥¤¥«¨¬

Pk(u) = u�W (�k)[u� �kC(u)]

¯à¨ �k 2 (0; 4
). �§ «¥¬¬ë 4.1 b) á«¥¤ã¥â, çâ® ¢á¥ ®â®¡à ¦¥­¨ï P ¨ Pk ¡ã¤ãâ ¨¬¥âì ®¤¨­ ª®¢®¥
¬­®¦¥áâ¢® ª®à­¥©, á®¢¯ ¤ îé¥¥ á ¬­®¦¥áâ¢®¬ à¥è¥­¨© § ¤ ç¨ (13). �ç¨âë¢ ï ­¥¯à¥àë¢­®áâì
®â®¡à ¦¥­¨ï W (�), ¯®«ãç ¥¬, çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï a){c) ¯à¥¤«®¦¥­¨ï 2.1. �®ª ¦¥¬, çâ®
¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ fukg, £¤¥ uk = yk, ¢ë¯®«­ïîâáï ãá«®¢¨ï (9) á �k = 1, ¥á«¨ �k 2 (0; 2
).
�à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® â®£¤ 

2
k = 2(1� �k=4
) = 1 + (1� �k=2
) � 1 = �k;

£¤¥ 
k | ���-ª®­áâ ­â  ®â®¡à ¦¥­¨ï Pk, â. ¥. ãá«®¢¨¥ (10) ¢ë¯®«­ï¥âáï ¨ ¬®¦­® ®¯à¥¤¥«¨âì
0 < �0 < �00 < 2
. �®£¤  ¨§ (22) á®£« á­® «¥¬¬¥ 3.3 ¯®«ãç ¥¬

kyk+1 � eyk+1k � "00k=
p
�2 ¤«ï �2 > 0:

�­ «®£¨ç­® ¨§ (21) á«¥¤ã¥â

kxk � x(yk)k � "0k=
p
�1 ¤«ï �1 > 0 (23)

¨

kck � C(yk)k = kH(xk)�H[x(yk)]k � LH"
0
k=
p
�2:

�® ¯®áâà®¥­¨î yk+1 = Pk(yk) = yk � pk, ¯®íâ®¬ã

kpk � Pk(yk)k = k(yk � yk+1)� Pk(yk)k = k(yk � yk+1)� (yk �W (�k)[yk � �kC(yk)])k =
= kyk+1 �W (�k)[yk � �kC(yk)]k = kyk+1 � eyk+1k+ keyk+1 �W (�k)[yk � �kC(yk)]k �

� "00k=
p
�2 + kW (�k)[yk � �kc

k]�W (�k)[yk � �kC(yk)]k �
� "00k=

p
�2 + �kkck � C(yk)k � �00LH"

0
k=
p
�1 + "00k=

p
�2 = �k:

�® â®£¤  ¨§ (15) á«¥¤ã¥â, çâ® ¢á¥ ãá«®¢¨ï ¢ (9) ¢ë¯®«­ïîâáï, ¨ ¨§ ¯à¥¤«®¦¥­¨ï 2.1 ¯®«ãç ¥¬,
çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fykg ¢ ¬¥â®¤¥ 3 áå®¤¨âáï ª à¥è¥­¨î x� § ¤ ç¨ (13). �§ «¥¬¬ë 3.1
¯®«ãç ¥¬, çâ® ®â®¡à ¦¥­¨¥ y 7! x(y) ­¥¯à¥àë¢­®, ¯®íâ®¬ã á ãç¥â®¬ (15) ¨ (23) ¯à¥¤¥«ì­ë¥
â®çª¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fxkg áãé¥áâ¢ãîâ ¨ á®¢¯ ¤ îâ á ¥¤¨­áâ¢¥­­®© â®çª®© x� = x(y�), â. ¥.
¯®á«¥¤®¢ â¥«ì­®áâì fxkg áå®¤¨âáï ª â®çª¥ x�. �ç¨âë¢ ï ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë 3.2, § ª«îç ¥¬,
çâ® ¯ à  â®ç¥ª (x�; y�) á®áâ ¢«ï¥â à¥è¥­¨¥ á¨áâ¥¬ë (1), (2).
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