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1. �¢¥¤¥¨¥

� áá¬ âà¨¢ ¥âáï § ¤ ç  ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï

�(u) = '(x(t1)) +
Z
T

F (x(t); u(t); t)dt ! min
u2V

; (1)

_x = f(x; u; t); x(t0) = x0; u(t) 2 U; t 2 T = [t0; t1]; (2)

¢ ª®â®à®© x(t) = (x1(t); : : : ; xn(t)) | ¢¥ªâ®à á®áâ®ï¨ï, u(t) = (u1(t); : : : ; um(t)) | ¢¥ªâ®à ã¯à -
¢«¥¨ï. �®¯ãáâ¨¬ë¥ ã¯à ¢«¥¨ï ¯à¨ ¤«¥¦ â ¬®¦¥áâ¢ã V ªãá®ç®-¥¯à¥àë¢ëå äãªæ¨© á®
§ ç¥¨ï¬¨ ¢ ª®¬¯ ªâ®¬ ¬®¦¥áâ¢¥ U � Rm. �ãªæ¨¨ f(x; u; t), F (x; u; t) ï¢«ïîâáï ª¢ ¤à -
â¨çë¬¨ ¯® x á ª®íää¨æ¨¥â ¬¨, ¥¯à¥àë¢® § ¢¨áïé¨¬¨ ®â u, t,   ¬®¦¥áâ¢¥ Rn � U � T .
�ãªæ¨ï '(x) ª¢ ¤à â¨ç    Rn.

� à ¡®â¥ ¯à¥¤« £ îâáï ¬¥â®¤ë ¯®áâà®¥¨ï ¥«®ª «ìëå ã«ãçè¥¨© ã¯à ¢«¥¨ï, ®á®¢ ë¥
  â®çëå (¡¥§ ®áâ â®çëå ç«¥®¢) ä®à¬ã« å ¯à¨à é¥¨ï äãªæ¨® «  ¢ à áá¬ âà¨¢ ¥¬®¬
ª« áá¥ § ¤ ç. �«ãçè¥¨¥ ã¯à ¢«¥¨© ¯® â®çë¬ ä®à¬ã« ¬ ¯à¨à é¥¨ïäãªæ¨® «  ¯®§¢®«ï¥â
®¡®©â¨áì ¡¥§ ¯à®æ¥¤ãàë âà ¤¨æ¨®®£® ¯ à ¬¥âà¨ç¥áª®£® ¯®¨áª  ã«ãçè îé¥£® ¯à¨¡«¨¦¥¨ï
¢ «®ª «ì®© ®ªà¥áâ®áâ¨ â¥ªãé¥£® ã¯à ¢«¥¨ï.

�¯¨áë¢ ¥¬ë© ¯®¤å®¤ ¯®áâà®¥¨ï ¥«®ª «ìëå ã«ãçè¥¨© ã¯à ¢«¥¨ï ®¡®¡é ¥â ¬¥â®¤ë ¥-
«®ª «ì®£® ã«ãçè¥¨ï ¢ á¨áâ¥¬ å, «¨¥©ëå ¯® á®áâ®ï¨î [1].

2. �®à¬ã«ë ¯à¨à é¥¨ï äãªæ¨® « 

�ãáâì u; v 2 V | ¯ à  ã¯à ¢«¥¨© á á®®â¢¥âáâ¢ãîé¨¬¨ ä §®¢ë¬¨ âà ¥ªâ®à¨ï¬¨ x(t; u),
x(t; v) á¨áâ¥¬ë (2), �x(t) = x(t; v) � x(t; u) | ä §®¢®¥ ¯à¨à é¥¨¥, �v�(u) = �(v) � �(u) |
¯à¨à é¥¨¥ äãªæ¨® « .

�¡à §ã¥¬ äãªæ¨î �®âàï£¨  H( ; x; u; t) = h ; f(x; u; t)i � F (x; u; t) ¨ ®¡®§ ç¨¬
�vH( ; x; u; t) = H( ; x; v; t) �H( ; x; u; t),   ç¥à¥§ Hx, 'x, Hxx, 'xx | á®®â¢¥âáâ¢¥® ¯¥à¢ë¥ ¨
¢â®àë¥ ¯à®¨§¢®¤ë¥ äãªæ¨© H, ' ¯® x.

� áá¬®âà¨¬ ¢¥ªâ®àãî áâ ¤ àâãî á®¯àï¦¥ãî á¨áâ¥¬ã

_ = �Hx( ; x; u; t) (3)

¨ ¢¢¥¤¥¬ ¢¥ªâ®àãî ¬®¤¨ä¨æ¨à®¢ ãî á®¯àï¦¥ãî á¨áâ¥¬ã

_p = �Hx(p; x; u; t)�
1
2
Hxx(p; x; u; t)y: (4)

�ãáâì  (t; u), t 2 T , | à¥è¥¨¥ á¨áâ¥¬ë (3) ¯à¨ u = u(t), x = x(t; u),  (t1; u) =
�'x(x(t1; u)); p(t; u; v), t 2 T , | à¥è¥¨¥ á¨áâ¥¬ë (4) ¯à¨ u = u(t), x = x(t; u), y = �x(t),
p(t1; u; v) = �'x(x(t1; u)) � 1

2
'xx(x(t1; u))�x(t1); p(t; v; u), t 2 T , | à¥è¥¨¥ á¨áâ¥¬ë (4) ¯à¨

u = v(t), x = x(t; u), y = �x(t), p(t1; v; u) = �'x(x(t1; u)) � 1
2
'xx(x(t1; u))�x(t1). �ç¥¢¨¤®,

p(t; u; u) =  (t; u), t 2 T .
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�¢¥¤¥¬ ®â®¡à ¦¥¨¥ u�( ; x; t) á ¯®¬®éìî íªáâà¥¬ «ì®£® á®®â®è¥¨ï

u�( ; x; t) = arg max
u2U

H( ; x; u; t);  2 Rn; x 2 Rn; t 2 T: (5)

�à¥¤¯®«®¦¨¬, çâ® ä®à¬ã«  (5) ®¯à¥¤¥«ï¥â äãªæ¨î u�( ; x; t), ª®â®à ï ï¢«ï¥âáï ªãá®ç®-
¥¯à¥àë¢®© ¯® á®¢®ªã¯®áâ¨ á¢®¨å  à£ã¬¥â®¢   Rn � Rn � T , â. ¥. ¨¬¥¥â ª®¥ç®¥ ç¨á«®
¯®¢¥àå®áâ¥© à §àë¢ . � ¦¤ ï ¯®¢¥àå®áâì à §àë¢  § ¤ ¥âáï ãà ¢¥¨¥¬ ¢¨¤  g( ; x; t) = 0, £¤¥
g( ; x; t) ¤¨ää¥à¥æ¨àã¥¬  ¯® á®¢®ªã¯®áâ¨  à£ã¬¥â®¢  , x ¨ ¥¯à¥àë¢  ¯® t   Rn�Rn�T . � 
¯®¢¥àå®áâïå à §àë¢  ¨ â®«ìª®   ¨å ¢¥ªâ®à-äãªæ¨ï u�( ; x; t) ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬
(5) ¥®¤®§ ç®. �à¥¤¯®«®¦¨¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ ª« áá¥ § ¤ ç ®¯¥à æ¨ï   ¬ ªá¨¬ã¬
(5) ¤®¯ãáª ¥â   «¨â¨ç¥áª®¥ à¥è¥¨¥, â. ¥. íªáâà¥¬ «ì®¥ ã¯à ¢«¥¨¥ u�( ; x; t) ¯à¥¤áâ ¢«ï¥âáï
¢ ï¢®¬ ¢¨¤¥ ¯® á®®â¢¥âáâ¢ãîé¥© ä®à¬ã«¥.

� ¯®¬®éìî ®â®¡à ¦¥¨ï (5) ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ã¯à ¢«¥¨ï u 2 V § ¯¨áë¢ ¥âáï ¢
ä®à¬¥

u(t) = u�( (t; u); x(t; u); t); t 2 T: (6)

�¤¥áì ¨ ¤ «¥¥ à ¢¥áâ¢    ¬®¦¥áâ¢¥ T ¯®¨¬ îâáï ¢ë¯®«ïîé¨¬¨áï ¯®çâ¨ ¢áî¤ã.
�¬¥îâ ¬¥áâ® ¯¥à¢ ï ¨ ¢â®à ï â®çë¥ ä®à¬ã«ë ¯à¨à é¥¨ï äãªæ¨® « 

�v�(u) = �

Z
T

�v(t)H(p(t; u; v); x(t; v); u(t); t)dt; (7)

�v�(u) = �

Z
T

�v(t)H(p(t; v; u); x(t; u); u(t); t)dt: (8)

�à¨ ¢ë¢®¤¥ ä®à¬ã« ¯à¨à é¥¨ï ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï ¯à¨à é¥¨©
¯à®¨§¢®«ì®© äãªæ¨¨ q ª®¥ç®£® ç¨á«   à£ã¬¥â®¢: �zq(x; u; : : : ) = q(z; u; : : : ) � q(x; u; : : : ),
�vq(x; u; : : : ) = q(x; v; : : : )�q(x; u; : : : ), �z;vq(x; u; : : : ) = q(z; v; : : : )�q(x; u; : : : ). �¤¥áì ¬®£®â®ç¨¥
®¡®§ ç ¥â ®áâ «ìë¥  à£ã¬¥âë äãªæ¨¨ q.

�«ï ª¢ ¤à â¨ç®© ¯® x äãªæ¨¨ H(p; x; u; t) ¨¬¥îâ ¬¥áâ® \¤¢®©áâ¢¥ë¥" ¯à¥¤áâ ¢«¥¨ï
¯à¨à é¥¨ï

�x+�x; u+�uH(p; x; u; t) = �u+�uH(p; x+�x; u; t) + hHx(p; x; u; t);�xi +

+
1
2
hHxx(p; x; u; t)�x;�xi; (9)

�x+�x; u+�uH(p; x; u; t) = �u+�uH(p; x; u; t) + hHx(p; x; u +�u; t);�xi +

+
1
2
hHxx(p; x; u+�u; t)�x;�xi: (10)

�à¨à é¥¨¥ äãªæ¨® «    ã¯à ¢«¥¨ïå u, v ¨¬¥¥â ¢¨¤

�v�(u) = '(x(t1; v)) � '(x(t1; u)) +
Z
T

�x(t;v); v(t)F (x(t; u); u(t); t)dt:

�à¨à é¥¨¥ �' = '(x(t1; v)) � '(x(t1; u)) ¬®¦® § ¯¨á âì ª ª

�' = h'x(x(t1; u));�x(t1)i+
1
2
h'xx(x(t1; u))�x(t1);�x(t1)i:

�ãáâì p(t) | ¯à®¨§¢®«ì ï ¤¨ää¥à¥æ¨àã¥¬ ï ¢¥ªâ®à ï äãªæ¨ï á ãá«®¢¨¥¬ p(t1) =
�'x(x(t1; u))� 1

2
'xx(x(t1; u))�x(t1). �®£¤  ¯à¨à é¥¨¥ äãªæ¨® «  ¬®¦® ¯à¥¤áâ ¢¨âì ª ª

�v�(u) = �

Z
T

h _p(t);�x(t)idt �
Z
T

hp(t);� _x(t)idt+
Z
T

�x(t;v); v(t)F (x(t; u); u(t); t)dt =

= �

Z
T

h _p(t);�x(t)idt �
Z
T

�x(t;v); v(t)H(p(t); x(t; u); u(t); t)dt:
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�á¯®«ì§ãï ¯à¥¤áâ ¢«¥¨ï (9), (10), á®®â¢¥âáâ¢¥® ¯®«ãç ¥¬

�v�(u) = �

Z
T

h _p(t);�x(t)idt �
Z
T

�
�v(t)H(p(t); x(t; v); u(t); t) +

+hHx(p(t); x(t; u); u(t); t);�x(t)i +
1
2
hHxx(p(t); x(t; u); u(t); t)�x(t);�x(t)i

�
dt; (11)

�v�(u) = �

Z
T

h _p(t);�x(t)idt �
Z
T

�
�v(t)H(p(t); x(t; u); u(t); t) +

+hHx(p(t); x(t; u); v(t); t);�x(t)i +
1
2
hHxx(p(t); x(t; u); v(t); t)�x(t);�x(t)i

�
dt: (12)

�«ï p(t) = p(t; u; v) ¨ p(t) = p(t; v; u), t 2 T , ¨§ (11) ¨ (12) á®®â¢¥âáâ¢¥® á«¥¤ãîâ ä®à¬ã«ë
¯à¨à é¥¨ï äãªæ¨® «  (7), (8).

�®çë¥ ä®à¬ã«ë (7), (8) ¯®§¢®«ïîâ áä®à¬ã«¨à®¢ âì ¤®áâ â®çë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨
ã¯à ¢«¥¨ï u 2 V ¢ § ¤ ç¥ (1), (2)   «®£¨ç® [1].

� áá¬®âà¨¬ ¯¥à¢ãî ä®à¬ã«ã (7). �«ï ®¯â¨¬ «ì®áâ¨ u 2 V ¤®áâ â®ç®, çâ®¡ë

�v(t)H(p(t; u; v); x(t; v); u(t); t) � 0; v 2 V; t 2 T:

�«ï ¢ë¯®«¥¨ï ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¤®áâ â®ç® âà¥¡®¢ âì, çâ®¡ë �vH(p; x; u(t); t) � 0,
v 2 U , p 2 Rn, x 2 Rn, t 2 T . �®á«¥¤¥¥ ãá«®¢¨¥ íª¢¨¢ «¥â® á®®â®è¥¨î u(t) = u�(p; x; t),
p 2 Rn, x 2 Rn, t 2 T . �ç¨âë¢ ï ¢¨¤ ä®à¬ã«ë (7), ¬®¦¥áâ¢® ¢®§¬®¦ëå ¯ à § ç¥¨© (x; p)
áã§¨¬ ¤® ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ¯ àë ä §®¢®© ¨ á®¯àï¦¥®© á¨áâ¥¬ ¢ ¬®¬¥â t 2 T

Dx;p(t; u) = f(x(t; v); p(t; u; v)); v 2 V g:

� ª¨¬ ®¡à §®¬, ¤«ï ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï u 2 V ¢ § ¤ ç¥ (1), (2) ¤®áâ â®ç®, çâ®¡ë

u(t) = u�(p; x; t); (x; p) 2 Dx;p(t; u); t 2 T: (13)

� áá¬®âà¨¬ ¢â®àãî ä®à¬ã«ã (8). �ãáâì Dp(t; u) = fp(t; v; u); v 2 V g | ¬®¦¥áâ¢® ¤®áâ¨-
¦¨¬®áâ¨ ¢¥ªâ®à®© ¬®¤¨ä¨æ¨à®¢ ®© á®¯àï¦¥®© á¨áâ¥¬ë ¢ ¬®¬¥â t 2 T . �®£¤  ¤«ï ®¯â¨-
¬ «ì®áâ¨ ã¯à ¢«¥¨ï u 2 V ¢ § ¤ ç¥ (1), (2) ¤®áâ â®ç®, çâ®¡ë

u(t) = u�(p; x(t; u); t); p 2 Dp(t; u); t 2 T: (14)

�ç¥¢¨¤®, çâ® ¢ ¤®áâ â®çëå ãá«®¢¨ïå (13), (14) ¬®£ãâ ä¨£ãà¨à®¢ âì «î¡ë¥ ®æ¥ª¨ ¯® ¢ª«î-
ç¥¨î ¤«ï á®®â¢¥âáâ¢ãîé¨å ¬®¦¥áâ¢ ¤®áâ¨¦¨¬®áâ¨. �à¨æ¨¯ ¬ ªá¨¬ã¬  (6) ¯®«ãç ¥âáï ¨§
¤®áâ â®çëå ãá«®¢¨© (13), (14) ¯à¨ x = x(t; u), p = p(t; u; u).

3. �à®æ¥¤ãàë ã«ãçè¥¨ï

�®áâ ¢¨¬ § ¤ çã ®¡ ã«ãçè¥¨¨ â¥ªãé¥£® ã¯à ¢«¥¨ï u 2 V :  ©â¨ ã¯à ¢«¥¨¥ v 2 V á
ãá«®¢¨¥¬ �v�(u) � 0. �®à¬ã«ë (7), (8) ®âªàë¢ îâ ¢®§¬®¦®áâì à¥è¥¨ï § ¤ ç¨ ã«ãçè¥¨ï
ã¯à ¢«¥¨ï ç¥à¥§ ®¯¥à æ¨î (5)   ¬ ªá¨¬ã¬ äãªæ¨¨ �®âàï£¨ .

�¥à¢ ï ¯à®æ¥¤ãà  ã«ãçè¥¨ï. 1. � ©¤¥¬ à¥è¥¨¥ (x(t); p(t)), t 2 T , ªà ¥¢®© § ¤ ç¨

_x = f(x; u�(p; x; t); t); x(t0) = x0; (15)

_p = �Hx(p; x(t; u); u(t); t) �
1
2
Hxx(p; x(t; u); u(t); t)(x � x(t; u));

p(t1) = �'x(x(t1; u)) �
1
2
'xx(x(t1; u))(x(t1)� x(t1; u)): (16)

2. �ä®à¬¨àã¥¬ ã¯à ¢«¥¨¥ v(t) = u�(p(t); x(t); t), t 2 T .

�à®¢¥¤¥¬ ®¡áã¦¤¥¨¥ ¯à®æ¥¤ãàë. � æ¥«ïå ª®àà¥ªâ®áâ¨ ¯à¥¤¯®«®¦¨¬, çâ® à¥è¥¨¥ ªà ¥¢®©
§ ¤ ç¨ (15),(16) (¢®§¬®¦® ¥ ¥¤¨áâ¢¥®¥) áãé¥áâ¢ã¥â   T , ¯à¨ç¥¬ ¯®«ãç ¥¬®¥ ã¯à ¢«¥¨¥
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v(t) ï¢«ï¥âáï ªãá®ç®-¥¯à¥àë¢ë¬. �®£¤  ¯ à  (v(t); x(t)) ï¢«ï¥âáï ¤®¯ãáâ¨¬®© ¢ ¨áå®¤®©
§ ¤ ç¥ (1), (2).

�®ïâ®, çâ® x(t) = x(t; v), p(t) = p(t; u; v), t 2 V , ¯à¨ç¥¬

v(t) = u�(p(t; u; v); x(t; v); t); t 2 T: (17)

�âáî¤  ¢ á¨«ã ®¯à¥¤¥«¥¨ï ®â®¡à ¦¥¨ï (5) ¯®«ãç ¥¬ �v(t)H(p(t; u; v); x(t; v); u(t); t) � 0, t 2 T .
�®£¤  ¨§ ä®à¬ã«ë (7) á«¥¤ã¥â, çâ® �v�(u) � 0.

� áá¬®âà¨¬ ¬®¦¥áâ¢® ã¯à ¢«¥¨©   ¢ëå®¤¥ ¯¥à¢®© ¯à®æ¥¤ãàë ã«ãçè¥¨ï V1(u) = fv 2 V :
v(t) = u�(p(t; u; v); x(t; v); t), t 2 Tg. �á«¨ u 2 V1(u), â® ¯®«ãç ¥¬ u(t) = u�(p(t; u; u); x(t; u); t) =
u�( (t; u); x(t; u); t), t 2 T , â. ¥. ã¯à ¢«¥¨¥ u ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ .

�¡à â®, ¥á«¨ ã¯à ¢«¥¨¥ u 2 V ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ , â® ®® ®¯à¥¤¥«ï¥âáï
ãá«®¢¨¥¬ (17) ¯à¨ v = u. �«¥¤®¢ â¥«ì®, u 2 V1(u).

� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬ . �¯à ¢«¥¨¥ u 2 V ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  u 2 V1(u).

�«¥¤áâ¢¨¥ 1. �á«¨ ªà ¥¢ ï § ¤ ç  ã«ãçè¥¨ï (15), (16) ¥ ¨¬¥¥â à¥è¥¨ï, â® â¥ªãé¥¥ ã¯à -
¢«¥¨¥ u 2 V ¥ ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ .

�ª ¦¥¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¨¬¥¥â ¬¥áâ® áâà®£®¥ ã«ãçè¥¨¥ �(v) < �(u). �«ï íâ®£® ®£à -
¨ç¨¬áï á«ãç ¥¬ áª «ïà®£® ã¯à ¢«¥¨ï (m = 1) á ®¡« áâìî § ç¥¨© U = [u�; u+] (¤¢ãáâ®à®-
¨¥ ®£à ¨ç¥¨ï) ¢ ¯®¤ª« áá¥ «¨¥©ëå ¯® ã¯à ¢«¥¨î § ¤ ç (1), (2)

�(u) = '(x(t1)) +
Z
T

(F0(x; t) + Fu(x; t)u)dt! min
u2V

; (18)

_x = f0(x; t) + fu(x; t)u; x(t0) = x0; u(t) 2 U; t 2 T: (19)

� § ¤ ç¥ (18), (19) äãªæ¨ï �®âàï£¨  ¨¬¥¥â á«¥¤ãîéãî áâàãªâãàã ¯® ã¯à ¢«¥¨î
H( ; x; u; t) = H0( ; x; t) +Hu( ; x; t)u.

�¢¥¤¥¬ äãªæ¨î g( ; x; t) = Hu( ; x; t) ¯¥à¥ª«îç¥¨ï ã¯à ¢«¥¨ï. �®£¤  ®â®¡à ¦¥¨¥ (5)
¯à¥¤áâ ¢«ï¥âáï ¢ ä®à¬¥

u�( ; x; t) =

8><
>:
u�; g( ; x; t) < 0;
u+; g( ; x; t) > 0;
v 2 U; g( ; x; t) = 0:

�¯à¥¤¥«¥¨¥. �¥è¥¨¥ (x(t; v); p(t; u; v)), t 2 T , ªà ¥¢®© § ¤ ç¨ (15), (16)  §ë¢ ¥âáï ®á®¡ë¬
  ¬®¦¥áâ¢¥ T0 � T , mes T0 > 0, ¥á«¨ g(p(t; u; v); x(t; v); t) = 0, t 2 T0.

�«ï ¯®¨áª  ã¯à ¢«¥¨ï v(t) = u�(p(t; u; v); x(t; v); t), ¯®à®¦¤ îé¥£® ®á®¡ë© à¥¦¨¬   T0 � T ,
mesT0 > 0, ¥®¡å®¤¨¬® ¯à®¤¨ää¥à¥æ¨à®¢ âì â®¦¤¥áâ¢® g(p(t; u; v); x(t; v); t) = 0 ¯® ¢à¥¬¥¨
(¢®§¬®¦® ¥ ®¤¨ à §) á ãç¥â®¬ á¨áâ¥¬ (15), (16) ¨ à¥è¨âì ¯®«ãç¥®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì®
v á ¯®á«¥¤ãîé¥© ¯à®¢¥àª®©   ¢ë¯®«¥¨¥ ®£à ¨ç¥¨ï v 2 [u�; u+].

�¡à §ã¥¬ ¬®¦¥áâ¢ 

T1 = ft 2 T : g(p(t; u; v); x(t; v); t) 6= 0g; T2 = ft 2 T : u(t) 6= v(t)g; Tu;v = T1 \ T2:

�à¨à é¥¨¥ äãªæ¨® «  ¨¬¥¥â ¢¨¤

�v�(u) = �

Z
T

g(p(t; u; v); x(t; v); t)(v(t) � u(t))dt; (20)

¯à¨ç¥¬ ¯®¤¨â¥£à «ì ï äãªæ¨ï ¥®âà¨æ â¥«ì    T . �§ (20) á«¥¤ã¥â, çâ® ¥à ¢¥áâ¢®
mesTu;v > 0 ï¢«ï¥âáï ãá«®¢¨¥¬ áâà®£®£® ã«ãçè¥¨ï ¢ § ¤ ç¥ (18), (19).

� ª¨¬ ®¡à §®¬, áâà®£®¥ ã«ãçè¥¨¥ £ à â¨àã¥âáï (¢ â®¬ ç¨á«¥ ¨ ¤«ï ã¯à ¢«¥¨ï u 2 V ,
ã¤®¢«¥â¢®àïîé¥£® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ ), ¥á«¨ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (x(t; v); p(t; u; v)), t 2 T ,
¨¬¥¥â ¥®á®¡ë© ãç áâ®ª,   ª®â®à®¬ ã¯à ¢«¥¨ï u, v ¥ á®¢¯ ¤ îâ.
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�«¥¤áâ¢¨¥ 2. �á«¨ à¥è¥¨¥ (x(t; v); p(t; u; v)) ¥ ï¢«ï¥âáï ®á®¡ë¬ ¢ ¯à¥¤¥« å T (mes T1 =
mesT ), â® ¤«ï ã¯à ¢«¥¨ï, ¥ ã¤®¢«¥â¢®àïîé¥£® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  (u =2 V1(u)), áâà®£®¥
ã«ãçè¥¨¥ £ à â¨àã¥âáï.

�§ ä®à¬ã«ë (20) ¯®«ãç ¥¬

�á«®¢¨¥ ®âáãâáâ¢¨ï ã«ãçè¥¨ï ¢ § ¤ ç¥ (18), (19): ¥á«¨ mesTu;v = 0, â® �v�(u) = 0.

�«¥¤áâ¢¨¥ 3. �á«¨ à¥è¥¨¥ (x(t; v); p(t; u; v)) ï¢«ï¥âáï ®á®¡ë¬   T (mesT1 = 0), â® ã«ãç-
è¥¨¥ ®âáãâáâ¢ã¥â (�v�(u) = 0).

�¥à¥©¤¥¬ ª à áá¬®âà¥¨î ¢â®à®© ä®à¬ã«ë (8) ¯à¨à é¥¨ï äãªæ¨® «  á ¯®§¨æ¨© ã«ãç-
è¥¨ï ã¯à ¢«¥¨ï u 2 V .

�â®à ï ¯à®æ¥¤ãà  ã«ãçè¥¨ï. 1. �ä®à¬¨àã¥¬ íªáâà¥¬ «ì®¥ ã¯à ¢«¥¨¥ v�(p; t) =
u�(p; x(t; u); t).

2. � ©¤¥¬ à¥è¥¨¥ (x(t); p(t)), t 2 T , ªà ¥¢®© § ¤ ç¨

_x = f(x; v�(p; t); t); x(t0) = x0; (21)

_p = �Hx(p; x(t; u); v�(p; t); t) �
1
2
Hxx(p; x(t; u); v�(p; t); t)(x � x(t; u));

p(t1) = �'x(x(t1; u)) �
1
2
'xx(x(t1; u))(x(t1)� x(t1; u)): (22)

3. �ä®à¬¨àã¥¬ ã¯à ¢«¥¨¥ v(t) = v�(p(t); t), t 2 T .

�¡®áã¥¬ á¢®©áâ¢® ã«ãçè¥¨ï. �®áª®«ìªã x(t) = x(t; v), p(t) = p(t; v; u), t 2 T , â® v(t) =
u�(p(t; v; u); x(t; u); t), t 2 T . �®£¤  ¢ á¨«ã ®¯à¥¤¥«¥¨ï ®â®¡à ¦¥¨ï (5) ¯®«ãç ¥¬

�v(t)H(p(t; v; u); x(t; u); u(t); t) � 0; t 2 T:

�âáî¤  ¨ ¨§ (8) á«¥¤ã¥â, çâ® �v�(u) � 0.
�¢¥¤¥¬ ¬®¦¥áâ¢® ã¯à ¢«¥¨© V2(u) = fv 2 V : v(t) = u�(p(t; v; u); x(t; u); t), t 2 Tg   ¢ëå®¤¥

¢â®à®© ¯à®æ¥¤ãàë ã«ãçè¥¨ï.
�à®¢®¤ï   «¨§ ¢®§¬®¦®áâ¥© ¢â®à®© ¯à®æ¥¤ãàë ã«ãçè¥¨ï, ¥âàã¤® ¯®«ãç¨âì ãâ¢¥à¦¤¥-

¨ï,   «®£¨çë¥ ¯¥à¢®© ¯à®æ¥¤ãà¥.
�à¨æ¨¯ ¬ ªá¨¬ã¬  å à ªâ¥à¨§ã¥âáï ¢ª«îç¥¨¥¬ u 2 V2(u).
�«ï ª®ªà¥â¨§ æ¨¨ ãá«®¢¨ï áâà®£®£® ã«ãçè¥¨ï áª «ïà®£® ã¯à ¢«¥¨ï ¢ § ¤ ç¥ (18), (19)

äãªæ¨ï ¯¥à¥ª«îç¥¨ï ®¡à §ã¥âáï ¢ ¢¨¤¥ g1(p; t) = g(p; x(t; u); t). �â®¡à ¦¥¨¥ (5) ¯à¨®¡à¥â ¥â
ä®à¬ã

u�(p; x; t) =

8><
>:
u�; g1(p; t) < 0;
u+; g1(p; t) > 0;
v 2 U; g1(p; t) = 0:

�á®¡ë© à¥¦¨¬ ®¯à¥¤¥«ï¥âáï â®¦¤¥áâ¢®¬ g1(p(t; v; u); t) = 0   à¥è¥¨¨ (x(t; v); p(t; v; u)), t 2 T ,
ªà ¥¢®© § ¤ ç¨ (21), (22). �â®à ï ä®à¬ã«  (8) ¯à¨à é¥¨ï äãªæ¨® «  ¢ § ¤ ç¥ (18), (19) ¯à¨-
®¡à¥â ¥â ¢¨¤ �v�(u) = �

R
T

g1(p(t; v; u); t)(v(t) � u(t))dt. �á«®¢¨¥ áâà®£®£® ã«ãçè¥¨ï á®åà ï¥â

  «®£¨çãî ¤«ï ¯¥à¢®© ¯à®æ¥¤ãàë ä®à¬ã«¨à®¢ªã, £¤¥ T1 = ft 2 T : g1(p(t; v; u); t) 6= 0g.
�à¥¤«®¦¥ë¥ ¯à®æ¥¤ãàë ã«ãçè¥¨ï ãª §ë¢ îâ   ¯à¨æ¨¯¨ «ìãî ¢®§¬®¦®áâì ®áãé¥-

áâ¢«¥¨ï ¥«®ª «ì®£® ã«ãçè¥¨ï ã¯à ¢«¥¨ï ¢ à áá¬ âà¨¢ ¥¬®¬ ª« áá¥ § ¤ ç. �àã¤®¥¬ª®áâì
¯®áâà®¥¨ï ã«ãçè îé¥£® ã¯à ¢«¥¨ï ®¯à¥¤¥«ï¥âáï âàã¤®¥¬ª®áâìî à¥è¥¨ï ¢®§¨ª îé¨å ªà -
¥¢ëå § ¤ ç ã«ãçè¥¨ï. �â¬¥â¨¬, çâ® ã«ãçè¥¨ï ®áïâ ¥«®ª «ìë© å à ªâ¥à, â. ª. ¢ ¯à®æ¥¤ãà å
®âáãâáâ¢ã¥â ¬ «ë© ¯ à ¬¥âà, £ à â¨àãîé¨© ¡«¨§®áâì ã¯à ¢«¥¨© u, v.

�ë¤¥«¨¬ ®á®¡¥®áâ¨ ªà ¥¢ëå § ¤ ç ã«ãçè¥¨ï, ã¯à®é îé¨¥ ¨å ¯® áà ¢¥¨î á ªà ¥¢®©
§ ¤ ç¥© ¯à¨æ¨¯  ¬ ªá¨¬ã¬ , ¢ ª®â®à®© ¯à ¢ë¥ ç áâ¨ ãà ¢¥¨© ¤«ï ä §®¢®© ¨ á®¯àï¦¥®©
¯¥à¥¬¥ëå ¢ ®¡é¥¬ á«ãç ¥ ï¢«ïîâáï à §àë¢ë¬¨ äãªæ¨ï¬¨ ¯® íâ¨¬ ¯¥à¥¬¥ë¬.
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1. � ªà ¥¢®© § ¤ ç¥ (15), (16) ãà ¢¥¨¥ ¤«ï á®¯àï¦¥®© ¯¥à¥¬¥®© p ï¢«ï¥âáï «¨¥©ë¬
¯® ä §®¢®© ¯¥à¥¬¥®© x ¨ «¨¥©ë¬ ¯® p.

2. � ªà ¥¢®© § ¤ ç¥ (21), (22) ãà ¢¥¨¥ ¤«ï ä §®¢®© ¯¥à¥¬¥®© x ï¢«ï¥âáï £« ¤ª¨¬ ¯® x.
�à ¢¥¨¥ ¤«ï á®¯àï¦¥®© ¯¥à¥¬¥®© p «¨¥©® ¯® ¯¥à¥¬¥®© x.

� á«ãç ¥ «¨¥©®áâ¨ ¯® á®áâ®ï¨î x äãªæ¨© f(x; u; t), F (x; u; t), '(x) ¢¥ªâ®à ï ¬®¤¨ä¨æ¨-
à®¢  ï á®¯àï¦¥ ï á¨áâ¥¬  ¥ á®¤¥à¦¨â ä §®¢®£® ¯à¨à é¥¨ï ¨ á®¢¯ ¤ ¥â á® áâ ¤ àâ®©.
�«¥¤®¢ â¥«ì®, á®¯àï¦¥ ï á¨áâ¥¬  ¢ ªà ¥¢ëå § ¤ ç å ã«ãçè¥¨ï (15), (16) ¨ (21), (22) ¨â¥-
£à¨àã¥âáï ¥§ ¢¨á¨¬® ®â ä §®¢®©. � ª¨¬ ®¡à §®¬, ¢ «¨¥©®¬ á«ãç ¥ âàã¤®¥¬ª®áâì à¥ «¨§ æ¨¨
¯¥à¢®© ¨ ¢â®à®© ¯à®æ¥¤ãà ®¯à¥¤¥«ï¥âáï ¤¢ã¬ï § ¤ ç ¬¨ �®è¨ (¤«ï á®¯àï¦¥®© ¨ ä §®¢®© á¨-
áâ¥¬). �à¨ íâ®¬ à áá¬ âà¨¢ ¥¬ë© ¯®¤å®¤ áâ ®¢¨âáï íª¢¨¢ «¥âë¬ ¥«®ª «ìë¬ ¯à®æ¥¤ãà ¬
ã«ãçè¥¨ï ¤«ï «¨¥©ëå ¯® á®áâ®ï¨î á¨áâ¥¬ [1].

�ãáâì f(x; u; t) «¨¥©  ¯® x, äãªæ¨¨ F (x; u; t), '(x) ª¢ ¤à â¨çë ¯® x («¨¥©®-ª¢ ¤à -
â¨ç ï § ¤ ç ). �®¤áâ ¢¨¬ ¢ ¯à¥¤áâ ¢«¥¨¥ (11) ¤«ï ¯à¨à é¥¨ï äãªæ¨® «  à §«®¦¥¨¥
p(t) =  (t; u) + 1

2
	(t; u)(x(t; v) � x(t; u)), t 2 T , £¤¥ ¬ âà¨ç ï äãªæ¨ï 	(t; u), t 2 T , ï¢«ï¥âáï

à¥è¥¨¥¬ áâ ¤ àâ®© ¬ âà¨ç®© á®¯àï¦¥®© á¨áâ¥¬ë

_	 = �fTx (x(t; u); u; t)	 �	fx(x(t; u); u; t) + Fxx(x(t; u); u; t); 	(t1; u) = �'xx(x(t1; u)):

�áãé¥áâ¢«ïï ¥á«®¦ë¥ ¢ëª« ¤ª¨, ¨§ (11) ¢¬¥áâ® ä®à¬ã«ë (7) ¯®«ãç¨¬ ¨§¢¥áâãî ([1],
á. 26) ª®¥çãî ä®à¬ã«ã ¯à¨à é¥¨ï äãªæ¨® «  ¡¥§ ®áâ â®çëå ç«¥®¢

�v�(u) = �

Z
T

�v(t)H( (t; u) + 	(t; u)(x(t; v) � x(t; u)); x(t; v); u(t); t)dt:

�â  ä®à¬ã«  ¯®§¢®«ï¥â § ¬¥¨âì à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (15), (16) ¢ ¯¥à¢®© ¯à®æ¥¤ãà¥ ã«ãç-
è¥¨ï à¥è¥¨¥¬ ¤¢ãå ¢¥ªâ®àëå § ¤ ç �®è¨ ( (t; u); x(t; v)) ¨ ®¤®© ¬ âà¨ç®© § ¤ ç¨ �®è¨
(	(t; u)) [1].

� «®£¨ç®, ¯®¤áâ ¢«ïï ¢ ¯à¥¤áâ ¢«¥¨¥ (12) à §«®¦¥¨¥ p(t) =  (t; v) + 1
2
	(t; v)(x(t; u) �

x(t; v)), t 2 T , ¬®¦® ¯®«ãç¨âì ¢¬¥áâ® (8) ¨§¢¥áâãî ([1], á. 27) â®çãî ä®à¬ã«ã ¯à¨à é¥¨ï
äãªæ¨® « 

�v�(u) = �

Z
T

�v(t)H( (t; v) + 	(t; v)(x(t; u) � x(t; v)); x(t; u); u(t); t)dt:

�  ï ä®à¬ã«  ¯®§¢®«ï¥â ã«ãçè¨âì äãªæ¨® «, à¥è¨¢ ¢¬¥áâ® ªà ¥¢®© § ¤ ç¨ (21), (22)
®¤ã ¢¥ªâ®à®-¬ âà¨çãî § ¤ çã �®è¨ (¤«ï  £à¥£¨à®¢ ®© ¢¥ªâ®à®© äãªæ¨¨  (t; v) +
	(t; v)(x(t; u) � x(t; v)) ¨ ¬ âà¨ç®© äãªæ¨¨ 	(t; v)) ¨ ®¤ã ¢¥ªâ®àãî § ¤ çã �®è¨ (x(t; v))
[1].

4. �à¨¬¥à

� § ¤ ç¥

�(u) = �ax(1)�
Z 1

0

u(t)x(t)dt! min; 0 � a � 1;

_x = x� x2 � ux; x(0) = 1; u(t) 2 U = [0; 1]; t 2 T = [0; 1];

ä §®¢®¥ ãà ¢¥¨¥ ¬®¦¥â ¨â¥à¯à¥â¨à®¢ âìáï ª ª ¡¥§à §¬¥à ï ¬®¤¥«ì ¤¨ ¬¨ª¨ ç¨á«¥®áâ¨
¯®¯ã«ïæ¨¨ ([2], c. 18). �¯à ¢«¥¨¥ ¨¬¨â¨àã¥â ®â«®¢ ®á®¡¥© ¯®   «®£¨¨ á [3]. �â¥£à «ì®¥ á« -
£ ¥¬®¥ ¢ æ¥«¥¢®¬ äãªæ¨® «¥ ãç¨âë¢ ¥â ¯à¨¡ë«ì ®â ®â«®¢ . � § ¤ çã ¢¢¥¤¥ â ª¦¥ ç¨á«®¢®©
¯ à ¬¥âà a. � ª ç¥áâ¢¥  ç «ì®£® ã¯à ¢«¥¨ï ¢ë¡¨à ¥âáï ã¯à ¢«¥¨¥ u(t) = 0, t 2 T , á®®â¢¥â-
áâ¢ãîé¥¥ ®âáãâáâ¢¨î ®â«®¢  ®á®¡¥©. �®áâ ¢¨¬ § ¤ çã ®¡ ã«ãçè¥¨¨  ç «ì®£® ã¯à ¢«¥¨ï.
�«ï ¤ ®© § ¤ ç¨ H( ; x; u; t) =  ((1 � u)x� x2) + ux,

u�( ; x; t) =

8><
>:
1; (1�  )x > 0;
0; (1�  )x < 0;
v 2 U; (1�  )x = 0;
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äãªæ¨ï ¯¥à¥ª«îç¥¨ï ã¯à ¢«¥¨ï g( ; x; t) = (1�  )x.
�à¨¬¥¨¬ ¯¥à¢ãî ¯à®æ¥¤ãàã ã«ãçè¥¨ï. �à ¥¢ ï § ¤ ç  ã«ãçè¥¨ï  ç «ì®£® ã¯à ¢«¥-

¨ï ¨¬¥¥â ¢¨¤

_x = x� x2 � u�(p; x; t)x; x(0) = 1; (23)

_p = px; p(1) = a: (24)

� ª äãªæ¨¨ ¯¥à¥ª«îç¥¨ï ¢ â®çª¥ t = 0 ®¯à¥¤¥«ï¥âáï § ç¥¨¥¬ gjt=0 = 1� p(0). � áá¬®-
âà¨¬ âà¨ ¢®§¬®¦ëå á«ãç ï:

1) gjt=0 > 0; 2) gjt=0 < 0; 3) gjt=0 = 0:

� ¯¥à¢®¬ á«ãç ¥,   «¨§¨àãï § ª äãªæ¨¨ ¯¥à¥ª«îç¥¨ï gjt, t > 0,   à¥è¥¨¨ ¯®à®¦¤ ¥-
¬®© á¨áâ¥¬ë

_x = �x2; x(0) = 1; (25)

_p = px; p(0) < 1; (26)

¯®«ãç ¥¬ ¢ë¢®¤ ® áãé¥áâ¢®¢ ¨¨ ¥¤¨áâ¢¥®£® à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (23), (24), á®¢¯ ¤ î-
é¥£® á à¥è¥¨¥¬ á¨áâ¥¬ë (25), (26) ¯à¨ p(0) = a=2.

�¥©áâ¢ãï   «®£¨ç® ¢® ¢â®à®¬ á«ãç ¥, ã¡¥¦¤ ¥¬áï ¢ ®âáãâáâ¢¨¨ à¥è¥¨ï ªà ¥¢®© § ¤ ç¨.
� ª®¥æ, âà¥â¨© á«ãç © ¯à¨ ¨áá«¥¤®¢ ¨¨ âà¥å ¢®§¬®¦ëå ¯®¤á«ãç ¥¢

3:1) gjt > 0; t > 0; 3:2) gjt < 0; t > 0; 3:3) gjt = 0; t > 0;

¯à¨¢®¤¨â ª ¢ë¢®¤ã ®¡ ®âáãâáâ¢¨¨ à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ ¯à¨ à áá¬ âà¨¢ ¥¬ëå ¯à¥¤¯®«®¦¥-
¨ïå.

� ¨â®£¥ § ª«îç ¥¬, çâ® ¤«ï 0 � a � 1 ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ ã«ãçè¥¨ï
(23), (24) ï¢«ï¥âáï à¥è¥¨¥ á¨áâ¥¬ë (25), (26) ¯à¨ p(0) = a=2 á ¢ëå®¤ë¬ ã¯à ¢«¥¨¥¬ v(t) = 1,
t 2 T . �âáî¤  á«¥¤ã¥â, çâ®  ç «ì®¥ ã¯à ¢«¥¨¥ u(t) = 0, t 2 T , ¥ ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã
¬ ªá¨¬ã¬ . � ª ª ª à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ ¥ ï¢«ï¥âáï ®á®¡ë¬ ¢ ¯à¥¤¥« å T , â® ¨¬¥¥â ¬¥áâ®
áâà®£®¥ ã«ãçè¥¨¥ �(v) < �(u).

� § ª«îç¥¨¥ ¢ë¤¥«¨¬ ®á®¢ë¥ á¢®©áâ¢  ¯®áâà®¥ëå ¯à®æ¥¤ãà ã«ãçè¥¨ï ã¯à ¢«¥¨ï:
1) ¥«®ª «ì®áâì ã«ãçè¥¨ï ã¯à ¢«¥¨ï ¡¥§ ¯à®æ¥¤ãàë ¢ àì¨à®¢ ¨ï; 2) ¢®§¬®¦®áâì ã«ãç-

è¥¨ï ã¯à ¢«¥¨©, ã¤®¢«¥â¢®àïîé¨å ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  (¢ â®¬ ç¨á«¥ ®á®¡ëå ã¯à ¢«¥¨©),
ª®â®à ï ¯®ï¢«ï¥âáï ¢ á¢ï§¨ á ¥¥¤¨áâ¢¥®áâìî à¥è¥¨ï ªà ¥¢ëå § ¤ ç ã«ãçè¥¨ï.

�¨â¥à âãà 
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