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�®ää 

(�+�)ut = �u+ �u3 (0.1)

¯à¨ n = 1 ¬®¤¥«¨àã¥â ¤¨ ¬¨ªã ¢ë¯ãç¨¢ ¨ï ¤¢ãâ ¢à®¢®© ¡ «ª¨ [1]. �¤¥áì ¯ à ¬¥âà � 2 R+

á®®â¢¥âáâ¢ã¥â ¢¥è¥©  £àã§ª¥,   ¯ à ¬¥âàë �; � 2 R å à ªâ¥à¨§ãîâ á¢®©áâ¢  ¡ «ª¨; ¨áª®¬ ï
äãªæ¨ï u = u(x; t) ®¯à¥¤¥«ï¥â ®âª«®¥¨¥ ¡ «ª¨ ®â ¢¥àâ¨ª «¨.

� ¤ ç  �®è¨{�¨à¨å«¥

u(x; 0) = u0(x); x 2 
;

u(x; t) = 0; (x; t) 2 @
� R;
(0.2)

¤«ï ãà ¢¥¨ï (0.1) ¨§ãç « áì ¢ [2] ¬¥â®¤ ¬¨ â¥®à¨¨ ¢¥â¢«¥¨ï. � [3]  ç â® ¨§ãç¥¨¥ ä §®-
¢®£® ¯à®áâà áâ¢  ãà ¢¥¨ï (0.1) ¯à¨ 1 � n � 4. � ¬ ¯®ª § ®, çâ® ¢ ä §®¢®¬ ¯à®áâà áâ¢¥
ãà ¢¥¨ï �®ää  «¥¦ â â¥ â®çª¨ u 2 L4(
), ¤«ï ª®â®àëåZ




(�+ 3�u2)u'ldx = 0; � = ��l; (0.3)

¯à¨ç¥¬ ®¯à¥¤¥«¨â¥«ì
����
Z



(�+ 3�u2)'k'ldx
���� 6= 0; � = ��l; � = ��k: (0.4)

�¤¥áì f'mg| ®àâ®®à¬¨à®¢ ®¥ (¢ á¬ëá«¥ L2(
)) á¥¬¥©áâ¢® á®¡áâ¢¥ëå äãªæ¨© ®¤®à®¤®©
§ ¤ ç¨ �¨à¨å«¥ ¤«ï ®¯¥à â®à  � ¯« á  � ¢ ®¡« áâ¨ 
, á®®â¢¥âáâ¢ãîé¨å á®¡áâ¢¥ë¬ § ç¥-
¨ï¬ f�mg, ª®â®àë¥ § ã¬¥à®¢ ë ¯® ¥¢®§à áâ ¨î á ãç¥â®¬ ªà â®áâ¨. (�á«¨ �� =2 f�mg, â®
ä §®¢®¥ ¯à®áâà áâ¢® á®¢¯ ¤ ¥â á ¯à®áâà áâ¢®¬ L4(
),   ãá«®¢¨¥ (0.4) ¨áç¥§ ¥â.)

�àã£¨¬¨ á«®¢ ¬¨, ¢ [3] ¯®ª § ®, çâ® ä §®¢®¥ ¯à®áâà áâ¢® (0.3) ãà ¢¥¨ï �®ää  «®ª «ì-
® (â. ¥. ¢ ¥ª®â®àëå ®ªà¥áâ®áâïå â¥å á¢®¨å â®ç¥ª, ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï (0.4)) ï¢«ï¥âáï
¡  å®¢ë¬ C1-¬®£®®¡à §¨¥¬, ¬®¤¥«¨àã¥¬ë¬ ¥ª®â®àë¬ ¤®¯®«¨â¥«ìë¬ ª ï¤àã ker(� + �)
¯®¤¯à®áâà áâ¢®¬. � [4] ¯®ª § ®, çâ® ¯à¨ �� > 0 ä §®¢ë¬ ¯à®áâà áâ¢®¬ (0.3) á«ã¦¨â ¯à®áâ®¥
¡  å®¢® C1-¬®£®®¡à §¨¥ (â. ¥. «î¡®© ¥£®  â« á íª¢¨¢ «¥â¥  â« áã, á®¤¥à¦ é¥¬ã ¥¤¨áâ¢¥-
ãî ª àâã), ¯à¨ç¥¬ ¢ «î¡®© ¥£® â®çª¥ ¢ë¯®«ï¥âáï (0.4).

�áá«¥¤ã¥¬ ä §®¢®¥ ¯à®áâà áâ¢® ãà ¢¥¨ï �®ää  ¢ á«ãç ¥ �� < 0 ¨ ¯à¨  àãè¥¨¨ ãá«®-
¢¨ï (0.4). �â®¡ë ¯à¨¢«¥çì ¨¤¥¨ ¨ ¬¥â®¤ë [5], ®£à ¨ç¨¬áï á«ãç ¥¬ dimker(�+�) = 1, ª®â®àë©
§ ¢¥¤®¬® ¨¬¥¥â ¬¥áâ® ¯à¨ n = 1. �á®¢®© à¥§ã«ìâ â áâ âì¨ | å à ªâ¥à¨áâ¨ª  ®á®¡¥®áâ¥©
ä §®¢®£® ¯à®áâà áâ¢  (0.3) ¯®áà¥¤áâ¢®¬ ®â®á¨â¥«ì® ¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢.

�¥à¢ë© ¯ à £à ä ¤ ®© à ¡®âë ®á¨â ¢á¯®¬®£ â¥«ìë© å à ªâ¥à, ® á®¤¥à¦¨â à¥§ã«ìâ âë
¨§ [6], ¯à¥¤áâ ¢«¥ë¥ ¢ ã¤®¡®¬ ¤«ï ¤ «ì¥©è¥£® ¢¨¤¥. �® ¢â®à®¬, ®¯¨à ïáì   à¥§ã«ìâ âë

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï ¨  ãª¨ �®áá¨¨,

£à â ò�� 02-1.1-82.
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[3], [7], à áá¬ âà¨¢ ¥¬ § ¤ çã (0.1), (0.2) ¢  ¡áâà ªâ®¬ ¢¨¤¥. � âà¥âì¥¬ ¯ à £à ä¥ á®¤¥à¦¨âáï
®á®¢®© à¥§ã«ìâ â áâ âì¨. �¯¨á®ª «¨â¥à âãàë ¥ ¯à¥â¥¤ã¥â   ¯®«®âã.

�áá«¥¤®¢ ¨ï ¯à®¢®¤ïâáï ¢ ¢¥é¥áâ¢¥ëå ¡  å®¢ëå ¯à®áâà áâ¢ å, ® ¢ \á¯¥ªâà «ìëå"
¢®¯à®á å ¢¢®¤¨âáï ¨å ¥áâ¥áâ¢¥ ï ª®¬¯«¥ªá¨ä¨ª æ¨ï. �á¥ ª®âãàë ®à¨¥â¨à®¢ ë ¤¢¨¦¥¨¥¬
¯à®â¨¢ ç á®¢®© áâà¥«ª¨ ¨ ®£à ¨ç¨¢ îâ ®¡« áâ¨, «¥¦ é¨¥ á«¥¢  ¯à¨ â ª®¬ ¤¢¨¦¥¨¨. �¨¬¢®-
« ¬¨ I¨ O ®¡®§ ç¥ë ¥¤¨¨çë© ¨ ã«¥¢®© ®¯¥à â®àë, ®¡« áâ¨ ®¯à¥¤¥«¥¨ï ª®â®àëå ïáë ¨§
â¥ªáâ .

1. �â®á¨â¥«ì® �-®£à ¨ç¥ë¥ ®¯¥à â®àë

¨ ®â®á¨â¥«ì® ¯à¨á®¥¤¨¥ë¥ ¢¥ªâ®àë

�ãáâì U ¨ F| ¡  å®¢ë ¯à®áâà áâ¢ , ®¯¥à â®à L 2 Cl(U;F) (â. ¥. «¨¥¥, § ¬ªãâ ¨ ¯«®â®
®¯à¥¤¥«¥),   ®¯¥à â®à M 2 L(U;F) (â. ¥. «¨¥¥ ¨ ¥¯à¥àë¢¥). �¢¥¤¥¬ L-à¥§®«ì¢¥â®¥ ¬®-
¦¥áâ¢® �L(M) = f� 2 C : (�L �M)�1 2 L(F;U)g ¨ L-á¯¥ªâà �L(M) = C n �L(M) ®¯¥à â®à  M .
�¥âàã¤® ¯®ª § âì [6], çâ® L-à¥§®«ì¢¥â®¥ ¬®¦¥áâ¢® ¢á¥£¤  ®âªàëâ®, ¯®íâ®¬ã L-á¯¥ªâà ¢á¥£¤ 
§ ¬ªãâ.

�¯à¥¤¥«¥¨¥ 1.1. �¯¥à â®àM  §ë¢ ¥âáï á¯¥ªâà «ì® ®£à ¨ç¥ë¬ ®â®á¨â¥«ì® ®¯¥-
à â®à  L ((L; �)-®£à ¨ç¥ë¬), ¥á«¨

9a 2 R+ 8� 2 C (j�j > a)) (� 2 �L(M)):

�ãáâì ®¯¥à â®à M (L; �)-®£à ¨ç¥. �ë¡¥à¥¬ ª®âãà � = f� 2 C : j�j = r > ag ¨ ¯®áâà®¨¬
®¯¥à â®àë

P =
1
2�i

Z
�

RL
�(M)d�; Q =

1
2�i

Z
�

LL
�(M)d�:

�¤¥áì RL
�(M) = (�L � M)�1L | ¯à ¢ ï,   LL

�(M) = L(�L � M)�1 | «¥¢ ï L-à¥§®«ì¢¥âë
®¯¥à â®à M . �¥âàã¤® ¯®ª § âì, çâ® ®¯¥à â®àë P 2 L(U) ¨Q 2 L(F) ï¢«ïîâáï ¯à®¥ªâ®à ¬¨ [6].
�®«®¦¨¬ U0 = kerP , U1 = imP , F0 = kerQ, F1 = imQ,   ç¥à¥§ Lk (Mk) ®¡®§ ç¨¬ áã¦¥¨¥
®¯¥à â®à  L(M)   domL \ Uk (Uk), k = 0; 1.

�¥®à¥¬  1.1. �ãáâì ®¯¥à â®à M (L; �)-®£à ¨ç¥. �®£¤ 

(i) ®¯¥à â®àë Lk 2 Cl(Uk;Fk);Mk 2 L(Uk;Fk), k = 0; 1;
(ii) áãé¥áâ¢ãîâ ®¯¥à â®àë L�11 2 L(F1;U1), M�1

0 2 L(F0;U0).

�¨¥ « U00 = domL\U0, á ¡¦¥ë© \®à¬®© £à ä¨ª " jjj � jjj = k �kU+kL � kF, ï¢«ï¥âáï ¡  -
å®¢ë¬ ¯à®áâà áâ¢®¬ U00 = (domL\ U0; jjj � jjj), ¯«®â® ¨ ¥¯à¥àë¢® ¢«®¦¥ë¬ ¢ ¯à®áâà áâ¢®
U0. �à¥¤¯®«®¦¨¬, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1.1 ®¯¥à â®à

H =M�1
0 L0 2 L(U

0
0): (1.1)

�ç¥¢¨¤®, ®¯¥à â®à S = L�11 M1 2 L(U1).

�«¥¤áâ¢¨¥ 1.1. �ãáâì ®¯¥à â®à M (L; �)-®£à ¨ç¥ ¨ ¢ë¯®«¥® ãá«®¢¨¥ (1.1). �®£¤ 

(�L�M)�1 = �
1X
q=0

�qHqM�1
0 (I�Q) +

1X
q=1

�qSq�1L�11 Q

¯à¨ ¢á¥å � 2 �L(M).

�¯à¥¤¥«¥¨¥ 1.2. �«ï L-à¥§®«ì¢¥âë (�L�M)�1 ®¯¥à â®à  M â®çª  1  §ë¢ ¥âáï

(i) ãáâà ¨¬®© ®á®¡®© â®çª®©, ¥á«¨ H � O ;
(ii) ¯®«îá®¬ ¯®àï¤ª  p 2 N, ¥á«¨ Hp 6= O ,   Hp+1 � O ;
(iii) áãé¥áâ¢¥® ®á®¡®© â®çª®©, ¥á«¨ Hq 6= O ¯à¨ «î¡®¬ q 2 N.
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�ãáâì ¢¥ªâ®à '0 2 kerL n f0g, ã¯®àï¤®ç¥®¥ ¬®¦¥áâ¢® f'1; '2; : : : g � U  §ë¢ ¥âáï æ¥¯®ç-

ª®© M -¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢ ¢¥ªâ®à  '0, ¥á«¨ L'q+1 =M'q, q 2 f0g [ N, ¨ 'q =2 kerL n f0g,
q 2 N. �¥¯®çª  ¬®¦¥â ¡ëâì ¡¥áª®¥ç®©, ¢ ç áâ®áâ¨, ®  ¬®¦¥â ¡ëâì § ¯®«¥  ã«ï¬¨,
¥á«¨ kerL \ kerM 6= f0g. �¤ ª® ®  ®¡ï§ â¥«ì® ª®¥ç , ¥á«¨ ¢ ¥© áãé¥áâ¢ã¥â â ª®© ¢¥ªâ®à
'q, çâ® M'k =2 imL. �®é®áâì ª®¥ç®© æ¥¯®çª¨  §ë¢ ¥âáï ¥¥ ¤«¨®©. �®àï¤ª®¢ë© ®¬¥à
M -¯à¨á®¥¤¨¥®£® ¢¥ªâ®à  ¢ æ¥¯®çª¥ (ª®¥ç®© ¨«¨ ¡¥áª®¥ç®©)  §ë¢ ¥âáï ¥£® ¢ëá®â®©.
�¨¥ «,  âïãâë©   ¢á¥ ¢¥ªâ®àë ï¤à  kerL ¨ ¢á¥ M -¯à¨á®¥¤¨¥ë¥ ¢¥ªâ®àë,  §ë¢ ¥â-
áï M -ª®à¥¢ë¬ «¨¥ «®¬ ®¯¥à â®à  L. �á«¨ M -ª®à¥¢®© «¨¥ « § ¬ªãâ, â® ®  §ë¢ ¥âáï
M -ª®à¥¢ë¬ ¯à®áâà áâ¢®¬ ®¯¥à â®à  L.

�¥®à¥¬  1.2. �ãáâì ®¯¥à â®à M (L; �)-®£à ¨ç¥. �®£¤ 

(i) U0 = kerL ¨ «î¡®© ¢¥ªâ®à ' 2 kerL n f0g ¥ ¨¬¥¥â M -¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢, ¥á«¨

1 ï¢«ï¥âáï ãáâà ¨¬®© ®á®¡®© â®çª®© L-à¥§®«ì¢¥âë ®¯¥à â®à  M ;
(ii) U0 ï¢«ï¥âáï § ¬ëª ¨¥¬ M -ª®à¥¢®£® «¨¥ «  ®¯¥à â®à  L ¨ ¤«¨  «î¡®© æ¥¯®çª¨

M -¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢ ®£à ¨ç¥  ç¨á«®¬ p, ¥á«¨ 1 ï¢«ï¥âáï ¯®«îá®¬ ¯®àï¤ª 

p 2 N L-à¥§®«ì¢¥âë ®¯¥à â®à  M ;
(iii) U0 á®¤¥à¦¨â M -ª®à¥¢®© «¨¥ « ®¯¥à â®à  L, ¯à¨ç¥¬ ¤«¨ë ¢á¥å æ¥¯®ç¥ª M -¯à¨-

á®¥¤¨¥ëå ¢¥ªâ®à®¢ ¥®£à ¨ç¥ë, ¥á«¨ 1 ï¢«ï¥âáï áãé¥áâ¢¥® ®á®¡®© â®çª®©

L-à¥§®«ì¢¥âë ®¯¥à â®à  M .

� á«ãç ¥, ª®£¤  ®¯¥à â®à L äà¥¤£®«ì¬®¢ (â. ¥. indL = 0), áãé¥áâ¢ã¥â ¥ª®â®à®¥ ®¡à é¥¨¥
â¥®à¥¬ë 1.2 [6]. �â®¡ë áä®à¬ã«¨à®¢ âì ¥£®, ã¤®¡® áç¨â âì ãáâà ¨¬ãî ®á®¡ãî â®çªã ¯®«îá®¬
¯®àï¤ª  ã«ì.

�«¥¤áâ¢¨¥ 1.2. �ãáâì ®¯¥à â®à L äà¥¤£®«ì¬®¢. �®£¤  á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ -
«¥âë:

(i) ®¯¥à â®à M (L; �)-®£à ¨ç¥, ¯à¨ç¥¬ 1 | ¯®«îá ¯®àï¤ª  p 2 f0g [ N L-à¥§®«ì¢¥âë
®¯¥à â®à  M ;

(ii) ¤«¨  «î¡®© æ¥¯®çª¨ M -¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à  L ®£à ¨ç¥  ç¨á«®¬
p 2 f0g [ N.

2. � ¤ ç  �®è¨ ¤«ï ãà ¢¥¨ï á®¡®«¥¢áª®£® â¨¯ 

�ãáâì U ¨ F | ¡  å®¢ë ¯à®áâà áâ¢ , ®¯¥à â®àë L 2 Cl(U;F), M 2 L(U;F), N 2 C1(U;F).
� áá¬®âà¨¬ § ¤ çã �®è¨

u(0) = u0 (2.1)

¤«ï ¯®«ã«¨¥©®£® ãà ¢¥¨ï á®¡®«¥¢áª®£® â¨¯ 

L _u =Mu+N(u): (2.2)

�¥ªâ®à-äãªæ¨î u 2 C1((�T; T );U)  §®¢¥¬ à¥è¥¨¥¬ ãà ¢¥¨ï (2.2), ¥á«¨ ®  ã¤®¢«¥â¢®àï¥â
(2.2) ¯à¨ ¥ª®â®à®¬ T 2 R+ . �¥è¥¨¥ ãà ¢¥¨ï u = u(t)  §ë¢ ¥âáï à¥è¥¨¥¬ § ¤ ç¨ (2.1),
(2.2), ¥á«¨ ®® ã¤®¢«¥â¢®àï¥â (2.1).

�ãáâì ®¯¥à â®à M (L; �)-®£à ¨ç¥, â®£¤  ¢ á¨«ã â¥®à¥¬ë 1.1 ãà ¢¥¨¥ (2.2) íª¢¨¢ «¥â®
á¨áâ¥¬¥ ãà ¢¥¨©

L0 _u0 = (I�Q)(Mu+N(u)); (2.3)

_u1 = Su1 + F (u); (2.4)

£¤¥ ®¯¥à â®àë S = L�11 M1 2 L(U1), F = L�11 QN 2 C1(U;U1).
�ãáâì ¢ë¯®«¥® ãá«®¢¨¥

L0 _u
0 � 0; (2.5)
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â®£¤  ¨§ (2.3) á«¥¤ã¥â, çâ® «î¡®¥ à¥è¥¨¥ ãà ¢¥¨ï (2.2) «¥¦¨â (ª ª âà ¥ªâ®à¨ï) ¢ ¬®¦¥áâ¢¥

H = fu 2 U : (I�Q)(Mu+N(u)) = 0g:

� ª¨¥ à¥è¥¨ï  §¢ ë ª¢ §¨áâ æ¨® àë¬¨ âà ¥ªâ®à¨ï¬¨ [7]. � ¬¥â¨¬, çâ® ãá«®¢¨¥ (2.5) á
¥®¡å®¤¨¬®áâìî ¢ë¯®«ï¥âáï, ¥á«¨ ¥«¨¥©ë© ç«¥ N � O .

�ãáâì u0 2 H. �¥¬®£® ®âå®¤ï ®â áâ ¤ àâ  [8], ¥ª®â®àãî ®ªà¥áâ®áâì Ou0 � H â®ç-
ª¨ u0 ¡ã¤¥¬  §ë¢ âì ª àâ®©   ¬®¦¥áâ¢¥ H, ¥á«¨ áãé¥áâ¢ã¥â â ª®© C1-¤¨ää¥®¬®àä¨§¬
� : O1

u0
! Ou0 ®ªà¥áâ®áâ¨ O

1
u0
� U1 â®çª¨ u10 = Pu0, çâ® ��1 = P . �á«¨ â ª ï ª àâ  áãé¥áâ¢ã¥â,

â® ¬®¦¥áâ¢® H ¡ã¤¥¬  §ë¢ âì ¡  å®¢ë¬ C1-¬®£®®¡à §¨¥¬ ¢ â®çª¥ u0.

� ¬¥ç ¨¥ 2.1. �¡®§ ç¨¬ ç¥à¥§ N 0

u0
¯à®¨§¢®¤ãî �à¥è¥ ®¯¥à â®à  N ¢ â®çª¥ u0, ¨ ¯ãáâì

®¯¥à â®àM+N 0

u0
: U0 ! F0 | â®¯«¨¥©ë© ¨§®¬®àä¨§¬. �®£¤  ¬®¦¥áâ¢® H ¢ â®çª¥ u0 ï¢«ï¥âáï

¡  å®¢ë¬ C1-¬®£®®¡à §¨¥¬. �¥©áâ¢¨â¥«ì®, ¢ á¨«ã â¥®à¥¬ë ® ¥ï¢®© äãªæ¨¨ áãé¥áâ¢ãîâ
®ªà¥áâ®áâ¨ O1

u0
� U1 ¨ O0

u0
� U0 â®ç¥ª u10 = Pu0 ¨ u00 = (I�P )u0 á®®â¢¥âáâ¢¥® ¨ ®â®¡à ¦¥¨¥

d 2 C1(O1
u0
;O0

u0
) â ª¨¥, çâ® � = I+ d ï¢«ï¥âáï âà¥¡ã¥¬ë¬ C1-¤¨ää¥®¬®àä¨§¬®¬.

�¥®à¥¬  2.1. �ãáâì ®¯¥à â®à M (L; �)-®£à ¨ç¥ ¨ ¢ë¯®«¥® ãá«®¢¨¥ (2:5). �á«¨ ¢ â®çª¥
u0 ¬®¦¥áâ¢® H ï¢«ï¥âáï C1-¬®£®®¡à §¨¥¬, â® ¤«ï ¥ª®â®à®£® T 2 R+ áãé¥áâ¢ã¥â ¥¤¨-

áâ¢¥®¥ à¥è¥¨¥ § ¤ ç¨ (2:1), (2:2).

�®ª § â¥«ìáâ¢®. �ãáâì �0u1 : U
1 ! TuH | ¯à®¨§¢®¤ ï �à¥è¥ ¤¨ää¥®¬®àä¨§¬  � ¢ â®çª¥

u1 2 O1
u0
(TuH | ª á â¥«ì®¥ ¯à®áâà áâ¢® ¢ â®çª¥ u = �(u1)). �®£¤  ¨§ (2.4) ¢ëâ¥ª ¥â

_u = �0u1 _u
1 = �0u1(SPu+ F (u)) = A(u); (2.6)

£¤¥ u 2 Ou0 � H. � á¨«ã ª« áá¨ç¥áª®© â¥®à¥¬ë �®è¨ [8] ¤«ï ¥ª®â®à®£® T 2 R+ áãé¥áâ¢ã¥â
¥¤¨áâ¢¥®¥ à¥è¥¨¥ u 2 C1((�T; T );H) § ¤ ç¨ (2.1), (2.6). � ª ¥âàã¤® ¯à®¢¥à¨âì,  ©¤¥ ï
¢¥ªâ®à-äãªæ¨ï u = u(t) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (2.1), (2.2).

�¥®à¥¬  2.1 ¤ ¥â ¤®áâ â®çë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ª¢ §¨áâ æ¨® àëå âà ¥ªâ®à¨©. �á«®-
¢¨¥ (2.5) § ¢¥¤®¬® ¢ë¯®«ï¥âáï, ¥á«¨ kerL = U0. �á«¨ ¢¤®¡ ¢®ª ®¯¥à â®à L äà¥¤£®«ì¬®¢, â®
ãá«®¢¨¥ kerL = U0 íª¢¨¢ «¥â® ®âáãâáâ¢¨î M -¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢ (á«¥¤áâ¢¨¥ 1.2). �á«¨,
ªà®¬¥ â®£®, ®âáãâáâ¢ãîâ (M +N 0

u0
)-¯à¨á®¥¤¨¥ë¥ ¢¥ªâ®àë ®¯¥à â®à  L ¢ «î¡®© â®çª¥ u0 2 H,

â® íâ® ®§ ç ¥â, çâ® ®¯¥à â®à (M + N 0

u0
) : U0 ! F0 | â®¯«¨¥©ë© ¨§®¬®àä¨§¬, ¨ ¢ á¨«ã

§ ¬¥ç ¨ï 2.1 ¨ â¥®à¥¬ë 2.1 ¢ «î¡®© â®çª¥ u0 2 H § ¤ ç  (2.1), (2.2) ®¤®§ ç® à §à¥è¨¬ .
�¬¥® íâã á¨âã æ¨î  ¡«î¤ ¥¬ ¢ § ¤ ç¥ (0.1), (0.2) ¢ á«ãç ¥ �� > 0 [4]. � áá¬®âà¨¬ â¥-
¯¥àì á¨âã æ¨î, ª®£¤  äà¥¤£®«ì¬®¢ ®¯¥à â®à L ¥ ¨¬¥¥â M -¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢, ® ¨¬¥¥â
(M +N 0

u0
)-¯à¨á®¥¤¨¥ë¥. �«ï ¯à®áâ®âë ®£à ¨ç¨¬áï á«ãç ¥¬ ®¤®¬¥à®£® ï¤à  kerL.

�¥®à¥¬  2.2. �ãáâì ®¯¥à â®à L äà¥¤£®«ì¬®¢, dimkerL = 1. �ãáâì ®¯¥à â®à L ¥ ¨¬¥¥â

M -¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢, ® ¨¬¥¥â ¢ ¥ª®â®à®© â®çª¥ u0 2 H (M +N 0

u0
)-¯à¨á®¥¤¨¥ë¥

¢¥ªâ®àë ¢ëá®âë ¥ ¡®«ìè¥© p 2 N. �®£¤  ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ Ou0 � H â®çª¨ u0 ãà ¢¥-
¨¥ (2:2) ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥® ª ¢¨¤ã

_�q = �q�1 + gq�1(u); q = 1; 2; : : : ; p;

0 = �p + gp(u); (2.7)

_u1 = Su1 + F (u):

�®ª § â¥«ìáâ¢®. � á¨«ã á«¥¤áâ¢¨ï 1.2 ®¯¥à â®à M + N 0

u0
(L; �)-®£à ¨ç¥, ¯à¨ç¥¬ 1

| ¯®«îá ¯®àï¤ª  p L-à¥§®«ì¢¥âë ®¯¥à â®à . �ãáâì f'1; '2; : : : ; 'pg | æ¥¯®çª  (M + N 0

u0
)-

¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢ ¢¥ªâ®à  '0 2 kerLnf0g. �¥âàã¤® ¯®ª § âì, çâ® ¢¥ªâ®àë f'0; '1; : : : ; 'pg
«¨¥©® ¥§ ¢¨á¨¬ë [6]. �®íâ®¬ã «î¡®© ¢¥ªâ®à u 2 U ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥

u = u0 + u1 =
pX

q=0

�q'q + u1;
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  ãà ¢¥¨¥ (2.2) ¯à¨®¡à¥â ¥â ¢¨¤ (2.3), (2.4) á â®© «¨èì à §¨æ¥©, çâ® Mk ¥áâì áã¦¥¨¥   Uk

®¯¥à â®à  M + N 0

u0
. �ãáâì f 0;  1; : : : ;  pg � U� | ¡¨®àâ®£® «ìë© ª f'0; '1; : : : ; 'pg ¡ §¨á.

�à¥®¡à §®¢ ¢ (2.3) ª ¢¨¤ã

H _u0 = u0 +M�1

0 (I�Q)N(u); (2.8)

¨ ¯®¤¥©áâ¢®¢ ¢   (2.8) ¯®á«¥¤®¢ â¥«ì® äãªæ¨® « ¬¨ f 0;  1; : : : ;  pg, á ãç¥â®¬ (2.4) ¯®«ãç¨¬
(2.7).

� á¨âã æ¨¨ â¥®à¥¬ë 2.2 ¥«ì§ï £®¢®à¨âì ¨ ® áãé¥áâ¢®¢ ¨¨, ¨ ® ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï
§ ¤ ç¨ (2.1), (2.2). �¥©áâ¢¨â¥«ì®, ¯ãáâì (2.7) ¨¬¥¥â ¢¨¤

_�2 = �1; 0 = �2 � �21 : (2.9)

�®£¤  § ¤ ç  �®è¨

(�1(0); �2(0)) = (0; 0) (2.10)

¤«ï á¨áâ¥¬ë (2.9), ªà®¬¥ áâ æ¨® à®£® (�1(t); �2(t)) � (0; 0), ¨¬¥¥â ¥é¥ ®¤® à¥è¥¨¥ (�1(t); �2(t)) �
( t
2
; t

2

4
). �á«¨ ¦¥ (2.7) ¨¬¥¥â ¢¨¤

_�2 = �1 + 1; 0 = �2 � �21 ; (2.11)

â® § ¤ ç  (2.10), (2.11) ¢®®¡é¥ ¥ ¨¬¥¥â à¥è¥¨ï.

3. �á®¡¥®áâ¨ ä §®¢®£® ¯à®áâà áâ¢ 

�¥¤ãæ¨àã¥¬ § ¤ çã (0.1), (0.2) ª § ¤ ç¥ (2.1), (2.2). �«ï íâ®£® ¯®«®¦¨¬ U = L4 (¢á¥ äãªæ¨-
® «ìë¥ ¯à®áâà áâ¢  ®¯à¥¤¥«¥ë ¢ ®¡« áâ¨ 
). �¯¥à â®àë L, M , N ®¯à¥¤¥«¨¬ ä®à¬ã« ¬¨

hLu; vi =
Z



(�uv � uxkvxk)dx 8u; v 2
�

W 1

2;

hMu; vi = �

Z



uv dx; hN(u); vi = �

Z



u3v dx 8u; v 2 L4;

£¤¥ h�; �i | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ á¬ëá«¥ L2. �à¨ 1 � n � 4 ¢«®¦¥¨¥
�

W 1
2 ,! L4 ¯«®â® ¨

¥¯à¥àë¢®, ¯®íâ®¬ã ®¯¥à â®à L 2 Cl(U;F), £¤¥ F = W�1
2 . � [7] ¯®ª § ®, çâ® ¢ á¨«ã ¢«®¦¥¨ï

(L4)�2 ' L 4

3

,!W�1
2 ®¯¥à â®à N 2 C1(U;F).

�¥¬¬  3.1. �ãáâì 1 � n � 4, â®£¤  ¯à¨ «î¡ëå � 2 R, � 2 R n f0g ®¯¥à â®à M (L; �)-®£à -
¨ç¥, ¯à¨ç¥¬ 1 | ãáâà ¨¬ ï ®á®¡ ï â®çª  L-à¥§®«ì¢¥âë ®¯¥à â®à  M .

�®ª § â¥«ìáâ¢®. �ãáâì � =2 �(�), £¤¥ �(�) | á¯¥ªâà ®¤®à®¤®© § ¤ ç¨ �¨à¨å«¥ ¢ ®¡« áâ¨

 ¤«ï ®¯¥à â®à  � ¯« á  �. �®£¤  áãé¥áâ¢ã¥â ®¯¥à â®à L�1 2 L(F;U). �ç¥¢¨¤®, ®¯¥à â®à
L�1M 2 L(U), ®âáî¤  ®¯¥à â®à (�L�M)�1 = L(�I� L�1M)�1 2 L(F;U).

�ãáâì � 2 �(�), â®£¤  kerL = span f'k : �k = �g, imL = (kerL)?, £¤¥ f'kg | ®àâ®®à¬¨-
à®¢ ®¥ (¢ á¬ëá«¥ L2) á¥¬¥©áâ¢® á®¡áâ¢¥ëå äãªæ¨© ®¤®à®¤®© § ¤ ç¨ �¨à¨å«¥ ¢ ®¡« áâ¨

 ¤«ï ®¯¥à â®à  � ¯« á  �, á®®â¢¥âáâ¢ãîé¨å á®¡áâ¢¥ë¬ § ç¥¨ï¬ f�kg = �(L), ª®â®àë¥
§ ã¬¥à®¢ ë ¯® ¥¢®§à áâ ¨î á ãç¥â®¬ ªà â®áâ¨. (�àâ®£® «ì®áâì â®¦¥ ¢ á¬ëá«¥ L2.) �®-
áª®«ìªã ®¯¥à â®à L äà¥¤£®«ì¬®¢, â® ¤«ï ¤®ª § â¥«ìáâ¢  ¢®á¯®«ì§ã¥¬áï á«¥¤áâ¢¨¥¬ 1.1. �ãáâì
' 2 kerL n f0g, â. ¥.

' =
X
�k=�

ak'k;
X
�k=�

jakj > 0:

�®íâ®¬ã
M' = �

X
�k=�

ak'k =2 imL: �
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�£à ¨ç¨¬áï á«ãç ¥¬ dimkerL = 1 ¨ ¯®áâà®¨¬ ¯à®¥ªâ®à I� Q = h�;  i, £¤¥  2 kerL,
k kL2

= 1, ¨ ¬®¦¥áâ¢®
H = fu 2 U : hMu+N(u);  i = 0g:

�¤¥áì h�; �i | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ L2.
�à¥¤áâ ¢¨¢ ¢¥ªâ®à u ¢ ¢¨¤¥ u = s + v, £¤¥ v 2 U1 = fu 2 U : hu;  i = 0g, § ¬¥â¨¬, çâ®

¬®¦¥áâ¢® H C1-¤¨ää¥®¬®àä® ¬®¦¥áâ¢ã

Hs =
�
(s; v) 2 R � U : s3k k4U + 3s2

Z



 3vdx+ s

�
3
Z



 2v2dx+ ���1
�
+
Z



 v3dx = 0
�
:

� [5] ¬®¦¥áâ¢® Hs  §¢ ® 2-á¡®àª®© �¨â¨, ¢ [4] ¯®ª § ®, çâ® ¢ á«ãç ¥ �� > 0 ¯à¨ «î¡®¬
¢¥ªâ®à¥ v 2 U1 áãé¥áâ¢ã¥â â®ç® ®¤® ç¨á«® s 2 R â ª®¥, çâ® s + v 2 H. �®ª § â¥«ìáâ¢®
íâ®£® ®á®¢ ®   â®¬, çâ® ¢ «î¡®© â®çª¥ u 2 U ¢¥ªâ®à  2 kerL n f0g ¥ ¨¬¥¥â (M + N 0

u)-
¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢.

�ç¨â ï, çâ® �� < 0, ¢ë¤¥«¨¬ ¢ ¬®¦¥áâ¢¥ H â®çª¨ áª« ¤ª¨, ª®â®àë¥ ®¯à¥¤¥«ïîâ ¬®¦¥áâ¢®

H0 = fu 2 U : hM +N 0

u ; i = 0g \ H:

�¤¥áì N 0

u | ¯¥à¢ ï ¯à®¨§¢®¤ ï �à¥è¥ ®¯¥à â®à  N ¢ â®çª¥ u,

hN 0

uv; wi = 3�
Z



u2vw dx 8u; v 2 L4:

�â® ¬®¦¥áâ¢® H0 C1-¤¨ää¥®¬®àä® ¬®¦¥áâ¢ã

H0s =
�
(s; v) 2 R � U1 : 3s2k k4U + 6s

Z



 3v dx+ 3
Z



 2v2dx+ ���1 = 0
�
\Hs:

� ¤ «ì¥©è¥¬ ®£à ¨ç¨¬áï á«ãç ¥¬ � = ��1, £¤¥ �1 |  ¨¡®«ìè¥¥ á®¡áâ¢¥®¥ § ç¥¨¥
®¤®à®¤®© § ¤ ç¨ �¨à¨å«¥ ¤«ï ®¯¥à â®à  � ¯« á  � ¢ ®¡« áâ¨ 
. �â® ®£à ¨ç¥¨¥ ï¢«ï¥âáï
ç áâë¬ á«ãç ¥¬ ãá«®¢¨ï dimkerL = 1.

�¥®à¥¬  3.1. �ãáâì 1 � n � 4, �� < 0, � = ��1. �®£¤ 

(i) «î¡®© ¢¥ªâ®à � 2 kerLnf0g ¥ ¨¬¥¥â (M+N 0

u)-¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢, ¥á«¨ u 2 HnH
0;

(ii) «î¡®© ¢¥ªâ®à � 2 kerL n f0g ¨¬¥¥â â®ç® ®¤¨ (M +N 0

u)-¯à¨á®¥¤¨¥ë© ¢¥ªâ®à, ¥á«¨

u 2 H0 n U0.

�®ª § â¥«ìáâ¢®. (i) �ãáâì

u 2 H n H0 = fu 2 U : hMu+N(u);  i = 0; hM +N 0

u ; i 6= 0g:

�î¡®© ¢¥ªâ®à � 2 kerL n f0g ¨¬¥¥â ¢¨¤ � = a , a 2 R n f0g. �®áª®«ìªã hM� + N 0

u�;  i 6= 0, â®
M� +N 0

u� =2 imL.
(ii) �ãáâì u 2 H0. �®£¤  M + N 0

u = f 2 imL. �®áâà®¨¬ ¬®¦¥áâ¢® coimL = fu 2 domL :
hu;  i = 0g. �¨¥ « coimL, á ¡¦¥ë© \®à¬®© £à ä¨ª " jjj�jjj = k�kU+kL�kF, ï¢«ï¥âáï ¡  å®-
¢ë¬ ¯à®áâà áâ¢®¬. �¡®§ ç¨¬ ç¥à¥§ L1 áã¦¥¨¥ ®¯¥à â®à  L   coimL. � á¨«ã ®âà¨æ â¥«ì®©
®¯à¥¤¥«¥®áâ¨ ®¯¥à â®à  L1 (â. ¥. �hL1u; ui � const kuk2L2

) ¨ â¥®à¥¬ë �  å  áãé¥áâ¢ã¥â ®¯¥à -
â®à L�11 2 L(imL; coimL). �âáî¤  ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ¨¥ ¢¥ªâ®à  ' = L�11 f 2 coimL â ª®£®,
çâ® h'; i = 0. � «¥¥,

hM'+N 0

u'; i =
Z



(�+ 3�u2)' dx = h';M +N 0

u i = h'; fi = hL�11 f; fi � 0;

¯à¨ç¥¬ à ¢¥áâ¢® hL�11 f; fi = 0 ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f = 0. �á«¨ ¦¥
hL�11 f; fi < 0, â® íâ® § ç¨â, çâ® M' + N 0

u' =2 imL ¨, á«¥¤®¢ â¥«ì®, ¢â®à®£® (M + N 0

u)-¯à¨-
á®¥¤¨¥®£® ¢¥ªâ®à  ¢¥ªâ®à  ¥ ¨¬¥¥â. �®íâ®¬ã ¨ «î¡®© ¢¥ªâ®à � = a 2 kerL n f0g ®¡« ¤ ¥â
â¥¬ ¦¥ á¢®©áâ¢®¬.
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�à¥¤¯®«®¦¨¬, çâ® f = 0. �®£¤  hM + N 0

u ;wi = 0 ¯à¨ «î¡®¬ w 2 U. �®«®¦¨¬ w = u,
¯®«ãç¨¬

3
Z



u3 dx+ s���1 = 0; (3.1)

£¤¥ s ¨§ ¯à¥¤áâ ¢«¥¨ï u = s + v, v 2 U1. �®áª®«ìªã u 2 H, â®

0 = hMu+N(u);  i =
Z



u3 dx+ s���1: (3.2)

�§ (3.1), (3.2) ¢ëâ¥ª ¥â, çâ® s = 0 ¨ u = v 2 U1, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î.

�á«®¢¨¥M +N 0

u = 0 ®§ ç ¥â, çâ® kerL\ker(M+N 0

u) = kerL 6= f0g. �âáî¤  C | L-á¯¥ªâà
®¯¥à â®à  M +N 0

u. �®íâ®¬ã ®¯¥à â®à M +N 0

u ¥ ï¢«ï¥âáï (L; �)-®£à ¨ç¥ë¬.
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