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(1� �r2)vt = �r2v � (v � r)v +
kX
l=1

�lr
2wl � gq� � p+ f ;

0 = r(r � v);

@wl

@t
= v+ �lwl; �l 2 IR�; l = 1; k;

�t = {r2� � v � r� + v � q

(1)

¬®¤¥«¨àã¥â í¢®«îæ¨î áª®à®áâ¨ v = (v1; : : : ; vn), vi = vi(x; t), £à ¤¨¥â  ¤ ¢«¥¨ï p = (p1; : : : ; pn),
pi = pi(x; t) ¨ â¥¬¯¥à âãàë � = �(x; t) ¥á¦¨¬ ¥¬®© ¢ï§ª®ã¯àã£®© ¦¨¤ª®áâ¨ �¥«ì¢¨ {�®©£â 
¯®àï¤ª  k > 0 [1], [2]. � à ¬¥âàë � 2 IR, � 2 IR+ ¨ { 2 IR+ å à ªâ¥à¨§ãîâ ã¯àã£®áâì, ¢ï§ª®áâì
¨ â¥¯«®¯à®¢®¤®áâì ¦¨¤ª®áâ¨ á®®â¢¥âáâ¢¥®; g 2 IR+ | ãáª®à¥¨¥ á¢®¡®¤®£® ¯ ¤¥¨ï; ¢¥ªâ®à
q = (0; : : : ; 0; 1) | ®àâ ¢ IRn. � à ¬¥âàë �l 2 IR+, l = 1; k, ®¯à¥¤¥«ïîâ ¢à¥¬ï à¥â à¤ æ¨¨
(§ ¯ §¤ë¢ ¨ï) ¤ ¢«¥¨ï. �¢®¡®¤ë© ç«¥ f = (f1; : : : ; fn), fi = fi(x; t), ®â¢¥ç ¥â ¢¥è¥¬ã
¢®§¤¥©áâ¢¨î   ¦¨¤ª®áâì.

�áá«¥¤ã¥¬ à §à¥è¨¬®áâì ¯¥à¢®©  ç «ì®-ªà ¥¢®© § ¤ ç¨

v(x; 0) = v0(x); wl(x; 0) = wl0(x); �(x; 0) = �0(x) 8x 2 
;

v(x; t) = 0; wl(x; t) = 0; �(x; t) = 0 8(x; t) 2 @
� IR+; l = 1; k;
(2)

¤«ï á¨áâ¥¬ë (1). �¤¥áì 
 � IRn, n = 2; 3; 4, | ®£à ¨ç¥ ï ®¡« áâì á £à ¨æ¥© @
 ª« áá  �1:
� ¥¥ § ¤ ç  (1), (2) ¢ ç áâ®¬ á«ãç ¥ (k = 0, f = f(x)) ¨§ãç « áì �.�. �¢¨à¨¤îª®¬ [3].

�«ï ¥á¦¨¬ ¥¬®© ¢ï§ª®ã¯àã£®© ¦¨¤ª®áâ¨ �¥«ì¢¨ {�®©£â  ¯®àï¤ª  k > 0 á ¥áâ æ¨® àë¬
á¢®¡®¤ë¬ ç«¥®¬ f(x; t) ãª §  ï § ¤ ç  à áá¬ âà¨¢ ¥âáï ¢¯¥à¢ë¥.

� áâ âì¥ ãáâ  ¢«¨¢ ¥âáï «®ª «ì ï ®¤®§ ç ï à §à¥è¨¬®áâì § ¤ ç¨ (1), (2). �âã § ¤ çã
¬ë à áá¬ âà¨¢ ¥¬ ¢ à ¬ª å â¥®à¨¨ ãà ¢¥¨© â¨¯  �®¡®«¥¢    ®á®¢¥ ¯®ïâ¨ï ®â®á¨â¥«ì®
p-á¥ªâ®à¨ «ì®£® ®¯¥à â®à  ¨ ¯®«ã£àã¯¯®¢®£® ¯®¤å®¤ , ¯à¥¤«®¦¥®£® ¢ [4].

1. �¡áâà ªâ ï § ¤ ç 

�ãáâì U ¨ F | ¡  å®¢ë ¯à®áâà áâ¢ , ®¯¥à â®à L 2 L(U ;F), â. ¥. «¨¥¥ ¨ ¥¯à¥àë¢¥,
kerL 6= f0g; ®¯¥à â®à M : domM ! F «¨¥¥, § ¬ªãâ ¨ ¯«®â® ®¯à¥¤¥«¥ ¢ U . �¡®§ ç¨¬
UM = fu 2 domM : kuk = kM uk

F
+kuk

U
g. �ãáâì ®¯¥à â®à F ¯à¨ ¤«¥¦¨â C1(UM ;F), äãªæ¨ï

f ¯à¨ ¤«¥¦¨â C1(IR+;F).
� áá¬®âà¨¬ § ¤ çã �®è¨

u(0) = u0 (3)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �¥¦¤ã à®¤®£® ä®¤  �¦.�®à®á  (£à â ISSEP d97-
756).
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¤«ï ¯®«ã«¨¥©®£® ¥áâ æ¨® à®£® ãà ¢¥¨ï â¨¯  �®¡®«¥¢ 

L _u =Mu+ F (u) + f(t): (4)

�®ª «ìë¬ à¥è¥¨¥¬ (¤ «¥¥ ¯à®áâ® à¥è¥¨¥¬) § ¤ ç¨ (3), (4)  §®¢¥¬ ¢¥ªâ®à-äãªæ¨î u 2
C1((0; T );UM ), ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨î (4) ¨ â ªãî, çâ® u(t)! u0 ¯à¨ t! 0+.

�ã¤¥¬ à áá¬ âà¨¢ âì § ¤ çã (3), (4) ¯à¨ ãá«®¢¨¨, çâ® ®¯¥à â®à M á¨«ì® (L; p)-á¥ªâ®à¨ «¥
[4]. �§¢¥áâ®, çâ® ¯à¨ íâ®¬ ãá«®¢¨¨ à¥è¥¨¥ § ¤ ç¨ (3), (4) ¬®¦¥â ¡ëâì ¥¥¤¨áâ¢¥ë¬ [5]. �®-
íâ®¬ã ¢ ¤ «ì¥©è¥¬ ¬ë ®£à ¨ç¨¢ ¥¬áï ¯®¨áª®¬ â®«ìª® â ª¨å à¥è¥¨© ãà ¢¥¨ï (4), ª®â®àë¥
ï¢«ïîâáï ª¢ §¨áâ æ¨® àë¬¨ ¯®«ãâà ¥ªâ®à¨ï¬¨.

�¯à¥¤¥«¥¨¥ 1. �ãáâì U = U0 � U1, ¯à¨ç¥¬ kerL � U0. �¥è¥¨¥ u = v + w, £¤¥ v(t) 2 U0,
w(t) 2 U1 ¯à¨ ¢á¥å t 2 (0; T ),  §®¢¥¬ ª¢ §¨áâ æ¨® à®© ¯®«ãâà ¥ªâ®à¨¥©, ¥á«¨ L _v � 0.

� ¬¥ç ¨¥ 1. � ¤¨ ¬¨ç¥áª®¬ á«ãç ¥ ¯®ïâ¨¥ ª¢ §¨áâ æ¨® à®© ¯®«ãâà ¥ªâ®à¨¨ á®¢¯ -
¤ ¥â á ¯®ïâ¨¥¬ ª¢ §¨áâ æ¨® à®© âà ¥ªâ®à¨¨ [5].

� ª¦¥ å®à®è® ¨§¢¥áâ® [6]{[8], çâ® à¥è¥¨ï § ¤ ç¨ (3), (4) áãé¥áâ¢ãîâ ¥ ¤«ï ¢á¥å u0 2 UM .
�®íâ®¬ã ¢¢¥¤¥¬

�¯à¥¤¥«¥¨¥ 2. �®¦¥áâ¢® Bt � UM � IR+  §®¢¥¬ ª®ä¨£ãà æ¨®ë¬ ¯à®áâà áâ¢®¬

ãà ¢¥¨ï (4), ¥á«¨ ¤«ï «î¡®© â®çª¨ u0 2 UM â ª®©, çâ® (u0; 0) 2 B0, áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥
à¥è¥¨¥ § ¤ ç¨ (3), (4), ¯à¨ç¥¬ (u(t); t) 2 Bt.

� ¬¥ç ¨¥ 2. �á«¨ Bt = B � IR+, £¤¥ B � UM , â® ¬®¦¥áâ¢® B  §ë¢ ¥âáï ä §®¢ë¬ ¯à®-

áâà áâ¢®¬ ãà ¢¥¨ï (4) [6], [7].

� á¨«ã â®£®, çâ® ®¯¥à â®àM á¨«ì® (L; p)-á¥ªâ®à¨ «¥, ¯à®áâà áâ¢  U ¨ F à áé¥¯«ïîâáï ¢
¯àï¬ë¥ áã¬¬ë U = U0�U1, F = F0�F1, £¤¥ U0, F0 | ï¤à ,   U1, F1 | ®¡à §ë   «¨â¨ç¥áª¨å
à §à¥è îé¨å ¯®«ã£àã¯¯

U t =
1
2�i

Z
�

RL
� (M)e�td�; F t =

1
2�i

Z
�

LL
�(M)e�td�

(� � �L(M) | ª®âãà â ª®©, çâ® arg �! �� ¯à¨ j�j ! +1) «¨¥©®£® ®¤®à®¤®£® ãà ¢¥¨ï

L _u =Mu: (5)

�¡®§ ç¨¬ ç¥à¥§ Lk(Mk) áã¦¥¨¥ ®¯¥à â®à  L(M)   Uk (Uk \ domM), k = 0; 1. �®£¤  Lk :
Uk ! Fk, Mk : Uk \domM ! Fk, k = 0; 1, ¯à¨ç¥¬M0 ¨ L1 ï¢«ïîâáï «¨¥©ë¬¨ ¥¯à¥àë¢ë¬¨
®¯¥à â®à ¬¨ ¨ ¨¬¥îâ ®£à ¨ç¥ë¥ ®¡à âë¥ ®¯¥à â®àë.

� á¨«ã íâ¨å à¥§ã«ìâ â®¢, ®¯ã¡«¨ª®¢ ëå ¢ [4], ¯à¨¢¥¤¥¬ § ¤ çã (3), (4) ª íª¢¨¢ «¥â®©
á¨áâ¥¬¥, ª®â®àãî  §®¢¥¬ ®à¬ «ì®© ä®à¬®© § ¤ ç¨ (3), (4),

R _u0 = u0 +G(u) + g(t); u0(0) = u00;

_u1 = Su1 +H(u) + h(t); u1(0) = u10:
(6)

�¤¥áì uk 2 Uk, k = 0; 1, u = u0 + u1, ®¯¥à â®àë R =M�1
0 L0, S = L�11 M1, G =M�1

0 (I �Q)F , H =
L�11 QF , g = M�1

0 (I �Q)f , h = L�11 Qf , £¤¥ Q 2 L(F) | ¯à®¥ªâ®à, à áé¥¯«ïîé¨© ¯à®áâà áâ¢®
F âà¥¡ã¥¬ë¬ ®¡à §®¬.

� «¥¥ ¡ã¤¥¬ ¨§ãç âì â ª¨¥ ª¢ §¨áâ æ¨® àë¥ ¯®«ãâà ¥ªâ®à¨¨, ¤«ï ª®â®àëå R _u0 � 0. �«ï
íâ®£® ¯à¥¤¯®«®¦¨¬, çâ® ®¯¥à â®à R | ¡¨à áé¥¯«ïîé¨© [9], â. ¥. ¥£® ï¤à® kerR ¨ ®¡à § imR ¤®-
¯®«ï¥¬ë ¢ ¯à®áâà áâ¢¥ U . �¡®§ ç¨¬ U00 = kerR,   ç¥à¥§ U01 = U0	U00 ®¡®§ ç¨¬ ¥ª®â®à®¥
¤®¯®«¥¨¥ ª ¯®¤¯à®áâà áâ¢ã U00. �®£¤  ¯¥à¢®¥ ãà ¢¥¨¥ (6) ¯à¨¬¥â ¢¨¤

R _u01 = u00 + u01 +G(u) + g(t); (7)

£¤¥ u = u00 + u01 + u1.
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�¥®à¥¬  1. �ãáâì ®¯¥à â®àM á¨«ì® (L; p)-á¥ªâ®à¨ «¥, ®¯¥à â®à R| ¡¨à áé¥¯«ïîé¨©

¨ áãé¥áâ¢ã¥â ª¢ §¨áâ æ¨® à ï ¯®«ãâà ¥ªâ®à¨ï (4). �®£¤  ®  ã¤®¢«¥â¢®àï¥â á®®â®è¥¨-
ï¬

0 = u00 + u01 +G(u) + g(t); u01 = const : (8)

�®ª § â¥«ìáâ¢®. �¥à¢®¥ á®®â®è¥¨¥ ¢ (8) ¢ëâ¥ª ¥â ¨§ ãà ¢¥¨ï (7) ¢ á¨«ã â®£®, çâ®
R _u0 = R _u01 � 0, ¢â®à®¥ | ¨§ ¯®á«¥¤¥£® â®¦¤¥áâ¢  ¢ á¨«ã â®£®, çâ® ¯® â¥®à¥¬¥ �  å  ®¡
®¡à â®¬ ®¯¥à â®à¥ áã¦¥¨¥ ®¯¥à â®à  QRR(I �PR)   U01 ¥áâì ¥¯à¥àë¢® ®¡à â¨¬ë© ®¯¥à -
â®à. �¤¥áì QR ¨ PR | ¯à®¥ªâ®àë   imR ¨ kerR á®®â¢¥âáâ¢¥®, kerPR = U01.

� ¬¥ç ¨¥ 3. �â®à®¥ á®®â®è¥¨¥ ¢ (8) ¯®ïáï¥â á¬ëá« â¥à¬¨  \ª¢ §¨áâ æ¨® àë¥ ¯®-
«ãâà ¥ªâ®à¨¨", â. ¥. íâ® â ª¨¥ ¯®«ãâà ¥ªâ®à¨¨, ª®â®àë¥ \áâ æ¨® àë ¯® ¥ª®â®àë¬ ¯¥à¥¬¥-
ë¬". �¨ á ¥®¡å®¤¨¬®áâìî «¥¦ â ¢ ¥ª®â®à®© ¯«®áª®áâ¨ (I � PR)u0 = const.

�¥®à¥¬  1 ¤ ¥â ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ª¢ §¨áâ æ¨® à®© ¯®«ãâà ¥ªâ®à¨¨
ãà ¢¥¨ï (4). �®«ãç¨¬ â¥¯¥àì ¤®áâ â®çë¥ ãá«®¢¨ï.

�§¢¥áâ®, çâ® ¯à¨ ãá«®¢¨¨ á¨«ì®© (L; p)-á¥ªâ®à¨ «ì®áâ¨ ®¯¥à â®à M ®¯¥à â®à S á¥ªâ®à¨-
 «¥. �«¥¤®¢ â¥«ì®, ® ¯®à®¦¤ ¥â   U1   «¨â¨ç¥áªãî ¯®«ã£àã¯¯ã, ª®â®àãî ®¡®§ ç¨¬ ç¥à¥§
fU t

1 : t 2 IR+g, â. ª. ®¯¥à â®à U t
1 ¥áâì áã¦¥¨¥ ®¯¥à â®à  U t   U1. �§ â®£®, çâ® U = U0 � U1,

á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¯à®¥ªâ®à  P 2 L(U), á®®â¢¥âáâ¢ãîé¥£® ¤ ®¬ã à áé¥¯«¥¨î. �ª §ë-
¢ ¥âáï, çâ® P 2 L(UM), ¨ â®£¤  UM = U0

M � U1
M , ¯à¨ç¥¬ ¢«®¦¥¨¥ Uk

M � Uk, k = 0; 1, ¯«®â® ¨
¥¯à¥àë¢® [4].

�¥®à¥¬  2. �ãáâì ®¯¥à â®à M á¨«ì® (L; p)-á¥ªâ®à¨ «¥, ®¯¥à â®à R | ¡¨à áé¥¯«ïî-
é¨©, ®¯¥à â®à F 2 C1(UM ;F),   ¢¥ªâ®à-äãªæ¨ï f 2 C1(IR+;F). �ãáâì

(A1) ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ Ou0 � UM â®çª¨ u0 ¢ë¯®«¥® á®®â®è¥¨¥

0 = u010 + (I � PR)(G(u00 + u010 + u1) + g(t)); (9)

(A2) ¯à®¥ªâ®à PR 2 L(U0
M ), ®¯¥à â®à I + PRG

0

u0
: U00

M ! U00
M | â®¯«¨¥©ë© ¨§®¬®àä¨§¬

(U00
M = UM \ U00);

(A3) ¤«ï   «¨â¨ç¥áª®© ¯®«ã£àã¯¯ë fU t
1 : t 2 IR+g ¢ë¯®«¥® á®®â®è¥¨¥Z �

0

kU t
1kL(U1;U1

M
)dt <1 8� 2 IR+: (10)

�®£¤  áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ § ¤ ç¨ (3), (4), ï¢«ïîé¥¥áï ª¢ §¨áâ æ¨® à®©

¯®«ãâà ¥ªâ®à¨¥© ãà ¢¥¨ï (4).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®ªà¥áâ®áâì Ou0 â®çª¨ u0. � á¨«ã ãá«®¢¨ï (A1) ¢ íâ®© ®ªà¥áâ-
®áâ¨ ¯¥à¢®¥ ãà ¢¥¨¥ (6) ¯à¨¬¥â ¢¨¤

0 = u00 + PR(G(u00 + u010 + u1) + g(t)): (11)

�®£¤  ¨§ (A2) ¢ á¨«ã â¥®à¥¬ë ® ¥ï¢®© äãªæ¨¨ áãé¥áâ¢ãîâ ®ªà¥áâ®áâ¨ Ou00
0
� U00

M (U00
M =

U00 \UM ), Ou1
0
� U1

M (U1
M = U1 \ UM) â®ç¥ª u000 = PR(I �P )u0, u10 á®®â¢¥âáâ¢¥® ¨ ®â®¡à ¦¥¨¥

� : Ou1
0
! Ou00

0
ª« áá  C1 â ª®¥, çâ® ãà ¢¥¨¥

u00 = �(u1; t) (12)

íª¢¨¢ «¥â® ãà ¢¥¨î (11).
�«¥¤®¢ â¥«ì®, ¢â®à®¥ ãà ¢¥¨¥ (6) ¢ á¨«ã (12) ¢ ®ªà¥áâ®áâ¨ Ou1

0
¯à¨¬¥â ¢¨¤

_u1 = Su1 +H(�(u1; t) + u010 + u1) + h(t); (13)

£¤¥ ®¯¥à â®à H : Ou1
0
! U1 ¯à¨ ¤«¥¦¨â ª« ááã C1 ¯® ¯®áâà®¥¨î.

�«ï ¤®ª § â¥«ìáâ¢  ®¤®§ ç®© à §à¥è¨¬®áâ¨ § ¤ ç¨ u1(0) = u10 ¤«ï ãà ¢¥¨ï (13) ¢®á-
¯®«ì§ã¥¬áï ¬¥â®¤®¬ �®¡®«¥¢áª®£®{�  ¡í [10]. � á¨«ã (A3), £« ¤ª®áâ¨ ®¯¥à â®à  H ¨ ¢¥ªâ®à-
äãªæ¨¨ h ¢á¥ ãá«®¢¨ï â¥®à¥¬ 9.4, 9.6 ¨ 9.7 ¢ [10] ¢ë¯®«¥ë. �®íâ®¬ã, ¥á«¨ u10 2 U1

M , â® ¯à¨
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¥ª®â®à®¬ T 2 IR+ áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ u1 = u1(t), t 2 [0; T ), ãà ¢¥¨ï (13) â ª®¥,
çâ® u1(t)! u10 ¯à¨ t! 0+ ¢ â®¯®«®£¨¨ U1

M .
�â ª, ª¢ §¨áâ æ¨® à ï ¯®«ãâà ¥ªâ®à¨ï ¢ ¤ ®¬ á«ãç ¥ ¡ã¤¥â ¨¬¥âì ¢¨¤ u = u1+�(u1; t)+

u010 .

� ¬¥ç ¨¥ 4. �á«®¢¨¥ (10) ¤«ï ®¡ëçëå   «¨â¨ç¥áª¨å ¯®«ã£àã¯¯, ¨¬¥îé¨å ®æ¥ªã
kU t

1kL(U1;U1

M
) < t�1 const, ¥ ¢ë¯®«ï¥âáï. �¡®§ ç¨¬ ç¥à¥§ U1

� = [U1;U1
M ]�, � 2 [0; 1], ¥-

ª®â®à®¥ ¨â¥à¯®«ïæ¨®®¥ ¯à®áâà áâ¢®, ¯®áâà®¥®¥ ¯® ®¯¥à â®àã S. � â¥®à¥¬¥ 2 ãá«®¢¨¥
F 2 C1(U1

M ;F), f 2 C1(IR+;F) ¤®¯®«¨¬ ãá«®¢¨¥¬ H 2 C1(U1
M ;U

1
�), h 2 C1(IR+;U1

�),   á®-
®â®è¥¨¥ (10) § ¬¥¨¬ á®®â®è¥¨¥¬Z �

0

kU t
1kL(U1;U1

�
)dt <1 8� 2 IR+: (14)

�®£¤  ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 2 ¥ ¨§¬¥¨âáï. �¡áã¦¤¥¨¥ íâ®£® ªàã£  ¢®¯à®á®¢ á¬. ¢ ([10], £«. 9).

� ¬¥ç ¨¥ 5. �§ ¯à¨¢¥¤¥ëå ¢ëè¥ à ááã¦¤¥¨© á«¥¤ã¥â, çâ® ®ªà¥áâ®áâì Ou0 ï¢«ï¥âáï
ç áâìî ª®ä¨£ãà æ¨®®£® ¯à®áâà áâ¢  ãà ¢¥¨ï (4).

�ãáâì â¥¯¥àì Uk ¨ Fk | ¡  å®¢ë ¯à®áâà áâ¢ , ®¯¥à â®àë Ak 2 L(Uk; Fk),   ®¯¥à â®àë
Bk : domBk ! Fk «¨¥©ë ¨ § ¬ªãâë á ®¡« áâï¬¨ ®¯à¥¤¥«¥¨© domBk, ¯«®âë¬¨ ¢ Uk,
k = 1; 2. �®áâà®¨¬ ¯à®áâà áâ¢  U = U1�U2, F = F1�F2 ¨ ®¯¥à â®àë L = A1
A2,M = B1
B2.
�® ¯®áâà®¥¨î L 2 L(U ; F),   ®¯¥à â®à M : domM ! F «¨¥¥, § ¬ªãâ ¨ ¯«®â® ®¯à¥¤¥«¥,
domM = domB1 � domB2.

�¥®à¥¬  3. �ãáâì ®¯¥à â®àë Bk á¨«ì® (Ak; pk)-á¥ªâ®à¨ «ìë, k = 1; 2. �®£¤  ®¯¥à â®à

M á¨«ì® (L; p)-á¥ªâ®à¨ «¥, p = max(p1; p2).

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 1 ¨§ ([11], x 2, £«. 4).

2. �®ªà¥â ï ¨â¥à¯à¥â æ¨ï

�«ï â®£®, çâ®¡ë à¥¤ãæ¨à®¢ âì § ¤ çã (1), (2) ª § ¤ ç¥ (3), (4), ¢¢¥¤¥¬, á«¥¤ãï [12], [13],
¯à®áâà áâ¢  H2

�, H
2
�, H� ¨ H�, £¤¥ H2

� ¨ H� | ¯®¤¯à®áâà áâ¢  á®«¥®¨¤ «ìëå äãªæ¨© ¢

¯à®áâà áâ¢ å (W 2
2 (
))

n
\ (

�

W 1
2(
))

n ¨ (L2(
))
n á®®â¢¥âáâ¢¥®,   H2

� ¨ H� | ¨å ®àâ®£® «ìë¥
(¢ á¬ëá«¥ (L2(
))

n) ¤®¯®«¥¨ï. �¡®§ ç¨¬ ç¥à¥§ � ®àâ®¯à®¥ªâ®à   H�, ¯à¨ç¥¬ ¥£® áã¦¥¨¥

  ¯à®áâà áâ¢® (W 2
2 (
))

n
\ (

�

W 1
2(
))

n ¡ã¤¥¬ ®¡®§ ç âì â¥¬ ¦¥ á¨¬¢®«®¬. �®«®¦¨¬ � = I ��.
�®à¬ã«®© A = r2En : H2

� � H2
� ! H� � H�, £¤¥ En | ¥¤¨¨ç ï ¬ âà¨æ  ¯®àï¤ª  n, § -

¤ ¤¨¬ «¨¥©ë© ¥¯à¥àë¢ë© ®¯¥à â®à á ¤¨áªà¥âë¬ ª®¥ç®ªà âë¬ á¯¥ªâà®¬ �(A) � IR,
á£ãé îé¨¬áï «¨èì   �1. �®à¬ã«®© B : v!r(r�v) § ¤ ¤¨¬ «¨¥©ë© ¥¯à¥àë¢ë© áîàê-
¥ªâ¨¢ë© ®¯¥à â®à B : H2

� � H2
� ! H� á ï¤à®¬ kerB = H2

�. �®«®¦¨¬ U10 = H2
� � H2

� � Hp,

F10 = H� �H� �Hp, £¤¥ Hp = H�; U1i = H2 \
�

H1 = H2
� �H2

�, ¨ F1i = L2 = H� �H�, i = 1; k. �®-

£¤  ¯à®áâà áâ¢  U1 =
kL
l=0
U1l, F1 =

kL
l=0
F1l. �¯¥à â®àë A1 ¨ B1 : U1 ! F1 ®¯à¥¤¥«¨¬ ä®à¬ã« ¬¨

A1 = diag[Â1; Ek], £¤¥

Â1 =
� �A1 O
O O

�
; �A1 =

�
�(I � �A)� �A(I � �A)�
�(I � �A)� �A(I � �A)�

�
;

B1 = (Bij
1 )

2

i;j=1, £¤¥

B11
1 =

0
@��A ��A O
��A ��A �I
O B O

1
A ; B12

1 =

0
@�1�A : : : �k�A
�1�A : : : �k�A
O : : : O

1
A ;

B21
1 á®¤¥à¦¨â k áâà®ª ¢¨¤  (I; I; O), B22

1 = diag[�1; : : : ; �k].

49



� ¬¥ç ¨¥ 6. �à®áâà áâ¢® U1 (F1) ®¯à¥¤¥«ï¥âáï â®ç® â ª ¦¥, ª ª ¯à®áâà áâ¢® U (F) ¢
¬®¤¥«¨ [13],   ®¯¥à â®à A1 (B1) á®¢¯ ¤ ¥â á ®¯¥à â®à®¬ L (M1) ¢ [13].

� ¬¥ç ¨¥ 7. �¡®§ ç¨¬ ç¥à¥§ A� áã¦¥¨¥ ®¯¥à â®à  �A  H2
�. �® â¥®à¥¬¥ �®«®¨ª®¢ {

�®à®¢¨ç {�¤®¢¨ç  á¯¥ªâà �(A�) ¢¥é¥áâ¢¥¥, ¤¨áªà¥â¥, ª®¥ç®ªà â¥ ¨ á£ãé ¥âáï «¨èì  
�1.

�¥®à¥¬  4. (i) �¯¥à â®àë A1; B1 2 L(U1;F1), ¨ ¥á«¨ ��1 =2 �(A), â® ®¯¥à â®à A1 ¡¨à áé¥-
¯«ïîé¨©, kerA1 = f0g � f0g �Hp � f0g � � � � � f0g| {z }

k

, imA1 = H� �H� � f0g �F1 �F2 � � � � � Fk.

(ii) �á«¨ ��1 =2 �(A) [ �(A�), â® ®¯¥à â®à B1 (A1; �)-®£à ¨ç¥, ¯à¨ç¥¬ ¯®àï¤®ª ¥áãé¥-
áâ¢¥®© ®á®¡®© â®çª¨ ¢ ¡¥áª®¥ç®áâ¨ à ¢¥ ¥¤¨¨æ¥.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ â¥®à¥¬ë 4 ¥áâì ¯àï¬®¥ á«¥¤áâ¢¨¥ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ì-
â â®¢ [13].

� ¬¥ç ¨¥ 8. �¯¥à¢ë¥ ¯®ïâ¨¥ (A; �)-®£à ¨ç¥®£® ®¯¥à â®à  B ¢¢¥¤¥® ¢ [14]. �®¤ ¯®àï¤-
ª®¬ ¥áãé¥áâ¢¥®© ®á®¡®© â®çª¨ ¢ ¡¥áª®¥ç®áâ¨ ¯®¨¬ ¥âáï áâ¥¯¥ì ¨«ì¯®â¥â®áâ¨ ®¯¥à -
â®à  R [15], [16]. �¤¥áì ¦¥ ¯à¨¢¥¤¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ®â®á¨â¥«ì®© á¯¥ªâà «ì®© ®£à ¨-
ç¥®áâ¨ ®¯¥à â®à , «¥£ª® ¯à®¢¥àï¥¬ë¥ ¢ ¯à¨«®¦¥¨ïå. �«ãç © ®â®á¨â¥«ì® á¥ªâ®à¨ «ì®£®
®¯¥à â®à  à áá¬ âà¨¢ «áï ¢ [17]-[19].

� «¥¥ ¯®«®¦¨¬ U2 = F2 = L2(
) ¨ ä®à¬ã«®© B2 = {r2 : domB2 ! F2 ®¯à¥¤¥«¨¬ «¨¥©ë©

§ ¬ªãâë© ¨ ¯«®â® ®¯à¥¤¥«¥ë© ®¯¥à â®à B2, domB2 = W 2
2 (
) \

�

W 1
2(
). �®«®¦¨¬ A2 � I.

�®£¤  ¢ á¨«ã á¥ªâ®à¨ «ì®áâ¨ ®¯¥à â®à  B2 ([20], £«. 1) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �¯¥à â®à B2 á¨«ì® A2-á¥ªâ®à¨ «¥.

�®«®¦¨¬ U = U1 � U2, F = F1 � F2. �¥ªâ®à u ¯à®áâà áâ¢  U ¨¬¥¥â ¢¨¤ u = col(u�; u�; up,
w1; : : : ; wk; u�), £¤¥ col(u�; u�; up; w1; : : : ; wk) 2 U1,   u� 2 U2. �¤¥áì u� = �v, u� = (I � �)v = �v,
up = p. � «®£¨çë© ¢¨¤ ¨¬¥¥â ¢¥ªâ®à f 2 F . �¯¥à â®àë L ¨ M ®¯à¥¤¥«¨¬ ä®à¬ã« ¬¨ L =
A1 
 A2 ¨ M = B1 
 B2. �¯¥à â®à L 2 L(U ; F),   ®¯¥à â®à M : domM ! F «¨¥¥, § ¬ªãâ ¨
¯«®â® ®¯à¥¤¥«¥, domM = U1 � domB2.

�§ â¥®à¥¬ë 4 ¨ § ¬¥ç ¨ï 2.1.1 [4] á«¥¤ã¥â, çâ® ®¯¥à â®à B1 á¨«ì® (A1; 1)-á¥ªâ®à¨ «¥. �
á¨«ã íâ®£® ¨ â¥®à¥¬ 3, 5 á¯à ¢¥¤«¨¢ 

�¥®à¥¬  6. �ãáâì ��1 =2 �(A), â®£¤  ®¯¥à â®à M á¨«ì® (L; 1)-á¥ªâ®à¨ «¥.

�¥à¥©¤¥¬ ª ¯®áâà®¥¨î ¥«¨¥©®£® ®¯¥à â®à  F . � ¤ ®¬ á«ãç ¥ ¥£® ¬®¦® ¯à¥¤áâ ¢¨âì
¢ ¢¨¤¥ F = F1 
 F2, £¤¥ F1 = F1(u�; u�; u�) = col(��(((u� + u�) � r)(u� + u�) + gqu�);��(((u� +
u�) �r)(u� +u�)+ gqu�); 0; : : : ; 0| {z }

k+1

),   F2 = F2(u�; u�; u�) = (u�+u�) � (q�ru�). � ©¤¥¬ ä®à¬ «ì®

¯à®¨§¢®¤ãî �à¥è¥ F 0

u ®¯¥à â®à  F ¢ â®çª¥ u:

F 0

u =

0
BBBBBBB@

�a(u�; u�) �a(u�; u�) O : : : O �g�q
�a(u�; u�) �a(u�; u�) O : : : O �g�q

O O O : : : O O
...

...
...

. . .
...

...
O O O : : : O O

(q �ru�) � (�) (q �ru�) � (�) O : : : O �(u� + u�) � (�)

1
CCCCCCCA
;

£¤¥ a(u� ; u�) = �((�) � r)(u� + u�) � ((u� + u�) � r)(�),     ¬¥áâ® á¨¬¢®«  � á«¥¤ã¥â áâ ¢¨âì
á®®â¢¥âáâ¢ãîéãî ª®®à¤¨ âã ¢¥ªâ®à  v ¢ á«ãç ¥, ª®£¤  ®âëáª¨¢ ¥âáï ¢¥ªâ®à F 0

uv.
� «¥¥, ¢  è¥¬ á«ãç ¥ ¯à®áâà áâ¢® UM = U1 � domB2 (¢ á¨«ã ¥¯à¥àë¢®áâ¨ ®¯¥à â®à 

B1). �á¯®«ì§ãï áâ ¤ àâãî â¥å¨ªã ( ¯à., [6], [7]), ¥âàã¤® ¯®ª § âì, çâ® F 0

u 2 L(UM ; F) ¯à¨
«î¡ëå u 2 UM . � «®£¨ç® ãáâ  ¢«¨¢ ¥âáï, çâ® ¢â®à ï ¯à®¨§¢®¤ ï �à¥è¥ F 00

u ®¯¥à â®à  F
| ¥¯à¥àë¢ë© ¡¨«¨¥©ë© ®¯¥à â®à ¨§ UM �UM ¢ F ,   F 000

u � O. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  7. �¯¥à â®à F ¯à¨ «¥¦¨â C1(UM ;F).

�¥ªâ®à-äãªæ¨î f ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ f = f1
 f2, £¤¥ f1 = col(�f ;�f ; 0; : : : ; 0| {z }
k+1

), f2 = 0. �ã¤¥¬

¯à¥¤¯®« £ âì, çâ® f 2 C1(IR+;F).
�â ª, à¥¤ãªæ¨ï § ¤ ç¨ (1), (2) ª § ¤ ç¥ (3), (4) § ª®ç¥ . � ¤ «ì¥©è¥¬ ¢áî¤ã ¡ã¤¥¬ ®â®-

¦¤¥áâ¢«ïâì § ¤ ç¨ (1), (2) ¨ (3), (4). �¥¯¥àì ¯¥à¥©¤¥¬ ª ¯à®¢¥àª¥ ãá«®¢¨© â¥®à¥¬ 1 ¨ 2.
� á¨«ã â¥®à¥¬ë 6 ¨ â¥®à¥¬ë 2.2.1 ¨§ [4] áãé¥áâ¢ã¥â   «¨â¨ç¥áª ï ¯®«ã£àã¯¯  fU t : t 2 IR+g

à §à¥è îé¨å ®¯¥à â®à®¢ ãà ¢¥¨ï (5), ª®â®àãî ¢ ¤ ®¬ á«ãç ¥ ¥áâ¥áâ¢¥® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥ U t = V t � W t, £¤¥ V t (W t) | áã¦¥¨¥ ®¯¥à â®à  U t   U1 (U2). � ª ª ª ®¯¥à â®à B2

á¥ªâ®à¨ «¥, â® W t = exp(tB2), ®âªã¤  á«¥¤ã¥â, çâ® ï¤à® íâ®© ¯®«ã£àã¯¯ë W� = f0g,   ®¡à §
W1 = U2.

� áá¬®âà¨¬ ¯®«ã£àã¯¯ã fV t : t 2 IR+g. � á¨«ã â¥®à¥¬ 4 ¨ 6 ¨ § ¬¥ç ¨ï 2.2.2 ¨§ [4] ¤  ï
¯®«ã£àã¯¯  ¯à®¤®«¦¨¬  ¤® £àã¯¯ë fV t : t 2 IRg. �¥ ï¤à® V0 = U00

1 � U01
1 , £¤¥ U00

1 = f0g � f0g �
Hp � f0g � � � � � f0g (= kerA1 ¯® â¥®à¥¬¥ 5),   U01

1 = �A�1� A�1�� [H
2
�]�H2

� � f0g � � � � � f0g| {z }
k+1

. �¤¥áì

A� = I��A, A�� | áã¦¥¨¥ ®¯¥à â®à  �A�1�  H�. � [12] ¯®ª § ®, çâ® ¥á«¨ ��1 =2 �(A)[�(A�),
â® ®¯¥à â®à A�� : H� ! H2

� | â®¯«¨¥©ë© ¨§®¬®àä¨§¬. �¡®§ ç¨¬ ç¥à¥§ U1
1 ®¡à § V1. �®£¤ 

¢ á¨«ã á¨«ì®© (A1; 1)-á¥ªâ®à¨ «ì®áâ¨ ®¯¥à â®à  B1 ¯à®áâà áâ¢® U1 à §« £ ¥âáï ¢ ¯àï¬ãî
áã¬¬ã ¯®¤¯à®áâà áâ¢ U1 = U00

1 � U01
1 � U1

1 .
�®áâà®¨¬ ®¯¥à â®à R = B�1

10 A10 2 L(U00
1 � U01

1 ), £¤¥ A10 (B10) | áã¦¥¨¥ ®¯¥à â®à  A1 (B1)
  V0 = U00

1 � U01
1 . (�¯¥à â®à B�1

10 áãé¥áâ¢ã¥â ¢ á¨«ã â¥®à¥¬ë 6, á«¥¤áâ¢¨ï 2.2.2 ¨ § ¬¥ç ¨ï
2.1.1 [4].) �® ¯®áâà®¥¨î kerR = U00

1 ,   ¢ [12] ¯®ª § ®, çâ® imR = U01
1 . � ç¨â, ®¯¥à â®à R

¡¨à áé¥¯«ïîé¨©. �¡®§ ç¨¬ ç¥à¥§ PR ¯à®¥ªâ®à ¯à®áâà áâ¢  U00
1 �U

01
1   U00

1 ¢¤®«ì U01
1 . � á¨«ã

ª®áâàãªæ¨¨ ¯à®áâà áâ¢  UM ¯à®¥ªâ®à PR 2 L(U0
M ), £¤¥ U

0
M = UM \ (U00

1 � U01
1 ) (� U00

1 � U01
1 ).

� ä¨ªá¨àã¥¬ íâ® ¢ á«¥¤ãîé¥¬ ãâ¢¥à¦¤¥¨¨.

�¥¬¬  1. �ãáâì ��1 =2 �(A) [ �(A�). �®£¤  ®¯¥à â®à R ¡¨à áé¥¯«ïîé¨©, ¯à¨ç¥¬ PR 2
L(U0

M ).

�¢¥¤¥¬ ¯à®¥ªâ®àë

Pk = diag[P̂k; 0]; Qk = diag[Q̂k; 0]; k = 0; 1:

(�®¤à®¡®¥ ®¯¨á ¨¥ íâ¨å ¯à®¥ªâ®à®¢ á¬. ¢ [13].) �§ à¥§ã«ìâ â®¢ [13] ¢ á¨«ã â®£®, çâ® ï¤à®
W0 = f0g, á«¥¤ã¥â, çâ® I � P = (P0 + P1) � O, Q = (I � Q0 �Q1) � I, P : U ! U1, Q : F ! F1.
�à¨¬¥ïï ¯à®¥ªâ®à I � P ª ãà ¢¥¨î (4) ¢ ¤ ®© âà áªà¨¯æ¨¨, ¯®«ãç ¥¬

�(�A(u� + u�)� ((u� + u�) � r)(u� + u�) +
kX
l=1

�lr
2wl � up � gqu� + f) = 0; (15)

Bu� = 0:

�âáî¤  ¢ á¨«ã â¥®à¥¬ë 1 ¨ á¢®©áâ¢ ®¯¥à â®à  B ¯®«ãç ¥¬ ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ª¢ §¨áâ æ¨® à-
®áâ¨ ¯®«ãâà ¥ªâ®à¨¨ u� � 0, â. ¥. ¢á¥ à¥è¥¨ï § ¤ ç¨ (¥á«¨ ®¨ áãé¥áâ¢ãîâ) á ¥®¡å®¤¨¬®áâìî
¤®«¦ë «¥¦ âì ¢ ¯«®áª®áâ¨ B = fu 2 UM : u� = 0g. � â ª ª ª �up = up, â® ¨§ ¯¥à¢®£® ãà ¢¥¨ï
(15) ¯®«ãç ¥¬ á®®â®è¥¨¥ (8) ¢ ä®à¬¥

up = �
�
�Au� � (u� � r)u� +

kX
l=1

�lr
2wl � gqu� + f

�
: (16)

�ç¥¢¨¤®, P0 � PR, ¯®íâ®¬ã ¢â®à®¥ ãà ¢¥¨¥ (15) ¥áâì á®®â®è¥¨¥ (9) ¯à¨¬¥¨â¥«ì® ª  è¥©
á¨âã æ¨¨. �â ª, á¯à ¢¥¤«¨¢ 

51



�¥¬¬  2. � ãá«®¢¨ïå «¥¬¬ë 1 «î¡®¥ à¥è¥¨¥ § ¤ ç¨ (1), (2) «¥¦¨â ¢® ¬®¦¥áâ¢¥

At =
�
(u; t) : u 2 UM ; ; t 2 IR+; u� = 0; up = �

�
�Au� � (u� � r)u� +

+
kX
l=1

�lr
2wl � gqu� + f(t)

��
:

� ¬¥ç ¨¥ 9. �§ (16) á«¥¤ã¥â ãá«®¢¨¥ (A2) â¥®à¥¬ë 2 ¤«ï «î¡®© â®çª¨ u00 2 U00
M (�

U00
1 � f0g). �®íâ®¬ã ¢¢¨¤ã § ¬¥ç ¨ï 5 ¬®¦¥áâ¢® At | ¯à®áâ®¥ ¡  å®¢® ¬®£®®¡à §¨¥, C1-

¤¨ää¥®¬®àä®¥ ¯®¤¯à®áâà áâ¢ã U1
1 �U2, | ï¢«ï¥âáï ª ¤¨¤ â®¬   à®«ì ª®ä¨£ãà æ¨®®£®

¯à®áâà áâ¢  Bt � At § ¤ ç¨ (1), (2).

�à¨áâã¯¨¬ ª ¯à®¢¥àª¥ ãá«®¢¨© (10) ¨ (14). �®áâà®¨¬ ¯à®áâà áâ¢® U� = U1�
�

W 1
2(
). � ®¥

¯à®áâà áâ¢®, ®ç¥¢¨¤®, ¡ã¤¥â ¨â¥à¯®«ïæ¨®ë¬ ¯à®áâà áâ¢®¬ ¤«ï ¯ àë [U ;UM ]�, ¯à¨ç¥¬
� = 1=2. � ª ®â¬¥ç¥® ¢ëè¥, ¯®«ã£àã¯¯  fU t : t 2 IR+g ¯à®¤®«¦ ¥âáï ¤® £àã¯¯ë fV t

1 : t 2 IRg  
U1
1 , £¤¥ V

t
1 | áã¦¥¨¥ ®¯¥à â®à  V t   U1

1 . �®áª®«ìªã U
1
M = UM \U

1
1 (¯® ¯®áâà®¥¨î) ¨ ®¯¥à â®à

B1 ¥¯à¥àë¢¥ (â¥®à¥¬  4), â® ¢ á¨«ã à ¢®¬¥à®© ®£à ¨ç¥®áâ¨ ¯®«ã£àã¯¯ë fU t : t 2 IR+g
¨¬¥¥¬ Z �

0

kV t
1 kL(U1

1
;U1

M
)dt � const kB1kL(U1;F1)

Z �

0

kV t
1 kL(U1

1
)dt <1 8� 2 IR+: (17)

� «¥¥, ¢ á¨«ã ¥à ¢¥áâ¢  �®¡®«¥¢  ([10], £«. 9) ¯®«ã£àã¯¯  fW t : t 2 IR+g ã¤®¢«¥â¢®àï¥â ®æ¥ª¥Z �

0

kW tk
L(domB2;

�

W 1

2
(
))

dt <1: (18)

�®«®¦¨¬ U1
� = U� \ U

1, £¤¥ U1 = U1
1 � U2. �®£¤  ¨§ (17) ¨ (18) ¢ëâ¥ª ¥â

�¥¬¬  3. � ãá«®¢¨ïå «¥¬¬ë 1 ¢ë¯®«ï¥âáï á®®â®è¥¨¥ (10).

� ª®¥æ, ¢ë¯®«ïï âà¥¡®¢ ¨¥ (14),  ©¤¥¬ ®¯¥à â®à H ¨ ¢¥ªâ®à-äãªæ¨î h. �¯¥à â®à H
¥áâ¥áâ¢¥® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ H = H1 
H2, £¤¥ H1 = A�111 (I � Q0 � Q1)F1,   H2 � F2 (A11 |
áã¦¥¨¥ ®¯¥à â®à  A1   U1

1 ). �ª«îç¥¨¥ H 2 C1(U1
M ;U

1
�) ¤®ª §ë¢ ¥âáï   «®£¨ç® â®¬ã, ª ª

¡ë«® ¤®ª § ® ¢ª«îç¥¨¥ F 2 C1(UM ;F). �¥ªâ®à-äãªæ¨î h(t) ®¯à¥¤¥«¨¬ ª ª h = A�111 (I �
Q0 �Q1)f . � á¨«ã ¡¥áª®¥ç®© £« ¤ª®áâ¨ f h 2 C1(IR+;U1

�).
� ª¨¬ ®¡à §®¬, ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 2 ¢ë¯®«¥ë. �®íâ®¬ã á¯à ¢¥¤«¨¢ 

�¥®à¥¬  8. �ãáâì ��1 =2 �(A) [ �(A�). �®£¤  ¯à¨ «î¡®¬ u0 â ª®¬, çâ® (u0; 0) 2 A0 ¨

¥ª®â®à®¬ T 2 IR+ áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ u 2 C1( (0; T );UM ) § ¤ ç¨ (1); (2), ï¢«ï-
îé¥¥áï ª¢ §¨áâ æ¨® à®© ¯®«ãâà ¥ªâ®à¨¥©, ¯à¨ç¥¬ (u(t); t) 2 At.

� ¬¥ç ¨¥ 10. � «®£¨ç®, ¨á¯®«ì§ãï à¥§ã«ìâ âë à ¡®âë [21], ¬®¦® ¨áá«¥¤®¢ âì § ¤ çã
â¥à¬®ª®¢¥ªæ¨¨ ¥á¦¨¬ ¥¬®© ¢ï§ª®ã¯àã£®© ¦¨¤ª®áâ¨ �¥«ì¢¨ {�®©£â  ¢ëáè¥£® ¯®àï¤ª .

� § ª«îç¥¨¥  ¢â®àë ¡« £®¤ àïâ ¯à®ä. �.�. �¢¨à¨¤îª  §  ¯®áâ ®¢ªã § ¤ ç¨ ¨ ¨â¥à¥á ª
¤ ë¬ ¨áá«¥¤®¢ ¨ï¬.

�¨â¥à âãà 
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