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�®á«¥¤­¨¥ £®¤ë å à ªâ¥à¨§ãîâáï áãé¥áâ¢¥­­ë¬ ¯à®£à¥áá®¬ ¢ ®¡« áâ¨ ¤¨áªà¥â­ëå ¨ æ¨äà®-
¢ëå á¨áâ¥¬ ã¯à ¢«¥­¨ï [1], [2]. �®¯ã«ïà­®áâì íâ¨å á¨áâ¥¬ ¢ ®âà á«ïå ¯à®¬ëè«¥­­®áâ¨ ®¡êïá-
­ï¥âáï ª ª à §¢¨â¨¥¬ ¬¨ªà®¯à®æ¥áá®à­®© ¨ ¢ëç¨á«¨â¥«ì­®© â¥å­¨ª¨, â ª ¨ ¯à¥¨¬ãé¥áâ¢ ¬¨
à ¡®âë á æ¨äà®¢ë¬¨ á¨áâ¥¬ ¬¨.

� áá¬ âà¨¢ îâáï ¤¨áªà¥â­ë¥ á¨áâ¥¬ë  ¢â®¬ â¨ç¥áª®£® ã¯à ¢«¥­¨ï, ¯à¥¤áâ ¢«¥­­ë¥ à §-
­®áâ­ë¬¨ ãà ¢­¥­¨ï¬¨ á ­¥®¯à¥¤¥«¥­­ë¬¨ ­¥«¨­¥©­®áâï¬¨ ¨§ á¥ªâ®à . � ç «ì­®¥ á®áâ®ï­¨¥
á¨áâ¥¬ë ï¢«ï¥âáï ­¥®¯à¥¤¥«¥­­ë¬. �§¢¥áâ­® â®«ìª®, çâ® ®­® ¯à¨­ ¤«¥¦¨â § ¤ ­­®¬ã í««¨¯á®-
¨¤ã. �ç¨âë¢ îâáï ­¥®¯à¥¤¥«¥­­ë¥ ¢®§¬ãé¥­¨ï. �¥â®¤ ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï (���),
¯à¥¤«®¦¥­­ë© ¢ [3] ¨ à §¢¨âë© ¢ [4]{[7] ¤«ï  ­ «¨§  ¤¨­ ¬¨ª¨ ¨ ®æ¥­¨¢ ­¨ï á®áâ®ï­¨ï ­¥¯à¥-
àë¢­ëå ­¥«¨­¥©­ëå à¥£ã«¨àã¥¬ëå á¨áâ¥¬, à á¯à®áâà ­ï¥âáï ­  ãª § ­­ë© ª« áá ¤¨áªà¥â­ëå
á¨áâ¥¬. �â¬¥â¨¬, çâ® á¨áâ¥¬ â¨ç¥áª®¥ ¨§ãç¥­¨¥ ¤¨áªà¥â­ëå á¨áâ¥¬ á ¯®¬®éìî ¬¥â®¤  äã­ª-
æ¨© �ï¯ã­®¢  ¡ë«® ¢ë¯®«­¥­® ¢ [8]. �¥à¢ ï â¥®à¥¬  ® à §­®áâ­ëå ­¥à ¢¥­áâ¢ å ¡ë«  ¯®«ãç¥­ 
¢ [9], ¥¥ ®¡®¡é¥­¨ï á¤¥« ­ë ¢ [10]. �¥â®¤ ¢¥ªâ®à­ëå á¨áâ¥¬ áà ¢­¥­¨ï ¢  ­ «¨§¥ ¤¨­ ¬¨ª¨
¤¨áªà¥â­ëå ¯à®æ¥áá®¢ ¡ë« à §¢¨â ¢ [11], ¨áá«¥¤®¢ ­¨¥ ¢¥ªâ®à­ëå à §­®áâ­ëå á¨áâ¥¬ áà ¢­¥­¨ï
¯à®¢¥¤¥­® ¢ [12]. �¯®á®¡ë ¯®áâà®¥­¨ï ¢¥ªâ®à-äã­ªæ¨© �ï¯ã­®¢  á ª®¬¯®­¥­â ¬¨ ¨§ ¬®¤ã«¥© «¨-
­¥©­ëå ä®à¬ ¨ ¢¥ªâ®à­ëå á¨áâ¥¬ áà ¢­¥­¨ï ¤«ï ­¥«¨­¥©­ëå ¤¨áªà¥â­ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬
à §à ¡®â ­ë ¢ [13].

� ¤ ­­®© áâ âì¥ ¤ ¥âáï ®¡®á­®¢ ­¨¥ ¬¥â®¤  ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï ¤«ï ¤¨áªà¥â­ëå
¬®¤¥«¥© á¨áâ¥¬ ã¯à ¢«¥­¨ï, ¤®ª §ë¢ ¥âáï â¥®à¥¬  ® ¬ âà¨ç­ëå à §­®áâ­ëå ­¥à ¢¥­áâ¢ å. �§ã-
ç îâáï á¢®©áâ¢  ¬ âà¨ç­ëå à §­®áâ­ëå ãà ¢­¥­¨© á ¯à ¢®© ç áâìî, ¬®­®â®­­®© ®â­®á¨â¥«ì­®
ª®­ãá  ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ëå á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ. �à¥¤« £ îâáï á¯®á®¡ë ¯®áâà®¥-
­¨ï ¬ âà¨ç­ëå à §­®áâ­ëå á¨áâ¥¬ áà ¢­¥­¨ï, ¯à®æ¥¤ãàë ¯®«ãç¥­¨ï í««¨¯á®¨¤ «ì­ëå ®æ¥­®ª
¬­®¦¥áâ¢  ¤¨áªà¥â­ëå ¯à®æ¥áá®¢. �®ª § ­®, çâ® ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¥ à¥è¥­¨ï ���
®¯à¥¤¥«ïîâ ª¢ ¤à â¨ç­ë¥ äã­ªæ¨¨ �ï¯ã­®¢ , ¢ë¤¥«ïîé¨¥ ¨­¢ à¨ ­â­ë¥ ¬­®¦¥áâ¢  ¢ ä §®-
¢®¬ ¯à®áâà ­áâ¢¥ ¨áå®¤­®© á¨áâ¥¬ë. �«ï «¨­¥©­ëå ­¥ ¢â®­®¬­ëå à §­®áâ­ëå ãà ¢­¥­¨© ãáâ -
­®¢«¥­  á¢ï§ì ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï á í¢®«îæ¨®­­ë¬¨ ãà ¢­¥­¨ï¬¨ ¬¥â®¤  í««¨¯á®¨¤®¢
[14].

�¯®á®¡ë ¨  «£®à¨â¬ë ¯®áâà®¥­¨ï ���, í««¨¯á®¨¤ «ì­ëå ®æ¥­®ª ¤¨áªà¥â­ëå ¯à®æ¥áá®¢ ­¥-
«¨­¥©­ëå à¥£ã«¨àã¥¬ëå á¨áâ¥¬ à¥ «¨§®¢ ­ë ¢ ¯ ª¥â¥ MATLAB. �¥§ã«ìâ âë ¨««îáâà¨àãîâáï
¯à¨¬¥à ¬¨.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò00-01-00293) ¨ �¥¤¥à «ì­®© æ¥«¥¢®© ¯à®£à ¬¬ë \�­â¥£à æ¨ï" (¯à®¥ªâ ò�0312).
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1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì T � N | ª®­¥ç­ë© ¨«¨ ¡¥áª®­¥ç­ë© ¨­â¥à¢ « ¬­®¦¥áâ¢  æ¥«ëå ç¨á¥« N =
f: : : ;�1; 0; 1; : : : g, T0 � N | ¬­®¦¥áâ¢® ­ ç «ì­ëå ¬®¬¥­â®¢ ¢à¥¬¥­¨, Rn | n-¬¥à­®¥ ¢¥ªâ®à­®¥
¯à®áâà ­áâ¢®, Tt0 = ft 2 T : t � t0g, t0 2 T0.

� áá¬®âà¨¬ ¤¨áªà¥â­ãî ¬®¤¥«ì á¨áâ¥¬ë  ¢â®¬ â¨ç¥áª®£® ã¯à ¢«¥­¨ï, § ¤ ­­ãî á¨áâ¥¬®©
à §­®áâ­ëå ãà ¢­¥­¨©

x(t+ 1) = f(t; x(t)); (1.1)

£¤¥ t � t0, x(t); x(t + 1) 2 Rn | ¢¥ªâ®àë á®áâ®ï­¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ¨ t + 1 á®®â¢¥âáâ¢¥­­®,
¢¥ªâ®à-äã­ªæ¨ï f : T � Rn ! Rn ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ áãé¥áâ¢®¢ ­¨ï, ¥¤¨­áâ¢¥­­®áâ¨ ¨
¯à®¤®«¦¨¬®áâ¨ à¥è¥­¨© ¯à¨ t 2 Tt0 .

� àï¤ã á § ¤ ç ¬¨  ­ «¨§  ¤¨­ ¬¨ç¥áª¨å á¢®©áâ¢ ãáâ®©ç¨¢®áâ¨, ®£à ­¨ç¥­­®áâ¨ ¨ ¨­¢ -
à¨ ­â­®áâ¨ à¥è¥­¨© á¨áâ¥¬ë (1.1) áâ ¢¨âáï ¨ à¥è ¥âáï § ¤ ç  ¯®áâà®¥­¨ï ®æ¥­®ª ¬­®¦¥áâ¢ ,
£¤¥ ­ å®¤ïâáï ¯à®æ¥ááë ¢ â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨, ¥á«¨ ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ t = t0
á®áâ®ï­¨¥ á¨áâ¥¬ë ¯à¨­ ¤«¥¦¨â í««¨¯á®¨¤ã E(a0; Q0), â. e.

x(t0) = x0 2 E(a0; Q0) = fx : (x� a0)
TQ�1

0 (x� a0) � 1g; (1.2)

£¤¥ § ¤ ­­ë© n-¬¥à­ë© ¢¥ªâ®à a0 | æ¥­âà í««¨¯á®¨¤ , Q0 | § ¤ ­­ ï á¨¬¬¥âà¨ç¥áª ï ¯®«®-
¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï n� n-¬ âà¨æ , ®¯à¥¤¥«ïîé ï à §¬¥àë í««¨¯á®¨¤ .

� ­­ ï § ¤ ç  à áá¬ âà¨¢ « áì ¢ [14], £¤¥ ¤«ï ¥¥ à¥è¥­¨ï ¡ë« à §à ¡®â ­ ¬¥â®¤ í««¨¯-
á®¨¤®¢. �­ «®£¨ç­ ï § ¤ ç  ¡ë«  à¥è¥­  ¢ [5] ¤«ï ­¥¯à¥àë¢­ëå à¥£ã«¨àã¥¬ëå á¨áâ¥¬ á ­¥-
«¨­¥©­®áâï¬¨ ¨ ­¥®¯à¥¤¥«¥­­®áâï¬¨. � [6] ¨§ãç¥­ë á¢®©áâ¢  ¬ âà¨ç­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© á ãá«®¢¨¥¬ ª¢ §¨¬®­®â®­­®áâ¨. � [7] ¬¥â®¤ ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï ¡ë« à §-
¢¨â ¯à¨¬¥­¨â¥«ì­® ª § ¤ ç ¬  ­ «¨§  ¤¨­ ¬¨ª¨ ¨ ®æ¥­¨¢ ­¨ï á®áâ®ï­¨ï ­¥¯à¥àë¢­ëå á¨áâ¥¬
ã¯à ¢«¥­¨ï á® áâàãªâãà­ë¬¨ ¨§¬¥­¥­¨ï¬¨.

B ¤ ­­®© áâ âì¥ ¬¥â®¤ ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï à §¢¨¢ ¥âáï ¨ ¯à¨¬¥­ï¥âáï ¤«ï  ­ «¨§ 
¤¨­ ¬¨ª¨ ¨ ®æ¥­¨¢ ­¨ï á®áâ®ï­¨ï ¤¨áªà¥â­ëå á¨áâ¥¬ ã¯à ¢«¥­¨ï á ­¥®¯à¥¤¥«¥­­®áâï¬¨. �à¨
íâ®¬ ¨§ãç îâáï ­¥ª®â®àë¥ á¢®©áâ¢  ¬ âà¨ç­ëå à §­®áâ­ëå ãà ¢­¥­¨© á ¬®­®â®­­®© ¯à ¢®©
ç áâìî.

2. � âà¨ç­ë¥ á¨áâ¥¬ë à §­®áâ­ëå ãà ¢­¥­¨© á ãá«®¢¨¥¬ ¬®­®â®­­®áâ¨
¨ ¨å á¢®©áâ¢ 

�¡®§­ ç¨¬ «¨­¥©­®¥ ¯à®áâà ­áâ¢® á¨¬¬¥âà¨ç¥áª¨å n�n-¬ âà¨æ Q ç¥à¥§ G. � G ®¯à¥¤¥«¨¬
äã­ªæ¨î  (Q) =  TQ , £¤¥  2 Rn, Q 2 G, ª®â®à ï ¡ã¤¥â ï¢«ïâìáï ª¢ ¤à â¨ç­®© ä®à¬®©.
�«ï ª ¦¤®£®  2 Rn ®¯à¥¤¥«¥­  ­®à¬  k k =

p
 T . �®«®¦¨¬ � = f 2 Rn : k k = 1g. �

¯à®áâà ­áâ¢¥ G ¢ë¤¥«¨¬ ª®­ãá G+ = fQ 2 G :  TQ � 0,  2 �g ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ëå
¬ âà¨æ.

� ª ¨§¢¥áâ­® [3], ª®­ãá G+ ï¢«ï¥âáï â¥«¥á­ë¬, ¢®á¯à®¨§¢®¤ïé¨¬ ¨ ­®à¬ «ì­ë¬. �¡®§­ -
ç¨¬ ª®­ãá ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ëå ¬ âà¨æ ç¥à¥§ G+. �â­®è¥­¨¥ ç áâ¨ç­®£® ¯®àï¤ª  ¢ G
¢¢®¤¨âáï á ¯®¬®éìî ª®­ãá  G+ ®¡ëç­ë¬ ®¡à §®¬. � G ¢¢¥¤¥¬ ­®à¬ã kQk = sup

 2	
j TQ j.

�ã¤¥¬ ¨§ãç âì à¥è¥­¨ï Y (t) § ¤ ç¨

Y (t+ 1) = F (t; Y (t)); Y (t0) = Y0; Y0 2 B0 � B; (2.1)

­  ¯à®¬¥¦ãâª å ®¯à¥¤¥«¥­¨ï T = [t0; t0 + �): (8t 2 T ) Y (t) 2 B � G. �¤¥áì ¬ âà¨ç­ ï äã­ªæ¨ï
F : A! G ¯à¥¤¯®« £ ¥âáï ®¤­®§­ ç­®© ¨ ®¯à¥¤¥«¥­­®© ¢ ®¡« áâ¨ A = T �B.

�â­®á¨â¥«ì­® ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï B ¤ «¥¥ ¯à¥¤¯®« £ ¥âáï á«¥¤ãîé¥¥ (¢¯®«­¥ ¥áâ¥áâ¢¥­-
­®¥, ¥á«¨ ãç¥áâì ¬®­®â®­­®áâì F (t; Y ) ¯® Y ) ãá«®¢¨¥:

(8Y1; Y2 2 B : Y1 � Y2) fY 2 G : Y1 � Y � Y2g � B:
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�¨áªà¥â­ë¬ ¬ âà¨ç­ë¬ ¯à®æ¥áá®¬ á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ Y (t0) = Y0 ­ §ë¢ ¥âáï ¬ âà¨ç-
­ ï äã­ªæ¨ï Y (�) : t! Y (t), domY (�)! G, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

domY (�) = T (Y ) = (0; �(Y )) _N; 0 � �(Y ) < +1;

(8t 2 T (Y ))Y (t) 2 B; (Y (�(Y ) + 1) 2 B); Y (t+ 1) := F (t; Y (t)):

�­®¦¥áâ¢® B 2 G ­ §ë¢ îâ ®£à ­¨ç¥­­ë¬ ¯® ª®­ãáã G+, ¥á«¨ ­ ©¤¥âáï â ª ï ¬ âà¨æ 
Y 2 G+, çâ® Z � Y ¯à¨ ¢á¥å Z 2 B.

� áá¬®âà¨¬ ¬®­®â®­­® ­¥ã¡ë¢ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì fPmg ¬ âà¨æ Pm 2 G, ª®â®àãî
¡ã¤¥¬ ®¡®§­ ç âì Pm " ¨ ¤«ï ª®â®à®© Pm+1 � Pm (m = 1; 2; : : : ). �­ «®£¨ç­® ¬®¦­® ®¯à¥¤¥«¨âì
¬®­®â®­­® ­¥¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì Pm #.

�¥¬¬  1 (® ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨ ¬®­®â®­­ëå ®£à ­¨ç¥­­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¬ âà¨æ
[15]). �á«¨ ¢á¥ ¬ âà¨æë Pm á¨¬¬¥âà¨ç¥áª¨¥ ¨ â ª®¢ë, çâ® ­ ©¤¥âáï Q 2 G : Pm � Q (m =
1; 2; : : : ) ¨ Pm #, â® áãé¥áâ¢ã¥â ¬ âà¨æ  P = lim

m!1
Pm.

�¤¥áì ¯à¥¤¥« ¢ ¯à ¢®© ç áâ¨ ®§­ ç ¥â [15], çâ® yTPx = lim
m!1

yTPmx ¤«ï «î¡ëå x; y 2 Rn.

� ª¨¬ ®¡à §®¬, ª®­ãá G+ ï¢«ï¥âáï ¯à ¢¨«ì­ë¬, ¯®áª®«ìªã ª ¦¤ ï ¬®­®â®­­ ï ¨ ®£à ­¨-
ç¥­­ ï ¯® ª®­ãáã G+ ¯®á«¥¤®¢ â¥«ì­®áâì ¬ âà¨æ ¨¬¥¥â ¯à¥¤¥«. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì Zm
áå®¤¨âáï ª í«¥¬¥­âã Z 2 G ¨ Zm 2 G+ ¯à¨ m = 1; 2; : : : , â® ¨ Z 2 G+.

�¯à¥¤¥«¥­¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï F ¬®­®â®­­® ­¥ã¡ë¢ îé ï ®â­®á¨â¥«ì­®

ª®­ãá  G+, ¥á«¨ ¤«ï «î¡ëå Z; Y 2 B ¨§ ãá«®¢¨ï Y � Z 2 G+ á«¥¤ã¥â F (t; Y ) � F (t; Z) 2 G+

(¨«¨ ¥á«¨ ¤«ï «î¡ëå Z; Y 2 B ¨ ¢á¥å  2 � ¨§ ãá«®¢¨ï  T (Y � Z) � 0 á«¥¤ã¥â  T (F (t; Y ) �
F (t; Z)) � 0 ¤«ï ¢á¥å t 2 T ).

�¡®§­ ç¨¬ ª« áá ¬ âà¨ç­ëå äã­ªæ¨© ­  T , ¬®­®â®­­® ­¥ã¡ë¢ îé¨å ®â­®á¨â¥«ì­® ª®­ãá 
G+, ç¥à¥§ W (G+).

�¥®à¥¬  1. �à¨ «î¡®¬ Y0 2 B0 ¤«ï á¨áâ¥¬ë (2:1) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ¤¨áªà¥â­ë©

¯à®æ¥áá Y (�) ­  ­¥ª®â®à®¬ T (Y ). �á«¨ äã­ªæ¨ï U(�) : t ! U(t), T (U) ! G, ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

(8t 2 T (U)) U(t) 2 B (U(�(U) + 1) 2 B; U(0) 2 B0); U(t+ 1) � F (t; U(t)); U(0) � Y (0); (2.2)

â® U(t) � Y (t) ¯à¨ ¢á¥å t 2 T (U) \ T (Y ).

�®ª § â¥«ìáâ¢®. �ãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì ¤¨áªà¥â­®£® ¯à®æ¥áá  Y (�) ¯®«ãç ¥âáï
¯® ¨­¤ãªæ¨¨ á ãç¥â®¬ ®¤­®§­ ç­®áâ¨ äã­ªæ¨© F (t; �) ­  B ¨ Y (0) 2 B0. �¥©áâ¢¨â¥«ì­®, ¥á«¨
F (0; Y (0)) =2 B, â® Y (1) =2 B, �(Y ) = 0, 1 =2 T (Y ), Y (�) = f(0; Y (0))g | ¥¤¨­áâ¢¥­­ ï â®çª . �á«¨
¦¥ F (0; Y (0)) 2 B, â® Y (1) 2 B, �(Y ) = 0, 1 2 T (Y ) ¨ ®¤­®§­ ç­® ®¯à¥¤¥«¥­® Y (2)=F (1; Y (1))2G.
�ãáâì 0 2 T (Y ), 1 2 T (Y ); : : : ; t 2 T (Y ); ¯® (2.1) ¯®á«¥¤®¢ â¥«ì­® ¨§ Y0 2 B0 ®¯à¥¤¥«¥­ë
Y (1) 2 B, Y (2) 2 B; : : : ; Y (t) 2 B. �®£¤  ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï Y (t+ 1) = F (t; Y (t)) 2 G.

�ãáâì â¥¯¥àì U(0) � Y (0), U(0) 2 B0, Y (0) 2 B0. � á¨«ã (2.2) ¨ ­¥ã¡ë¢ ­¨ï ¯® Y ®â­®á¨-
â¥«ì­® G+ F (t; Y ) ¨¬¥¥¬ U(1) � F (0; U(0)) � F (0; Y (0)) = Y (1). �â¬¥â¨¬, çâ® §¤¥áì ¨ ¤ «¥¥,
¥á«¨ ­¥ ®£®¢®à¥­® ®á®¡®, ­¥à ¢¥­áâ¢  ¬¥¦¤ã ¬ âà¨æ ¬¨ ¯®­¨¬ îâáï ®â­®á¨â¥«ì­® ª®­ãá  G+.

�ãáâì 0 2 T (U)\ T (Y ), 1 2 T (U)\ T (Y ); : : : ; t 2 T (U)\ T (Y ); ®¤­®§­ ç­® ®¯à¥¤¥«¥­ë U(0) 2
B0, Y (0) 2 B0, U(1) 2 B, Y (1) 2 B; : : : ; U(t) 2 B, Y (t) 2 B, ¯à¨ç¥¬ U(0) � Y (0), U(1) �
Y (1); : : : ; U(t) � Y (t). �®£¤  U(t+1) � F (t; U(t)) � F (t; Y (t)) � Y (t+1) ¢ á¨«ã (2.2) ¨ ­¥ã¡ë¢ ­¨ï
F (t; Y ) ¯® Y . �â® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯® ¨­¤ãªæ¨¨.

� áá¬®âà¨¬ â¥¯¥àì ¢®¯à®á ® áãé¥áâ¢®¢ ­¨¨ ¯®«®¦¨â¥«ì­ëå ®â­®á¨â¥«ì­® ª®­ãá  G+ à¥è¥-
­¨© ãà ¢­¥­¨ï (2.1).
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�¥®à¥¬  2. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1. �á«¨, ªà®¬¥ â®£®, F (t; 0) 2 G+, â®

ª ¦¤®¬ã ­ ç «ì­®¬ã ãá«®¢¨î Y0 2 G+\B á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ ãà ¢­¥­¨ï (2:1), ¯à¨­ ¤«¥-
¦ é¥¥ B ­  ­¥ª®â®à®¬ ­¥ à ¢­®¬ ­ã«î ¨­â¥à¢ «¥ §­ ç¥­¨© T (Y ) ¨ Y (t; t0; Y0) 2 G+ ¯à¨ ¢á¥å

t 2 T .

�®ª § â¥«ìáâ¢®. �®, çâ® à¥è¥­¨¥ áãé¥áâ¢ã¥â ¨ ¯à¨­ ¤«¥¦¨â B, á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.
�áâ ¥âáï ¯®ª § âì, çâ® ®­® ¡ã¤¥â ¯à¨­ ¤«¥¦ âì G+, ¥á«¨ Y0 2 G+.

�§ ãá«®¢¨ï F (t; 0) 2 G+ ¨ ¬®­®â®­­®£® ­¥ã¡ë¢ ­¨ï ¯® Y äã­ªæ¨¨ F (t; Y ) ®â­®á¨â¥«ì­®
ª®­ãá  G+ ¯®«ãç ¥¬ 0 � F (t0; 0) � F (t0; Y0) = Y (t0 + 1).

�pe¤¯o«o¦¨¬ ¯o ¨­¤ãªæ¨¨, çâ® Y (t0 + 1) � 0; : : : ; Y (t0 + k) � 0. �®£¤  á­®¢  ¨§ ãá«®¢¨ï
F (t; 0) 2 G+ ¨ ­¥ã¡ë¢ ­¨ï ¯® Y äã­ªæ¨¨ F (t; Y ) ®â­®á¨â¥«ì­® G+ ¯®«ãç ¥¬ 0 � F (t0 + k; 0) �
F (t0 + k; Y (t0 + k)) = Y (t0 + k + 1).

� áá¬®âà¨¬ á¢®©áâ¢  ¬ âà¨ç­ëå á¨áâ¥¬ à §­®áâ­ëå ãà ¢­¥­¨© á ãá«®¢¨¥¬ ¬®­®â®­­®áâ¨
¯à ¢®© ç áâ¨.

�ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ (2.1) ­  T ®¡« ¤ ¥â á¢®©áâ¢®¬ ¬®­®â®­­®áâ¨ à¥è¥­¨© ¯®

­ ç «ì­ë¬ ¤ ­­ë¬, ¥á«¨ ¨§ Y 0

0 � Y 00

0 á«¥¤ã¥â Y (t; t0; Y 0

0) � Y (t; t0; Y 00

0 ).
�à ¢ë¥ ç áâ¨ â ª¨å á¨áâ¥¬ ¡ã¤¥¬ ®¡®§­ ç âì F (t; Y ) 2M(G+).
�§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 1. �ãáâì ¯à ¢ ï ç áâì F (t; Y ) ãà ¢­¥­¨ï (2.1) ï¢«ï¥âáï ®¤­®§­ ç­®© ¨ ¬®­®â®­-
­® ­¥ã¡ë¢ îé¥© ¯® Y ®â­®á¨â¥«ì­® G+. �®£¤  F (t; Y ) 2M(G+).

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ Y 0

0 � Y 00

0 ¨ ®¡®§­ ç¨¬ Z(t) = Y (t; t0; Y 00

0 ) � Y (t; t0; Y 0

0 ). �®£¤  ¤«ï
Z(t) á¯à ¢¥¤«¨¢® ãà ¢­¥­¨¥ Z(t+1) = F 0(t; Z(t)) = F (t; Z(t)+Y (t; t0; Y 0

0))�F (t; Y (t; t0; Y
0

0 )), ¯à -
¢ ï ç áâì ª®â®à®£® ¯à¨ Z(t) = 0 ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­®© ¬ âà¨ç­®© äã­ªæ¨¥©.
�®áª®«ìªã Z(t0) 2 G+, â® ¯® â¥®à¥¬¥ 2 ¨¬¥¥¬ Z(t) 2 G+ ¯à¨ ¢á¥å t 2 T .

� ¯®¬®éìî â¥®à¥¬ë 1 ® ¬ âà¨ç­ëå ª®­¥ç­®-à §­®áâ­ëå ­¥à ¢¥­áâ¢ å ¬®¦­® ãáâ ­®¢¨âì
¨­¢ à¨ ­â­®áâì ­¥ª®â®àëå ¬­®¦¥áâ¢ ¨ ¯®«ãç¨âì ®æ¥­ª¨ à¥è¥­¨© á¨áâ¥¬ë (2.1) á F 2 W (G+)
 ­ «®£¨ç­® â®¬ã, ª ª íâ® ¡ë«® á¤¥« ­® ¢ [12] ¤«ï ¢¥ªâ®à­ëå à §­®áâ­ëå ãà ¢­¥­¨© ¨ ¢ [6] ¤«ï
¬ âà¨ç­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.

�¡®§­ ç¨¬ ç¥à¥§ G� = fY 2 G : �Y 2 G+g ª®­ãá ­¥¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ëå ¬ âà¨æ ¨§
G, ç¥à¥§ G+ + Y0 | ª®­ãá á ¢¥àè¨­®© ¢ â®çª¥ Y0 2 G+; ¤«ï ¯à®¨§¢®«ì­®£® ¬­®¦¥áâ¢  N � G
[12], [16] ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

N+ = N \G+, N� = N \G�, N+ = N \G+;
S+(N) = [

Y 2N
(G+ + Y ) | ¯®«®¦¨â¥«ì­ë© è«¥©ä ¬­®¦¥áâ¢  N,

S�(N) = [
Y 2N

(G� + Y ) | ®âà¨æ â¥«ì­ë© è«¥©ä ¬­®¦¥áâ¢  N.

�ãáâì H = fY 2 B: ¤«ï ¢á¥å t 2 T F (t; Y ) � Y g;
G = fY 2 B: ¤«ï ¢á¥å t 2 T F (t; Y ) � Y g;
Q = fY 2 H: 8t 2 T F (t; Y ) < Y g;

 = H \G | ¬­®¦¥áâ¢® â®ç¥ª ¯®ª®ï á¨áâ¥¬ë (2.1).

�­®¦¥áâ¢® N � G ­ §®¢¥¬ ¯®«®¦¨â¥«ì­® ¨­¢ à¨ ­â­ë¬, ¥á«¨ ¤«ï à¥è¥­¨ï Y (t): Y (t0) =
Y0 2 N ) (8t 2 T (Y )) Y (t) 2 N.

�¥¬¬  2. �«ï «î¡ëå t 2 T , P 2 H, U 2 G ¬­®¦¥áâ¢  G� + P , G+ + U ¯®«®¦¨â¥«ì­®

¨­¢ à¨ ­â­ë ¤«ï à¥è¥­¨© ãà ¢­¥­¨ï (2:1).

�«ï  ¢â®­®¬­®£® à §­®áâ­®£® ãà ¢­¥­¨ï

Y (t+ 1) = F (Y (t)) (2.3)

â ª ¦¥, ª ª ¢ [12], ã¤ ¥âáï ãáâ ­®¢¨âì àï¤ ¤®¯®«­¨â¥«ì­ëå á¢¥¤¥­¨© ® ¯®¢¥¤¥­¨¨ à¥è¥­¨©.
�¤¥áì F : B ! G, £¤¥ B | ®¡« áâì ¢ G. � ®¯à¥¤¥«¥­¨ïå á¢®©áâ¢ äã­ªæ¨¨ F (®¤­®§­ ç­®áâ¨,
¬®­®â®­­®áâ¨) ¨ ¬­®¦¥áâ¢ H, G, Q, 
 áç¨â ¥âáï, ¥á«¨ ­¥ ®£®¢®à¥­® ¯à®â¨¢­®¥, t0 = 0 ¨ à¥è¥­¨¥
á Y (0) = Y0 § ¯¨áë¢ ¥âáï ª ª Y (t; Y0).
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�¥¬¬  3. �«ï  ¢â®­®¬­®£® ãà ¢­¥­¨ï (2:3) á ®¤­®§­ ç­®© äã­ªæ¨¥© F 2 W (G+) ¬­®¦¥-

áâ¢  H ¨ G ¯®«®¦¨â¥«ì­® ¨­¢ à¨ ­â­ë.

�¥¬¬  3 à á¯à®áâà ­ï¥â à¥§ã«ìâ âë �®§«®¢  �.�. [12] ®¡ ¨­¢ à¨ ­â­®áâ¨ ãª § ­­ëå ¬­®-
¦¥áâ¢ ­  á«ãç © ¬ âà¨ç­ëå á¨áâ¥¬ à §­®áâ­ëå ãà ¢­¥­¨© á ãá«®¢¨¥¬ ¬®­®â®­­®áâ¨ ®â­®á¨-
â¥«ì­® G+. �®ª § â¥«ìáâ¢® ï¢«ï¥âáï â¨¯®¢ë¬ [12], [17]. �á®¡¥­­®áâì á®áâ®¨â â®«ìª® ¢ â®¬, çâ®
®á­®¢®© ¤«ï ¤®ª § â¥«ìáâ¢  á«ã¦¨â ¯®«ãç¥­­ ï §¤¥áì â¥®à¥¬  1.

�ç¥¢¨¤­®

�«¥¤áâ¢¨¥ 2. �ãáâì F (t; Y ) | ®¤­®§­ ç­ ï ¨ ¬®­®â®­­® ­¥ã¡ë¢ îé ï ®â­®á¨â¥«ì­® G+

¬ âà¨ç­ ï äã­ªæ¨ï ¨ Y 2 
 (Y | â®çª  ¯®ª®ï á¨áâ¥¬ë (2.1)). �®£¤  ª®­ãáë G+ + Y , G� + Y
¯®«®¦¨â¥«ì­® ¨­¢ à¨ ­â­ë ¤«ï à¥è¥­¨© á¨áâ¥¬ë (2.1).

�®£« á­® á«¥¤áâ¢¨ï¬ 1, 2 ®æ¥­ª  à¥è¥­¨© á¨áâ¥¬ë (2.1), ­ ç¨­ îé¨åáï ¨§ ¬­®¦¥áâ¢  P0 =
fY 2 G : Y1 � Y � Y2g (Y1; Y2 2 G § ¤ ­ë), ¨¬¥¥â ¢¨¤

(8t 2 T; Y0 2 P0) Y (t; t0; Y1) � Y (t; t0; Y0) � Y (t; t0; Y2);

£¤¥ Y (t; t0; Y1), Y (t; t0; Y2) | ç áâ­ë¥ à¥è¥­¨ï á¨áâ¥¬ë (2.1) á Y (t0) = Y1 ¨ Y (t0) = Y2 á®®â¢¥â-
áâ¢¥­­®.

�æ¥­ª  ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ¢ § ¤ ­­ë© ¬®¬¥­â ¢à¥¬¥­¨ t ¤«ï à¥è¥­¨© ¨§ P0 ®¯à¥¤¥-
«ï¥âáï ¬­®¦¥áâ¢®¬

fY 2 G : Y (t; t0; Y1) � Y � Y (t; t0; Y2)g:

� «¥¥ ¤«ï  ¢â®­®¬­®£® ãà ¢­¥­¨ï (2.3) à áá¬ âà¨¢ îâáï ®æ¥­ª¨ ®¡« áâ¨ ¯à¨âï¦¥­¨ï. �®¤
®¡« áâìî ¯à¨âï¦¥­¨ï ¯®­¨¬ ¥âáï ¬­®¦¥áâ¢® � = fY0 2 G : lim

t!1
Y (t; t0; Y0) = 0g.

�¥®à¥¬  3. �ãáâì ¬­®¦¥áâ¢® G+\H (G�\G) á®¤¥à¦¨â â®çªã 0 ¨ ­¥ á®¤¥à¦¨â ¤àã£¨å

®á®¡ëå â®ç¥ª ãà ¢­¥­¨ï (2:3), £¤¥ F 2 W (G+) ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 1. �®£¤ 
G+ \H (G� \G) «¥¦¨â ¢ ®¡« áâ¨ ¯à¨âï¦¥­¨ï � á¨áâ¥¬ë (2:3).

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï â ª ¦¥, ª ª ¤«ï ãâ¢¥à¦¤¥­¨ï 3 ¨§ [16], ­® á ¨á¯®«ì§®¢ ­¨¥¬
¯à¨¢¥¤¥­­ëå ¢ëè¥ «¥¬¬ 1, 2 ¨ á«¥¤áâ¢¨ï 2.

�«¥¤ãîé¨© à¥§ã«ìâ â ¬®¦¥â ¡ëâì ¯®«®¦¥­ ¢ ®á­®¢ã ç¨á«¥­­ëå  «£®à¨â¬®¢ ¯®áâà®¥­¨ï
®æ¥­®ª ®¡« áâ¨ ¯à¨âï¦¥­¨ï ãà ¢­¥­¨ï (2.3) á ®¤­®§­ ç­®© äã­ªæ¨¥© F 2W (G+) ¯® ¥£® ç áâ­ë¬
à¥è¥­¨ï¬.

�«¥¤áâ¢¨¥ 3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 3. �®£¤ , ¤«ï â®£® çâ®¡ë â®çª  Y0 2 G+

(Z0 2 G�) ¯à¨­ ¤«¥¦ «  � á¨áâ¥¬ë (2.3), ¤®áâ â®ç­®, çâ®¡ë ¯à¨ ­¥ª®â®à®¬ � ¡ë«® Y (�; Y0) 2
G+ \H (Y (�; Z0) 2 G� \G). �®çª  Y0 2 G+ (Z0 2 G�) ­¥ «¥¦¨â ¢ �, ¥á«¨ Y (� 0; Y0) 2 G+ \G
(Y (� 0; Z0) 2 G� \H) ¯à¨ ­¥ª®â®à®¬ � 0.

� «¥¥ ¡ã¤¥¬ áç¨â âì T = N+, ¯à¨ ª ¦¤®¬ t0 2 T ­ ç «ì­ë¥ §­ ç¥­¨ï Y0 2 V (t0), £¤¥ V |
­¥ª®â®à®¥ ­ ¯¥à¥¤ § ¤ ­­®¥ ¬­®¦¥áâ¢® ¢ B (®¡ëç­® íâ® ¬­®¦¥áâ¢® §­ ç¥­¨© ¢¥ªâ®à-äã­ªæ¨¨
�ï¯ã­®¢  [17],   ¢ ­ è¥¬ á«ãç ¥ | ¬­®¦¥áâ¢® §­ ç¥­¨© ¬ âà¨ç­®© äã­ªæ¨¨ áà ¢­¥­¨ï), Y (t)
®¡®§­ ç ¥â à¥è¥­¨¥ ãà ¢­¥­¨ï (2.1) ¨«¨ (2.3) á Y (t0) = Y0, Tt0 = [t0; t0 + 1; : : : ;+1).

�­ «®£¨ç­® ¢¥ªâ®à­®¬ã á«ãç î [12] à áá¬ âà¨¢ îâáï á¢®©áâ¢  áà ¢­¥­¨ï ¤«ï ¬ âà¨ç­®©
á¨áâ¥¬ë (2.1) á F 2W (G+).

1�. �®«ã®£à ­¨ç¥­­®áâì à¥è¥­¨© á¢¥àåã:

(9�0 2 G
+) (8� 2 G+ : � � �0) (9E 2 G+) (8t0 2 T ) (8Y0 2 V (t0) : Y0 � �)

(T (Y ) = Tt0)&(8t 2 T (Y )) ) (Y (t) � E):

2�. �®«ã¨­¢ à¨ ­â­®áâì á¢¥àåã:

(9� 2 G+) (8t0 2 T ) (8Y0 2 V (t0) : Y0 � �) (T (Y ) = Tt0)&(8t 2 T (Y )) ) (Y (t) � E0);

£¤¥ E0 2 G+ ­ ¯¥à¥¤ § ¤ ­®.
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3�. �®«ããáâ®©ç¨¢®áâì á¢¥àåã:

(8E 2 G+) (9� 2 G+) (8t0 2 T ) (8Y0 2 V (t0) : Y0 � �) (T (Y ) = Tt0)&(8t 2 T (Y )) ) (Y (t) � E):

�«ï ãà ¢­¥­¨ï (2.3) â ª ¦¥, ª ª ¢ á«ãç ¥ ¤¨ää¥à¥­æ¨ «ì­ëå ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï
[6], ¨¬¥¥â ¬¥áâ® â¥®à¥¬  ® á¢®©áâ¢ å ¯à¥¤¥«ì­®© ¯®«ã®£à ­¨ç¥­­®áâ¨, ¯®«ã¨­¢ à¨ ­â­®áâ¨ ¨
¯®«ã¯à¨âï¦¥­¨ï.

�¥®à¥¬  4 ( ­ «®£ â¥®à¥¬ë 1.3 ¨§ [6]). �ãáâì F 2 W (G+) ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï ¥¤¨­-
áâ¢¥­­®áâ¨ ¨ ¯à®¤®«¦¨¬®áâ¨ à¥è¥­¨© á¨áâ¥¬ë (2:1).

�. �á«¨ H+ 6= ;, â® ¨¬¥¥â ¬¥áâ® ¯®«ã®£à ­¨ç¥­­®áâì á¢¥àåã. � ª ç¥áâ¢¥ �0 ¬®¦­® ¯à¨-

­ïâì ª ªãî-«¨¡® ¬ âà¨æã ¨§ H+, E | ¯à®¨§¢®«ì­ ï ¬ âà¨æ  ¨§ H \ S+(�).
�. �á«¨ H+ \ S�(E0) 6= ;, â® ¨¬¥¥â ¬¥áâ® ¯®«ã¨­¢ à¨ ­â­®áâì á¢¥àåã. � ª ç¥áâ¢¥ �

¬®¦­® ¯à¨­ïâì ª ªãî-«¨¡® ¬ âà¨æã ¨§ H+ \ S�(E0).
�. �á«¨ H+ 6= ; ¨ 0 2 H+, â® ¨¬¥¥â ¬¥áâ® ¯®«ããáâ®©ç¨¢®áâì á¢¥àåã. �à¨ íâ®¬ � |

«î¡ ï ¬ âà¨æ  ¨§ H+ â ª ï, çâ® � < E.

�®ª § â¥«ìáâ¢® ¯à¥¤áâ ¢«ï¥â ¯àï¬®¥ ¯à¨¬¥­¥­¨¥ «¥¬¬ë 1 ® ¯®«®¦¨â¥«ì­®© ¨­¢ à¨ ­â­®áâ¨
G� + P ¯à¨ P 2 H, ª®â®à ï ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¤«ï ¢á¥å à¥è¥­¨©.

3. � âà¨ç­ë¥ ª®­¥ç­®-à §­®áâ­ë¥ á¨áâ¥¬ë áà ¢­¥­¨ï

� âà¨ç­ë¥ á¨áâ¥¬ë à §­®áâ­ëå ãà ¢­¥­¨© á ãá«®¢¨¥¬ ¬®­®â®­­®áâ¨ ®â­®á¨â¥«ì­® ª®­ã-
á  G+ ¬®¦­® ¨á¯®«ì§®¢ âì ¢ ª ç¥áâ¢¥ á¨áâ¥¬ áà ¢­¥­¨ï ¤«ï ¯®«ãç¥­¨ï ¤®áâ â®ç­ëå ãá«®¢¨©
ãáâ®©ç¨¢®áâ¨, ®£à ­¨ç¥­­®áâ¨, ¨­¢ à¨ ­â­®áâ¨ ¨ ¤àã£¨å ¤¨­ ¬¨ç¥áª¨å á¢®©áâ¢,   â ª¦¥ ¤«ï
­ å®¦¤¥­¨ï à §«¨ç­ëå ®æ¥­®ª à¥è¥­¨© ¨áå®¤­®© ¤¨áªà¥â­®© á¨áâ¥¬ë.

�ãáâì § ¤ ­  á¨áâ¥¬  (1.1), £¤¥ f : � � T � Rn ! Rn | ­¥¯à¥àë¢­ ï ¨ ®¤­®§­ ç­ ï äã­ª-
æ¨ï. � ¨á¯®«ì§®¢ ­¨¥¬ â¥®à¥¬ë 1 ® ¬ âà¨ç­ëå ª®­¥ç­®-à §­®áâ­ëå ­¥à ¢¥­áâ¢ å ¯®«ãç ¥¬
áâ ­¤ àâ­ãî ¢ ¬¥â®¤¥ áà ¢­¥­¨ï [10] «¥¬¬ã áà ¢­¥­¨ï.

�¥¬¬  4. �ãáâì ¤«ï á¨áâ¥¬ë (1:1) ­  ¨­â¥à¢ «¥ T áãé¥áâ¢ã¥â ­¥¯à¥àë¢­ ï ¬ âà¨ç­ ï

äã­ªæ¨ï V (t; x) â ª ï, çâ® V : � ! G+,   ¤«ï V (t + 1; x(t + 1)), ¢ëç¨á«¥­­®© ¢ á¨«ã á¨áâ¥¬ë
(1:1), á¯à ¢¥¤«¨¢® ¯à¨ ¢á¥å t 2 T ª®­¥ç­®-à §­®áâ­®¥ ­¥à ¢¥­áâ¢®

V (t+ 1; x(t + 1)) � F (t; V (t; x(t))); (3.1)

£¤¥ F (t; V ) | ­¥¯à¥àë¢­ ï ®¤­®§­ ç­ ï ¬ âà¨ç­ ï äã­ªæ¨ï, ¬®­®â®­­® ­¥ã¡ë¢ îé ï ®â­®á¨-

â¥«ì­® G+. �®£¤  ¨§ ãá«®¢¨ï V (t0; x0) � Y0 á«¥¤ã¥â

V (t; x(t; t0; x0)) � Y (t; t0; Y0);

£¤¥ Y (t; t0; Y0) | à¥è¥­¨¥ á¨áâ¥¬ë (2:1) á äã­ªæ¨¥© F ¨§ (3:1).

�à¨ íâ®¬ V (t; x) ¡ã¤¥â ï¢«ïâìáï ¬ âà¨ç­®© äã­ªæ¨¥© áà ¢­¥­¨ï ¤«ï á¨áâ¥¬ë (1.1) (¯à¨ ­¥-
ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå, § ¢¨áïé¨å ®â ¨§ãç ¥¬®£® á¢®©áâ¢ , | ¬ âà¨ç­®© äã­ªæ¨-
¥© áà ¢­¥­¨ï ®â­®á¨â¥«ì­® à áá¬ âà¨¢ ¥¬®£® ¤¨­ ¬¨ç¥áª®£® á¢®©áâ¢ ),   á¨áâ¥¬  (2.1), ¯à ¢ ï
ç áâì ª®â®à®© ¡¥à¥âáï ¨§ (3.1) ¨ ï¢«ï¥âáï ¬®­®â®­­® ­¥ã¡ë¢ îé¥© ®â­®á¨â¥«ì­® ª®­ãá  G+,
­ §ë¢ ¥âáï ¬ âà¨ç­®© á¨áâ¥¬®© áà ¢­¥­¨ï ¤«ï ãà ¢­¥­¨ï (1.1).

�â ª, á®£« á­® «¥¬¬¥ 4 ¢ ª ç¥áâ¢¥ ¬ âà¨ç­®© á¨áâ¥¬ë áà ¢­¥­¨ï ¬®¦­® ¢ë¡¨à âì á¨áâ¥-
¬ã (2.1) á ¯à ¢®© ç áâìî F ¨§ (3.1), ¤«ï ª®â®à®© ¤®«¦­® ¢ë¯®«­ïâìáï ãá«®¢¨¥ ¬®­®â®­­®£®
­¥ã¡ë¢ ­¨ï ®â­®á¨â¥«ì­® G+.
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4. �¢ï§ì ¬ âà¨ç­ëå à §­®áâ­ëå á¨áâ¥¬ áà ¢­¥­¨ï á ª¢ ¤à â¨ç­ë¬¨
äã­ªæ¨ï¬¨ �ï¯ã­®¢ 

�ãáâì ¤«ï á¨áâ¥¬ë (1.1) á ¬ âà¨ç­®© äã­ªæ¨¥©

V (t; x) = [x� a(t)][x� a(t)]T (4.1)

¯®«ãç¥­  ª®­¥ç­®-à §­®áâ­ ï á¨áâ¥¬  áà ¢­¥­¨ï

Q(t+ 1) = F (t;Q(t)); Q 2 G; t � t0; (4.2)

£¤¥ F | ­¥¯à¥àë¢­ ï ®¤­®§­ ç­ ï ¨ ¬®­®â®­­® ­¥ã¡ë¢ îé ï ®â­®á¨â¥«ì­® ª®­ãá  G+ ¬ âà¨ç-
­ ï äã­ªæ¨ï,   ¢¥ªâ®à-äã­ªæ¨ï a(t) = a(t; t0; a0) | ç áâ­®¥ à¥è¥­¨¥ á a(t0) = a0 (a0 | ¢¥ªâ®à
¨§ (1.2)) à §­®áâ­®£® ãà ¢­¥­¨ï

a(t+ 1) = f�(t; a); (4.3)

£¤¥ äã­ªæ¨ï f� : T �Rn ! Rn «¨¡® á®¢¯ ¤ ¥â á äã­ªæ¨¥© f ¨§ ãà ¢­¥­¨ï (1.1), «¨¡® ï¢«ï¥âáï
­¥ª®â®àë¬ ¥¥ ¯à¨¡«¨¦¥­¨¥¬.

�ãáâì Q(t; t0; Q0) | ¯o«o¦¨âe«ì­o ®¯à¥¤¥«¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë áà ¢­¥­¨ï (4.2) á ­ ç «ì-
­ë¬ ãá«®¢¨¥¬ Q(t0) = Q0, £¤¥ Q0 | ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ  ¨§ (1.2). �¯à¥¤¥«¨¬
ª¢ ¤à â¨ç­ãî ä®à¬ã

v(t; x) = [x� a(t)]TQ�1(t; t0; Q0)[x� a(t)]: (4.4)

�¥¬¬  5. �­®¦¥áâ¢® fx : v(t0; x) � 1g ¯®«®¦¨â¥«ì­® ¨­¢ à¨ ­â­® ¤«ï à¥è¥­¨© á¨áâ¥¬ë

(1:1).

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ «î¡®¥ x0 2 fx : v(t0; x) � 1g. �â® ®§­ ç ¥â, çâ® x0 2 E(a0; Q0),
¯®íâ®¬ã ¯à¨ t = t0 ¡ã¤¥â ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢® [6]

V (t0; x0) = [x0 � a0][x0 � a0]T � Q0:

� ª ª ª (4.2) ï¢«ï¥âáï ¬ âà¨ç­®© á¨áâ¥¬®© áà ¢­¥­¨ï ¤«ï (2.1), â® ¢ á¨«ã «¥¬¬ë 4 ¨¬¥¥¬
¬ âà¨ç­®¥ ­¥à ¢¥­áâ¢® (®â­®á¨â¥«ì­® ª®­ãá  G+)

V (t; x(t)) � Q(t) ¤«ï ¢á¥å t 2 T ; (4.5)

£¤¥ V (t; x(t; t0; x0)) | ¬ âà¨ç­ ï äã­ªæ¨ï (4.1), ®¯à¥¤¥«¥­­ ï ­  à¥è¥­¨ïå x(t) = x(t; t0; x0) á¨-
áâ¥¬ë (1.1), Q(t) = Q(t; t0; Q0) | à¥è¥­¨¥ á¨áâ¥¬ë áà ¢­¥­¨ï (4.2) á Q(t0) = Q0. �â® ¤®ª §ë¢ ¥â
¨­¢ à¨ ­â­®áâì ¬­®¦¥áâ¢  P (t) = fx : V (t; x) � Q(t)g.

C ãç¥â®¬ (4.1) ­¥à ¢¥­áâ¢® (4.5) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

Q(t)� [x(t)� a(t)][x(t) � a(t)]T � 0:

� ª®© ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­®© ¬ âà¨æ¥ á®®â¢¥âáâ¢ã¥â [6] ª¢ ¤à â¨ç­ ï ä®à¬  (¯à¨ ãá«®-
¢¨¨ Q(t) > 0)

[x(t)� a(t)]TQ�1(t)fQ(t)� [x(t)� a(t)][x(t) � a(t)]T gQ�1(t)[x(t) � a(t)] � 0

¨«¨
[x(t)� a(t)]TQ�1(t)[x(t) � a(t)] � f[x(t)� a(t)]TQ�1(t)[x(t) � a(t)]g2:

�âáî¤  á«¥¤ã¥â [x(t)� a(t)]TQ�1(t)[x(t) � a(t)] � 1 ¨«¨ v(t; x(t)) � 1 ¤«ï ¢á¥å t 2 T1.

�®£« á­® ¤ ­­®© «¥¬¬¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1.1), ­ ç¨­ îé¨¥áï ¨§ § ¤ ­­®£® í««¨¯á®¨¤ 
(1.2), ¢ ¤ «ì­¥©è¥¬ ¢á¥£¤  ¡ã¤ãâ ­ å®¤¨âìáï ¢ í««¨¯á®¨¤¥

E[a(t); Q(t)] = fx : (x(t)� a(t))TQ�1(t)(x(t) � a(t)) � 1g; (4.6)

à §¬¥àë ª®â®à®£® ®¯à¥¤¥«ïîâáï ç áâ­ë¬ à¥è¥­¨¥¬ ¬ âà¨ç­®© á¨áâ¥¬ë áà ¢­¥­¨ï (4.2). �­® ¦¥
®¯à¥¤¥«ï¥â ª¢ ¤à â¨ç­ãî äã­ªæ¨î �ï¯ã­®¢  (4.4), ª®â®à ï ¢ë¤¥«ï¥â ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥
á¨áâ¥¬ë (1.1) ¨­¢ à¨ ­â­®¥ ¬­®¦¥áâ¢® ¢ ¢¨¤¥ í««¨¯á®¨¤  E[a(t); Q(t)] = fx : v(t; x) � 1g.
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� ª¨¬ ®¡à §®¬, ¬ âà¨ç­ ï á¨áâ¥¬  áà ¢­¥­¨ï (4.2) ¢¬¥áâ¥ á ãà ¢­¥­¨¥¬ (4.3) ®¯¨áë¢ îâ
í¢®«îæ¨î í««¨¯á®¨¤®¢ (4.6), ï¢«ïîé¨åáï ¨­¢ à¨ ­â­ë¬¨ ¬­®¦¥áâ¢ ¬¨ ¤«ï à¥è¥­¨© ¨áå®¤­®©
á¨áâ¥¬ë (1.1). �à®¬¥ â®£®, íâ¨ ¬­®¦¥áâ¢  ¬®¦­® à áá¬ âà¨¢ âì ª ª ¢¥àå­¨¥ ®æ¥­ª¨ ¬­®¦¥áâ¢
¤®áâ¨¦¨¬®áâ¨ ¨áå®¤­®© ­¥«¨­¥©­®© á¨áâ¥¬ë (1.1) ¯à¨ x0 2 E(a0; Q0).

5. �æ¥­¨¢ ­¨¥ á®áâ®ï­¨ï ¤¨áªà¥â­ëå á¨áâ¥¬ ã¯à ¢«¥­¨ï
á ¯®¬®éìî ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï

5.1. �æ¥­¨¢ ­¨¥ á®áâ®ï­¨ï «¨­¥©­®© ¤¨áªà¥â­®© á¨áâ¥¬ë

� áá¬ âà¨¢ ¥âáï «¨­¥©­ ï ¤¨áªà¥â­ ï ¬®¤¥«ì ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë

xk+1 = Akxk + bk; (5.1)

£¤¥ xk; xk+1 2 Rn | ¢¥ªâ®àë á®áâ®ï­¨ï ¤¨áªà¥â­®© á¨áâ¥¬ë ¢ ¬®¬¥­âë ¢à¥¬¥­¨ t = k ¨ t = k+1
á®®â¢¥âáâ¢¥­­®, Ak | n � n-¬ âà¨æ  á¨áâ¥¬ë, bk | n-¢¥ªâ®à, k = k0; k0 + 1; : : : �à¨ k = k0
x(k0) = x0 2 E(a0; Q0), £¤¥ Q0 | ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï n � n-¬ âà¨æ , a0 | § ¤ ­­ë©
n-¢¥ªâ®à.

�®§ì¬¥¬ ª¢ ¤à â¨ç­ãî ä®à¬ã

v(k; x) = [x� ak]
TQ�1(k)[x� ak]

¨ ¢ëç¨á«¨¬ ¤«ï ­¥¥ ¯¥à¢ãî à §­®áâì ¢ á¨«ã á¨áâ¥¬ë (5.1)

v(k + 1; x(k + 1)) � v(k; x(k)) = (xk+1 � ak+1)
TQ�1(k + 1)(xk+1 � ak+1) =

= [Akxk + bk � ak+1]
TQ�1(k + 1)[Akxk + bk � ak+1]� [xk � ak]

TQ�1(k)[xk � ak]:

�ã¤¥¬ ®¯à¥¤¥«ïâì ak ¨§ ãà ¢­¥­¨ï

ak+1 = Akak + bk; ak0 = a0: (5.2)

� ãç¥â®¬ ãà ¢­¥­¨ï (5.2) ¤«ï ak ¯®«ãç ¥¬

v(k + 1; x(k + 1))� v(k; x(k)) = [xk � ak]
T [ATkQ

�1(k + 1)Ak �Q�1(k)][xk � ak]
T :

�ãáâì Q(k0) = Q0 2 G+ ¨ Ak | ­¥®á®¡ë¥ ¯à¨ «î¡®¬ k n � n-¬ âà¨æë. �®£¤ , ¯à¨à ¢­¨¢ ï
ª ­ã«î ¯¥à¢ãî à §­®áâì (â. ¥. âà¥¡ãï, çâ®¡ë ª¢ ¤à â¨ç­ ï ä®à¬  ¡ë«  ¯®áâ®ï­­®© ­  à¥è¥-
­¨ïå ¨áå®¤­®© á¨áâ¥¬ë), ¯®«ãç ¥¬, çâ® ¤«ï ¬ âà¨æë Q(k) ¤®«¦­® ¢ë¯®«­ïâìáï â®¦¤¥áâ¢®
ATkQ

�1(k + 1)Ak = Q�1(k), Q(k0) = Q0 2 G
+, ¨§ ª®â®à®£® ¯®«ãç ¥¬ ¬ âà¨ç­®¥ à §­®áâ­®¥ ãà ¢-

­¥­¨¥ �ï¯ã­®¢ 

Q(k + 1) = AkQ(k)A
T
k ; Q(k0) = Q0 2 G

+: (5.3)

� ª¨¬ ®¡à §®¬, ¬ âà¨æ  Q(k), ¯®«ãç ¥¬ ï ¨§ ãà ¢­¥­¨ï (5.3), ®¯à¥¤¥«ï¥â äã­ªæ¨î �ï-
¯ã­®¢  ¢ ¢¨¤¥ ª¢ ¤à â¨ç­®© ä®à¬ë (4.4), ª®â®à ï ®áâ ¥âáï ¯®áâ®ï­­®© ­  à¥è¥­¨ïå á¨áâ¥¬ë
(5.1). �®íâ®¬ã ¥á«¨ ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ á®áâ®ï­¨¥ á¨áâ¥¬ë (5.1) ¯à¨­ ¤«¥¦¨â í««¨-
¯á®¨¤ã (1.2), â. ¥. v(k0; x0) = [x0 � a0]TQ�1(k0)[x0 � a0] � 1, â® ¨ ¤«ï ¢á¥å k � k0 v(k; x) =
[xk � ak]TQ�1(k)[xk � ak] � 1. �â® ®§­ ç ¥â, çâ® á®áâ®ï­¨¥ ¤¨áªà¥â­®© á¨áâ¥¬ë ¯à¨­ ¤«¥¦¨â
í««¨¯á®¨¤ã á æ¥­âà®¬ ¢ â®çª¥ ak ¨ à §¬¥à ¬¨, ®¯à¥¤¥«ï¥¬ë¬¨ ¬ âà¨æ¥© Q(k).

�®§ì¬¥¬ â¥¯¥àì ¬ âà¨ç­ãî äã­ªæ¨î

V (k; xk) = [xk � ak][xk � ak]T (5.4)

¨ ¢ëç¨á«¨¬ ¤«ï ­¥¥ V (k + 1; xk+1) = [xk+1 � ak+1][xk+1 � ak+1]T ¢ á¨«ã ãà ¢­¥­¨ï (5.1). �®£¤  á
ãç¥â®¬ ãà ¢­¥­¨ï ¤«ï ak ¯®«ãç ¥¬

V (k + 1; xk+1) = Ak[xk � ak][xk � ak]
TATk = AkV (k; xk)A

T
k :

�¥£ª® ¯®ª § âì, çâ® ¬ âà¨ç­ ï äã­ªæ¨ï F (k; Yk) = AkYkA
T
k ï¢«ï¥âáï ¬®­®â®­­® ­¥ã¡ë¢ îé¥©

®â­®á¨â¥«ì­® ª®­ãá  G+. �á«¨ V (k0; xk0) � Q0 ¯à¨ k = k0, â® ¯® «¥¬¬¥ 4 ãà ¢­¥­¨¥ (5.3) ¡ã¤¥â
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ï¢«ïâìáï ¬ âà¨ç­®© à §­®áâ­®© á¨áâ¥¬®© áà ¢­¥­¨ï ¤«ï á¨áâ¥¬ë (5.1). �®íâ®¬ã xk 2 Z(k) =
fx : [x � ak][x � ak]T � Q(k)g ¨«¨ xk 2 P (k) = fx : [x � ak]TQ�1(k)[x � ak] � 1g, ¥á«¨ Q(k) |
¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (5.3).

�â¬¥â¨¬ â ª¦¥, çâ® ãà ¢­¥­¨¥ (5.3) á®¢¯ ¤ ¥â á í¢®«îæ¨®­­ë¬ ãà ¢­¥­¨¥¬ ¬¥â®¤  í««¨¯á®-
¨¤®¢ [14]. � ª ¨§¢¥áâ­®, â ª®¥ ãà ¢­¥­¨¥ ®¯¨áë¢ ¥â í¢®«îæ¨î í««¨¯á®¨¤ , ï¢«ïîé¥£®áï â®ç­®©
®æ¥­ª®© ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (5.1), ¤«ï ¯à®æ¥áá®¢, ­ ç¨­ îé¨åáï ¨§ § ¤ ­­®£®
í««¨¯á®¨¤  E(a0; Q0) (1.2).

�¥¬¬  6. �ãáâì ¢ á¨áâ¥¬¥ (5:1) Ak (k = 0; 1; 2; : : : ) | ­¥®á®¡ë¥ n � n-¬ âà¨æë, Q0 |

¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï n � n-¬ âà¨æ . �á«¨ ¯à¨ k = k0 x0 2 E(a0; Q0), â® ¤«ï ª ¦¤®-

£® k � k0 á®áâ®ï­¨¥ á¨áâ¥¬ë ¯à¨­ ¤«¥¦¨â í««¨¯á®¨¤ã E(ak; Qk), £¤¥ ak, Qk ®¯à¥¤¥«ïîâáï

á®®â¢¥âáâ¢¥­­® ¨§ ãà ¢­¥­¨© (5:2) ¨ (5:3).

�«ï áâ æ¨®­ à­®© «¨­¥©­®© á¨áâ¥¬ë (5.1) á¯à ¢¥¤«¨¢ 

�¥¬¬  7. �ãáâì Ak = A, bk = b, £¤¥ A, b | ¯®áâ®ï­­ë¥ ¬ âà¨æ  ¨ ¢¥ªâ®à. �«ï â®£®
çâ®¡ë ¯®á«¥¤®¢ â¥«ì­®áâì í««¨¯á®¨¤®¢ E(ak; Qk) áå®¤¨« áì ¯à¨ k !1 ª â®çª¥ a = (I�A)�1b,
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¬ âà¨æ  A ¡ë«  ãáâ®©ç¨¢®©, â. ¥. �(A) = max

i
j�i(A)j < 1

(�(A) { á¯¥ªâà «ì­ë© à ¤¨ãá ¬ âà¨æë A).

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì. �§ ãà ¢­¥­¨ï (5.2) ¤«ï æ¥­âà  í««¨¯á®¨¤  ¯®«ãç ¥¬

ak+1 = Aka0 +
k�1X
j=0

Ajb:

�®áª®«ìªã �(A) < 1, â® Aka0 ! 0 ¯à¨ k ! 1 ¨, ª ª ¨§¢¥áâ­® [18],
1P
j=0

Aj = (I � A)�1. �®£¤ 

lim
k!1

ak+1 = (I �A)�1b, â. ¥. æ¥­âà ¯à¥¤¥«ì­®£® í««¨¯á®¨¤  á®¢¯ ¤ ¥â á a = (I �A)�1b. �®ª ¦¥¬,

çâ® ®¡ê¥¬ í««¨¯á®¨¤  áâà¥¬¨âáï ª ­ã«î ¯à¨ k ! 1. �«ï íâ®£® ¯à¥¤áâ ¢¨¬ ãà ¢­¥­¨¥ (5.3) ¢
¢¨¤¥ [19]

D(Qk+1) = FD(Qk); (5.5)

£¤¥ D(Q) = col(qT1 ; q
T
2 ; : : : ; q

T
n ) | n2-¢¥ªâ®à, á®áâ ¢«¥­­ë© ¨§ áâà®ª qi ¬ âà¨æë Q, F = A 
 A

| ¯®áâ®ï­­ ï n2 � n2-¬ âà¨æ , ï¢«ïîé ïáï ªà®­¥ª¥à®¢áª¨¬ ¯à®¨§¢¥¤¥­¨¥¬ ¤¢ãå ¬ âà¨æ A.
�§¢¥áâ­® [18], çâ® á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ ¬ âà¨æë F = A 
 A ï¢«ïîâáï n2 ç¨á¥« ¢¨¤ 
�i(A)�j(A), i; j = 1; n. � á¨«ã ¯à¥¤¯®«®¦¥­¨ï ® á¯¥ªâà «ì­®¬ à ¤¨ãá¥ ¬ âà¨æë A ¤«ï á®¡áâ¢¥­-
­ëå §­ ç¥­¨© ¬ âà¨æë F ¡ã¤¥â ¨¬¥âì ¬¥áâ® ­¥à ¢¥­áâ¢® j�i(A)�j(A)j < 1. �®íâ®¬ã á¨áâ¥¬  (5.5)
¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢  ¨ ¤«ï «î¡®£® ¥¥ à¥è¥­¨ï ¡ã¤¥â ¢ë¯®«­ïâìáï lim

k!1
D(Qk) = 0.

�âáî¤  Qk ! 0 ¨ detQk ! 0 ¯à¨ k !1.

�¥®¡å®¤¨¬®áâì. �à¥¤¯®«®¦¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì í««¨¯á®¨¤®¢ E(ak; Qk) áå®¤¨âáï
¯à¨ k ! 1 ª â®çª¥ a = (I � A)�1b. �®£¤  á®£« á­® «¥¬¬¥ 6 ¢á¥ à¥è¥­¨ï ãà ¢­¥­¨ï (5.1),
­ ç ¢è¨¥áï ¨§ í««¨¯á®¨¤  E(a0; Q0), ¡ã¤ãâ áå®¤¨âìáï ª â®çª¥ a, ï¢«ïîé¥©áï ¥¤¨­áâ¢¥­­®© ®á®-
¡®© â®çª®© ãà ¢­¥­¨ï (5.1). �«ï «¨­¥©­®©  ¢â®­®¬­®© à §­®áâ­®© á¨áâ¥¬ë íâ® ¡ã¤¥â ®§­ ç âì
 á¨¬¯â®â¨ç¥áªãî ãáâ®©ç¨¢®áâì, ¤«ï ª®â®à®© ­¥®¡å®¤¨¬® ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  �(A) < 1.

5.2. �®áâà®¥­¨¥ ¬ âà¨ç­®© á¨áâ¥¬ë áà ¢­¥­¨ï
¤«ï «¨­¥©­®© ¤¨áªà¥â­®© á¨áâ¥¬ë á ­¥®¯à¥¤¥«¥­­®áâï¬¨

� áá¬ âà¨¢ ¥âáï «¨­¥©­ ï ¬®¤¥«ì ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë á ­¥®¯à¥¤¥«¥­­®áâï¬¨, § ¤ ­­ ï
à §­®áâ­ë¬ ãà ¢­¥­¨¥¬

xk+1 = Akxk +Bk!k; (5.6)
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£¤¥ xk+1; xk 2 Rn | ¢¥ªâ®àë ä §®¢ëå ª®®à¤¨­ â á¨áâ¥¬ë, Ak, Bk | ¢¥é¥áâ¢¥­­ë¥ n � n- ¨
n � l-¬ âà¨æë, !k | l-¢¥ªâ®à ­¥®¯à¥¤¥«¥­­ëå ¢®§¬ãé¥­¨©, ª®â®àë¥ áç¨â îâáï ¤¥â¥à¬¨­¨à®-
¢ ­­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨, â. ¥. ¢ ª ¦¤ë© ¬®¬¥­â ¢à¥¬¥­¨ ¢¥ªâ®àë !k ­¥¨§¢¥áâ­ë, ­®

!k 2 f! : !!T � Rkg: (5.7)

�¤¥áì Rk | ¨§¢¥áâ­ë¥ ¢¥é¥áâ¢¥­­ë¥ l � l-¬ âà¨æë.
�«ï á¨áâ¥¬ë (5.6) ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â § ¤ ç  ¯®áâà®¥­¨ï ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ¢ ¬®-

¬¥­â ¢à¥¬¥­¨ k ¤«ï ¯à®æ¥áá®¢, ­ ç¨­ îé¨åáï ¨§ § ¤ ­­®£® ¬­®¦¥áâ¢ . �«ï à¥è¥­¨ï íâ®© § ¤ -
ç¨ ç é¥ ¢á¥£® ¯à¨¬¥­ï¥âáï  ¯¯à®ªá¨¬ æ¨ï ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ª« áá®¬ ®¡« áâ¥© ®¯à¥¤¥-
«¥­­®© ª ­®­¨ç¥áª®© ä®à¬ë, ­ ¯à¨¬¥à, ª« áá®¬ í««¨¯á®¨¤®¢ [20]. �§¢¥áâ­ë £ à ­â¨à®¢ ­­ë¥
®æ¥­ª¨ ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨, ®á­®¢ ­­ë¥ ­  í««¨¯á®¨¤ «ì­®©  ¯¯à®ªá¨¬ æ¨¨ áã¬¬ë ¤¢ãå
í««¨¯á®¨¤®¢ [14], [20]. �¤¥áì ¤«ï ¯®áâà®¥­¨ï ¢¥àå­¨å í««¨¯á®¨¤ «ì­ëå ®æ¥­®ª ¨á¯®«ì§ã¥âáï
¯®¤å®¤, ®á­®¢ ­­ë© ­  ¯®áâà®¥­¨¨ ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï. �â®â ¯®¤å®¤ ¯à¥¤«®¦¥­ ¢ [4],
[5] ¤«ï ¯®áâà®¥­¨ï £ à ­â¨à®¢ ­­ëå ®æ¥­®ª á®áâ®ï­¨ï ­¥¯à¥àë¢­ëå á¨áâ¥¬  ¢â®¬ â¨ç¥áª®£®
ã¯à ¢«¥­¨ï. � [7] íâ®â ¯®¤å®¤ ¡ë« à §¢¨â ¤«ï ­¥«¨­¥©­ëå ­¥¯à¥àë¢­ëå à¥£ã«¨àã¥¬ëå á¨áâ¥¬
á® áâàãªâãà­ë¬¨ ¨§¬¥­¥­¨ï¬¨.

�«ï ¢¥àå­¥© í««¨¯á®¨¤ «ì­®©  ¯¯à®ªá¨¬ æ¨¨ ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ¯®áâà®¨¬ ¬ âà¨ç-
­ãî á¨áâ¥¬ã áà ¢­¥­¨ï ¤«ï ¨áå®¤­®© á¨áâ¥¬ë (5.6). �à¨ íâ®¬ ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ®ç¥¢¨¤­®¥
¬ âà¨ç­®¥ ­¥à ¢¥­áâ¢® (®â­®á¨â¥«ì­® ª®­ãá  ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ëå á¨¬¬¥âà¨ç¥áª¨å
¬ âà¨æ)

xyT + yxT �
1
q
xxT + qyyT ; (5.8)

ª®â®à®¥ ¨¬¥¥â ¬¥áâ® ¤«ï «î¡ëå ¢¥ªâ®à®¢ x; y 2 Rn ¨ «î¡®© ¯¥à¥¬¥­­®© q > 0.
�ãáâì ak ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢­¥­¨ï

ak+1 = Akak; ak0 = a0: (5.9)

�®§ì¬¥¬ ¬ âà¨ç­ãî äã­ªæ¨î (5.4) ¨, ãç¨âë¢ ï (5.6), (5.9), ¢ëç¨á«¨¬

V (k + 1; xk+1) = [xk+1 � ak+1][xk+1 � ak+1]
T = Ak[xk � ak][xk � ak]

TATk +Ak[xk � ak]!
T
k B

T
k +

+Bk!k[xk � ak]
TATk +Bk!k!

T
kB

T
k : (5.10)

� ãç¥â®¬ (5.8) ¨§ (5.10) ¯®«ãç ¥¬

V (k + 1; xk+1) � (1 + q)AkV (k; xk)ATk + (1 + 1
q
)Bk!k!TkB

T
k :

�âáî¤  á ãç¥â®¬ ¯à¥¤¯®«®¦¥­¨ï (5.7) ®â­®á¨â¥«ì­® !k ¯®«ãç ¥âáï ¬ âà¨ç­®¥ à §­®áâ­®¥ ­¥à -
¢¥­áâ¢®

V (k + 1; xk+1) � (1 + q)AkV (k; xk)ATk + (1 + 1
q
)BkRkBT

k ; (5.11)

¯à ¢ ï ç áâì ª®â®à®£® ¬®­®â®­­® ­¥ã¡ë¢ îé ï ¯® V ®â­®á¨â¥«ì­® ª®­ãá  G+. �á«¨ x0 2
E(a0; Q0) ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ k0, â® ¡ã¤¥â ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢® V (k0; x0) =
[x0 � a0][x0 � a0]T � Q0,   á®®â¢¥âáâ¢ãîé¥¥ ­¥à ¢¥­áâ¢ã (5.11) ¬ âà¨ç­®¥ ª®­¥ç­®-à §­®áâ­®¥
ãà ¢­¥­¨¥

Qk+1 = (1 + q)AkQkA
T
k + (1 + 1

q
)BkRkBT

k (5.12)

ï¢«ï¥âáï ¬ âà¨ç­®© á¨áâ¥¬®© áà ¢­¥­¨ï ¤«ï ãà ¢­¥­¨ï (5.6). �®íâ®¬ã á®£« á­® «¥¬¬¥ 5 ãà ¢­¥-
­¨¥ (5.12) ¢¬¥áâ¥ á ãà ¢­¥­¨¥¬ (5.9) ®¯à¥¤¥«ïîâ í¢®«îæ¨î ¯ à ¬¥âà®¢ í««¨¯á®¨¤®¢ E(ak; Qk),
 ¯¯à®ªá¨¬¨àãîé¨å á¢¥àåã á®áâ®ï­¨¥ á¨áâ¥¬ë (5.6).

�â¬¥â¨¬, çâ® ¯®«ãç¥­­®¥ ãà ¢­¥­¨¥ (5.12) á®¢¯ ¤ ¥â á ãà ¢­¥­¨¥¬ í¢®«îæ¨¨ ¯ à ¬¥âà®¢
í««¨¯á®¨¤  ¨§ [14], [20]. �«ï ¢ë¡®à  ¯ à ¬¥âà  q ¨á¯®«ì§ãîâáï à §«¨ç­ë¥ ªà¨â¥à¨¨. � ç áâ-
­®áâ¨, ¢ [20] ¨áá«¥¤ãîâáï ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ í««¨¯á®¨¤®¢ E(ak; Qk), ®¯à¥¤¥-
«ï¥¬ëå ãà ¢­¥­¨ï¬¨ (5.9), (5.12) ¯à¨ Rk = I (I | ¥¤¨­¨ç­ ï ¬ âà¨æ ), Ak, Bk | ¯®áâ®ï­­ë¥
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¬ âà¨æë. �®ª § ­®, çâ® ãáâ®©ç¨¢®áâì ¬ âà¨æë A ¨áå®¤­®© á¨áâ¥¬ë ­¥ £ à ­â¨àã¥â áå®¤¨¬®áâ¨
¨ ®£à ­¨ç¥­­®áâ¨ í««¨¯á®¨¤ «ì­ëå ®æ¥­®ª ¯à¨ ¢ë¡®à¥ ¯ à ¬¥âà  q ¯® ªà¨â¥à¨î ¬¨­¨¬ «ì­®-
áâ¨ ¨å ®¡ê¥¬ . �à¨ ¢ë¡®à¥ ¯ à ¬¥âà  q ¯® ªà¨â¥à¨î áã¬¬ë ª¢ ¤à â®¢ ¯®«ã®á¥© í««¨¯á®¨¤ ,
â. ¥. á«¥¤  á®®â¢¥âáâ¢ãîé¥© ¥¬ã ¬ âà¨æë, ãáâ®©ç¨¢®áâì ¬ âà¨æë A £ à ­â¨àã¥â ®£à ­¨ç¥­­®áâì
í««¨¯á®¨¤ «ì­ëå ®æ¥­®ª. �® ãª § ­­®¬ã ªà¨â¥à¨î ¯ à ¬¥âà q ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

qk =
q
Tr(BkRkBT

k )=Tr(AkQkA
T
k ):

� ª¨¬ ®¡à §®¬, ¤«ï «¨­¥©­®© à §­®áâ­®© á¨áâ¥¬ë ¬ âà¨ç­ ï á¨áâ¥¬  áà ¢­¥­¨ï ¤ ¥â â®ç­®
â ª¨¥ ¦¥ ¢­¥è­¨¥ í««¨¯á®¨¤ «ì­ë¥ ®æ¥­ª¨ ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨, ª ª ¨ ¬¥â®¤ í««¨¯á®¨¤®¢.

6. �®áâà®¥­¨¥ ¬ âà¨ç­®© á¨áâ¥¬ë áà ¢­¥­¨ï
¤«ï ¤¨áªà¥â­®© à¥£ã«¨àã¥¬®© á¨áâ¥¬ë á ­¥«¨­¥©­®áâìî ¨§ á¥ªâ®à 

� áá¬®âà¨¬ â¥¯¥àì à¥£ã«¨àã¥¬ãî á¨áâ¥¬ã á ®¤­®© ­¥«¨­¥©­®áâìî

x(k + 1) = A(k)x(k) + b(k)'(k; �); � = cT (k)x(k); (6.1)

£¤¥, ª ª ¨ ¢ëè¥, A(k) | n�n-¬ âà¨æ , b(k), c(k) | n-¢¥ªâ®àë. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® '(k; �)
| ­¥®¯à¥¤¥«¥­­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï, ª®â®à ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

0 � '(k; �)=� � k 8� 2 R1; (6.2)

£¤¥ k = const.
� «¥¥ ¤«ï á¨áâ¥¬ë (6.1) ¯à¥¤« £ ¥âáï á¯®á®¡ ¯®áâà®¥­¨ï ¬ âà¨ç­®© á¨áâ¥¬ë áà ¢­¥­¨ï,

®á­®¢ ­­ë© ­  ¯à¨¬¥­¥­¨¨ ¬ âà¨ç­ëå ­¥à ¢¥­áâ¢ ª ¯à ¢®© ç áâ¨ ¢ëà ¦¥­¨ï ¤«ï V (k + 1),
¢ëç¨á«¥­­®£® ¢ á¨«ã (6.1).

�â ª, ¢®§ì¬¥¬ ¬ âà¨ç­ãî äã­ªæ¨î V (k) ¢¨¤  (5.4) ¨, ¢ëç¨á«¨¢ V (k + 1) ¢ á¨«ã á¨áâ¥¬ë
(6.1), ¯®«ãç¨¬ ¬ âà¨ç­®¥ ª®­¥ç­®-à §­®áâ­®¥ á®®â­®è¥­¨¥

V (k + 1) = [A(k)x(k) + b(k)'(k; �) � a(k + 1)][A(k)x(k) + b(k)'(k; �) � a(k + 1)]T :

�ãáâì ak ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢­¥­¨ï

a(k + 1) = A(k)a(k); a(k0) = a0; A(k) = A(k) + k=2b(k)cT (k): (6.3)

�®£¤  á®®â­®è¥­¨¥ ¤«ï V (k + 1) ¯à¨­¨¬ ¥â ¢¨¤

V (k + 1) = fA(k)x(k) + b(k)'(k; �) �A(k)a(k)gfA(k)x(k) + b(k)'(k; �) �A(k)a(k)gT =

= fA(k)[x(k) � a(k)] + b(k)[ (k; �)]gfA(k)[x(k) � a(k)] + b(k)[ (k; �)]gT =

= [A(k)V (k)AT (k) + [ (k; �)]fA(k)[x(k) � a(k)]bT (k) + b(k)[x(k) � a(k)]TAT (k)g+

+ b(k)bT (k)[ (k; �)]2; (6.4)

£¤¥  (k; �) = '(k; �) � �k=2.
� ãç¥â®¬ ­¥à ¢¥­áâ¢  (5.8), ¯à¥¤áâ ¢«¥­­®£® ¢ ¢¨¤¥

[ (k; �)]fA(k)[x(k)�a(k)]bT (k)+b(k)[x(k)�a(k)]TAT (k)g � 1
q
A(k)V (k)AT (k)+q[ (k; �)]2b(k)bT (k);

¨§ (6.4) ¯®«ãç ¥¬

V (k + 1) � (1 + 1
q
)A(k)V (k)AT (k) + (1 + q)[ (k; �)]2b(k)bT (k); (6.5)

£¤¥ q|«î¡ ï ¯®«®¦¨â¥«ì­ ï ¯¥à¥¬¥­­ ï. � ãç¥â®¬ ãá«®¢¨ï (6.2) ®æ¥­¨¬ [ (k; �)]2 = ['(k; �)=��
k=2]2�2 � (k=2)2�2. �®« £ ï x = a+ �, ¯®«ãç¨¬

['(k; �) � k�(k)=2]2 � (k=2)2(cTx)2 = (k=2)2(cTa+ cT �)2 � (k=2)2[jcTaj+ max
�2E(0;Q)

(cT �)]2: (6.6)
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�«ï ¢ëç¨á«¥­¨ï ¬ ªá¨¬ã¬  ¢ (6.6) á®áâ ¢¨¬ äã­ªæ¨î � £à ­¦ 

L = cT � + �(�TQ�1�)

¨ ¯à¨à ¢­ï¥¬ ª ­ã«î ¥¥ £à ¤¨¥­â ¯® �. �®£¤  ­ å®¤¨¬

� = �(2�)�1Qc: (6.7)

�®¤áâ ¢«ïï (6.7) ¢ ãá«®¢¨¥ �TQ�1� = 1, ¯®«ãç¨¬ à ¢¥­áâ¢®, ¨§ ª®â®à®£® ®¯à¥¤¥«¨¬ � =
� 1

2
(cTQc)1=2,   ¨§ (6.7) à ¢¥­áâ¢®

� = �(cTQc)�1=2Qc:

�®¤áâ ¢«ïï ¢ cT �, ­ å®¤¨¬ ¨áª®¬ë© ¬ ªá¨¬ã¬ ¨§ (6.6)

max
�2E(0;Q)

(cT �) = (cTQc)1=2: (6.8)

�¥¬ á ¬ë¬ ­ è«¨ ®æ¥­ªã

['(k; �) � k�(k)=2]2 � (k=2)2[jcT (k)a(k)j + (cT (k)Q(k)c(k))1=2 ]2: (6.9)

�á¯®«ì§ãï (6.9), ¯®«ãç ¥¬ á®®â¢¥âáâ¢ãîé¥¥ ª®­¥ç­®-à §­®áâ­®¬ã ­¥à ¢¥­áâ¢ã (6.5) ¬ âà¨ç­®¥
ãà ¢­¥­¨¥

Q(k + 1) = (1 + 1
q
)A(k)Q(k)AT (k) + (1 + q)(k=2)2[jcT (k)a(k)j + (cT (k)Q(k)c(k))1=2 ]2b(k)bT (k):

(6.10)

�à ¢ ï ç áâì ãà ¢­¥­¨ï (6.10) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ¬®­®â®­­®£® ­¥ã¡ë¢ ­¨ï ¯® Q ®â­®-
á¨â¥«ì­® ª®­ãá  ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ëå á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ. �®íâ®¬ã ®­® ¡ã¤¥â
ï¢«ïâìáï ¬ âà¨ç­®© á¨áâ¥¬®© áà ¢­¥­¨ï ¤«ï ãà ¢­¥­¨ï (6.1) á ­¥®¯à¥¤¥«¥­­®© ­¥«¨­¥©­®áâìî
¨§ (6.2).

� ª¨¬ ®¡à §®¬, ¨§ «¥¬¬ë 5 ¢ëâ¥ª ¥â

�¥®à¥¬  5. �ãáâì ¬ âà¨æ  A(k) ­¥®á®¡ ï ¯à¨ ¢á¥å k � k0. �®£¤  ¤«ï à¥è¥­¨© á¨áâ¥¬ë

(6:1) á ­¥«¨­¥©­®áâìî ¨§ (6:2) ¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ ¨§ E(a0; Q0) ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

x(k) 2 E[a(k); Q(k)] = fx 2 Rn : [x� a(k)]TQ�1(k)[x� a(k)] � 1g ¯à¨ ¢á¥å k � k0; (6.11)

£¤¥ a(k) | à¥è¥­¨¥ ãà ¢­¥­¨ï (6:3), a Q(k) | ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë

áà ¢­¥­¨ï (6:10) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ Q(k0) = Q0.

�®ª § â¥«ìáâ¢®. �¥£ª® ¢¨¤¥âì, çâ® ¯à¨ ­¥®á®¡®© ¬ âà¨æ¥ A(k0) ¨ Q0 > 0 ¬ âà¨æ  Q(k0+1),
¯®«ãç ¥¬ ï ¨§ ãà ¢­¥­¨ï (6.10), ¡ã¤¥â ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®©. �® ¨­¤ãªæ¨¨ ¯®ª §ë¢ ¥âáï
¯®«®¦¨â¥«ì­ ï ®¯à¥¤¥«¥­­®áâì ¬ âà¨æë Q(k) ¯à¨ «î¡®¬ k � k0. �®íâ®¬ã áãé¥áâ¢ã¥â Q�1(k) ¨
¯® «¥¬¬¥ 5 ¨¬¥¥â ¬¥áâ® í««¨¯á®¨¤ «ì­ ï ®æ¥­ª  (6.11).

�«ï â®£® çâ®¡ë ¨á¯®«ì§®¢ âì á¨áâ¥¬ã áà ¢­¥­¨ï (6.10), ®áâ «®áì § ¤ âì ¯ à ¬¥âà q. � ç áâ-
­®áâ¨, ¢ ª ç¥áâ¢¥ q ¬®¦­® ¢ë¡à âì «î¡ãî ¯®«®¦¨â¥«ì­ãî ª®­áâ ­âã ¨«¨ ¯®«®¦¨â¥«ì­ãî äã­ª-
æ¨î ¢à¥¬¥­¨ k. � ¤àã£®© áâ®à®­ë, ¢ë¡®à®¬ ¯ à ¬¥âà  q ¬®¦­® à á¯®àï¤¨âìáï ¤«ï ¯®«ãç¥­¨ï
­ ¨¡®«¥¥ â®ç­ëå ®æ¥­®ª à¥è¥­¨© ¨áå®¤­®© á¨áâ¥¬ë. �®áª®«ìªã à¥§ã«ìâ¨àãîé ï ®æ¥­ª  (6.11)
¨¬¥¥â ä®à¬ã í««¨¯á®¨¤  ¨ ï¢«ï¥âáï ¢¥àå­¥© ¤«ï ¬­®¦¥áâ¢  ¤¨áªà¥â­ëå ¯à®æ¥áá®¢, ­ ç¨­ î-
é¨åáï ¨§ § ¤ ­­®£® í««¨¯á®¨¤ , â® ¯ à ¬¥âà q ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­ ¨áå®¤ï ¨§ ¢ë¡à ­­®£®
ªà¨â¥à¨ï ¬¨­¨¬ «ì­®áâ¨ à¥§ã«ìâ¨àãîé¥£® í««¨¯á®¨¤ . �§¢¥áâ­® [14], [20], ¥á«¨ ¬¨­¨¬¨§¨àã-
¥âáï ®¡ê¥¬ í««¨¯á®¨¤  (®¯à¥¤¥«¨â¥«ì ¬ âà¨æë í««¨¯á®¨¤ ), â®

qk = arg min
0<q<1

DetQ(k + 1);

  ¥á«¨ ¬¨­¨¬¨§¨àã¥âáï áã¬¬  ª¢ ¤à â®¢ ¤«¨­ ¯®«ã®á¥© (á«¥¤ ¬ âà¨æë í««¨¯á®¨¤ ), â®

qk = arg min
0<q<1

TrQ(k + 1): (6.12)
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� [20] ¤«ï «¨­¥©­®© á¨áâ¥¬ë ¯®ª § ­®, çâ® ¢ë¡®à ¢ ª ç¥áâ¢¥ ªà¨â¥à¨ï áã¬¬ë ª¢ ¤à â®¢
¯®«ã®á¥© í««¨¯á®¨¤ , â. ¥. á«¥¤  á®®â¢¥âáâ¢ãîé¥© ¥¬ã ¬ âà¨æë, ¡®«¥¥ ã¤®¡¥­. � ¤ ­­®¬ á«ãç ¥
â ª ¦¥, ª ª ¨ ¢ [20], ã¤ ¥âáï ¯®«ãç¨âì ¢ ï¢­®¬ ¢¨¤¥ ä®à¬ã«ë ¤«ï ¯ à ¬¥âà  q. �«ï à §­®áâ­®£®
ãà ¢­¥­¨ï (6.10) ¨§ ãá«®¢¨ï (6.12) «¥£ª® ¢ëç¨á«¨âì

qk =

s
Tr(E(k))
Tr(D(k))

; (6.13)

£¤¥

E(k) = A(k)Q(k)AT (k); D(k) = (k=2)2[jcT (k)a(k)j + (cT (k)Q(k)c(k))1=2]2b(k)bT (k): (6.14)

�®¦­® ãª § âì ¤àã£¨¥ ªà¨â¥à¨¨ ¢ë¡®à  ¯ à ¬¥âà  q ¨ ¯®«ãç¨âì ãà ¢­¥­¨ï, ª®â®àë¥ ¡ã¤ãâ
ï¢«ïâìáï á¨áâ¥¬ ¬¨ áà ¢­¥­¨ï ¤«ï ¨áå®¤­®© á¨áâ¥¬ë á ­¥«¨­¥©­®áâìî ¨§ á¥ªâ®à , ¥á«¨ ¯à ¢ ï
ç áâì íâ®£® ãà ¢­¥­¨ï ¡ã¤¥â ®áâ ¢ âìáï ¬®­®â®­­® ­¥ã¡ë¢ îé¥© ®â­®á¨â¥«ì­® G+ ¬ âà¨ç­®©
äã­ªæ¨¥©. � ¯à¨¬¥à, ¢ [7] ¯à¥¤«®¦¥­® ¢ë¡¨à âì ¯ à ¬¥âà q ¨§ ãá«®¢¨ï ¬¨­¨¬¨§ æ¨¨ ª¢ ¤à -
â¨ç­®© ä®à¬ë, ®¡à §®¢ ­­®© á ¯®¬®éìî ¬ âà¨æ, ¢å®¤ïé¨å ¢ ¯à ¢ãî ç áâì á¨áâ¥¬ áà ¢­¥­¨ï
(6.10),

min
q

�
1
q
zTEz + qzTDz

�

¯à¨ «î¡®¬ z 2 fz 2 Rn : zTEzzTDz > 0g. �à¨à ¢­¨¢ ï ª ­ã«î ¯à®¨§¢®¤­ãî ¯® q, ¯®«ãç¨¬

q2 = zTEz=(zTDz): (6.15)

�â®à ï ¯à®¨§¢®¤­ ï ¯à¨ q ¨§ (6.15) (zTEz)=q3 = (zTDz)3=(zTEz) ¡ã¤¥â ¯®«®¦¨â¥«ì­ , ¥á«¨

(zTDz)(zTEz) > 0; (6.150)

çâ® ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¬¨­¨¬ã¬ . � ª¨¬ ®¡à §®¬, ¢ë¡¨à ¥¬ ¯ à ¬¥âà

q = [(zTEz)=(zTDz)]1=2 (6.16)

£¤¥ ¢¥ªâ®à z ¤®«¦¥­ ã¤®¢«¥â¢®àïâì ãá«®¢¨î (6:150).
�«ï á¨áâ¥¬ë (6.10) á ãç¥â®¬ ®¡®§­ ç¥­¨© (6.14) ¯ à ¬¥âà q ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (6.16)

qk =
�
zTE(k)z
zTD(k)z

�1=2
= F �

2[zTA(k)Q(k)AT (k)z]1=2

k[jcT (k)a(k)j + (cT (k)Q(k)c(k))1=2 ]jzT b(k)j
:

�®¤áâ ¢«ïï q ¢ (6.10), ­ å®¤¨¬

Q(k + 1) =
�
1 +

1
F

�
A(k)Q(k)AT (k) + (1 + F )

k2

4
[jcT (k)a(k)j + (cT (k)Q(k)c(k))1=2 ]2b(k)bT (k):

(6.17)

� ¯à¨¬¥à, ¥á«¨ ¯à¨ ª ¦¤®¬ k ¬ âà¨æ  A(k) ­¥®á®¡ ï, â® ¢¥ªâ®à z á«¥¤ã¥â § ¤ âì ¨§ ãà ¢­¥­¨ï
AT z = c. �®£¤  ¯®á«¥ ¯®¤áâ ­®¢ª¨ z = (A�1)T c ¨§ (6.17) ¯®«ãç ¥¬ ãà ¢­¥­¨¥

Q(k + 1) =
�
1 +

cT (k)A�1(k)c(k)
k

�
k2A(k)Q(k)AT (k) +

+
�
1 +

k

cTA�1(k)c(k)

�
cT (k)Q(k)c(k)b(k)bT (k); (6.18)

¯à ¢ ï ç áâì ª®â®à®£® ï¢«ï¥âáï ¬®­®â®­­® ­¥ã¡ë¢ îé¥© ®â­®á¨â¥«ì­® G+ ¬ âà¨ç­®© äã­ªæ¨-
¥©. �®íâ®¬ã (6.18) ï¢«ï¥âáï ¬ âà¨ç­®© á¨áâ¥¬®© áà ¢­¥­¨ï ¤«ï (6.1).
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7. �®áâà®¥­¨¥ ®æ¥­®ª à¥è¥­¨© ¨ ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨
­  ®á­®¢¥ ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï

�®«ãç¥­­ë¥ á¨áâ¥¬ë áà ¢­¥­¨ï (6.6), (6.8), (6.10), (6.18) ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï  ­ -
«¨§  ¤¨­ ¬¨ç¥áª¨å á¢®©áâ¢ ®£à ­¨ç¥­­®áâ¨ ¨ ¨­¢ à¨ ­â­®áâ¨ ¨áå®¤­®© à¥£ã«¨àã¥¬®© á¨áâ¥¬ë
á ­¥«¨­¥©­®áâìî ¨§ á¥ªâ®à , ¥á«¨ ª ­¨¬ ¯à¨¬¥­¨âì â¥®à¥¬ã 4. �à®¬¥ â®£®, ¬®£ãâ ¡ëâì ¯®«ã-
ç¥­ë ®æ¥­ª¨ ¯à®æ¥áá®¢ ¢ ¨áå®¤­®© á¨áâ¥¬¥, ¨­¢ à¨ ­â­ëå ¬­®¦¥áâ¢, ®¡« áâ¥© ¯à¨âï¦¥­¨ï (¢
 ¢â®­®¬­®¬ á«ãç ¥) ¨ ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ¢ ¢¨¤¥ í««¨¯á®¨¤®¢ (4.6) ¤«ï à¥è¥­¨©, ­ ç¨­ -
îé¨åáï ¨§ § ¤ ­­®£® ­ ç «ì­®£® í««¨¯á®¨¤  (1.2). �«ï íâ®£® á ¯à¨¬¥­¥­¨¥¬ ���� ­ å®¤¨âáï
­  ª®­¥ç­®¬ ¨­â¥à¢ «¥ ¢à¥¬¥­¨ [k0; k0+ � ] ç áâ­®¥ à¥è¥­¨¥ Q(k; k0; Q0) á¨áâ¥¬ë áà ¢­¥­¨ï ¨ ¯®
­¥¬ã áâà®¨âáï ®æ¥­ª  ¢ ¢¨¤¥ (6.11). �â¬¥â¨¬, çâ® ¯®áâà®¥­­ë¥ §¤¥áì ¬ âà¨ç­ë¥ á¨áâ¥¬ë áà ¢-
­¥­¨ï ¨¬¥îâ ¤®¢®«ì­® ¯à®áâë¥ ¯à ¢ë¥ ç áâ¨, ¨ ¯®íâ®¬ã ¢á¥ ¢ëç¨á«¥­¨ï á¢®¤ïâáï ª ®¡ëç­ë¬
¬ âà¨ç­ë¬ ®¯¥à æ¨ï¬.

�¯®á®¡ë ¨  «£®à¨â¬ë ¯®áâà®¥­¨ï ¬ âà¨ç­ëå á¨áâ¥¬ áà ¢­¥­¨ï, í««¨¯á®¨¤ «ì­ëå ®æ¥­®ª
¤¨áªà¥â­ëå ¯à®æ¥áá®¢ á¨áâ¥¬ ¢¨¤  (5.5) à¥ «¨§®¢ ­ë ¢ ¯ ª¥â¥ MATLAB.

�à¨¬¥à 1. �«ï «¨­¥©­®© ¤¨áªà¥â­®© á¨áâ¥¬ë (5.6) á ­¥®¯à¥¤¥«¥­­ë¬¨ ¢®§¬ãé¥­¨ï¬¨ (5.7)
­  ®á­®¢¥ ç¨á«¥­­®£® à¥è¥­¨ï á¨áâ¥¬ë áà ¢­¥­¨ï ¢¨¤  Qk+1 = (1 + q)AkQkA

T
k + (1 + 1=q)bRbT

¡ë«¨ ¯®«ãç¥­ë í««¨¯á®¨¤ «ì­ë¥ ®æ¥­ª¨ ¤¨áªà¥â­ëå ¯à®æ¥áá®¢, ª®â®àë¥ ¯à¨¢¥¤¥­ë ­ 
à¨á. 1, 2. � ª ¢¨¤­® ¨§ à¨áã­ª®¢, ¯à®æ¥ááë, áâ àâãîé¨¥ ¨§ ­ ç «ì­®£® í««¨¯á®¨¤  E(0; Q0),
c â¥ç¥­¨¥¬ ¢à¥¬¥­¨ áå®¤ïâáï ª ­ã«î (à¨á. 1) ¨«¨ ¢ á«ãç ¥ ãç¥â  ­¥®¯à¥¤¥«¥­­ëå ¢®§¬ãé¥­¨©
¢¨¤  (5.7) áâï£¨¢ îâáï ª ¯à¥¤¥«ì­®¬ã í««¨¯á®¨¤ã (¢­ãâà¥­­¨© í««¨¯á®¨¤ ­  à¨á. 2). �à¨ à á-
ç¥â å ¡ë«¨ ¯à¨­ïâë á«¥¤ãîé¨¥ ¨áå®¤­ë¥ ¤ ­­ë¥: A = j 0 1

0:7 0:2 j, b = j 01 j, R = 0:001, Q0 = j 0:2 0
0 0:9 j,

z1 = j 0:01 0:02 j
T , k = 0; : : : ; 50.

�¨á. 1 �¨á. 2

�à¨¬¥à 2. � áá¬ âà¨¢ ¥âáï ¤¨áªà¥â­ ï à¥£ã«¨àã¥¬ ï á¨áâ¥¬  (6.1) á ®¤­®© ­¥«¨­¥©­®áâìî
¨§ á¥ªâ®à  (6.2). �à¨ a0 = 0 (í««¨¯á®¨¤ § ¤ ­ á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â) á¨áâ¥¬  áà ¢­¥­¨ï
(6.10) ¯à¨­¨¬ ¥â ¢¨¤

Qk+1 = (1 + q)AkQkA
T
k + (1 + 1=q)

k2

4
cTkQkckbkb

T
k : (7.1)

� à¥§ã«ìâ â¥ ç¨á«¥­­®£® à¥è¥­¨ï á¨áâ¥¬ë áà ¢­¥­¨ï (7.1) ¯®«ãç¥­ë í««¨¯á®¨¤ «ì­ë¥ ®æ¥­-
ª¨ ¤¨áªà¥â­ëå ¯à®æ¥áá®¢ ¯à¨ á«¥¤ãîé¨å ¨áå®¤­ëå ¤ ­­ëå: A = j 0 1

0:7 0:2 j, b = j 01 j, c = j 10 j, a0 = 0,
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Q0 = j 1 0
0 0:9 j, k = 0; : : : ; 50.

�à¨ ¢ë¡®à¥ ¯ à ¬¥âà  q ¨§ (6.16), £¤¥ ¢¥ªâ®à z = (A�1)T c, ¯®«ãç¥­  ®æ¥­ª  ¯à¨ k = 0:4
(à¨á. 3). � ª ¢¨¤­® ¨§ à¨áã­ª , í««¨¯á®¨¤ë á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ¬¥¤«¥­­® á¦¨¬ îâáï. �â¬¥â¨¬,
çâ® ¯à¨ k > 0:4 ¯®«ãç ¥âáï ®æ¥­ª , £¤¥ í««¨¯á®¨¤ë á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ à áå®¤ïâáï.

�¨á. 3

�à¨ ¢ë¡®à¥ ¯ à ¬¥âà  q ¨§ (6.13) ¯®«ãç¥­  ®æ¥­ª  ¯à¨ k = 0:45 (à¨á. 4). � ª ¢¨¤­® ¨§
à¨áã­ª , í««¨¯á®¨¤ë á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ¬¥¤«¥­­® á¦¨¬ îâáï. �  à¨á. 5 ¯à¥¤áâ ¢«¥­  ®æ¥­ª 
¯à¨ k = 0:46. �¤¥áì í««¨¯á®¨¤ë á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ à áå®¤ïâáï.

�¨á. 4 �¨á. 5

�«ï áà ¢­¥­¨ï ¡ë«¨ ¯®«ãç¥­ë ®æ¥­ª¨ ¯à¨ ¨á¯®«ì§®¢ ­¨¨ á¨áâ¥¬ë áà ¢­¥­¨ï (7.1) á ä¨ªá¨-
à®¢ ­­ë¬ ¯ à ¬¥âà®¬ q. �à¨ ¢ë¡®à¥ q = 0:9 ã¤ «®áì ¤«ï á«ãç ï k = 0:46 ¯®«ãç¨âì ®æ¥­ªã, ¢
ª®â®à®© í««¨¯á®¨¤ë á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ á¦¨¬ îâáï (à¨á. 6).
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�¨á. 6

� ª¨¬ ®¡à §®¬, ¯à¥¤áâ ¢«¥­­ë¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® ¯à®¡«¥¬  ¢ë¡®à  ¯ à ¬¥âà  q ¢
¬ âà¨ç­®© á¨áâ¥¬¥ áà ¢­¥­¨ï  ­ «®£¨ç­  ¯à®¡«¥¬¥ ¢ë¡®à  ­¥®¯à¥¤¥«¥­­®£® ¯ à ¬¥âà  ¢ ¬¥â®¤¥
í««¨¯á®¨¤®¢. �«ï ¯®«ãç¥­¨ï ­ ¨¡®«¥¥ â®ç­ëå ®æ¥­®ª ¬®¦­® ¨á¯®«ì§®¢ âì [21] ¯¥à¥á¥ç¥­¨ï
í««¨¯á®¨¤®¢, á®®â¢¥âáâ¢ãîé¨å §­ ç¥­¨ï¬ ­¥®¯à¥¤¥«¥­­®£® ¯ à ¬¥âà  q.
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