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1. �¢¥¤¥­¨¥

� â¥®à¨¨ á®«¨â®­­ëå ãà ¢­¥­¨© (¨«¨ ¢¯®«­¥ ¨­â¥£à¨àã¥¬ëå ­¥«¨­¥©­ëå á¨áâ¥¬) [1] ¢ ¦­ãî
à®«ì ¨£à ¥â á¯¥ªâà «ì­ë© ¯ à ¬¥âà. �á«¨ ¢ ®á­®¢¥ ¨­â¥£à¨àã¥¬®© á¨áâ¥¬ë «¥¦¨â £¥®¬¥âà¨ï
(­ ¯à., ª ª ¢ á«ãç ¥ ãà ¢­¥­¨ï \á¨­ãá -�®à¤®­ " ';xy= sin', ª®â®à®¥ ®¯¨áë¢ ¥â ¯á¥¢¤®áä¥à¨-
ç¥áª¨¥ ¯®£àã¦¥­¨ï), â® ¬®¦­® ®¦¨¤ âì, çâ® á¯¥ªâà «ì­ë© ¯ à ¬¥âà ¬®¦¥â ¡ëâì ¨­â¥à¯à¥â¨à®-
¢ ­ £¥®¬¥âà¨ç¥áª¨. �¥©áâ¢¨â¥«ì­®, ¡ë«® ®¡­ àã¦¥­®, çâ® ¢ ­¥ª®â®àëå á«ãç ïå £¥®¬¥âà¨ç¥áª®¥
¯à¥®¡à §®¢ ­¨¥ �íª«ã­¤  § ¢¨á¨â ®â á¯¥ªâà «ì­®£® ¯ à ¬¥âà  (­ ¯à., [2]).

� ¯®¬­¨¬ ¤¢¥ ¨¤¥¨, ¢ ¦­ë¥ ¢ íâ®¬ ª®­â¥ªáâ¥. �®-¯¥à¢ëå, ¨á¯®«ì§®¢ ­¨¥ á¯¥ªâà «ì­®£® ¯ -
à ¬¥âà  ¤ ¥â ¥áâ¥áâ¢¥­­ãî ª®­áâàãªæ¨î «®ª «ì­®£® ¯®£àã¦¥­¨ï á ¯®¬®éìî â ª ­ §ë¢ ¥¬®©
ä®à¬ã«ë �ë¬ {� ©ä¥«ï (Sym{Tafel) [3]{[5]. � ¯à¨¬¥à, ­ ç¨­ ï á® á¯¥ªâà «ì­®© § ¤ ç¨ ¤«ï
ãà ¢­¥­¨ï \á¨­ãá-�®à¤®­ ", ¯à¨å®¤¨¬ ª ¯á¥¢¤®áä¥à¨ç¥áª¨¬ ¯®¢¥àå­®áâï¬ [5], [2]. �à¥®¡à §®¢ -
­¨ï �¨ ­ª¨{�íª«ã­¤  ¢®ááâ ­ ¢«¨¢ îâáï  ¢â®¬ â¨ç¥áª¨.

�®-¢â®àëå, �®«¨¢  ¨ � ­â¨­¨, à áá¬ âà¨¢ ï í¢®«îæ¨î ªà¨¢ëå ­  áä¥à¥ Sn, ¯®«ãç¨«¨ «¨-
­¥©­ë¥ § ¤ ç¨ ¤«ï  áá®æ¨¨à®¢ ­­ëå ­¥«¨­¥©­ëå ãà ¢­¥­¨©. �­¨ ®¡­ àã¦¨«¨, çâ® à ¤¨ãá ®¡ê-
¥¬«îé¥© áä¥àë á¢ï§ ­ á® á¯¥ªâà «ì­ë¬ ¯ à ¬¥âà®¬ [6], [7]. � ¯à¥¤¥«ì­®¬ á«ãç ¥ (¡¥áª®­¥ç­ë©
à ¤¨ãá) Sn ! En ®­¨ ¢ë¢¥«¨ ä®à¬ã«ã �ë¬ {� ©ä¥«ï ¤«ï í¢®«îæ¨¨ ªà¨¢ëå. �áâ¥áâ¢¥­­® ¯à¥¤-
¯®«®¦¨âì, çâ® á¯¥ªâà «ì­ë© ¯ à ¬¥âà á¢ï§ ­ á à ¤¨ãá®¬ ®¡ê¥¬«îé¥© áä¥àë ¨ ¢ ¡®«¥¥ ®¡é¥©
á¨âã æ¨¨.

� ¤ ­­®© áâ âì¥ ¯à¥¤áâ ¢«ï¥âáï ¯®«­®¥ ®¡áã¦¤¥­¨¥ ®¡¥¨å § ¤ ç ¢ á«ãç ¥ ¨­â¥£à¨àã¥¬ëå
á¨áâ¥¬,  áá®æ¨¨à®¢ ­­ëå á ¯®£àã¦¥­¨ï¬¨ ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® ¢ ¥¢ª«¨¤®¢ë ¯à®áâà ­-
áâ¢  [8]{[11]. � à §¤¥« å 3, 4 ¯®ª §ë¢ ¥âáï, çâ® á¨áâ¥¬  ãà ¢­¥­¨© � ãáá  ¨ �¥©­£ àâ¥­  ¤«ï
¯®£àã¦¥­¨ï n-¬¥à­®£® ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® ¢ áä¥àã S2n�1 à ¤¨ãá  R ¬®¦¥â ¡ëâì ¨­â¥à-
¯à¥â¨à®¢ ­  ª ª á¯¥ªâà «ì­ ï § ¤ ç  ¤«ï ¯®£àã¦¥­¨ï n-¬¥à­®£® ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£®
¢ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® E2n�1. �¯¥ªâà «ì­ë© ¯ à ¬¥âà � ¥áâì äã­ªæ¨ï à ¤¨ãá  R. �®«ã-
ç¥­­ ï á¯¥ªâà «ì­ ï § ¤ ç  íª¢¨¢ «¥­â­  «¨­¥©­®© § ¤ ç¥, à ­¥¥ à áá¬®âà¥­­®© ¢ [12] ¨ [13].
�á¯®«ì§ãï  «£¥¡àã �«¨ää®à¤  C(2n) ¨ £àã¯¯ã Spin(2n), ¢ë¢®¤¨¬ ä®à¬ã«ã �ë¬ {� ©ä¥«ï ¢
¯à¥¤¥«ì­®¬ á«ãç ¥ R ! 1 (á¬. à §¤¥« 5). �â®â à¥§ã«ìâ â ¡ë« à ­¥¥ á®®¡é¥­ (¡¥§ ¯®«­®£®
¤®ª § â¥«ìáâ¢ ) ¢ [14].

� à §¤¥«¥ 6 ®¡áã¦¤ ¥âáï ­¥ª®â®àë© á¯¥æ¨ «ì­ë© ª« áá ¯®¤¬­®£®®¡à §¨© á ¯®áâ®ï­­®© ®â-
à¨æ â¥«ì­®© ªà¨¢¨§­®©, ¯®£àã¦¥­­ëå ¢ áä¥àã S2n�1. �â®â ª« áá ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ â®à 

�áá«¥¤®¢ ­¨ï ¯¥à¢®£®  ¢â®à  ç áâ¨ç­® ¯®¤¤¥à¦ ­ë �®áã¤ àáâ¢¥­­ë¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨á-
á«¥¤®¢ ­¨© �ªà ¨­ë (¯à®¥ªâ ò01.07/00132). �áá«¥¤®¢ ­¨ï ¢â®à®£®  ¢â®à  ç áâ¨ç­® ¯®¤¤¥à¦ ­ë ¯®«ì-
áª¨¬ ª®¬¨â¥â®¬ ¯® ­ ãç­ë¬ ¨áá«¥¤®¢ ­¨ï¬, £à ­â KBN ò2 P03B 126 22.
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�«¨ää®à¤ . �«ãç © n = 2 ®ª §ë¢ ¥âáï ¢ë¤¥«¥­­ë¬. �«ï n 6= 2 ¯®«ãç îâáï â®«ìª® ¯®¤¬­®£®-
®¡à §¨ï, ¯®à®¦¤ ¥¬ë¥ ªà¨¢®©, ¯®¤®¡­®© âà ªâà¨á¥ (á¬. à¨á. 1a)). �«ï n = 2 ¨¬¥¥âáï âà¨ ª« áá 
¯®¤¬­®£®®¡à §¨©, ¢ª«îç îé¨¥ ª®¬¯ ªâ­ë¥ ¯®¢¥àå­®áâ¨ (å®âï ¨ á ®á®¡¥­­®áâï¬¨).

�¨á. 1

2. �à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï

� áá¬®âà¨¬ ¨§®¬¥âà¨ç¥áª¨¥ ¯®£àã¦¥­¨ï ®¡« áâ¥© Ln (â. e. n-¬¥à­®£® ¯à®áâà ­áâ¢  ¯®áâ®ï­-
­®© ®âà¨æ â¥«ì­®© ªà¨¢¨§­ë) ¢ áä¥àã S2n�1 á à ¤¨ãá®¬ R. �ãáâì r = r(u1; : : : ; un) | à ¤¨ãá-
¢¥ªâ®à ¯®£àã¦¥­¨ï, ª®â®à®¥ à áá¬ âà¨¢ ¥âáï ª ª ¯®¤¬­®£®®¡à §¨¥ (¢®§¬®¦­® á ®á®¡¥­­®áâï-
¬¨) ¢ E2n, £¤¥ u1; : : : ; un | ª®®à¤¨­ âë ªà¨¢¨§­ë. �ãáâì �1; : : : ; �n�1, �n | ®àâ®­®à¬¨à®¢ ­­ë©
¡ §¨á ­®à¬ «¥© ª íâ®¬ã ¯®¤¬­®£®®¡à §¨î. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®¤¨­ ­®à¬ «ì­ë© ¢¥ªâ®à
¯ à ««¥«¥­ à ¤¨ãá-¢¥ªâ®àã ®¡ê¥¬«îé¥© áä¥àë, â. ¥. �n � r=R. � íâ®¬ á«ãç ¥ ãà ¢­¥­¨ï � ãáá {
�¥©­£ àâ¥­  § ¯¨èãâáï á«¥¤ãîé¨¬ ®¡à §®¬:

r;ij = �kijr;k +L
�
ij��; ��;i= �L�ijgjkr;k +���ji�� ;

£¤¥ § ¯ïâ ï ®§­ ç ¥â ç áâ­ãî ¯à®¨§¢®¤­ãî (r;i := @r=@ui ¨ â.¤.), �kij | á¨¬¢®«ë �à¨áâ®ää¥-
«ï, Lkij (k = 1; : : : ; n) | ª®íää¨æ¨¥­âë ¢â®àëå ª¢ ¤à â¨ç­ëå ä®à¬ ¨ ���ji | ª®íää¨æ¨¥­âë
ªàãç¥­¨ï. �® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ¯à¥¤¯®« £ ¥âáï áã¬¬¨à®¢ ­¨¥. �®¦­® ¯®ª § âì, çâ®
¢ ­ è¥¬ á«ãç ¥ ­®à¬ «ì­ë© ¯ãç®ª ï¢«ï¥âáï ¯«®áª¨¬, â. ¥. áãé¥áâ¢ãîâ ­®à¬ «ì­ë¥ ¢¥ªâ®à­ë¥
¯®«ï �1; : : : ; �n â ª¨¥, çâ® ª®íää¨æ¨¥­âë ªàãç¥­¨ï â®¦¤¥áâ¢¥­­® à ¢­ë ­ã«î [15].

� à §¤¥«¥ 5 ¨á¯®«ì§ã¥¬ ª«¨ää®à¤®¢ã  «£¥¡àã C(2n) ¨ £àã¯¯ã Spin(2n) ¤«ï ®¯¨á ­¨ï ¢à -
é¥­¨© ¢ E2n. �«¨ää®à¤®¢   «£¥¡à  C(m) á®¤¥à¦¨â ¥¤¨­¨æã 1 ¨ ¯®à®¦¤ ¥âáï í«¥¬¥­â ¬¨
e1; : : : ; em, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

ejek = �ekej (j 6= k); e2j = 1 (j = 1; : : : ;m):

�®íâ®¬ã ª ¦¤®¥ ç¨á«® �«¨ää®à¤  (­¥ª®â®àë© í«¥¬¥­â v ¨§ C(m)) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­®
¢ ¢¨¤¥

v = v0 + viei + vijeiej + � � �+ vi1i2:::ikei1ei2 : : : eik + � � � + v12:::me1e2 : : : em ;

£¤¥ i < j, i1 < i2 < � � � < ik ¨ â. ¤., ¨ v0; vi; : : : ; v12:::m | ¢¥é¥áâ¢¥­­ë¥ ª®íää¨æ¨¥­âë.
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�¡®§­ ç¨¬ «¨­¥©­®¥ ¯à®áâà ­áâ¢®, ¯®à®¦¤ ¥¬®¥ í«¥¬¥­â ¬¨ e1; : : : ; em, ç¥à¥§ V . �¯à¥¤¥-
«ïï áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ V ä®à¬ã«®© (v; w) = (vw + wv)=2, ®â®¦¤¥áâ¢«ï¥¬ V á ¥¢ª«¨¤®-
¢ë¬ ¯à®áâà ­áâ¢®¬ Em. �«¥¬¥­âë e1; : : : ; em ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¯à®áâà ­áâ¢ 
V ' Em.

�àâ®£®­ «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ¢ Em ¬®£ãâ ¡ëâì ®¯¨á ­ë ¢ â¥à¬¨­ å ç¨á¥« �«¨ää®à¤ .
�¥©áâ¢¨â¥«ì­®, ¯ãáâì � | ¥¤¨­¨ç­ë© ¢¥ªâ®à (­®à¬ «ì ª ­¥ª®â®à®© £¨¯¥à¯«®áª®áâ¨ �) ¨ w |
¯à®¨§¢®«ì­ë© í«¥¬¥­â ¨§ V . �¥£ª® ¯à®¢¥à¨âì, çâ® í«¥¬¥­â w0 := ��w��1 â ª¦¥ ¯à¨­ ¤«¥¦¨â
V ¨, ¡®«¥¥ â®£®, w0 ¥áâì ®âà ¦¥­¨¥ í«¥¬¥­â  w ®â­®á¨â¥«ì­® £¨¯¥à¯«®áª®áâ¨ � (®àâ®£®­ «ì­®©
ª �).

� ª ¨§¢¥áâ­®, «î¡®¥ ®àâ®£®­ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ ¢ Em ¥áâì ª®¬¯®§¨æ¨ï ª®­¥ç­®£® ç¨-
á«  ®âà ¦¥­¨© ®â­®á¨â¥«ì­® £¨¯¥à¯«®áª®áâ¥©. �®íâ®¬ã «î¡®¥ ®àâ®£®­ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ ¢
Em ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ ew = (�1)KgKwg�1K , £¤¥ gK | ¯à®¨§¢¥¤¥­¨¥ K ¥¤¨­¨ç­ëå
¢¥ªâ®à®¢. � ¬¥â¨¬, çâ® gK ¨ �gK ®¯¨áë¢ îâ ®¤­® ¨ â® ¦¥ ¯à¥®¡à §®¢ ­¨¥.

�«¥¬¥­âë  «£¥¡àë �«¨ää®à¤  C(m), ª®â®àë¥ ¬®£ãâ ¡ëâì à §«®¦¥­ë ¢ ¯à®¨§¢¥¤¥­¨¥ ¥¤¨-
­¨ç­ëå ¢¥ªâ®à®¢, ®¡à §ãîâ ¬ã«ìâ¨¯«¨ª â¨¢­ãî £àã¯¯ã ¯® ®â­®è¥­¨î ª ã¬­®¦¥­¨î �«¨ä-
ä®à¤ . �â  £àã¯¯  ¨§¢¥áâ­  ª ª Pin(m). �«¥¬¥­âë  «£¥¡àë C(m), ¯à¥¤áâ ¢«ïîé¨¥áï ¢ ¢¨¤¥
¯à®¨§¢¥¤¥­¨ï ç¥â­®£® ç¨á«  ¥¤¨­¨ç­ëå ¢¥ªâ®à®¢, ®¡à §ãîâ £àã¯¯ã Spin(m). �àâ®£®­ «ì­ë¥
¯à¥®¡à §®¢ ­¨ï, á®®â¢¥âáâ¢ãîé¨¥ í«¥¬¥­â ¬ Spin(m), á®åà ­ïîâ ®à¨¥­â æ¨î. �àã¯¯  Pin(m)
¥áâì ¤¢®©­®¥ ­ ªàëâ¨¥ £àã¯¯ë O(m), ¢ â® ¢à¥¬ï ª ª Spin(m) ¥áâì ¤¢®©­®¥ ­ ªàëâ¨¥ £àã¯¯ë
SO(m). �®íâ®¬ã «î¡ ï ªà¨¢ ï 
 � O(n) ¬®¦¥â ¡ëâì ¯®¤­ïâ  ­  Pin(m) (¤¢ã¬ï á¯®á®¡ ¬¨).
O¡®§­ ç¨¬ ®¤­ã ¨§ íâ¨å ¯®¤­ïâëå ªà¨¢ëå ç¥à¥§ S(
):

O(n) � 
(t) 7! S(
(t)) 2 Pin(n):

�® ¦¥ ª á ¥âáï ¤àã£¨å ¯®¤¬­®£®®¡à §¨© ¢ O(n). �®«¥¥ ¯®¤à®¡­ãî ¨­ä®à¬ æ¨î, ®â­®áïéãîáï
ª  «£¥¡à ¬ �«¨ää®à¤ , ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ [16], [17].

3. �®ª «ì­ë¥ ¯®£àã¦¥­¨ï L2 ¢ S3

� ç­¥¬ á ¯à®áâ¥©è¥£® á«ãç ï. � áá¬®âà¨¬ ¯®¢¥àå­®áâì F 2 � S3 � E4, ª®â®à ï «®ª «ì­®
¨§®¬¥âà¨ç­  L2. �ãáâì u1, u2 | ª®®à¤¨­ âë ªà¨¢¨§­ë ­  F 2 � S3. �®à¬ «ì­®¥ ¯à®áâà ­-
áâ¢® ¯®¤¬­®£®®¡à §¨ï F 2 � E4 ¨¬¥¥â à §¬¥à­®áâì 2. Bë¡¥à¥¬ ®¤­ã ­®à¬ «ì, ­ ¯à¨¬¥à, �1,
ª á â¥«ì­ãî ª áä¥à¥ S3, ¨ ¢â®àãî ­®à¬ «ì ¢ ¢¨¤¥ �2 = r=R. �®íää¨æ¨¥­âë ªàãç¥­¨ï �12ji,
i = 1; 2, ®¡à é îâáï ¢ ­ã«ì. �¥©áâ¢¨â¥«ì­®, �12ji = (�1�2;i ) = R�1(�1r;i ) = 0. � ª ª ª £« ¢-
­ë¥ ­ ¯à ¢«¥­¨ï ®àâ®£®­ «ì­ë ¤àã£ ¤àã£ã, ¬®¦­® ¢¢¥áâ¨ â ª¨¥ ®àâ®£®­ «ì­ë¥ ª®®à¤¨­ âë,
çâ® ds2 = g11du

2
1 + g22du

2
2, II

1 = L1
11du

2
1 + L1

22du
2
2. �§ ãà ¢­¥­¨© � ãáá  ¤«ï ¯®¢¥àå­®áâ¨ F

2 � S3

(Ki = Ke +KS3) ¨¬¥¥¬ �1 = L1

11
L1

22

g11g22
+ 1

R2
. �¡®§­ ç¨¬

a2 := 1 + 1=R2; (1)

â®£¤ , ®ç¥¢¨¤­®, L1

11
L1

22

g11g22
= �a2. �®íâ®¬ã ¬®¦­® ¢¢¥áâ¨ â ªãî äã­ªæ¨î !, çâ® L1

11

ag11
= tg!, L1

22

ag22
=

� ctg!. �®à®è® ¨§¢¥áâ­®, çâ® ­  «î¡®© ¯®¢¥àå­®áâ¨ ¯®áâ®ï­­®© £ ãáá®¢®© ªà¨¢¨§­ë K = �1
áãé¥áâ¢ãîâ ª®®à¤¨­ âë, ¢ ª®â®àëå ¬¥âà¨ª  ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥ ds2 = cos2 !du2 +
sin2 !dv2. �®£¤  L1

11 = a sin! cos!, L1
22 = �a sin! cos!. �®íää¨æ¨¥­âë ¢â®à®© ª¢ ¤à â¨ç­®©

ä®à¬ë ¯® ®â­®è¥­¨î ª® ¢â®à®© ­®à¬ «¨ (®àâ®£®­ «ì­®© ª áä¥à¥ S3) «¥£ª® ¢ëç¨á«ïîâáï:

L2

11 = (r;uu �2) = R�1(r;uu r) = �r;
2
u

R
= �cos

2 !

R
; L2

22 = �
r;2v
R

= �sin
2 !

R
:

�ãáâì �1, �2 | ¥¤¨­¨ç­ë¥ ¢¥ªâ®àë, ª á â¥«ì­ë¥ ª ª®®à¤¨­ â­ë¬ «¨­¨ï¬

�1 :=
r;up
g11

; �2 :=
r;vp
g22

:

�á¯®«ì§ãï ãà ¢­¥­¨ï � ãáá  r;ij = �kijr;k +L
�
ij��, ¯®«ãç¨¬
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@�1
@u

=
@!

@v
�2 + a�1 sin! � cos!

R
�2 ;

@�1
@v

=
@!

@u
�2 ;

@�2
@u

= �@!
@v
�1 ; (2)

@�2
@v

= �@!
@u

�1 � a�1 cos! � sin!
R

�2:

� §¨á �1, �2 ¯¥à¥­®á¨âáï ¯ à ««¥«ì­® ¢ ­®à¬ «ì­®¬ ¯ãçª¥ (â. ¥. ���ji = 0). �á¯®«ì§ãï ãà ¢­¥­¨ï
�¥©­£ àâ¥­ , ­ å®¤¨¬

�1;u = �a�1 sin! ; �1;v = �a�2 cos! ;

�2;u=�R�1 cos!�1 ; �2;v = �R�1 sin!�2:
(3)

�à ¢­¥­¨ï (2) ¨ (3) ¬®£ãâ ¡ëâì ¯¥à¥¯¨á ­ë ¢ ¬ âà¨ç­®© ä®à¬¥

@

@u

0BB@
�1
�2
�1
�2

1CCA =

0BB@
0 !;v a sin! �R�1 cos!

�!;v 0 0 0
�a sin! 0 0 0
R�1 cos! 0 0 0

1CCA
0BB@
�1
�2
�1
�2

1CCA ;

@

@v

0BB@
�1
�2
�1
�2

1CCA =

0BB@
0 !;u 0 0

�!;u 0 �a cos! �R�1 sin!
0 a cos! 0 0
0 R�1 sin! 0 0

1CCA
0BB@
�1
�2
�1
�2

1CCA :
(4)

�¨áâ¥¬  ãà ¢­¥­¨© � ãáá {�®¤ ææ¨ (á®¢¯ ¤ îé ï á ãá«®¢¨ï¬¨ á®¢¬¥áâ­®áâ¨ ¢ëè¥ãª § ­-
­®© á¨áâ¥¬ë ¬ âà¨ç­ëå «¨­¥©­ëå ãà ¢­¥­¨©) íª¢¨¢ «¥­â­  ®¤­®¬ã ãà ¢­¥­¨î !;uu�!;vv =
sin! cos!, ª®â®à®¥ å®à®è® ¨§¢¥áâ­® ¢ â¥®à¨¨ ¨­â¥£à¨àã¥¬ëå á¨áâ¥¬ ª ª ãà ¢­¥­¨¥ \á¨­ãá-
�®à¤®­ ". H ¯®¬­¨¬, çâ® ãà ¢­¥­¨ï �®¤ ææ¨ ã¦¥ à §à¥è¥­ë ¨ ¨å á«¥¤áâ¢¨¥¬ ï¢«ï¥âáï á¯¥-
æ¨ «ì­ ï ä®à¬  ¬¥âà¨ª¨.

� ¦­ë¬ ®¡áâ®ïâ¥«ìáâ¢®¬ ï¢«ï¥âáï â®, çâ® ãá«®¢¨ï á®¢¬¥áâ­®áâ¨ ­¥ § ¢¨áïâ ®â R. �®íâ®¬ã
¨¬¥¥¬ «¨­¥©­ë¥ ãà ¢­¥­¨ï, ¯ à ¬¥âà¨§®¢ ­­ë¥ R (¢â®à®© ¯ à ¬¥âà a § ¢¨á¨â ®â R, á¬. (1)).
� ª ï á¨âã æ¨ï â¨¯¨ç­  ¤«ï ¨­â¥£à¨àã¥¬ëå á¨áâ¥¬. �¨­¥©­ ï á¨áâ¥¬ , á®¤¥à¦ é ï á¢®¡®¤-
­ë© ¯ à ¬¥âà (\á¯¥ªâà «ì­ë© ¯ à ¬¥âà"), à áá¬ âà¨¢ ¥âáï ª ª «¨­¥©­ ï § ¤ ç  (¨«¨ ¯ à 
� ªá ). �à¨áãâáâ¢¨¥ ¯ à ¬¥âà  ¢ ¦­® ¤«ï ¯à¨«®¦¥­¨ï à §«¨ç­ëå ¬¥â®¤®¢ â¥®à¨¨ á®«¨â®­®¢,
¢ ç áâ­®áâ¨, ¯à¥®¡à §®¢ ­¨© � à¡ã{�íª«ã­¤ .

�¤®¡­® ¢ëà §¨âì R ¨ a ¢ ä®à¬¥ à æ¨®­ «ì­ëå äã­ªæ¨© ¤àã£®£® ¯ à ¬¥âà  �:

1
R
=
1
2

�
1
�
� �

�
; a =

1
2

�
1
�
+ �

�
: (5)

�á«¨ a > 0 ¨ R > 0, â® 0 < � < 1. �®¯ãáª ï ®âà¨æ â¥«ì­ë¥ §­ ç¥­¨ï R ¨ a, ¬®¦¥¬ à á¯à®-
áâà ­¨âì ä®à¬ã«ã (5) ­  ¢á¥ ¤¥©áâ¢¨â¥«ì­ë¥ §­ ç¥­¨ï �. �«ãç © � = 1 á®®â¢¥âáâ¢ã¥â R = 1
(¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® E3),   ¤«ï �! 0 ¨¬¥¥¬ R! 0 (¥¤¨­áâ¢¥­­ ï â®çª ). P áá¬®âà¨¬ íâã
¯à®¡«¥¬ã ¡®«¥¥ ¯®¤à®¡­® ¢ à §¤¥«¥ 5.

� à  � ªá  (4), à æ¨®­ «ì­ ï ®â­®á¨â¥«ì­® �, ï¢«ï¥âáï á¯¥æ¨ «ì­ë¬ á«ãç ¥¬ «¨­¥©­ëå
§ ¤ ç, à áá¬ âà¨¢ ¥¬ëå ¢ à ¡®â å [12], [13], [18] (¡®«¥¥ ¯®¤à®¡­® ¢ á«¥¤ãîé¥¬ à §¤¥«¥).

4. �®ª «ì­ë¥ ¯®£àã¦¥­¨ï Ln ¢ S2n�1

� áá¬®âà¨¬ ®¡é¨© á«ãç © ¯®£àã¦¥­¨ï Ln ! S2n�1 � E2n. �®  ­ «®£¨¨ á® á«ãç ¥¬ ¯®£àã-
¦¥­¨ï Ln ¢ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® [8], [15] ¬®¦­® ¤®ª § âì, çâ® áãé¥áâ¢ã¥â n â ª¨å £« ¢­ëå
­ ¯à ¢«¥­¨© á  áá®æ¨¨à®¢ ­­ë¬¨ ª®®à¤¨­ â ¬¨ u1; : : : ; un, çâ® ¬¥âà¨ª  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

ds2 =
nP
i=1

H2
i (du

i)2, £¤¥ H1; : : : ;Hn | äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î H2
1 + � � � + H2

n = 1.
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�®«¥¥ â®£®, áãé¥áâ¢ã¥â â ª®© ¡ §¨á ¢ ­®à¬ «ì­®¬ ¯à®áâà ­áâ¢¥, çâ® á®®â¢¥âáâ¢ãîé¨¥ ª®íä-
ä¨æ¨¥­âë ªàãç¥­¨ï à ¢­ë ­ã«î. �®à¬ «ì �n = r=R ¯à¨­ ¤«¥¦¨â íâ®¬ã ¡ §¨áã. �¥©áâ¢¨-
â¥«ì­®, ��nji = (���n;i ) = R�1(��r;i ) = 0. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® �1; : : : ; �n
¥áâì â ª®© ¡ §¨á. �®®â¢¥âáâ¢ãîé¨¥ ª¢ ¤à â¨ç­ë¥ ä®à¬ë II� ¨¬¥îâ ¤¨ £®­ «ì­ë¥ ¬ âà¨æë:

II� =
nP
i=1

L�ii(du
i)2. �à ¢­¥­¨ï �®¤ ææ¨ Lpij ;k�Lpik;j = 0 (â®çª  á § ¯ïâ®© ®§­ ç ¥â ª®¢ à¨ ­â­ãî

¯à®¨§¢®¤­ãî) ¯à¨®¡à¥â îâ ¢¨¤

@

@uk

n�1X
p=1

(Lpii)
2 � 1

gii

@gii
@uk

n�1X
p=1

(Lpii)
2 � gkk

@gii
@uk

n�1X
p=1

LpkkL
p
ii = 0: (6)

� ¯¨è¥¬ ãà ¢­¥­¨ï � ãáá  Rkiki =
n�1P
p=1

LpkkL
p
ii+

1

R2
gkkgii. �® ¯à¥¤¯®«®¦¥­¨î ¯à®áâà ­áâ¢® Ln

¨¬¥¥â ªà¨¢¨§­ã K = �1, ®âªã¤  á«¥¤ã¥â Rkiki = �gkkgii. �â ª,
n�1X
p=1

LpkkL
p
ii

gkkgii
= �1� 1

R2
: (7)

�á¯®«ì§ã¥¬ â¥ ¦¥ ®¡®§­ ç¥­¨ï, çâ® ¨ ¢ á¯¥æ¨ «ì­®¬ á«ãç ¥ n = 2, â. ¥.

a =
q
1 + 1=R2: (8)

�à ¢­¥­¨ï �®¤ ææ¨ (6) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

@

@uk

n�1X
p=1

(Lpii)
2 � 1

gii

@gii
@uk

n�1X
p=1

(Lpii)
2 + a2gii

@gii
@uk

= 0:

�¡®§­ ç¥­¨¥ ctg �i :=

s
n�1P
p=1

(Lpii)
2
.
(agii) ¯à¨¢®¤¨â ª ã¯à®é¥­¨î § ¯¨á¨ ãà ¢­¥­¨© �®¤ ææ¨

@

@uk
(log gii � log sin2 �i) = 0. �ë¡¨à ï ¯®¤å®¤ïéãî ¯ à ¬¥âà¨§ æ¨î ­  ª ¦¤®© ª®®à¤¨­ â­®©

«¨­¨¨, ¯®«ãç¨¬ gii = sin2 �i. �®íâ®¬ã
n�1P
p=1

(Lpii)
2 = a2 sin2 �i cos2 �i, ¨ L

p
ii ¬®¦­® ¯¥à¥¯¨á âì á«¥-

¤ãîé¨¬ ®¡à §®¬: Lpii = a sin�i cos �i cos'
p
i , £¤¥

n�1X
p=1

cos2 'pi = 1: (9)

� íâ¨å ®¡®§­ ç¥­¨ïå ãà ¢­¥­¨ï (7) § ¯¨áë¢ îâáï ¢ ¢¨¤¥

n�1X
p=1

cos'pi cos'
p
k = � tg �i tg �k: (10)

� ¯®«­®©  ­ «®£¨¨ á® á«ãç ¥¬ Ln ¢ E2n�1 [8] à áá¬ âà¨¢ ¥âáï ¬ âà¨æ 

A :=

0BB@
sin�1 sin�2 � � � sin�n
�11 �12 � � � �1n

: : : : : : : : : : : : : : : : : : : : :
�n�11 �n�12 � � � �n�1n

1CCA ;
£¤¥ �kj := cos'kj cos �j . �¥¯¥àì ãà ¢­¥­¨ï (9) ¨ (10) ¬®£ãâ ¡ëâì ¨­â¥à¯à¥â¨à®¢ ­ë ª ª ãá«®¢¨ï

®àâ®£®­ «ì­®áâ¨ ¬ âà¨æë A: A>A = I. �âáî¤ 
nP
i=1

sin2 �i = 1. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï Hi := sin�i,
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�i :=
r;ip
gii
, �ij := 1

Hi

@Hj

@ui
(i 6= j). �®£¤  ãà ¢­¥­¨ï � ãáá {�¥©­£ àâ¥­  (2), (3) ¯à¨¬ãâ ¢¨¤

�i;i= �
nX

k=1

�ki�k + a cos �i
n�1X
p=1

cos'pi �p �
�i
R
�n ; �i;j = �ij�j (i 6= j);

��;i= �a cos �i cos'�i �i ; �n;i=
sin�i
R

�i ;

¨«¨ ¢ ¬ âà¨ç­®© ä®à¬¥

@�
@ui

= 
i� ; (11)


i :=

0BBBBBBBBBBBBBBBB@

0 � � � �1i � � � 0 0 � � � 0 0
... � � � ... � � � ...

... � � � ...
...

��1i � � � 0 � � � ��ni a�1i � � � a�n�1i �R�1 sin�i
... � � � ... � � � ...

... � � � ...
...

0 � � � �ni � � � 0 0 � � � 0 0
0 � � � �a�1i � � � 0 0 � � � 0 0
... � � � ... � � � ...

... � � � ...
...

0 � � � �a�n�1i � � � 0 0 � � � 0 0
0 � � � R�1 sin�i � � � 0 0 � � � 0 0

1CCCCCCCCCCCCCCCCA
;

£¤¥ � := (�1; �2; : : : ; �n; �1; : : : ; �n)> (ç¥à¥§ > ®¡®§­ ç¥­  âà ­á¯®§¨æ¨ï) ¨ ª®á®á¨¬¬¥âà¨ç¥áª¨¥ ¬ -
âà¨æë 
i ¬®£ãâ ¨¬¥âì ­¥­ã«¥¢ë¥ ª®íää¨æ¨¥­âë â®«ìª® ­  i-© áâà®ª¥ ¨ ¢ i-¬ áâ®«¡æ¥. �à¨­¨¬ ï
¢® ¢­¨¬ ­¨¥ à ¢¥­áâ¢® (8) ¨ ¯ à ¬¥âà¨§ æ¨î (5) ¢ ¬ âà¨æ å 
i, ¯®«ãç¨¬ «¨­¥©­ãî (á¯¥ªâà «ì-
­ãî) § ¤ çã, ª®â®à ï á â®ç­®áâìî ¤® ¨§¬¥­¥­¨ï ¡ §¨á  íª¢¨¢ «¥­â­  «¨­¥©­®© § ¤ ç¥, à áá¬ -
âà¨¢ ¥¬®© ¢ [12] (á¬. â ª¦¥ [18], [13]):

@ 

@xj
=
�

2
Aj +

1
2�
Bj + Cj 

(­ ¤® ®¡à â¨âì ¢­¨¬ ­¨¥ ­  ®è¨¡ªã ¢ ä®à¬ã«¥ (1.17b) ¢ [12]), £¤¥

Aj =
�
0 aj
a>j 0

�
; Bj =

�
0 �aj
a>j � 0

�
; Cj =

�
0 0
0 
j

�
;

aj | ¬ âà¨æ  à §¬¥à  n� n, ¢á¥ í«¥¬¥­âë ª®â®à®© à ¢­ë ­ã«î, §  ¨áª«îç¥­¨¥¬ j-£® áâ®«¡æ ,
¨¬¥îé¥£® ¢¨¤ a1j ; : : : ; anj , � = diag(1;�1; : : : ;�1),   
j | ª®á®á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ  à §-
¬¥à  n � n, ¢á¥ í«¥¬¥­âë ª®â®à®© à ¢­ë ­ã«î, §  ¨áª«îç¥­¨¥¬ j-£® áâ®«¡æ , ¨¬¥îé¥£® ¢¨¤
(�1j ; : : : ; �nj)>, ¨ j-© áâà®ª¨, ¨¬¥îé¥© ¢¨¤ (��1j ; : : : ;��nj). �ã­ªæ¨¨  ¯à¨­¨¬ îâ §­ ç¥­¨ï ¢
R2n. �â®¡ë áà ¢­¨âì íâã á¯¥ªâà «ì­ãî § ¤ çã á® á¯¥ªâà «ì­®© § ¤ ç¥© (11), ­ ¤® ¯à¨à ¢­ïâì
a1k = sin�k, ajk = �kj�1, £¤¥ j = 2; : : : ; n ¨ k = 1; : : : ; n. �¨áâ¥¬  ãà ¢­¥­¨© � ãáá {�®¤ ææ¨{
�¨çç¨, ¨§¢¥áâ­ ï ¢ íâ®¬ á«ãç ¥ ª ª á¨áâ¥¬ , ®¡®¡é îé ï ãà ¢­¥­¨¥ \á¨­ãá-�®à¤®­ " ¨«¨ á¨-
áâ¥¬ã \LE" ([12], [14], [19], [20]), ­¥ § ¢¨á¨â ®â R. � ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  1. �¨áâ¥¬  ãà ¢­¥­¨© � ãáá {�¥©­£ àâ¥­  ¤«ï «®ª «ì­ëå ¯®£àã¦¥­¨© ¯à®áâà ­-

áâ¢  �®¡ ç¥¢áª®£® Ln ¢ áä¥àã S2n�1 à ¤¨ãá  R â®¦¤¥áâ¢¥­­  «¨­¥©­®© § ¤ ç¥ (á® á¯¥ªâà «ì-
­ë¬ ¯ à ¬¥âà®¬), á¢ï§ ­­®© á «®ª «ì­ë¬¨ ¯®£àã¦¥­¨ï¬¨ Ln ¢ E2n�1. �¯¥ªâà «ì­ë© ¯ à -

¬¥âà � ¬®¦¥â ¡ëâì ¢ëà ¦¥­ ç¥à¥§ R,   ¨¬¥­­®

1
R
=
1
2

�
1
�
� �

�
:

�ë ¢ë¢¥«¨ à æ¨®­ «ì­®¥ á®®â­®è¥­¨¥ ¬¥¦¤ã R ¨ � ¤«ï � 2 (0; 1) (áà ¢­¨â¥ á ®ª®­ç ­¨¥¬
à §¤¥«  3). �¤­ ª® ãá«®¢¨ï á®¢¬¥áâ­®áâ¨ ¢ â®ç­®áâ¨ â¥ ¦¥ á ¬ë¥ ¤«ï «î¡®£® �. � áá¬®âà¨¬ ¢
¤¥â «ïå íâã ¯à®¡«¥¬ã ¢ á«¥¤ãîé¥¬ à §¤¥«¥.
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5. �¥®¬¥âà¨ç¥áª¨© ¢ë¢®¤ ä®à¬ã«ë �ë¬ {� ©ä¥«ï

�®à®è® ¨§¢¥áâ­®, çâ® ¨§®¬¥âà¨ç¥áª¨¥ ¯®£àã¦¥­¨ï ®¡« áâ¥© ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® L2

¢ E3 ¬®£ãâ ¡ëâì ¢ â®ç­®áâ¨ ®¯¨á ­ë â ª ­ §ë¢ ¥¬®© ä®à¬ã«®© �ë¬ {� ©ä¥«ï

F = 	�1	;� ; (12)

£¤¥ 	 = 	(u1; u2; �) ¥áâì SU(2)-§­ ç­®¥ à¥è¥­¨¥ «¨­¥©­®© á¨áâ¥¬ë

	;1=
�
i� � 1

2
';1

1

2
';1 �i�

�
	 ; 	;2=

1
4i�

�
cos' sin'
� sin' � cos'

�
	 ; (13)

  � | á¯¥ªâà «ì­ë© ¯ à ¬¥âà. �â  «¨­¥©­ ï á¨áâ¥¬  ¨§¢¥áâ­  ª ª ¯ à  � ªá  ¤«ï ãà ¢­¥­¨ï
\á¨­ãá-�®à¤®­ " ';12= sin' ¨ ¨¬¥¥â ­¥­ã«¥¢ë¥ à¥è¥­¨ï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ' ã¤®¢«¥-
â¢®àï¥â ãà ¢­¥­¨î \á¨­ãá-�®à¤®­ ".

�¥®à¥¬  2 ([2], [5]). �á«¨ 	 ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (13), â® su(2)-§­ ç­ ï äã­ªæ¨ï F =

	�1	;� ®¯à¥¤¥«ï¥â �-á¥¬¥©áâ¢® ¯á¥¢¤®áä¥à¨ç¥áª¨å ¯®£àã¦¥­¨© ¢ E3. � ¨¬¥­­®, F =
3P

k=1

1

2i
�kfk

(£¤¥ �k | ¬ âà¨æë � ã«¨) ¨ f := (f1; f2; f3) 2 E3 ¥áâì à ¤¨ãá-¢¥ªâ®à ¯á¥¢¤®áä¥à¨ç¥áª®© ¯®-

¢¥àå­®áâ¨ á £ ãáá®¢®© ªà¨¢¨§­®© K = ��2. �®«¥¥ â®£®, ª®®à¤¨­ âë u1, u2 ï¢«ïîâáï  á¨¬¯â®-
â¨ç¥áª¨¬¨.

�®¤å®¤ �ë¬  ­¥¤ ¢­® ¡ë« ¯à¨¬¥­¥­ ª ®¡é¥¬ã á«ãç î ¨§®¬¥âà¨ç¥áª¨å ¯®£àã¦¥­¨© Ln ¢
E2n�1 [18]. �¨¦¥ ¯®ª ¦¥¬, ª ª ¢ë¢¥áâ¨ ¢ íâ®¬ á«ãç ¥  ­ «®£ ä®à¬ã«ë (12) ¨§ ç¨áâ® £¥®¬¥-
âà¨ç¥áª¨å à áá¬®âà¥­¨©. �¥è¥­¨¥ � á¯¥ªâà «ì­®© § ¤ ç¨ (11) ¥áâì äã­ªæ¨ï á® §­ ç¥­¨ï¬¨ ¢
¬ âà¨ç­®© £àã¯¯¥ �¨ SO(2n) (¯à¨ ãá«®¢¨¨, çâ® ­ ç «ì­ë¥ ãá«®¢¨ï ¯à¨­¨¬ îâ §­ ç¥­¨ï ¢ íâ®©
£àã¯¯¥). �¥©áâ¢¨â¥«ì­®, ¨§ (det �);j = Tr
j det� ¨ Tr
j = 0 ¨¬¥¥¬ det � = const. �âà®ª¨ ¬ âà¨-
æë � ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ®àâ®£®­ «ì­ë© ¡ §¨á,  áá®æ¨¨à®¢ ­­ë© á à áá¬ âà¨¢ ¥¬ë¬
�-á¥¬¥©áâ¢®¬ ¯®£àã¦¥­¨©. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦¥¬ ¢ë¡à âì ­ ç «ì­ë¥ ãá«®¢¨ï â ª,
çâ® ¢ § ¤ ­­®© â®çª¥ u0 := (u10; : : : ; u

n
0 ) ¬ âà¨æ  � ï¢«ï¥âáï ¥¤¨­¨ç­®© ¬ âà¨æ¥©: �(u0; �) = I.

�®£¤  � = �(u; �) ¯à¥¤áâ ¢«ï¥â ¯®¢®à®â, ¯¥à¥¢®¤ïé¨© ª ­®­¨ç¥áª¨© ¡ §¨á ¢ u0 ¢ ¡ §¨á ¢ u. �«ï
â®£® çâ®¡ë ¢ë¢¥áâ¨ ä®à¬ã«ã �ë¬ {� ©ä¥«ï, ¯¥à¥¯¨è¥¬ «¨­¥©­ãî § ¤ çã (11) ¢ â¥à¬¨­ å ç¨-
á¥« �«¨ää®à¤  [18]. �®áâ â®ç­® ®â®¦¤¥áâ¢¨âì ®¡à §ãîé¨¥  «£¥¡àë �¨ so(2n) á ®¡à §ãîé¨¬¨
 «£¥¡àë �¨ £àã¯¯ë Spin(2n),   ¨¬¥­­®, f�� $ 2�1e�e� , £¤¥ f�� | ª®á®á¨¬¬¥âà¨ç¥áª¨¥ 2n� 2n
¬ âà¨æë á ª®íää¨æ¨¥­â ¬¨ f���� := ������ � ������ (¤àã£¨¬¨ á«®¢ ¬¨, f�� ¨¬¥îâ â®«ìª® ¤¢ 
­¥­ã«¥¢ëå í«¥¬¥­â : 1 ­  ¯¥à¥á¥ç¥­¨¨ �-© áâà®ª¨ ¨ �-£® áâ®«¡æ  ¨ �1 ­  ¯¥à¥á¥ç¥­¨¨ �-© áâà®ª¨
¨ �-£® áâ®«¡æ ). T ª¦¥ § ¬¥­¨¬ a ¨ R ­  � á®£« á­® ä®à¬ã« ¬ (5). �®£¤  á¯¥ªâà «ì­ ï § ¤ ç 
(11) ¯à¨¬¥â ¢¨¤

	;j = Uj	 ;

Uj :=
1
2
ej

�
�

nX
k=1

�kjek+
�2 + 1
2�

n�1X
i=1

�ijen+i +
�2 � 1
2�

sin�je2n

�
;

(14)

£¤¥ 	 | í«¥¬¥­â Spin(2n), ª®â®àë© á®®â¢¥âáâ¢ã¥â ¢à é¥­¨î, ®¯à¥¤¥«¥­­®¬ã SO(2n)-§­ ç­®©
äã­ªæ¨¥© �. �á¯®«ì§ãï ®¡®§­ ç¥­¨ï, ¢¢¥¤¥­­ë¥ ¢ ª®­æ¥ à §¤¥«  2, ¬®¦¥¬ ªà âª® § ¯¨á âì
	 = S(�).

�¥®à¥¬  3 ([18]). �®à¬ã«  �ë¬ {� ©ä¥«ï r = 	�1	;� j�=1, £¤¥ 	 ã¤®¢«¥â¢®àï¥â á®®â­®è¥-

­¨ï¬ (14), ¯à¨¢®¤¨â ª ¯®£àã¦¥­¨î ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® Ln ¢ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®

à §¬¥à­®áâ¨ 2n� 1, ¯®à®¦¤ ¥¬®¥ í«¥¬¥­â ¬¨ eke2n (k = 1; 2; : : : ; 2n� 1).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ¯à®¢®¤¨âáï ­¥¯®áà¥¤áâ¢¥­­® ¢ [18]. � ¬¥â¨¬, çâ® ¢ ­ è¥¬ á«ãç ¥
ä®à¬ã«  �ë¬ {� ©ä¥«ï ¯à¨¢®¤¨â ª ¯®£àã¦¥­¨ï¬ Ln � E2n�1 â®«ìª® ¤«ï � = 1,   ­¥ ¤«ï ¢á¥£®
�-á¥¬¥©áâ¢  ¯®£àã¦¥­¨©, ª ª ¢ á«ãç ¥ ãà ¢­¥­¨ï \á¨­ãá-�®à¤®­ ".
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�¥¯¥àì ¯à¥¤áâ ¢¨¬ £¥®¬¥âà¨ç¥áª¨© ¢ë¢®¤ ä®à¬ã«ë �ë¬ {� ©ä¥«ï. � áá¬®âà¨¬ ¯®£àã¦¥-
­¨¥ Ln ¢ E2n. � ¯®¬­¨¬, çâ®  áá®æ¨¨à®¢ ­­ë© ¡ §¨á (�1; : : : ; �n, �1; : : : ; �n)> ®¡®§­ ç ¥âáï ç¥à¥§
�, E2n ®â®¦¤¥áâ¢«¥­® á ¯à®áâà ­áâ¢®¬ V , ¯®à®¦¤ îé¨¬  «£¥¡àã C(2n) (á¬. à §¤¥« 2),   ¢à é¥-
­¨¥, § ¤ ¢ ¥¬®¥ SO(2n)-§­ ç­®© äã­ªæ¨¥© �, ¯à¥¤áâ ¢«¥­® äã­ªæ¨¥© S(�) = 	(u; �) 2 Spin(2n).
�«ï § ¤ ­­®£® í«¥¬¥­â  w 2 E2n ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ bw í«¥¬¥­â ¨§ V , á®®â¢¥âáâ¢ãîé¨©
w ¯à¨ ¥áâ¥áâ¢¥­­®¬ ¨§®¬®àä¨§¬¥ V ' E2n. � §¨á (b�1; b�2; : : : ; b�n, b�1; : : : ; b�n�1; br=R) ¯®«ãç ¥â-
áï ¨§ ª ­®­¨ç¥áª®£® ¡ §¨á  e1; : : : ; e2n á«¥¤ãîé¨¬ ®¡à §®¬: b�1 = 	�1e1	; : : : ; b�n = 	�1en	,b�1 = 	�1en+1	; : : : ; brR = 	�1e2n	. � ¤ «ì­¥©è¥¬ ¨á¯®«ì§ã¥âáï â®«ìª® ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥,
á ¯®¬®éìî ª®â®à®£® ¯®«ãç ¥âáï à ¤¨ãá-¢¥ªâ®à à áá¬ âà¨¢ ¥¬®£® ¯®£àã¦¥­¨ï Ln � S2n�1:

br = 2�
1� �2

	�1e2n	: (15)

�®à¬ã«  (15) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ £¥®¬¥âà¨¨ ¯®£àã¦¥­¨ï ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® R > 0 ¨
0 < � < 1. �®§¬®¦­® ä®à¬ «ì­®¥ ¯à¨¬¥­¥­¨¥ â ª¦¥ ¨ ¤«ï � > 1. �®£¤  ¨§ ä®à¬ã«ë (8)
á«¥¤ã¥â, çâ® R ®âà¨æ â¥«ì­®. �¡êïá­¨¬ £¥®¬¥âà¨ç¥áª¨© á¬ëá« íâ®£® á«ãç ï. �§ í«¥¬¥­â à-
­ëå á¢®©áâ¢ ®¡à §ãîé¨å  «£¥¡àë �«¨ää®à¤  ¨¬¥¥¬ (¤«ï k = 1; : : : ; n) eke� = e2neke�e2n
(� 6= 2n) ¨ eke2n = �e2neke2ne2n. �â® ¯à¨¢®¤¨â ª á«¥¤ãîé¥© á¨¬¬¥âà¨¨ á¯¥ªâà «ì­®© § ¤ -
ç¨ (14): Uk( 1�) = e2nUk(�)e2n. �®íâ®¬ã ¬®¦­® ®£à ­¨ç¨âìáï à¥è¥­¨ï¬¨ 	, ã¤®¢«¥â¢®àïîé¨¬¨
ãá«®¢¨î

	( 1
�
) = e2n	(�)e2n: (16)

�¥©áâ¢¨â¥«ì­®, ¥á«¨ ¢ëè¥¯à¨¢¥¤¥­­®¥ à ¢¥­áâ¢® ¨¬¥¥â ¬¥áâ® ¯à¨ ¯à®¨§¢®«ì­®¬ ¢ë¡®à¥ â®çª¨
(u1; : : : ; un) (­ ç «ì­ë¥ ãá«®¢¨ï), â® ¬®¦­® «¥£ª® ¤®ª § âì (¤¨ää¥à¥­æ¨àãï ®¡¥ ç áâ¨ à ¢¥­áâ¢ 
¯® uk ¨ ¨á¯®«ì§ãï á®®â­®è¥­¨ï (14)), çâ® ®­® á¯à ¢¥¤«¨¢® ¨ ¢ ®ªà¥áâ­®áâ¨ íâ®© â®çª¨. �§
á®®â­®è¥­¨© (15) ¨ (16) ¯®«ãç ¥¬

br(1=�) = �e2nbr(�)e2n: (17)

�¥®¬¥âà¨ç¥áª¨ íâ® ®§­ ç ¥â, çâ® br(1=�) | ®âà ¦¥­¨¥ br(�) ®â­®á¨â¥«ì­® £¨¯¥à¯«®áª®áâ¨, ®à-
â®£®­ «ì­®© e2n. �®à¬ã«  (17) ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª £¥®¬¥âà¨ç¥áª®¥ ®¯à¥¤¥«¥­¨¥ br(�)
¤«ï � > 1. �àã£ ï á¨¬¬¥âà¨ï á¯¥ªâà «ì­®© § ¤ ç¨ (14),   ¨¬¥­­® Uk(��) = eUk(�)e�1, £¤¥
e := en+1en+2 : : : e2n (e�1 = e2n : : : en+1), ¯à¨¢®¤¨â ª £¥®¬¥âà¨ç¥áª®¬ã ®¯à¥¤¥«¥­¨î br(�) ¤«ï
� < 0. �¥©áâ¢¨â¥«ì­®, ¢ë¡¨à ï ¯®¤å®¤ïé¨¥ ­ ç «ì­ë¥ ãá«®¢¨ï, ¬®¦¥¬ ®£à ­¨ç¨âìáï à¥è¥-
­¨ï¬¨ 	, ¤«ï ª®â®àëå 	(��) = e	(�)e�1. �®£¤  br(��) = (�1)nebr(�)e�1, â. ¥. çâ®¡ë ¯®«ãç¨âìbr(��), ­ã¦­® ¯à®¨§¢¥áâ¨ n ®âà ¦¥­¨© br(�) ®â­®á¨â¥«ì­® £¨¯¥à¯«®áª®áâ¥©, ®àâ®£®­ «ì­ëå á®-
®â¢¥âáâ¢¥­­® en+1; : : : ; e2n. �à¥¤¥«ì­ë© á«ãç © � = 1 ä®à¬ «ì­® á®®â¢¥âáâ¢ã¥â R = �1. �â®¡ë
¯®«ãç¨âì â®ç­®¥ £¥®¬¥âà¨ç¥áª®¥ §­ ç¥­¨¥ ¯à¥¤¥« , à áá¬®âà¨¬ ä®à¬ã«ã (17). �á«¨ � ! 1�,
â® br(�) ¯à¥¢à é ¥âáï ¢ ¯®£àã¦¥­¨¥ ¢ áä¥àã à ¤¨ãá  R ! 1, ¨ ¬®¦­® ¯®«ì§®¢ âìáï ä®à¬ã-
«®© (17), çâ®¡ë ¯®«ãç¨âì §­ ç¥­¨¥ ¯à ¢®áâ®à®­­¥£® ¯à¥¤¥«  br(�) ¯à¨ � = 1. � ¯à¥¤¥«ì­®¬
á«ãç ¥ ¯®£àã¦¥­¨ï br(1+) ¨ br(1�) á¨¬¬¥âà¨ç­ë ¯® ®â­®è¥­¨î ª £¨¯¥à¯«®áª®áâ¨, ®àâ®£®­ «ì-
­®© e2n. � ¤¨ãá-¢¥ªâ®à br ­¥¤®áâ â®ç­® ã¤®¡¥­, â. ª. ¤«ï R ! 1 ®­ áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨.
�«¥¤ãï ¨¤¥¥ �®«¨¢ë ¨ � ­â¨­¨ (ª®â®àë¥ ¨á¯®«ì§®¢ «¨ ¥¥ ¤«ï á«ãç ï í¢®«îæ¨¨ ªà¨¢ëå, [7]),
à áá¬®âà¨¬ bF := br � Re2n, çâ® ¯à®áâ® ®¡®§­ ç ¥â ¨§¬¥­¥­¨¥ ¡ §¨á . �¥¯¥àì ¯®¤¬­®£®®¡à §¨¥
®¯¨áë¢ ¥âáï ¯® ®â­®è¥­¨î ª ä¨ªá¨à®¢ ­­®© â®çª¥ áä¥àë (á¥¢¥à­ë© ¯®«îá ¯à¨ R > 0 ¨ î¦­ë©
¯®«îá ¯à¨ R < 0),   ­¥ ª æ¥­âàã áä¥àë. �®£¤ 

bF = R	�1e2n	�Re2n =
2�

1� �2 (	
�1e2n	� e2n): (18)

�®¦­® ¯®ª § âì, çâ® bF (1=�) = �e2n bF (�)e2n. �â® ®§­ ç ¥â, çâ® bF (1=�) ¨ bF (�) ¨¬¥îâ à ¢­ë¥ ª®¬-
¯®­¥­âë, ®àâ®£®­ «ì­ë¥ ¯®«ïà­®© ®á¨. �å ¯ à ««¥«ì­ë¥ ª®¬¯®­¥­âë ¨¬¥îâ ¯à®â¨¢®¯®«®¦­ë©
§­ ª. bF (1�) ¯à¨¢®¤¨â ª ¯®£àã¦¥­¨î ¢ áä¥àã ¡¥áª®­¥ç­®£® à ¤¨ãá  ¨ ¬®¦¥â ¡ëâì ®â®¦¤¥áâ¢«¥-
­® á ¯®£àã¦¥­¨¥¬ ¢ ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® ª áä¥à¥ ¢ á¥¢¥à­®¬ ¯®«îá¥ (¯® ªà ©­¥© ¬¥à¥
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¢ á«ãç ¥, ª®£¤  à áá¬ âà¨¢ ¥âáï ¯®£àã¦¥­¨¥ ¤®áâ â®ç­® ¬ «®© ®¡« áâ¨; ¢ á«ãç ¥ £«®¡ «ì­ëå
¯®£àã¦¥­¨© ¢®¯à®á á«®¦­¥¥). �à ¢®áâ®à®­­¨© ¯à¥¤¥« ¢ ¯à ¢®© ç áâ¨ ¯à¨¢®¤¨â ª â®¬ã ¦¥ ¯®-
£àã¦¥­¨î, ®âà ¦¥­­®¬ã ®â­®á¨â¥«ì­® £¨¯¥à¯«®áª®áâ¨, ®àâ®£®­ «ì­®© ®á¨ e2n. �â ª, ¢¥ªâ®àëbF (1+) ¨ bF (1�) ¯à¨­ ¤«¥¦ â ª á â¥«ì­ë¬ ¯à®áâà ­áâ¢ ¬ ¢  ­â¨¯®¤ «ì­ëå â®çª å. � áá¬ -
âà¨¢ ï ¨å ª ª í«¥¬¥­âë «¨­¥©­®£® ¯à®áâà ­áâ¢ , ¯®à®¦¤ ¥¬®£® ¢¥ªâ®à ¬¨ e1; : : : ; e2n�1, ¨¬¥¥¬bF (1+) = bF (1�), å®âï íâ¨ ¢¥ªâ®àë à á¯®«®¦¥­ë ¢ à §«¨ç­ëå â®çª å. � ¤ «ì­¥©è¥¬ ¢ëç¨á«¨¬
íâ®â ¯à¥¤¥«, ¯à¥¤¯®« £ ï, çâ® à¥è¥­¨¥ 	 á¯¥ªâà «ì­®© § ¤ ç¨ (14) ¥áâì ¤¨ää¥à¥­æ¨àã¥¬ ï
äã­ªæ¨ï � ¢ ®ªà¥áâ­®áâ¨ � = 1. �â®¡ë ¢ëç¨á«¨âì ¯à¥¤¥« ¯à¨ � ! 1 ¢ ä®à¬ã«¥ (18), ¨á¯®«ì-
§ã¥¬ ¯à ¢¨«® �®¯¨â «ï. �¨ää¥à¥­æ¨àãï â®¦¤¥áâ¢® 	�1	 = 1, ¯®«ãç¨¬ (	�1)0 = �	�1	0	�1
(£¤¥ èâà¨å ®¡®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® �). �«¥¤®¢ â¥«ì­®,

F := lim
�!1

bF (�) = 	(1)�1	0(1)	(1)�1e2n	(1)�	(1)�1e2n	0(1): (19)

�§ (16) á«¥¤ã¥â

	(1)e2n = e2n	(1) ; e2n	
0(1) = �	0(1)e2n: (20)

�á¯®«ì§ãï (20), ¯®«ãç¨¬ ¨§ (19) ä®à¬ã«ã �ë¬ {� ©ä¥«ï

F = 2	(1)�1	0(1)e2n = �2e2n	�1@	
@�

����
�=1

:

�­®¦¨â¥«ì ¯à¨ e2n ¥áâì ¯à®¥ªæ¨ï 	�1	;� j�=1 ­  E2n�1. �¥©áâ¢¨â¥«ì­®, 	(1)�1	0(1) ¯à¨­¨¬ ¥â
§­ ç¥­¨ï ¢  «£¥¡à¥ �¨ £àã¯¯ë Spin(2n) ¨ á®£« á­® (20)  ­â¨ª®¬¬ãâ¨àã¥â á e2n. �â® ®§­ ç ¥â, çâ®
	(1)�1	0(1) = � 1

2
e2nf , £¤¥ f ¯à¨­¨¬ ¥â §­ ç¥­¨ï ¢ ¯®¤¯à®áâà ­áâ¢¥ V , ¯®à®¦¤ ¥¬®¬ í«¥¬¥­â ¬¨

e1; : : : ; e2n�1. �à¥¤¥«ì­ë© ¯à®æ¥áá ®áâ ¢«ï¥â ãà ¢­¥­¨ï � ãáá {�®¤ ææ¨{�¨çç¨ ¡¥§ ¨§¬¥­¥­¨ï,
â ª çâ® à¥§ã«ìâ¨àãîé ï äã­ªæ¨ï f ¯à¥¤áâ ¢«ï¥â ¯®£àã¦¥­¨¥ Ln ¢ E2n�1 (íâ® â ª¦¥ á«¥¤ã¥â ¨§
â¥®à¥¬ë 3). �®à¬ã«  (12) ã¯à®é ¥â ï¢­ãî ª®­áâàãªæ¨î ¯®£àã¦¥­¨©. �¥©áâ¢¨â¥«ì­®, ¤®¯ãáâ¨¬,
çâ® ã¦¥ ­ è«¨ ¡ §¨á ª á â¥«ì­ëå ¨ ­®à¬ «¥© ¢ ª ¦¤®© â®çª¥ ¯®£àã¦¥­¨ï, â®£¤  (¡¥§ ä®à¬ã-
«ë �ë¬ ) ¨­â¥£à¨à®¢ ­¨¥¬ ¬®¦­® ¢®ááâ ­®¢¨âì ¯®£àã¦¥­¨¥. �®à¬ã«  �ë¬ {� ©ä¥«ï ¯®§¢®-
«ï¥â § ¬¥­¨âì ¨­â¥£à¨à®¢ ­¨¥ ¯® ¯ à ¬¥âà ¬ u1; : : : ; un ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¯® ¯ à ¬¥âàã �.
�®­¥ç­®, ã¯à®é¥­¨¥ â ª®£® à®¤  ¢®§¬®¦­® â®«ìª® ¢ á«ãç ïå, á¢ï§ ­­ëå á ¨­â¥£à¨àã¥¬ë¬¨
á¨áâ¥¬ ¬¨ (áãé¥áâ¢®¢ ­¨¥ á¯¥ªâà «ì­®£® ¯ à ¬¥âà  ¨£à ¥â ª«îç¥¢ãî à®«ì). �®«¥¥ â®£®, ä®à-
¬ã«  �ë¬ {� ©ä¥«ï ®ª §ë¢ ¥âáï ¢¥áì¬  ¯®«¥§­®© ¢ ¯à¨«®¦¥­¨ïå ¬¥â®¤®¢ â¥®à¨¨ á®«¨â®­®¢ ª
¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ (­ ¯à., [2], [3], [21], [22]).

6. �¡®¡é¥­­ë© â®à �«¨ää®à¤  ¯®áâ®ï­­®© ®âà¨æ â¥«ì­®© ªà¨¢¨§­ë

�¡®§­ ç¨¬ ç¥à¥§ e1; : : : ; e2n ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ E2n. �®à
�«¨ää®à¤  ¥áâì n-¬¥à­®¥ ¯«®áª®¥ ¯®¤¬­®£®®¡à §¨¥ (K = 0) ¢ S2n�1 � E2n. � ¤¨ãá-¢¥ªâ®à
rC = rC(u1; : : : ; un) ¨¬¥¥â ¢¨¤

rC =
nX

k=1

ck (e2k�1 cosuk + e2k sinuk) ; (21)

£¤¥ c1; : : : ; cn | â ª¨¥ ¯®áâ®ï­­ë¥, çâ® c21 + c22 + � � � + c2n = R2 (çâ®¡ë rC ¡ë«® ¯®£àã¦¥­¨¥¬ ¢
áä¥àã S2n�1 à ¤¨ãá  R). � ©¤¥¬ ª« áá ¯®£àã¦¥­¨© ®¡« áâ¥© Ln ¢ S2n�1, ª®â®àë¥ ¨¬¥îâ ¢¨¤,
¡«¨§ª¨© ª â®à ¬ �«¨ää®à¤ . �®¯ãáâ¨¬, çâ® ª®íää¨æ¨¥­âë ck § ¢¨áïâ â®«ìª® ®â u1. � ¨¬¥­­®,
à áá¬®âà¨¬ ¯®£àã¦¥­¨ï Ln � S2n�1 � E2n â ª¨¥, çâ® à ¤¨ãá-¢¥ªâ®à r = r(u1; u2; : : : ; un) ¨¬¥¥â
¢¨¤

r = R(e1 cos u1 + e2 sinu1) cos � +R� sin � ; � = �(u1) ; (22)

� = a2(e3 cos u2 + e4 sinu2) + � � � + an(e2n�1 cos un + e2n sinun)
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¨ ak | ¯®áâ®ï­­ë¥, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î
nP

k=2

a2i = 1. �ç¥¢¨¤­®,

r2 = R2 cos2 � +R2 sin2 �
nX

k=2

a2i = R2;

¯®íâ®¬ã r ®¯à¥¤¥«ï¥â ¯®¤¬­®£®®¡à §¨¥ ¢ áä¥à¥ S2n�1 à ¤¨ãá  R. � á â¥«ì­ë¥ ¢¥ªâ®àë ¨¬¥îâ
¢¨¤

r;1= R cos �(�e1 sinu1 + e2 cos u1 + �0�)�R�0 sin �(e1 cos u1 + e2 sinu1) ;

r;i= Rai sin �(�e2i�1 sinui + e2i cos ui) ;

£¤¥ i = 2; : : : ; n ¨ �0 := @�=@u1. �®íâ®¬ã g11 = R2(cos2 � + (�0)2), gii = R2a2i sin
2 � (i = 2; : : : ; n),

gij = 0 (i 6= j) ¨ ¬¥âà¨ª  § ¯¨è¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

ds2 = R2(cos2 � + (�0)2)du21 +R2 sin2 �
nX
i=2

a2i du
2

i :

� ¤ «ì­¥©è¥¬ ®¡®§­ ç¨¬ Hk :=
p
gkk. � ¬¥â¨¬, çâ® ¢ ­ è¥¬ á«ãç ¥ Hk ¥áâì äã­ªæ¨¨ ®â ®¤­®©

¯¥à¥¬¥­­®© u1. �¥¯¥àì ¢ë¢¥¤¥¬ ãà ¢­¥­¨ï ¤«ï �, ª®â®àë¥ ¢ëâ¥ª îâ ¨§ â®£® ãá«®¢¨ï, çâ® à áá¬ -
âà¨¢ ¥¬®¥ ¯®¤¬­®£®®¡à §¨¥ ¨¬¥¥â ªà¨¢¨§­ã K = �1. � íâ®¬ á«ãç ¥ ¨¬¥¥¬ á¨«ì­®¥ ®£à ­¨ç¥­¨¥
­  â¥­§®à �¨¬ ­  Rijij = �giigjj (i 6= j), Rijik = 0 (i 6= j 6= k 6= i). � ¯®¬­¨¬, çâ®

Rijij = �HiHj

0@ @

@ui

�
1
Hi

@Hj

@ui

�
+

@

@uj

�
1
Hj

@Hi

@uj

�
+
X
k 6=i;j

1
H2

k

@Hi

@uk

@Hj

@uk

1A :
�®íâ®¬ã ¢ ­ è¥¬ á«ãç ¥ ãà ¢­¥­¨¥ R1i1i = �g11gii ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

@

@u1

�
1
H1

@Hi

@u1

�
= H1Hi ;

¨ ¤ «¥¥ ¢ â¥à¬¨­ å �

d

du1

�
�0 cos �p
cos2 � + �02

�
= R2 sin �

p
cos2 � + �02: (23)

�­â¥à¥á­® ®â¬¥â¨âì, çâ® íâ® ãà ¢­¥­¨¥ ­¥ § ¢¨á¨â ®â n ¨ ­¥ á®¤¥à¦¨â ¯®áâ®ï­­ëå ai. � á«ãç ¥
n = 2 ¤àã£¨å ãà ¢­¥­¨© ­¥â.

� á«ãç ¥ n > 2 ¯®ï¢«ïîâáï ¥é¥ ¤¢  ¤®¯®«­¨â¥«ì­ëå ãà ¢­¥­¨ï. �¥©áâ¢¨â¥«ì­®, ãà ¢­¥­¨ï
Rijij = �giigjj (i � 2; j � 2) ¬®¦­® ¯¥à¥¯¨á âì

1
H2

1

@Hi

@u1

@Hj

@u1
= HiHj ;

£¤¥ ãçâ¥­®, çâ® Hk = Hk(u1) ¤«ï k = 1; : : : ; n. �®¤áâ ¢«ïï ¢ëà ¦¥­¨ï ¤«ï Hk, ¯®«ãç¨¬

�02

�02 + cos2 �
= R2 tg2 �: (24)

�áâ ¢è¨¥áï ãà ¢­¥­¨ï (Rijik = 0) ¨¬¥îâ ¢¨¤

@2Hi

@uj@uk
� 1
Hk

@Hi

@uk

@Hk

@uj
� 1
Hj

@Hi

@uj

@Hj

@uk
= 0

¨  ¢â®¬ â¨ç¥áª¨ ã¤®¢«¥â¢®àïîâáï, â. ª. Hk = Hk(u1). �«¥¤®¢ â¥«ì­®, ¨¬¥¥¬ ®¤­® ãà ¢­¥­¨¥
(23) ¤«ï n = 2 ¨ ¤¢  ãà ¢­¥­¨ï (23), (24) ¤«ï n > 2. �«ï ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  (23) ¬®¦­® ­ ©â¨ ¯¥à¢ë© ¨­â¥£à «. �¥©áâ¢¨â¥«ì­®, ®¡®§­ ç¨¬

W :=
�02

cos2 � + �02
: (25)
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�ç¥¢¨¤­®, 0 �W � 1. �®£¤  ãà ¢­¥­¨¥ (23) ¯à¨¢®¤¨âáï ª ¢¨¤ã (
p
W cos �)0 = R2�0

sin �p
W

, çâ® ¬®¦¥â

¡ëâì ¯¥à¥¯¨á ­® á«¥¤ãîé¨¬ ®¡à §®¬: (
p
W cos �);�= R2

sin �p
W

. �¬­®¦ ï ®¡¥ áâ®à®­ë ­  2
p
W cos �,

¨¬¥¥¬ (W cos2 �);�= 2R2 sin � cos �, ¨ ¨­â¥£à¨àãï, ¯®«ãç ¥¬ ¯¥à¢ë© ¨­â¥£à « ¤«ï ãà ¢­¥­¨ï (23)

W cos2 � = R2 sin2 � + C ; (26)

£¤¥ C | ¯®áâ®ï­­ ï. � ª ª ª 0 � W � 1, ¨¬¥¥¬ �R2 < C < 1. � á«ãç ¥ n > 2 ¤®«¦­®
ã¤®¢«¥â¢®àïâìáï â ª¦¥ ãà ¢­¥­¨¥ (24), ª®â®à®¥ ¯¥à¥¯¨áë¢ ¥âáï ª ª W = R2 tg2 �. �®¤áâ ¢«ïï
(24) ¢ (26), ¯®«ãç¨¬ C = 0. � á«ãç ¥ n = 2 ¯®áâ®ï­­ ï C ¬®¦¥â ¯à¨­¨¬ âì ¨ ­¥­ã«¥¢ë¥
§­ ç¥­¨ï. �®¤áâ ¢«ïï (25) ¢ (26), ¯®«ãç ¥¬

u1 = �
Z s

cos2 � �R2 sin2 � � C

cos2 �(R2 sin2 � + C)
d� : (27)

�«ãç © n > 2. � íâ®¬ á«ãç ¥ ­¥®¡å®¤¨¬® C = 0. �â®¡ë ¢ëç¨á«¨âì ¨­â¥£à « (27), á¤¥« ¥¬

¯®¤áâ ­®¢ªã t =
q
1� (1 +R2) sin2 �. �®£¤ , ¢ë¡¨à ï ¯®áâ®ï­­ãî ¨­â¥£à¨à®¢ ­¨ï ¯®¤å®¤ïé¨¬

®¡à §®¬, ¨¬¥¥¬

ju1j = 1
R
log

p
1 +R2j sin �j

1 +
q
1� (1 +R2) sin2 �

+ arctg

q
1� (1 +R2) sin2 �

R
:

�ç¥¢¨¤­®, sin � < 1p
1+R2

. �«¥¤®¢ â¥«ì­®, 0 < j�j < arctg 1

R
. �®«¥¥ â®£®, ¤«ï �! 0 ¨¬¥¥¬ u1 ! �1.

�«ï � = �0 â ª®£®, çâ® sin �0 = 1p
1+R2

, ¨¬¥¥¬ du1
d�

= 0 (á¬. à¨á. 1a)). �«¥¤®¢ â¥«ì­®, £à ä¨ª
äã­ªæ¨¨ � = �(u1) ­ ¯®¬¨­ ¥â âà ªâà¨áã.

�«ãç © n = 2 ¨ C < 0. �à¨ n = 2 ¯®áâ®ï­­ ï C ¬®¦¥â ¯à¨­¨¬ âì ­¥­ã«¥¢ë¥ §­ ç¥­¨ï. �á«¨
C < 0, â® ®¡®§­ ç¨¬ C = ��2, £¤¥ 0 < � < R. �®£¤ �

du1
d�

�2

=
1 + �2 � (1 +R2) sin2 �

(1� sin2 �)(R2 sin2 � � �2)
: (28)

�à ¢ ï ç áâì ®¡à é ¥âáï ¢ ­ã«ì ¤«ï â ª¨å �1, çâ®

sin �1 =

s
1 + �2

1 +R2

(§ ¬¥â¨¬, çâ® �1 ¢á¥£¤  áãé¥áâ¢ã¥â). �á«¨ ¯®áâà®¨âì ¢ á®®â¢¥âáâ¢ãîé¨å â®çª å £à ä¨ª äã­ªæ¨¨
� = �(u1), â® (à¨á. 1b)) ª á â¥«ì­ë¥ ¯àï¬ë¥ ¯ à ««¥«ì­ë �-®á¨. �à¨¢ë¥, ¯®à®¦¤ ¥¬ë¥ íâ¨¬¨
â®çª ¬¨ ¯à¨ ¢à é¥­¨¨ ¢®ªàã£ u1-®á¨, ï¢«ïîâáï á¨­£ã«ïà­ë¬¨ ªà¨¢ë¬¨ ­  ¬­®£®®¡à §¨¨. �«ï
�2 â ª®£®, çâ® sin �2 = �=R (§ ¬¥â¨¬, çâ® �2 â ª¦¥ ¢á¥£¤  áãé¥áâ¢ã¥â), §­ ¬¥­ â¥«ì ¢ ¯à ¢®©
ç áâ¨ ãà ¢­¥­¨ï (28) ¬®¦¥â ®¡à â¨âìáï ¢ ­ã«ì. � á®®â¢¥âáâ¢ãîé¨å â®çª å ¨¬¥¥¬ «®ª «ì­ë©
¬¨­¨¬ã¬ äã­ªæ¨¨ � = �(u1). �â¨ â®çª¨ | ¡«¨¦ ©è¨¥ ª u1-®á¨, ¯à¥¤áâ ¢«ïîé¨¥ ¡®«ìè¨¥ ªàã£¨
­  áä¥à¥ S3. �«¥¤®¢ â¥«ì­®, ¯ à ¬¥âà � ¨¬¥¥â á«¥¤ãîé¨© £¥®¬¥âà¨ç¥áª¨© á¬ëá«.

�«¥¤áâ¢¨¥ 1. �«ï C = ��2 ¬¨­¨¬ «ì­®¥ à ááâ®ï­¨¥ ®â à áá¬ âà¨¢ ¥¬®© ¯®¢¥àå­®áâ¨ ¤®
¡®«ìè®£® ªàã£  R(e1 cosu1 + e2 sinu1) § ¤ ¥âáï ¢ ¢¨¤¥ arcsin�.

�á«¨ ¯¥à¨®¤ äã­ªæ¨¨ � = �(u1) ¥áâì à æ¨®­ «ì­®¥ ªà â­®¥ 2�, â. ¥.

1
�

Z �1

�2

s
cos2 � �R2 sin2 � + �2

cos2 �(R2 sin2 � � �2)
d� =

p

q
; (29)

£¤¥ p, q æ¥«ë¥, â® ¯®«ãç ¥¬ § ¬ª­ãâãî (å®âï ¨ á ®á®¡¥­­®áâï¬¨) ¯®¢¥àå­®áâì. �­â¥£à « ¢ «¥¢®©
ç áâ¨ á®®â­®è¥­¨ï (29) § ¢¨á¨â ®â �. �á«¨ � ! 0, â® ¥£® §­ ç¥­¨¥ (à ¢­®¥ ¯®«®¢¨­¥ ¯¥à¨®¤ 
äã­ªæ¨¨ � = �(u1)) ¢®§à áâ ¥â ¤® ¡¥áª®­¥ç­®áâ¨. �®íâ®¬ã áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì
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�1; �2; : : : ; �k; : : :! 0, çâ® ¨­â¥£à « (29) ¥áâì æ¥«®¥ ç¨á«® (à ¢­®¥ 1; 2; : : : ; k; : : : á®®â¢¥âáâ¢¥­­®).
� ¬¥â¨¬, çâ® § ¬ª­ãâ ï à¥£ã«ïà­ ï ¯®¢¥àå­®áâì ¢à é¥­¨ï á ¯®áâ®ï­­®© ®âà¨æ â¥«ì­®© £ ãá-
á®¢®© ªà¨¢¨§­®© K = �1 ­¥ ¬®¦¥â áãé¥áâ¢®¢ âì. �¥©áâ¢¨â¥«ì­®, ­¥ áãé¥áâ¢ã¥â § ¬ª­ãâ®©

à¥£ã«ïà­®© ¯®¢¥àå­®áâ¨ ª« áá  C3 ¢ S3 á £ ãáá®¢®© ªà¨¢¨§­®© K = �1, ¨­ ç¥ ¢ «î¡®© ¥¥ â®çª¥
¨¬¥«¨ ¡ë ¤¢  à §«¨ç­ëå  á¨¬¯â®â¨ç¥áª¨å ­ ¯à ¢«¥­¨ï. �­¨ ­¨ª®£¤  ­¥ á®¢¯ ¤ îâ, â. ª. ªàãç¥-
­¨ï á®®â¢¥âáâ¢ãîé¨å  á¨¬¯â®â¨ç¥áª¨å ªà¨¢ëå à §«¨ç­ë ¯® §­ ªã: {1 =

p�Ke ¨ {2 = �
p�Ke,

£¤¥ ¢­¥è­ïï ªà¨¢¨§­  Ke ®âà¨æ â¥«ì­ : Ke = L1
11L

1
22=(g11g22) = �1�R�2 < 0. �® â¥®à¥¬¥ �®¯-

ä  å à ªâ¥à¨áâ¨ª  �©«¥à  â ª®© ¯®¢¥àå­®áâ¨ à ¢­  ­ã«î, á«¥¤®¢ â¥«ì­®, à áá¬ âà¨¢ ¥¬ ï ¯®-
¢¥àå­®áâì ¤®«¦­  ¡ëâì £®¬¥®¬®àä­  â®àã. �¤­ ª® ­  â®à¥ ­¥ ¬®¦¥â ¡ëâì ¬¥âà¨ª¨ ¯®áâ®ï­­®©
®âà¨æ â¥«ì­®© ªà¨¢¨§­ë.

�«ãç © n = 2, C > 0. � íâ®¬ á«ãç ¥ ®¡®§­ ç¨¬ C = �2, £¤¥ 0 < � < 1. �®£¤ �
du1
d�

�2

=
cos2 � �R2 sin2 � � �2

cos2 �(R2 sin2 � + �2)
: (30)

�«ï �3 â ª®£®, çâ® sin �3 =
q

1��2
1+R2

, ª á â¥«ì­ ï ¯àï¬ ï ª £à ä¨ªã u1 = u1(�) ¯ à ««¥«ì­  �-®á¨
(á¬. à¨á. 1c)). �®®â¢¥âáâ¢ãîé ï â®çª  ¯®à®¦¤ ¥â à¥¡à® ¢®§¢à â  ­  à áá¬ âà¨¢ ¥¬®© ¯®¢¥àå-
­®áâ¨. � ª ª ª �3 < �=2, ç¨á«¨â¥«ì ¢ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (30) ­¥ ®¡à é ¥âáï ¢ ­ã«ì ¤«ï
0 � � � �3. �«¥¤®¢ â¥«ì­®, £à ä¨ª äã­ªæ¨¨ � = �(u1) ¯¥à¥á¥ª ¥â u1-®áì ¯®¤ ­¥­ã«¥¢ë¬ ã£«®¬.
�®çª¨ ¯¥à¥á¥ç¥­¨ï á®®â¢¥âáâ¢ãîâ ª®­¨ç¥áª¨¬ â®çª ¬ ¯®¢¥àå­®áâ¨. � ¬¥â¨¬, çâ® ¯®¢¥àå­®áâì
§ ¬ª­ãâ  ¯à¨ «î¡®¬ C > 0. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�«¥¤áâ¢¨¥ 2. �«ï n = 2 áãé¥áâ¢ãîâ âà¨ â¨¯  ¯á¥¢¤®áä¥à¨ç¥áª¨å ¯®¢¥àå­®áâ¥© (K = �1),
®¡®¡é îé¨å â®à �«¨ää®à¤  S3 ¢¨¤  (22) (à¨á. 1a), b), c)). �«ï n > 2 áãé¥áâ¢ã¥â â®«ìª® ®¤¨­
â¨¯ â ª¨å ¯®¤¬­®£®®¡à §¨© (à¨á. 1a)).

� ¤ ç  ­ å®¦¤¥­¨ï § ¬ª­ãâëå á¨­£ã«ïà­ëå ¯á¥¢¤®áä¥à¨ç¥áª¨å ¯®¢¥àå­®áâ¥© ¢ S3 ¢¨¤  (22)
ï¢«ï¥âáï \á¯¥ªâà «ì­®© § ¤ ç¥©" ¢ á«¥¤ãîé¥¬ á¬ëá«¥. �®áâ®ï­­ ï C ¬®¦¥â à áá¬ âà¨¢ âìáï
ª ª á¯¥ªâà «ì­ë© ¯ à ¬¥âà. �«ï C > 0 ¨¬¥¥¬ ­¥¯à¥àë¢­ë© á¯¥ªâà (¢á¥ ®¡®¡é¥­­ë¥ â®àë
§ ¬ª­ãâë ¢ íâ®¬ á«ãç ¥) ¨ ¤«ï C < 0 ¨¬¥¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì ¤¨áªà¥â­ëå \á®¡áâ¢¥­­ëå
§­ ç¥­¨©" C1; C2; : : : ; Cn; : : : ( lim

n!1
Cn = 0).

7. � ª«îç¥­¨ï ¨ ®âªàëâë¥ ¯à®¡«¥¬ë

�«¥¤ãï ¯®¤å®¤ã, ¯à¥¤«®¦¥­­®¬ã �®«¨¢®© ¨ � ­â¨­¨ ª í¢®«îæ¨¨ ªà¨¢ëå ¢ E3, ¯®«ãç¨«¨
á¯¥ªâà «ì­ãî § ¤ çã á® á¯¥ªâà «ì­ë¬ ¯ à ¬¥âà®¬ ¤«ï ¨§®¬¥âà¨ç¥áª¨å ¯®£àã¦¥­¨© Ln ¢ E2n�1.
�«ï íâ®£® ¤®áâ â®ç­® à áá¬®âà¥âì ¯®£àã¦¥­¨ï Ln ¢ áä¥àã S2n�1 à ¤¨ãá  R. � ¤¨ãá ¬®¦­® ¢ë-
à §¨âì ¢ â¥à¬¨­ å ¯ à ¬¥âà  �, ¯®íâ®¬ã á¯¥ªâà «ì­ë© ¯ à ¬¥âà â ª áãé¥áâ¢¥­¥­ ¤«ï ¯à¨¬¥­¥-
­¨ï ¬¥â®¤®¢ â¥®à¨¨ á®«¨â®­®¢. � â® ¦¥ ¢à¥¬ï ¢ë¢¥«¨ ä®à¬ã«ã �ë¬ {� ©ä¥«ï, à áá¬ âà¨¢ ï
¯à¥¤¥«ì­ë© á«ãç © R ! 1 (çâ® ®§­ ç ¥â S2n�1 ! E2n�1). �®à¬ã«  �ë¬ {� ©ä¥«ï ãá¯¥è-
­® ¯à¨¬¥­ï¥âáï ¢ á«ãç ¥ ¯®£àã¦¥­¨© ¢ E3 ([2], [3], [21]), ª®â®àë© ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª
\¯à®¬¥¦ãâ®ç­ë© á«ãç ©" ¬¥¦¤ã ªà¨¢ë¬¨ ¨ ¬­®£®¬¥à­ë¬¨ ¬­®£®®¡à §¨ï¬¨.

�à®¡«¥¬  1. �ë¢¥áâ¨ ä®à¬ã«ã �ë¬ {� ©ä¥«ï ( ­ «®£¨ç­® ¢ë¢®¤ã ¢ à §¤¥«¥ 5) ¢ á«ãç ¥
¯®¢¥àå­®áâ¥© á K = const, ¯®¢¥àå­®áâ¥© á H = const, ¨§®â¥à¬¨ç¥áª¨å ¯®¢¥àå­®áâ¥© ¨ ¯®¢¥àå­®-
áâ¥© �¨ ­ª¨.

�¯¥æ¨ «ì­ë¥ ¯®£àã¦¥­¨ï ¯à®áâà ­áâ¢ �®¡ ç¥¢áª®£® ¢ ¥¢ª«¨¤®¢ë ¯à®áâà ­áâ¢  ¨ áä¥àë ¨§-
ãç «¨áì à §«¨ç­ë¬¨  ¢â®à ¬¨ ([23]{[28]). �ë á®áà¥¤®â®ç¨«¨ ¢­¨¬ ­¨¥ ­  § ¬ª­ãâëå ¯®¢¥àå­®-
áâïå ¢ S2n�1 (¤®¯ãáª îé¨å á¨­£ã«ïà­®áâ¨), ª®â®àë¥ ¯®å®¦¨ ­  â®à �«¨ää®à¤ . �«ãç © n = 2
®ª §ë¢ ¥âáï ­ ¨¡®«¥¥ ¨­â¥à¥á­ë¬. �¡áã¦¤¥­¨¥ ä®à¬ã«ë (29) ¯®ª §ë¢ ¥â, çâ® ¤«ï p=q = 1
¯®«ãç ¥¬ § ¬ª­ãâãî ¯®¢¥àå­®áâì à®¤  1 á ¥¤¨­áâ¢¥­­®© á¨­£ã«ïà­®© «¨­¨¥© (à¨á. 2a)).
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�¨á. 2

�à®¡«¥¬  2. �®§¬®¦­® «¨ ¯®áâà®¨âì ¯á¥¢¤®áä¥à¨ç¥áªãî ¯®¢¥àå­®áâì 2 à®¤  (c ®âà¨æ -
â¥«ì­®© å à ªâ¥à¨áâ¨ª®© �©«¥à ) â®«ìª® á ®¤­®© á¨­£ã«ïà­®© «¨­¨¥© (à¨á. 2b))?

� ¤ ­­®© à ¡®â¥ à áá¬®âà¥«¨ ¯á¥¢¤®áä¥à¨ç¥áª¨¥ ¯®¢¥àå­®áâ¨ á à ¤¨ãá-¢¥ªâ®à®¬ á¯¥æ¨ «ì-
­®£® ¢¨¤  (22). �áâ¥áâ¢¥­­® ­ §¢ âì \®¡®¡é¥­­ë¬¨ â®à ¬¨ �«¨ää®à¤ " ¯®¤¬­®£®®¡à §¨ï ¢¨¤ 
(21) á ck = ck(u1).

�à®¡«¥¬  3. � ©â¨ ¢á¥ ®¡®¡é¥­­ë¥ â®àë �«¨ää®à¤  c ¯®áâ®ï­­®© á¥ªæ¨®­­®© ªà¨¢¨§­®©
¢ S2n�1.

�¢â®àë ¢ëà ¦ îâ £«ã¡®ªãî ¡« £®¤ à­®áâì ¯à®ä. �­â®­¨ �ë¬ã §  ¨­â¥à¥á, ¯à®ï¢«¥­­ë© ª
¤ ­­®© à ¡®â¥.
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