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A | ¬ ªá¨¬ «ì­ë© ¨¤¥ « A , á®áâ®ïé¨© ¨§ ­¨«ì¯®â¥­â­ëå í«¥¬¥­â®¢. �¬¥¥â ¬¥áâ®
à §«®¦¥­¨¥  «£¥¡àë A ¢ ¯®«ã¯àï¬ãî áã¬¬ã

A = R +
�

A : (1)

�ã­ªâ®à �¥©«ï T A :Mf ! FM [1], ®¯à¥¤¥«ï¥¬ë© «®ª «ì­®©  «£¥¡à®© A , ®â­®á¨â £« ¤ª®¬ã
¬­®£®®¡à §¨î Mn à áá«®¥­¨¥ T AMn A -áª®à®áâ¥© [2] (A -¡«¨§ª¨å â®ç¥ª [1], A -áâàã© [4]).

� áá«®¥­¨¥ A -áª®à®áâ¥© �¥©«ï T AMn ! Mn ­ ¤ £« ¤ª¨¬ ¬­®£®®¡à §¨¥¬ Mn ®¯à¥¤¥«ï¥â-
áï ª ª ¬­®¦¥áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ à®áâª®¢ (RN ; 0)

f
�! Mn ¯® á«¥¤ãîé¥¬ã ®â­®è¥­¨î

íª¢¨¢ «¥­â­®áâ¨: à®áâª¨ f ¨ g íª¢¨¢ «¥­â­ë, ¥á«¨ àï¤ë �¥©«®à  ®â®¡à ¦¥­¨© h � f ¨ h � g,
£¤¥ h | ­¥ª®â®à ï ª àâ  ­  Mn, á®¢¯ ¤ îâ ¯® ¬®¤ã«î ¨¤¥ «  I. �® â¥®à¥¬¥ ®¡ A -£« ¤ª¨å ®â®-
¡à ¦¥­¨ïå [3] ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â ­  T AMn, ¨­¤ãæ¨àã¥¬ë¥ ¯à¥®¡à §®¢ ­¨ï¬¨ ª®®à¤¨­ â
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£¤¥ X i = xi +
�

X i | à §«®¦¥­¨¥ ¢ á®®â¢¥âáâ¢¨¨ á (1), 'i
0

(xi) | A -§­ ç­ë¥ £« ¤ª¨¥ äã­ªæ¨¨.
� áá«®¥­¨¥ �¥©«ï T AMn ­ ¤ ¤¨ää¥à¥æ¨àã¥¬ë¬ ¬­®£®®¡à §¨¥¬ Mn, ®¯à¥¤¥«ï¥¬®¥ «®ª «ì-

­®©  «£¥¡à®© �¥©«ï A ¢ëá®âë q ([1], [2], [5]),  áá®æ¨¨à®¢ ­® á à áá«®¥­¨¥¬ q-à¥¯¥à®¢ BqMn,
áâàãªâãà­®© £àã¯¯®© ª®â®à®£® ï¢«ï¥âáï ¤¨ää¥à¥­æ¨ «ì­ ï £àã¯¯  Gq

n. �âàãªâãà  A -£« ¤ª®£®
¬­®£®®¡à §¨ï ­  T AMn ([4], [5]) ¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î ¥é¥ ®¤­®£® £« ¢­®£® à áá«®¥­¨ï,  áá®æ¨-
¨à®¢ ­­®£® á T AMn,   ¨¬¥­­®, à áá«®¥­¨ï A - ää¨­­ëå à¥¯¥à®¢ B(A )Mn , áâàãªâãà­®© £àã¯¯®©
ª®â®à®£® ï¢«ï¥âáï â ª ­ §ë¢ ¥¬ ï A - ää¨­­ ï £àã¯¯  Dn(A ) [3].

�¥®¬¥âà¨ï à áá«®¥­¨© �¥©«ï ¨ «¨äâë ¯®«¥© à §«¨ç­ëå ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª¨å
®¡ê¥ªâ®¢ á ¬­®£®®¡à §¨ïMn ­  à áá«®¥­¨¥ �¥©«ï T AMn ¨§ãç «¨áì ¢ [3], [5]{[9] ¨ ¤à. (á¬., ­ ¯à.,
®¡§®à [5]).

� à ¡®â¥ [10] à áá¬ âà¨¢ « áì ª â¥£®à¨ï MfN ¬­®£®®¡à §¨©, § ¢¨áïé¨å ®â N ¯ à ¬¥âà®¢,
®¡ê¥ªâ ¬¨ ª®â®à®© ï¢«ïîâáï âà¨¢¨ «ì­ë¥ à áá«®¥­¨ï p : M � RN ! RN , £¤¥ M | £« ¤ª®¥
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¬­®£®®¡à §¨¥,   ¬®àä¨§¬ ¬¨ | ª®¬¬ãâ â¨¢­ë¥ ¤¨ £à ¬¬ë ¢¨¤ 
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(xi; ta). � ãª § ­­®© à ¡®â¥ ¡ë«® ¯®áâà®¥­® ®¡®¡é¥­¨¥ äã­ªâ®à  �¥©«ï
T A ­  ª â¥£®à¨î MfN ¬­®£®®¡à §¨©, § ¢¨áïé¨å ®â N ¯ à ¬¥âà®¢, £¤¥ N | è¨à¨­   «£¥¡àë
A . �¡®¡é¥­­ë© äã­ªâ®à �¥©«ï bT A : MfN ! FMN ®â­®á¨â ¬­®£®®¡à §¨î Mn � R

N à áá«®¥-
­¨¥ bT A (Mn � R

N ) ! Mn � R
N , ®¡à §®¢ ­­®¥ A -áâàãï¬¨ à®áâª®¢ á¥ç¥­¨© s : RN ! Mn � R

N .
�áâ¥áâ¢¥­­®© áâàãªâãà­®© £àã¯¯®© à áá«®¥­¨ï bT A (Mn � RN ) ï¢«ï¥âáï £àã¯¯  Dn(A ) [3].

�ã­ªâ®à bT A á®åà ­ï¥â ¯à®¨§¢¥¤¥­¨¥ ¢ ª â¥£®à¨¨MfN . � ­­ ï à ¡®â  ¯®á¢ïé ¥âáï ¢ëïá­¥-
­¨î áâà®¥­¨ï ¯à®¨§¢®«ì­ëå äã­ªâ®à®¢, á®åà ­ïîé¨å ¯à®¨§¢¥¤¥­¨¥ ­  ª â¥£®à¨¨MfN . �¥â «ì-
­®¥ ¨§«®¦¥­¨¥ â¥®à¨¨ äã­ªâ®à®¢, á®åà ­ïîé¨å ¯à®¨§¢¥¤¥­¨¥ ­  ª â¥£®à¨¨ £« ¤ª¨å ¬­®£®®¡à -
§¨© Mf , ¬®¦­® ­ ©â¨ ¢ ([2], á. 296). � à ¡®â å ([11], [12]) ¯®«ãç¥­  ª« áá¨ä¨ª æ¨ï äã­ªâ®à®¢,
á®åà ­ïîé¨å ¯à®¨§¢¥¤¥­¨¥ ­  ª â¥£®à¨ïå à áá«®¥­­ëå ¬­®£®®¡à §¨©.

2. � áá«®¥­­ë¥ äã­ªâ®àë ­  ª â¥£®à¨¨ MfN

�¡ê¥ªâ ¬¨ ª â¥£®à¨¨ FMN à áá«®¥­­ëå ¬­®£®®¡à §¨©, § ¢¨áïé¨å ®â ¯ à ¬¥âà®¢, ï¢«ïîâáï
ª®¬¬ãâ â¨¢­ë¥ ¤¨ £à ¬¬ë
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??y ??yid
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  ¬®àä¨§¬ ¬¨ | ª®¬¬ãâ â¨¢­ë¥ ¤¨ £à ¬¬ë ­ ¤ RN

E � RN
f

���! E0 � RN

�

??y ??y�0

M � RN
f

���! M 0 � RN :

� §®¢ë© äã­ªâ®à
B : FMN !MfN

¢ ¤ ­­®¬ á«ãç ¥ ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã

B

0
BBB@
E � RN ���! RN??y ??y
M � RN ���! RN

1
CCCA = (M � R

N ! R
N ); B(f) = f:

�ã­ªâ®à " : FMN !MfN , áâ¨à îé¨© à áá«®¥­­ãî áâàãªâãàã, ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã

"

0
BBB@
E � RN ���! RN??y ??y
M � RN ���! RN

1
CCCA = (E � R

N ! R
N ); "(f) = f:

� ¬¥ç ­¨¥. �¡ê¥ªâë ª â¥£®à¨¨ Mf £« ¤ª¨å ¬­®£®®¡à §¨© ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª à á-
á«®¥­¨ï ¢¨¤  M ! fptg, £¤¥ fptg = R

0 | ä¨ªá¨à®¢ ­­®¥ ®¤­®â®ç¥ç­®¥ ¬­®£®®¡à §¨¥. �¬¥ï íâ®
¢ ¢¨¤ã, ª â¥£®à¨î Mf ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á ª â¥£®à¨¥© Mf 0.
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�î¡®¥ £« ¤ª®¥ ®â®¡à ¦¥­¨¥ 
 : RK ! RN á ¯®¬®éìî ª®­áâàãªæ¨¨ ®¡à â­®£® ®¡à §  ®¯à¥-
¤¥«ï¥â äã­ªâ®à R
 : MfN ! MfK, ª®â®àë© ¤¥©áâ¢ã¥â ­  ¬®àä¨§¬ å â ª¨¬ ®¡à §®¬, çâ®
R
 (f(x; t)) = f(x; 
(t)). �à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

R
1 � R
2 = R
2�
1 : (3)

�¯¨è¥¬ ¯®¤à®¡­¥¥ ­¥ª®â®àë¥ äã­ªâ®àë â ª®£® â¨¯ , ª®â®àë¥ ¯®­ ¤®¡ïâáï ­ ¬ ¢ ¤ «ì­¥©-
è¥¬. �â®¡à ¦¥­¨¥ t : fptg ! R

N , fptg 7! t 2 R
N , ®¯à¥¤¥«ï¥â äã­ªâ®à Rt :MfN !Mf , ª®â®àë©

¤¥©áâ¢ã¥â á«¥¤ãîé¨¬ ®¡à §®¬: ­  ®¡ê¥ªâ å | ¯® ¯à ¢¨«ã Rt(M �R
N ) =M ,   ­  ¬®àä¨§¬ å |

¯® ¯à ¢¨«ã Rt(f :M1�R
N !M2�R

N ) = (f jt :M1 !M2). �¥©áâ¢¨¥ íâ¨å äã­ªâ®à®¢ ­  ®¡ê¥ªâ å
®¤¨­ ª®¢® ¤«ï ¢á¥å t 2 R

N : RtjOb(MfN ) = R0jOb(MfN ), £¤¥ R0 | äã­ªâ®à, á®®â¢¥âáâ¢ãîé¨© t = 0.
�â®¡à ¦¥­¨¥ pt : RN ! fptg ®¯à¥¤¥«ï¥â äã­ªâ®à Rpt :Mf !MfN :

Rpt(M) =M � R
N ; Rpt(f) = f � id;

ª®â®àë© ®áãé¥áâ¢«ï¥â ¢«®¦¥­¨¥ ª â¥£®à¨¨ Mf ¢ MfN .
�¥¬¥©áâ¢® äã­ªâ®à®¢ fRt; t 2 R

N g ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

(i) ¤«ï «î¡ëå ¤¢ãå MfN-¬®àä¨§¬®¢ f1 ¨ f2 ¨§ à ¢¥­áâ¢  Rt(f1) = Rt(f2) ¯à¨ ¢á¥å t 2 R
N

á«¥¤ã¥â à ¢¥­áâ¢® f1 = f2;
(ii) ¤«ï ¢á¥å t 2 R

N äã­ªâ®àë Rt �Rpt íª¢¨¢ «¥­â­ë äã­ªâ®àã IdMf :

C¢®©áâ¢® (ii) á«¥¤ã¥â ¨§ á®®â­®è¥­¨ï (3).
� â¥£®à¨ïMfN ®¡« ¤ ¥â ¯®¤ª â¥£®à¨¥©, ®¡®§­ ç ¥¬®©Mf �RN , ®¡ê¥ªâ ¬¨ ª®â®à®© ï¢«ï-

îâáï ®¡ê¥ªâë ª â¥£®à¨¨MfN ,   ¬®àä¨§¬ ¬¨ | ¯à®¨§¢¥¤¥­¨ï ®â®¡à ¦¥­¨© f � id :M �RN !
W � RN , £¤¥ f :M !W | ¯à®¨§¢®«ì­®¥ £« ¤ª®¥ ®â®¡à ¦¥­¨¥.

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì ª®¢ à¨ ­â­ë¥ äã­ªâ®àë ¢¨¤ 

F :MfN ! FMN : (4)

�ã­ªâ®à ¢¨¤  (4), ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î ¯à®¤®«¦¥­¨ï (á¬. ([2], á. 138) ¢ á«ãç ¥ ª â¥£®à¨¨
Mf)

B � F = IdMfN ;

¡ã¤¥¬ ­ §ë¢ âì äã­ªâ®à®¬ ¯à®¤®«¦¥­¨ï, â ª®© äã­ªâ®à ¤¥©áâ¢ã¥â á«¥¤ãîé¨¬ ®¡à §®¬: ­ 
®¡ê¥ªâ å |

F : (M � R
N ! R

N ) 7!

E � RN ���! RN??y ??y
M � RN ���! RN ;

­  ¬®àä¨§¬ å |

�â®¬ã äã­ªâ®àã ¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ äã­ªâ®à F0 :Mf !Mf , ®¯à¥¤¥«ï¥¬ë© ª ª
ª®¬¯®§¨æ¨ï F0 = R0�"�F �Rpt. �®£¤  ¤«ï ¤¥©áâ¢¨ï ­  ®¡ê¥ªâ å ¬®¦­® ¨á¯®«ì§®¢ âì ¢ëà ¦¥­¨¥

F : (M � R
N ! R

N ) 7!

F0(M)� RN ���! RN??y ??yid
M � RN ���! RN :
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�ã­ªâ®à ¯à®¤®«¦¥­¨ï ¡ã¤¥¬ ­ §ë¢ âì à áá«®¥­­ë¬ äã­ªâ®à®¬, ¥á«¨ ®­ ã¤®¢«¥â¢®àï¥â á«¥¤ã-
îé¥¬ã ãá«®¢¨î «®ª «¨§ æ¨¨ (á¬. ([2], á. 170) ¢ á«ãç ¥ ª â¥£®à¨¨Mf): ¥á«¨ U �M | ®âªàëâ®¥
¯®¤¬­®¦¥áâ¢® ¨ i : U � R

N ! M � R
N | MfN-¢ª«îç¥­¨¥, â® F0(U) � R

N = ��1M (U � R
N ) ¨

F (i) : ��1M (U � R
N ) ! F0(M) � R

N | FMN -¢ª«îç¥­¨¥ (¤«ï ªà âª®áâ¨ § ¯¨á¨ §¤¥áì ãª § ­ë
â®«ìª® ¢¥àå­¨¥ áâà®çª¨ ¤¨ £à ¬¬).

3. �à®¨§¢¥¤¥­¨¥ ¢ ª â¥£®à¨¨ MfN

�á¯®«ì§ã¥¬

�¯à¥¤¥«¥­¨¥ 1 ([13]). �ãáâì C { ¯à®¨§¢®«ì­ ï ª â¥£®à¨ï ¨ C1, C2 | ®¡ê¥ªâë ¨§ C. �®¤
¯à®¨§¢¥¤¥­¨¥¬ ®¡ê¥ªâ®¢ C1 ¨ C2 ¢ C ¯®­¨¬ ¥âáï âà®©ª  (P;pr1;pr2), á®áâ®ïé ï ¨§ ®¡ê¥ªâ  P ¢ C
¨ ¤¢ãå ¬®àä¨§¬®¢ ¨ ã¤®¢«¥â¢®àïîé ï á«¥¤ãîé¥¬ã ãá«®¢¨î. �«ï «î¡®£® ®¡ê¥ªâ  D ¨ «î¡ëå
¤¢ãå ¬®àä¨§¬®¢ f1 : D ! C1 ¨ f2 : D ! C2 áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ¬®àä¨§¬ f : D ! P , ¤«ï
ª®â®à®£® f1 = pr1 �f ¨ f2 = pr2 �f , â. ¥. ¤¨ £à ¬¬ 

ª®¬¬ãâ â¨¢­ .

�®ª ¦¥¬, çâ® ¢ ª â¥£®à¨¨ MfN áãé¥áâ¢ã¥â ¯à®¨§¢¥¤¥­¨¥ «î¡ëå ¤¢ãå ®¡ê¥ªâ®¢ p1 : M1 �
RN ! RN ¨ p2 : M2 � RN ! RN . � áá¬®âà¨¬ ®¡ê¥ªâë M1 = R0(M1 � RN ) ¨ M2 =
R0(M2 � RN ) ¨§ ª â¥£®à¨¨ £« ¤ª¨å ¬­®£®®¡à §¨© Mf . �à®¨§¢¥¤¥­¨¥¬ íâ¨å ®¡ê¥ªâ®¢ ¢ ª â¥-
£®à¨¨ £« ¤ª¨å ¬­®£®®¡à §¨© Mf ï¢«ï¥âáï âà®©ª  (M1 � M2;pr1;pr2). �à®¢¥à¨¬, çâ® âà®©ª 
(Rpt(M1 �M2); Rpt(pr1); Rpt(pr2)) ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ MfN -®¡ê¥ªâ®¢ p1 : M1 � RN ! RN ¨
p2 :M2�RN ! RN ¢ ª â¥£®à¨¨MfN . � áá¬®âà¨¬ ¤¨ £à ¬¬ã ­ ¤ RN (¤«ï ªà âª®áâ¨ ®¯ãáª ¥¬
­¨¦­îî ç áâì ¤¨ £à ¬¬ë á â®¦¤¥áâ¢¥­­ë¬¨ ®â®¡à ¦¥­¨ï¬¨ RN ! RN ):

�à¨¬¥­ïï ª ­¥© äã­ªâ®à Rt ¯à¨ à §«¨ç­ëå §­ ç¥­¨ïå t 2 RN , ¯®«ãç ¥¬ ¤¨ £à ¬¬ë ¢ ª â¥£®-
à¨¨ Mf , ¤«ï ª®â®àëå áãé¥áâ¢ãîâ § ¬ëª îé¨¥ ¨å ¬®àä¨§¬ë, ®¡à §ãîé¨¥ á¥¬¥©áâ¢® £« ¤ª¨å
®â®¡à ¦¥­¨© fRt(f1) � Rt(f2); t 2 RN g. �® ¯®áâà®¥­¨î íâ® á¥¬¥©áâ¢® ®¡à §ã¥â £« ¤ª®¥ ®â®¡à -
¦¥­¨¥ f : W � RN ! M1 �M2 � RN , f(w; t) = (Rt(f1) � Rt(f2)(w); t), ï¢«ïîé¥¥áï ¬®àä¨§¬®¬
¢ ª â¥£®à¨¨ MfN . � á¨«ã á¢®©áâ¢ äã­ªâ®à®¢ Rt íâ®â ¬®àä¨§¬ ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ¨ § -
¬ëª ¥â ¨áå®¤­ãî ¤¨ £à ¬¬ã, ¯à¥¢à é ï ¥¥ ¢ ¤¨ £à ¬¬ã ¯à®¨§¢¥¤¥­¨ï. � ª¨¬ ®¡à §®¬, âà®©-
ª  (Rpt(M1 �M2); Rpt(pr1); Rpt(pr2)) ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ®¡ê¥ªâ®¢ p1 : M1 � RN ! RN ¨
p2 :M2 � RN ! RN ¢ ª â¥£®à¨¨ MfN .

�®áâà®¥­­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ ª â¥£®à¨¨ MfN ï¢«ï¥âáï, ¯® áãé¥áâ¢ã, ­¥ ç¥¬ ¨­ë¬, ª ª ¯®-
á«®©­ë¬ ­ ¤ RN ¯à®¨§¢¥¤¥­¨¥¬ £« ¤ª¨å ¬­®£®®¡à §¨©, ¯®íâ®¬ã ¢ ¤ «ì­¥©è¥¬ ¤«ï ­¥£® ¡ã¤¥¬
¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥ �RN. �® ¨­¤ãªæ¨¨ ¯à®¨§¢¥¤¥­¨¥ ¢ ª â¥£®à¨¨ MfN ¬®¦¥â ¡ëâì à á-
¯à®áâà ­¥­® ­  «î¡®¥ ª®­¥ç­®¥ ç¨á«® ®¡ê¥ªâ®¢.

�¯à¥¤¥«¥­¨¥ 2 ([2]). �ã­ªâ®à F : C ! D ­ §ë¢ îâ á®åà ­ïîé¨¬ ¯à®¨§¢¥¤¥­¨¥, ¥á«¨ ¤«ï
¢áïª®£® C-¯à®¨§¢¥¤¥­¨ï (A;pr1;pr2) âà®©ª  (F (A); F (pr1); F (pr2)) ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ¢ ª -
â¥£®à¨¨ D.

� ¯à¨¬¥à, äã­ªâ®àë R
, ®¯¨á ­­ë¥ ¢ëè¥, á®åà ­ïîâ ¯à®¨§¢¥¤¥­¨¥ ¢ ª â¥£®à¨¨ MfN .

17



4. �ã­ªâ®àë ­  ª â¥£®à¨¨ Mf � RN

� ¤ «ì­¥©è¥¬ ¯®¤ £« ¤ª¨¬ N -¯ à ¬¥âà¨ç¥áª¨¬ á¥¬¥©áâ¢®¬  «£¥¡à ¡ã¤¥¬ ¯®­¨¬ âì ¢¥ªâ®à-
­®¥ à áá«®¥­¨¥ V � R

N ! R
N á § ¤ ­­®© £« ¤ª®© ¯®á«®©­®© ¡¨«¨­¥©­®© ®¯¥à æ¨¥© ã¬­®¦¥­¨ï

� : V�V�R
N ! V�R

N , ï¢«ïîé¥©áï ¬®àä¨§¬®¬ ¢ ª â¥£®à¨¨MfN . �á«¨ ®¯¥à æ¨ï ã¬­®¦¥­¨ï
� ¯à¥¢à é ¥â ª ¦¤ë© á«®© Vt = V ¢ «®ª «ì­ãî  «£¥¡àã �¥©«ï A (t), ¥¤¨­¨æ  1t ª®â®à®© £« ¤ª®
§ ¢¨á¨â ®â t,   à áá«®¥­¨¥ V � RN ! RN ¯à¨ íâ®¬ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ ¯àï¬®© áã¬¬ë

V � R
N = R � R

N �
�

V � R
N ; (5)

£¤¥
�

V � R
N | ¬­®¦¥áâ¢® ­¨«ì¯®â¥­â­ëå í«¥¬¥­â®¢ ¢ á«®ïå,   R � R

N | à áá«®¥­¨¥ ­  ¯®¤-
 «£¥¡àë, ï¢«ïîé¨¥áï «¨­¥©­ë¬¨ ®¡®«®çª ¬¨ ¥¤¨­¨æ 1t, â® ¡ã¤¥¬ ­ §ë¢ âì íâ® á¥¬¥©áâ¢® á¥-
¬¥©áâ¢®¬  «£¥¡à �¥©«ï ¨ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤«ï ­¥£® ®¡®§­ ç¥­¨¥ A (t) � RN . �­ «®£¨ç­ë¬
®¡à §®¬ ®¯à¥¤¥«ï¥âáï á¥¬¥©áâ¢® A (t)-¬®¤ã«¥© A (t)n � RN , £¤¥ A (t)n = A (t) � � � � � A (t)| {z }

n

. � íâ®¬

à §¤¥«¥ ª ¦¤®¬ã N -¯ à ¬¥âà¨ç¥áª®¬ã á¥¬¥©áâ¢ã  «£¥¡à �¥©«ï A (t)�R
N ¡ã¤¥â ¯®áâ ¢«¥­ ¢ á®-

®â¢¥âáâ¢¨¥ ª®¢ à¨ ­â­ë© äã­ªâ®à eT A(t) :Mf � R
N ! FMN , ­ §ë¢ ¥¬ë© N -¯ à ¬¥âà¨ç¥áª¨¬

á¥¬¥©áâ¢®¬ äã­ªâ®à®¢ �¥©«ï.
�ã­ªâ®à �¥©«ï ¤®¯ãáª ¥â à §«¨ç­ë¥ á¯®á®¡ë ®¯¨á ­¨ï, â®ç­¥¥, ¨§¢¥áâ­® ­¥áª®«ìª® ¥áâ¥-

áâ¢¥­­® íª¢¨¢ «¥­â­ëå äã­ªâ®à®¢, ­ §ë¢ ¥¬ëå äã­ªâ®à ¬¨ �¥©«ï ([2], á. 297). � à ¬ª å § ¤ -
ç¨, à¥è ¥¬®© ¢ íâ®© áâ âì¥, ã¤®¡­® à áá¬ âà¨¢ âì ª®­áâàãªæ¨î äã­ªâ®à  �¥©«ï, ¨á¯®«ì§ãî-
éãî «®ª «ì­ë¥ ª àâë,  ­ «®£¨ç­ãî ª®­áâàãªæ¨¨, ¯à¨¢¥¤¥­­®© ¢ ([2], á. 301).

�¯à¥¤¥«¨¬ ¤¥©áâ¢¨¥ eT A(t) ­  ®¡ê¥ªâ å R�RN á«¥¤ãîé¨¬ ®¡à §®¬: eT A(t)(R�RN ) = A (t)�RN .
�«ïMf�RN -¬®àä¨§¬  f� id : R�RN ! R�RN ¬®àä¨§¬ eT A(t)(f� id) : A (t)�RN ! A (t)�RN ,

(x+
�

X; t) 7! (y +
�

Y ; t) ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨

y +
�

Y = f(x) +
1X
l=1

1
l!
dlf(x)
dxl

�

X l;

£¤¥ ª®®à¤¨­ âë (x +
�

X; t) á®®â¢¥âáâ¢ãîâ à §«®¦¥­¨î (5),   áã¬¬¨à®¢ ­¨¥ ¯à¨ ª ¦¤®¬ t 2 RN

®áãé¥áâ¢«ï¥âáï ¯® ª®­¥ç­®¬ã ç¨á«ã á« £ ¥¬ëå ¢ § ¢¨á¨¬®áâ¨ ®â ¢ëá®âë  «£¥¡àë A (t).
� «¥¥ ¯®« £ ¥¬ eT A(t)(Rn � RN ) = A (t)n � RN ,   eT A(t)(f � id) : A (t)n � RN ! A (t)k � RN ,

®¯à¥¤¥«¨¬ ãà ¢­¥­¨ï¬¨

yj +
�

Y j = f j(x1; : : : ; xn) +
1X
jpj�1

1
p!
@jpjf j(x1; : : : ; xn)

@xp

�

Xp; (6)

£¤¥ p = (p1; : : : ; pn) | ¬ã«ìâ¨¨­¤¥ªá.
�«ï ®âªàëâ®£® ¯®¤¬­®¦¥áâ¢  U � Rn ¯®« £ ¥¬ eT A(t) (U � RN ) = (�n

A(t))
�1(U � RN ), £¤¥ �A(t) :

A (t)�RN ! R�RN | ¯®á«®©­ë© í¯¨¬®àä¨§¬  «£¥¡à,   ­  ¬®àä¨§¬ å f� id : U�RN ! V �RN

á®®â¢¥âáâ¢¨¥ eT A(t) ®¯à¥¤¥«ï¥âáï â®© ¦¥ ä®à¬ã«®© (6).
� áá¬®âà¨¬ â¥¯¥àì ¯à®¨§¢®«ì­®¥ n-¬¥à­®¥ £« ¤ª®¥ ¬­®£®®¡à §¨¥ M á  â« á®¬, á®áâ®ïé¨¬

¨§ ­ ¡®à  ª àâ f(U�; h�); � 2 Ig á äã­ªæ¨ï¬¨ áª«¥©ª¨ h�� = h� � h
�1
� : h�(U��) ! h�(U��).

�®£¤  ­ ¡®à f(U� � RN ; h� � id); � 2 Ig ï¢«ï¥âáï  â« á®¬ ­  M � RN . � ¡®à FMN -¬®àä¨§¬®¢
f eT A(t)(h�� � id)g ¯®§¢®«ï¥â áª«¥¨âì ¬¥¦¤ã á®¡®© ­ ¡®à ®¡« áâ¥© f eT A(t)(U� � RN ) = U� � Nk �

RN g. �à¨ íâ®¬ ¯®«ãç ¥¬ â®â «ì­®¥ ¯à®áâà ­áâ¢® à áá«®¥­¨ï eT A(t)(M � RN ) ! M � RN . �á«¨
f : M ! M 0 | £« ¤ª®¥ ®â®¡à ¦¥­¨¥ n-¬¥à­®£® ¬­®£®®¡à §¨ï M ¢ k-¬¥à­®¥ ¬­®£®®¡à §¨¥
M 0, â®, ¯à¥¤¯®« £ ï, çâ® eT A(t)(f � id) | ¬®àä¨§¬ ¨§ ª â¥£®à¨¨ FMN , § ¤ ¥¬ ¥£® «®ª «ì­®
ãà ¢­¥­¨ï¬¨ (6). �à¨ íâ®¬, ®ç¥¢¨¤­®, ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï eT A(t)(f � g) = eT A(t)(f)� eT A(t)(g)
¨ eT A(t)(id) = id. �®íâ®¬ã eT A(t) | ª®¢ à¨ ­â­ë© äã­ªâ®à ¨§ ª â¥£®à¨¨ Mf � RN ¢ ª â¥£®à¨î
FMN .
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�¯à¥¤¥«¥­¨¥ 3. �®áâà®¥­­ë© ¢ëè¥ äã­ªâ®à eT A(t) : Mf � R
N ! FMN ¡ã¤¥¬ ­ §ë¢ âì

N -¯ à ¬¥âà¨ç¥áª¨¬ á¥¬¥©áâ¢®¬ äã­ªâ®à®¢ �¥©«ï.

� á«ãç ¥, ª®£¤   «£¥¡à  A (t) ­¥ § ¢¨á¨â ®â t,   N = 1, à áá«®¥­¨¥ eT A(t)(M � R) ®ª §ë¢ ¥âáï
§ ¢¨áïé¨¬ ®â ¢à¥¬¥­¨ à áá«®¥­¨¥¬ �¥©«ï T AM � R [14].

�ãáâì (4) | ¯à®¨§¢®«ì­ë© à áá«®¥­­ë© äã­ªâ®à, á®åà ­ïîé¨© ¯à®¨§¢¥¤¥­¨¥. � íâ®¬ á«ãç ¥
([2], á. 308) F (fptg � R

N ) = fptg � R
N . �¡®§­ ç¨¬ á¨¬¢®«®¬ F ®£à ­¨ç¥­¨¥ äã­ªâ®à  F ­ 

¯®¤ª â¥£®à¨îMf�RN . �ã­ªâ®à F â ª¦¥ á®åà ­ï¥â ¯à®¨§¢¥¤¥­¨¥. �â®¡à ¦¥­¨¥ ¢ ®¡é¥¬ á«ãç ¥
ã¦¥ § ¢¨á¨â ®â ¯ à ¬¥âà®¢ t.

� áá¬®âà¨¬ ª®¬¯®§¨æ¨î äã­ªâ®à®¢

F t = Rt � F � Rpt :Mf ! FM:

�®áª®«ìªã ¢á¥ äã­ªâ®àë, ¢å®¤ïé¨¥ ¢ íâã ª®¬¯®§¨æ¨î, á®åà ­ïîâ ¯à®¨§¢¥¤¥­¨ï ¢ á®®â¢¥âáâ¢ã-
îé¨å ª â¥£®à¨ïå, ¨ ¯à¨ íâ®¬ ®¡« ¤ îâ á®®â¢¥âáâ¢ãîé¨¬¨ á¢®©áâ¢ ¬¨ «®ª «¨§ æ¨¨, â® äã­ª-
â®à F t á®åà ­ï¥â ¯à®¨§¢¥¤¥­¨¥ ¨ ï¢«ï¥âáï à áá«®¥­­ë¬ äã­ªâ®à®¬. �®£¤  ¯® ¨§¢¥áâ­®© â¥®à¥¬¥
� ©­æ {�¨å®à {�ª {�ãç¨ ­® ([2], á. 308) äã­ªâ®à F t ¥áâ¥áâ¢¥­­® íª¢¨¢ «¥­â¥­ äã­ªâ®àã �¥©-
«ï T A(t)

t ¤«ï ­¥ª®â®à®©  «£¥¡àë �¥©«ï A (t).
� «¥¥,MfN-®¡ê¥ªâ R�RN ! R

N ®¡« ¤ ¥â âà¨¢¨ «ì­®© áâàãªâãà®© à áá«®¥­¨ï ­   «£¥¡àë,
ª®â®à ï § ¤ ¥âáï  â« á®¬ ¢¥ªâ®à­®£® à áá«®¥­¨ï, á®áâ®ïé¨¬ ¨§ ®¤­®© â®¦¤¥áâ¢¥­­®© ª àâë.
�à®¬¥ â®£®, ¨¬¥¥âáï ®¯¥à æ¨ï

m = m0 � id : (R � R
N )�RN (R � R

N )! R � R
N ;

£¤¥ m0 : R � R ! R | ã¬­®¦¥­¨¥ ¢¥é¥áâ¢¥­­ëå ç¨á¥«, ¨ ®¯à¥¤¥«¥­ë ­ã«¥¢®¥ ¨ ¥¤¨­¨ç­®¥
á¥ç¥­¨ï

0 : fptg � R
N ! R � R

N ; t 7! (0; t); 1 : fptg � R
N ! R � R

N ; t 7! (1; t):

�¥©áâ¢¨¥ äã­ªâ®à  F § ¤ ¥â MfN-®¡ê¥ªâ F0(R) � RN ! RN ¨ FMN -¬®àä¨§¬ë

F (m) : (F0(R) � F0(R) � R
N )! (F0(R) � R

N );

F (m�) : (F0(R) � R
N )! (F0(R) � R

N );

F (+) : (F0(R) � F0(R) � R
N )! (F0(R) � R

N );

F (0) : (fptg � R
N )! (F0(R) � R

N );

F (1) : (fptg � R
N )! (F0(R) � R

N ):

(7)

�«®¨ à áá«®¥­¨ï F (R�RN ) ­ ¤ RN ¤¨ää¥®¬®àä­ë ¬­®£®®¡à §¨î F0(R) ¨ ®¡« ¤ îâ áâàãªâãà®©
«®ª «ì­®©  «£¥¡àë �¥©«ï A (t) ¨, á«¥¤®¢ â¥«ì­®, ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢ , ¨§®¬®àä­®£® ­¥ª®-
â®à®¬ã Rm . �®ª ¦¥¬, çâ® íâ® à áá«®¥­¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© à áá«®¥­¨¥ ­   «£¥¡àë A (t)�RN .
�¥©áâ¢¨â¥«ì­®, ª ª ®¡ê¥ªâ ª â¥£®à¨¨ MfN , à áá«®¥­¨¥ F (R � RN ) ! RN ¨§®¬®àä­® ¯à®¨§¢¥-
¤¥­¨î Rm �RN . �ãáâì ' : Rm �RN ! F (R�RN ) | ­¥ª®â®àë© â ª®© ¨§®¬®àä¨§¬. � á â¥«ì­®¥
®â®¡à ¦¥­¨¥ T' ®â®¡à ¦ ¥â ¢¥àâ¨ª «ì­ë¥ ª á â¥«ì­ë¥ ¯à®áâà ­áâ¢  ª Rm �RN , ¢§ïâë¥ ¢¤®«ì
­ã«¥¢®£® á¥ç¥­¨ï, ­  ª á â¥«ì­ë¥ ¯à®áâà ­áâ¢  ª á«®ï¬ A (t) ¢ â®çª å x(t) ®¡à §  ­ã«¥¢®£®
á¥ç¥­¨ï '(0 � RN ). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ £« ¤ª® § ¢¨áïé¨© ®â t ¨§®¬®àä¨§¬ ¢¥ªâ®à­ëå ¯à®-
áâà ­áâ¢ Rm ¨ Tx(t)A (t), ª®â®àë© § ¤ ¥â £« ¤ª® § ¢¨áïé¨© ®â t ¨§®¬®àä¨§¬ Rm ¨ A (t). � ª¨¬
®¡à §®¬, ®â®¡à ¦¥­¨¥ F (R � RN ) = A (t) � RN ! RN ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥ªâ®à­®¥ à áá«®¥­¨¥,
  ¢¬¥áâ¥ á £« ¤ª¨¬¨ ®â®¡à ¦¥­¨ï¬¨ (6) íâ® ¢¥ªâ®à­®¥ à áá«®¥­¨¥ ¯à¥¢à é ¥âáï ¢ á¥¬¥©áâ¢®
«®ª «ì­ëå  «£¥¡à �¥©«ï A (t) � RN .

�âáî¤  ¢ëâ¥ª ¥â

�¥®à¥¬  1. �«ï ¢áïª®£® à áá«®¥­­®£® äã­ªâ®à  (4), á®åà ­ïîé¥£® ¯à®¨§¢¥¤¥­¨¥, äã­ªâ®à

F :Mf�RN ! FMN ¥áâ¥áâ¢¥­­® íª¢¨¢ «¥­â¥­ ­¥ª®â®à®¬ã N -¯ à ¬¥âà¨ç¥áª¨¬ã á¥¬¥©áâ¢ã
äã­ªâ®à®¢ �¥©«ï eT A(t) .
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5. �ã­ªâ®àë ­  ª â¥£®à¨¨ MfN

�¡®§­ ç¨¬ á¨¬¢®«®¬ � äã­ªâ®à ¨§ ª â¥£®à¨¨ MfN ¢ ª â¥£®à¨î Mf � R
N , ®â­®áïé¨© à á-

á«®¥­¨î M � R
N ! R

N à áá«®¥­¨¥ (M � R
N ) � R

N ! R
N ,   ¬®àä¨§¬ã f : M � R

N ! W � R
N ,

(x; t) 7! (f(x; t); t) ¬®àä¨§¬ �(f) : (M � R
N ) � R

N ! (W � R
N ) � R

N , ((x; s); t) 7! ((f(x; s); s)t).
�¥ç¥­¨¥ �M : M � R

N ! (M � R
N )� R

N , �M (x; t) = ((x; t); t) ®¯à¥¤¥«ï¥â ¥áâ¥áâ¢¥­­®¥ ¯à¥®¡à -
§®¢ ­¨¥ äã­ªâ®à®¢ � : IdMfN ! �. �¥©áâ¢¨â¥«ì­®, ¨¬¥¥¬ ª®¬¬ãâ â¨¢­ãî ¤¨ £à ¬¬ã

M � R
N f

���! W � R
N

�M

??y ??y�W
(M � R

N )� R
N �(f)
���! (W � R

N )� R
N ;

(x; t)
f

���! (y = f(x; t); t)

�M

??y ??y�W
((x; t); t)

�(f)
���! ((y = f(x; t); t); t):

(8)

�à¨¬¥­ïï äã­ªâ®à F :MfN ! FMN , á®åà ­ïîé¨© ¯à®¨§¢¥¤¥­¨¥, ª ¤¨ £à ¬¬¥ (8), ¯®«ãç ¥¬
¤¨ £à ¬¬ã, ¢ ª®â®à®© ­¨¦­ïï áâà®ª  ¡ã¤¥â ¯à¥¤áâ ¢«ïâì á®¡®© ¬®àä¨§¬ F (�(f)):

F (M � R
N )

F (f)
���! F (W � R

N )

F (�M )

??y ??yF (�W )

F ((M � R
N )� R

N )
(F�)(f)
����! F ((W � R

N )� R
N );

(X; t)
F (f)
���! (Y; t)

F (�M )

??y ??yF (�W )

((X;S); t)
(F�)(f)
����! ((Y; S); t):

(9)

�ëïá­¨¬ â¥¯¥àì, çâ® ¯à¥¤áâ ¢«ï¥â á®¡®© F (�M ). �®áª®«ìªã �M : (x; t) 7! ((x; s = t); t), â® �M
¬®¦­® à áá¬ âà¨¢ âì ª ª ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ¬®àä¨§¬®¢ idM�RN ¨ �pt : pt�RN ! (pt�RN )�RN .
� ª ª ª F (idM�RN) = idF0(M)�RN , â® F (�M ) ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï ®¡à §®¬ F (�pt) : pt�RN !
(F0(pt�RN )) � R

N , ¯à¥¤áâ ¢«ïîé¨¬ á®¡®© á¥ç¥­¨¥ RN ! A (t)N � R
N . �â® á¥ç¥­¨¥ ¨¬¥¥â ¢¨¤

F (�pt) : t 7! (S(t); t), £¤¥ Sa = ta +
�

Sa(t),
�

Sa 2
�

A (t), a = 1; : : : ; N . � ª¨¬ ®¡à §®¬, F (�M )

®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ­ ¡®à®¬ £« ¤ª¨å äã­æ¨© R
N 3 t 7!

�

Sa(t) 2
�

A(t), a = 1; : : : ; N .
� ª ª ª ¢ ­¨¦­¥© áâà®ª¥ ¤¨ £à ¬¬ë (8) áâ®¨â Mf � R

N -¬®àä¨§¬, â® ¢ «®ª «ì­ëå ª®®à¤¨-
­ â å íâ  áâà®ª  ¨¬¥¥â ¢¨¤,  ­ «®£¨ç­ë© (2) (á¬. [3])

Y i = f i(x; t) +
qX

jr+sj=1

1
p!s!

@jr+sjf i

@xr@ts

�

Xr
�

Ss;

  ¢¥àå­ïï áâà®ª  ¢ «®ª «ì­ëå ª®®à¤¨­ â å ¯à¨­¨¬ ¥â ¢¨¤

Y i = f i(x; t) +
qX

jr+sj=1

1
p!s!

@jr+sjf i

@xr@ts

�

Xr(
�

S(t))s: (10)

� ª¨¬ ®¡à §®¬, ¬®àä¨§¬ F (f) ¢ «®ª «ì­ëå ª®®à¤¨­ â å § ¤ ¥âáï ãà ¢­¥­¨ï¬¨ (10), ¤¥©áâ¢¨¥

äã­ªâ®à  F ­  ¬®àä¨§¬ å ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï ­ ¡®à®¬ äã­ªæ¨© RN 3 t 7!
�

Sa(t) 2
�

A(t),
a = 1; : : : ; N , § ¤ îé¨å á¥ç¥­¨¥ F (�pt).

�à ¢­¥­¨ï (10) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

Y i = f i(x; t) +
qX

jrj=0

1
r!
@jrj

@xr

� qX
jsj=1

1
s!
@jsjf i

@ts
(
�

S(t))s
�
�

Xr = bf i(x; t) + qX
jrj=1

1
r!
@jrj bf i
@xr

�

Xr;

£¤¥

bf i(x; t) = f i(x; t) +
qX

jsj=1

1
s!
@jsjf i

@ts
(
�

S(t))s;

®âªã¤  á«¥¤ã¥â, çâ® ®£à ­¨ç¥­¨¥ ¬®àä¨§¬  F (f) ­  ¢áïª¨© á«®© ­ ¤ RN ¯à¥¤áâ ¢«ï¥â á®¡®©
A (t)-£« ¤ª®¥ ®â®¡à ¦¥­¨¥.

� ¨â®£¥ ¯®«ãç¥­ 
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�¥®à¥¬  2. �áïª¨© à áá«®¥­­ë© äã­ªâ®à F : MfN ! FMN , á®åà ­ïîé¨© ¯à®¨§¢¥¤¥­¨¥,

®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï N -¯ à ¬¥âà¨ç¥áª¨¬ á¥¬¥©áâ¢®¬ äã­ªâ®à®¢ �¥©«ï eT A(t) ¨ ­ ¡®à®¬

äã­ªæ¨© R
N 3 t 7!

�

Sa(t) 2
�

A(t), a = 1; : : : ; N .

�à¨¬¥à ¬¨ äã­ªâ®à®¢ MfN ! FMN , á®åà ­ïîé¨å ¯à®¨§¢¥¤¥­¨¥, ï¢«ïîâáï ®¡®¡é¥­­ë©
äã­ªâ®à �¥©«ï bT A (á¬. [10]), ®â­®áïé¨© à áá«®¥­¨î p : M � R

N ! R
N à áá«®¥­¨¥ � : bT A (M �

RN ) ! M � RN , â®â «ì­®¥ ¯à®áâà ­áâ¢® ª®â®à®£® á®áâ®¨â ¨§ A -áª®à®áâ¥© á¥ç¥­¨© à áá«®¥­¨ï
p, ¨ ¢¥àâ¨ª «ì­ë© äã­ªâ®à �¥©«ï, ®â­®áïé¨© à áá«®¥­¨î p à áá«®¥­¨¥ �0 : V A (M � R

N ) !
M � R

N , â®â «ì­®¥ ¯à®áâà ­áâ¢® ª®â®à®£® á®áâ®¨â ¨§ A -áª®à®áâ¥© ¢ á«®ïå à áá«®¥­¨ï p. �â¨¬

¤¢ã¬ äã­ªâ®à ¬ á®®â¢¥âáâ¢ãîâ ¯®áâ®ï­­ë¥ äã­ªæ¨¨
�

Sa(t) = "a ¨
�

Sa(t) = 0, £¤¥ "a | í«¥¬¥­âë
¯á¥¢¤®¡ §¨á   «£¥¡àë A ([15], [3]), á®®â¢¥âáâ¢ãîé¨¥ ¯¥à¥¬¥­­ë¬ ta.

�¨â¥à âãà 
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