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�à¨ à¥è¥¨¨ ¬ â¥¬ â¨ç¥áª¨å ¯à®¡«¥¬ £¨¤à®¤¨ ¬¨ª¨ ¨ í«¥ªâà®¬ £¨â®© â¥®à¨¨ ¢ ¦ãî
à®«ì ¨£à îâ à §«¨çë¥ ®æ¥ª¨, á¢ï§ë¢ îé¨¥ ®à¬ë ¢¥ªâ®à-äãªæ¨¨, ¥¥ à®â®à  ¨ ¤¨¢¥à£¥æ¨¨
¢ ¯à®áâà áâ¢ å �¥¡¥£ . � ç áâ®áâ¨, £«ã¡®ª¨¥ à¥§ã«ìâ âë ¢ íâ®¬  ¯à ¢«¥¨¨ ¨ ¨å ¯à¨«®¦¥¨ï
ª à¥è¥¨î ª®ªà¥âëå § ¤ ç á®¤¥à¦ âáï ¢ [1]{[9]. � ¤ ®© à ¡®â¥ ¨áá«¥¤ã¥âáï ¢®§¬®¦®áâì
¯®«ãç¥¨ï ¯®¤®¡ëå ®æ¥®ª á ¨á¯®«ì§®¢ ¨¥¬ ¥ª®â®àëå ¯à¥¤áâ ¢«¥¨© ¢¥ªâ®àëå ¯®«¥©, à á-
á¬®âà¥ëå ¢ [10].

1. �¡®§ ç¥¨ï. �ãáâì 
 2 R3 | ®âªàëâ ï ®¤®á¢ï§ ï ®¡« áâì á à¥£ã«ïà®© £à ¨æ¥© �,

| § ¬ëª ¨¥ 
 ¢ R3, n(x), x 2 �, | ¥¤¨¨çë© ¢¥ªâ®à ¢¥è¥© ®à¬ «¨. �¥à¥§D(
) = C1

0 (
)
®¡®§ ç¥® ¯à®áâà áâ¢® ¯à®¡ëå äãªæ¨© ' : 
! R1; ç¥à¥§ fD(
)g3 | ¯à®áâà áâ¢® ¯à®¡ëå
äãªæ¨© ' : 
! R3 (' = f'1; '2; '3g, 'i 2 D(
), i = 1; 2; 3); D(
) | ¬®¦¥áâ¢® äãªæ¨©, ï¢«ï-
îé¨åáï áã¦¥¨ï¬¨   
 äãªæ¨© ¨§ D(R3); D0(
) | ¯à®áâà áâ¢® à á¯à¥¤¥«¥¨© (®¡®¡é¥ëå
äãªæ¨©) ([3], á. 19).

�ãáâì fLp(
)g3, 1 � p < 1, | ¡  å®¢ë ¯à®áâà áâ¢  áã¬¬¨àã¥¬ëå á® áâ¥¯¥ìî p ¢¥ªâ®à-
äãªæ¨© u : 
! R3 á á®®â¢¥âáâ¢ãîé¨¬¨ ®à¬ ¬¨

kukfLp(
)g3 =
�Z




ju(x)jpdx
�1=p

;

§¤¥áì ju(x)j = (u21(x)+u
2
2(x)+u

2
3(x))

1=2. �à¨ p = 2 ¯à®áâà áâ¢® fL2(
)g3 ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬
á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ (u;v)fL2
g3 =

R

(u(x) � v(x))dx.

�ã¤¥¬ £®¢®à¨âì, çâ® divu = g 2 Lp(
) ¤«ï äãªæ¨¨ u 2 fL1(
)g3, ¥á«¨Z



g'dx = �
Z



(grad' � u)dx ¯à¨ ¢á¥å ' 2 D(
); ¨

rotu = h 2 fLp(
)g3, ¥á«¨Z


(h � )dx =

Z


(rot � u)dx ¯à¨ ¢á¥å  2 fD(
)g3:

�¯à¥¤¥«¨¬ á«¥¤ãîé¨¥ ¯à®áâà áâ¢  ¢¥ªâ®à-äãªæ¨©:

Hp(div; 
) = fu 2 fLp(
)g3 j divu 2 Lp(
)g;
Hp(rot; 
) = fu 2 fLp(
)g3 j rotu 2 fLp(
)g3g:

�¥¬¬  1.1. Hp(div; 
), Hp(rot; 
)| ¡  å®¢ë ¯à®áâà áâ¢  á á®®â¢¥âáâ¢ãîé¨¬¨ ®à¬ -

¬¨

kukHp(div;
) = fkukpfLp(
)g3 + kdivukpLp(
)g1=p;
kukHp(rot;
) = fkukpfLp(
)g3 + k rotukpfLp(
)g3g1=p:

�¥à¥§ H0
p(div; 
) ¨ H0

p(rot; 
) ®¡®§ ç¨¬ § ¬ëª ¨¥ ¬®¦¥áâ¢  fD(
)g3 ¢ Hp(div; 
) ¨ ¢
Hp(rot; 
) á®®â¢¥âáâ¢¥®.
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� ¬¥ç ¨¥. �á«¨ ®£à ¨ç¥ ï ®¡« áâì 
 ¨¬¥¥â £« ¤ªãî £à ¨æã, â® ¯à¨ p = 2 ¬®¦®
¯®ª § âì, çâ®

H0(div; 
) = H0
2 (div; 
) = fu 2 H(div; 
); u� n = 0; x 2 �g;

H0(rot; 
) = H0
2 (rot; 
) = fu 2 H(rot; 
); u � n = 0; x 2 �g;

£¤¥ £à ¨çë¥ ®¯¥à â®àë ¯®¨¬ îâáï ¢ á¬ëá«¥ â¥®à¨¨ á«¥¤®¢ ([4], á. 19; [5], á. 315).

2. �á®¢ë¥ à¥§ã«ìâ âë. �¥à ¢¥áâ¢ , ¯à¨¢¥¤¥ë¥ ¢ â¥®à¥¬ å 2.1{2.3, ¡ã¤ãâ ¤®ª § ë
¢ ¯. 4   ®á®¢ ¨¨ à áá¬®âà¥ëå ¢ ¯. 3 ¯à¥¤áâ ¢«¥¨© ¢¥ªâ®à-äãªæ¨© ¢ §¢¥§¤ëå ®¡« áâïå.

�ãáâì 
 � R3 | ®âªàëâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢® á ¤¨ ¬¥âà®¬ d(
) > 0, §¢¥§¤®¥ ®â®á¨-
â¥«ì® ¥ª®â®à®© â®çª¨.

�¥®à¥¬  2.1. �à¨ p > 3=2, q = p=(p� 1) áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C1, § -

¢¨áïé ï â®«ìª® ®â ®¡« áâ¨ 
 ¨ p, â ª ï, çâ® ¯à¨ «î¡ëå u 2 Hp(div; 
), v 2 H0
q (rot; 
) ¡ã¤¥â

á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®����
Z


(u � v)dx

���� � C1

�kukfLp(
)g3k rotvkfLq(
)g3 + kvkfLq(
)g3kdivukLp(
)
�
: (2.1)

�¥®à¥¬  2.2. �à¨ p > 3=2, q = p=(p� 1) áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C2, § -

¢¨áïé ï â®«ìª® ®â ®¡« áâ¨ 
 ¨ p, â ª ï, çâ® ¯à¨ «î¡ëå u 2 H0
q (div; 
), v 2 Hp(rot; 
) ¡ã¤¥â

á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®����
Z


(u � v)dx

���� � C2(kukfLq(
)g3k rotvkfLp(
)g3 +
+ kvkfLp(
)g3kdivukLq(
) + k rot vkfLp(
)g3kdivukLq(
)): (2.2)

�¥®à¥¬  2.3. �à¨ p > 3, q = p=(p� 1) áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C3, § ¢¨áï-

é ï â®«ìª® ®â ®¡« áâ¨ 
 ¨ p, â ª ï, çâ® ¯à¨ «î¡ëå u 2 H0
q (div; 
), v 2 Hp(rot; 
) á¯à ¢¥¤«¨¢®

¥à ¢¥áâ¢® ����
Z



(u � v)dx
���� � C3(kukfLq(
)g3k rotvkfLp(
)g3 + kvkfLp(
)g3kdivukLq(
)): (2.3)

3. �à¥¤¢ à¨â¥«ìë¥ ãâ¢¥à¦¤¥¨ï. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.1. �ãáâì 
 � R3 | ®âªàëâ ï, ®£à ¨ç¥ ï, «®ª «ì®-§¢¥§¤ ï ®¡« áâì. �®-

£¤  ¬®¦¥áâ¢® ¢¥ªâ®à-äãªæ¨©, ¯à¨ ¤«¥¦ é¨å fD(
)g3 ¯«®â® ¢ ¯à®áâà áâ¢ å Hp(div; 
)
¨ Hp(rot; 
).

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¤«ï p = 2 ([4], á. 14; [5], á. 314) ¯à ªâ¨ç¥áª¨ ¡¥§ ¨§¬¥¥¨©
¯¥à¥®á¨âáï   á«ãç © 1 � p <1.

�ãáâì ®¡« áâì 
 � R3 §¢¥§¤  ®â®á¨â¥«ì® ¥ª®â®à®© â®çª¨ y 2 
. �¥¯®áà¥¤áâ¢¥® ¯à®-
¢¥àï¥âáï

�¥®à¥¬  3.2. �«ï ¢á¥å u 2 fC1(
)g3 á¯à ¢¥¤«¨¢ë â®¦¤¥áâ¢ 

u(x) = gradx

�Z 1

0

u(z� (x;y)) � (x� y)d�
�
+
Z 1

0

� [rotz u(z� (x;y)) � (x� y)]d�; (3.1)

u(x) = rotx

�Z 1

0

� [u(z� (x;y)) � (x� y)]d�
�
+
Z 1

0

� 2(x� y) divz u(z� (x;y))d�: (3.2)

�¤¥áì z� (x;y) = y + �(x � y) 2 
, rotz u(z� (x;y)) = rotz u(z) ¢ â®çª¥ z = z� (x;y),   «®£¨ç®
divz u(z� (x;y)) = divz u(z) ¢ â®çª¥ z = z� (x;y).
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�ãáâì r = jx � yj, s = (x � y)=r 2 S = f� 2 R3, j�j = 1g, � = �r. �®£¤  â®¦¥áâ¢  (3.1), (3.2)
§ ¯¨èãâáï ¢ ¢¨¤¥

u(x) = gradx

�Z r

0

(u(y + �s) � s)d�
�
+
1
r

Z r

0

�[rotu(y + �s)� s]d�; (3.3)

u(x) = rotx

�Z r

0

�[u(y + �s)� s]d�
�
+

s

r2

Z r

0

�2 divu(y + �s)d�: (3.4)

�®«ãç¨¬ ¥ª®â®àë¥ ®æ¥ª¨ ¤«ï ¨â¥£à «®¢, ¯à¨áãâáâ¢ãîé¨å ¢ (3.1){(3.4).
�ãáâì 
 � R3 | ®âªàëâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢® á ¤¨ ¬¥âà®¬ d(
) > 0, §¢¥§¤®¥ ®â®-

á¨â¥«ì® ¥ª®â®à®© â®çª¨ y 2 
. �«ï ª ¦¤®£® m > �1 ¨ äãªæ¨© ' 2 C(
) ¨ ' 2 fC(
)g3
®¯à¥¤¥«¨¬ äãªæ¨¨ Qm(') : 
! R1, Qm(') : 
! R3 á®®â®è¥¨ï¬¨

Qm(')(x) = r�m
Z r

0

�m'(y + �s)d�; (3.5)

Qm(')(x) = r�m
Z r

0

�m'(y + �s)d�: (3.6)

�¥¬¬  3.1. �à¨ ¢á¥å m > �1, q > maxf1; 3=(m + 1)g áãé¥áâ¢ã¥â â ª ï ¯®«®¦¨â¥«ì ï

¯®áâ®ï ï Cm(q;
) > 0, § ¢¨áïé ï â®«ìª® ®â m, q ¨ ®¡« áâ¨ 
, çâ® ¤«ï «î¡ëå ' 2 C(
)
á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kQm(')kLq (
) � Cm(q;
)k'kLq (
): (3.7)

�®ª § â¥«ìáâ¢®. �¬¥¥¬

jQm(')(x)j � r�m
Z r

0
�mj'(y + �s)jd� = r�m

Z r

0
�m�

2

q �
2

q j'(y + �s)jd� �

� r�m
�Z r

0

�(m�
2

q
) q

q�1 d�

� q�1

q
�Z r

0

�2j'(y + �s)jqd�
�1=q

=

=
�

q � 1
q(m+ 1)� 3

� q�1

q

r
q�3

q

�Z r

0

�2j'(y + �s)jqd�
�1=q

:

�ãáâì, ¤ «¥¥, Rs(y) = supfr 2 R1 : y + rs 2 
g (0 < Rs(y) < d(
)), ds | í«¥¬¥â ¯«®é ¤¨
¥¤¨¨ç®© áä¥àë S. �®£¤  ¯®«ãç¨¬

kQm(')kqLq(
) =
Z
S

ds

Z Rs(y)

0

r2jQm(')(y + rs)jqdr �

� A

Z
S

ds

Z Rs(y)

0

rq�1

Z r

0

�2j'(y + �s)jqd�dr �

� A

Z
S
ds

Z Rs(y)

0
rq�1

Z Rs(y)

0
�2j'(y + �s)jqd�dr �

� A

Z
S

ds
Rs(y)
q

Z Rs(y)

0

�2j'(y + �s)jqd�dr �

� A
(d(
))q

q

Z
S
ds

Z Rs(y)

0
�2j'(y + �s)jqd�dr = A

�
d(
)
q1=q

k'kLq(
)
�q
;

A =
�

q � 1
q(m+ 1)� 3

�q�1

:

�áâ ¥âáï ¯®«®¦¨âì

Cm(q;
) = A1=q d(
)
q1=q

: � (3.8)
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� ç áâ®áâ¨, ¨§ «¥¬¬ë 3.1 á«¥¤ãîâ á¯à ¢¥¤«¨¢ë¥ ¯à¨ ¢á¥å ' 2 C(
) ®æ¥ª¨

kQ0(')kLq(
) �
�
q � 1
q � 3

� q�1

q d(
)
q1=q

k'kLq(
); q > 3;

kQ1(')kLq(
) �
�
q � 1
2q � 3

� q�1

q d(
)
q1=q

k'kLq(
); q >
3
2
;

kQ2(')kLq(
) �
31=qd(
)
3q1=q

k'kLq(
); q > 1:

�«ï äãªæ¨¨ ' 2 fC(
)g3, ¯à¨¬¥ïï «¥¬¬ã 3.1 ª äãªæ¨¨ j'j 2 C(
), ¨¬¥¥¬

kQm(')kfLq(
)g3 � kQm(j'j)kLq(
) � Cm(q;
)kj'jkLq(
) = Cm(q;
)k'kfLq(
)g3 :
�®«ãç¥ë¥ ®æ¥ª¨ ¯®ª §ë¢ îâ, çâ® ®¯¥à â®à Qm, à áá¬ âà¨¢ ¥¬ë© ª ª ®â®¡à ¦¥¨¥ ¨§

Lq(
) ¢ Lq(
), ¥¯à¥àë¢¥   ¬®¦¥áâ¢¥ C(
), ¯«®â®¬ ¢ Lq(
). �«¥¤®¢ â¥«ì®, ¥£® ¬®¦®
¯à®¤®«¦¨âì ¤® ¥ª®â®à®£® «¨¥©®£® ®£à ¨ç¥®£® ®¯¥à â®à , ®¡®§ ç ¥¬®£® ¢ ¤ «ì¥©è¥¬
â ª¦¥ ç¥à¥§ Qm, ®¯à¥¤¥«¥®£®   ¢á¥¬ ¯à®áâà áâ¢¥ Lq(
). �æ¥ª  (3.7) ®áâ ¥âáï á¯à ¢¥¤«¨¢®©
¨ ¤«ï íâ®£® ®¯¥à â®à .

� «®£¨ç®, ®¯¥à â®à Qm ¯à®¤®«¦ ¥âáï ¯® ¥¯à¥àë¢®áâ¨   fLq(
)g3.
�¥®à¥¬  3.3. �ãáâì 
 � R3 | ®âªàëâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢®, §¢¥§¤®¥ ®â®á¨â¥«ì-

® ¥ª®â®à®© â®çª¨ y 2 
. �«ï ¢á¥å u 2 Hp(div; 
) ¯à¨ p > 3=2 á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

u(x) = rotx[Q1(u)� s] + sQ2(divu): (3.9)

�®ª § â¥«ìáâ¢®. �ãáâì u 2 Hp(div; 
), p > 3=2. �®£« á® â¥®à¥¬¥ 3.1  ©¤¥âáï ¯®á«¥¤®¢ -
â¥«ì®áâì fung � fD(
)g3 â ª ï, çâ® un ! u ¯à¨ n!1 ¢ Hp(div; 
). �«ï ¢á¥å un á¯à ¢¥¤«¨¢®
¯à¥¤áâ ¢«¥¨¥ (3.3), ª®â®à®¥ á ãç¥â®¬ (3.5), (3.6) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

un(x) = rotx[Q1(un)� s] + sQ2(divun): (3.10)

�¢¨¤ã (3.7) un ! u, sQ2(divun)! sQ2(divu) ¢ fLp(
)g3 ¯à¨ n!1.
�®á«¥¤®¢ â¥«ì®áâì frotx[Q1(un) � s]g, â ª¨¬ ®¡à §®¬, äã¤ ¬¥â «ì  ¢ fLp(
)g3, á«¥¤®-

¢ â¥«ì®, áå®¤¨âáï ª ¥ª®â®à®¬ã í«¥¬¥âã v 2 fLp(
)g3. � ¤àã£®© áâ®à®ë, rotx[Q1(un)� s]!
rotx[Q1(u)� s] ¢ ¯à®áâà áâ¢¥ à á¯à¥¤¥«¥¨©. �¥©áâ¢¨â¥«ì®,

jhrotx[Q1(un)� s]� rotx[Q1(u)� s]; ij = jh[Q1(un � u)� s]; rot ij �
� C1(p;
)kun � ukfLp(
)g3k rot kfLp(
)g3 ! 0

¤«ï «î¡®©  2 fD(
)g3. � ª ª ª äãªæ¨¨ rotx[Q1(u) � s] ¨ v ®¯à¥¤¥«ïîâ ®¤¨ ª®¢ë¥ à á¯à¥-
¤¥«¥¨ï, â® rotx[Q1(u)� s] = v, ¨, ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ à ¢¥áâ¢¥ (3.10), ¯®«ãç¨¬ (3.9).

�¥®à¥¬  3.4. �ãáâì 
 � R3 | ®âªàëâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢®, §¢¥§¤®¥ ®â®á¨â¥«ì-

® ¥ª®â®à®© â®çª¨. �«ï «î¡®© u 2 Hp(rot; 
) ¯à¨ p > 3=2  ©¤¥âáï äãªæ¨ï Q 2 Lp(
) â ª ï,
çâ® á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

u(x) = gradxQ+ [Q1(rotu)� s]; (3.11)

¯à¨ç¥¬, ¥á«¨ p > 3, ¬®¦® ¢§ïâì Q = (Q0(u) � s). �¨ää¥à¥æ¨ «ìë¥ ®¯¥à â®àë ¯®¨¬ îâáï

¢ á¬ëá«¥ â¥®à¨¨ à á¯à¥¤¥«¥¨©.

�®ª § â¥«ìáâ¢®. �ãáâì u 2 Hp(rot; 
), p > 3=2. �®£« á® â¥®à¥¬¥ 3.1  ©¤¥âáï ¯®á«¥¤®¢ -
â¥«ì®áâì fung � fD(
)g3 â ª ï, çâ® un ! u ¯à¨ n!1 ¢ Hp(rot; 
). �«ï ¢á¥å un á¯à ¢¥¤«¨¢®
¯à¥¤áâ ¢«¥¨¥ (3.4), ª®â®à®¥ á ãç¥â®¬ (3.5), (3.6) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

un(x) = gradx(Q0(un) � s) + [Q1(rotun)� s]: (3.12)
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�à¨ n!1 un ! u, [Q1(rotun)� s]! [Q1(rotu)� s] ¢ fLp(
)g3 ¢¢¨¤ã (3.7).
�®á«¥¤®¢ â¥«ì®áâì fgradx(Q0(un) � s)g, â ª¨¬ ®¡à §®¬, äã¤ ¬¥â «ì  ¢ fLp(
)g3, á«¥¤®-

¢ â¥«ì®, áå®¤¨âáï ª ¥ª®â®à®¬ã v 2 fLp(
)g3. �§¢¥áâë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�¥¬¬  3.2 ([4], á. 20) (å à ªâ¥à¨§ æ¨ï £à ¤¨¥â  à á¯à¥¤¥«¥¨ï). �ãáâì 
 � R3 | ®âªàë-

â®¥ ¬®¦¥áâ¢®, f 2 fD0(
)g3, V = fv 2 fD(
)g3; divv = 0g. �«ï â®£® çâ®¡ë f = grad p ¤«ï
¥ª®â®à®£® p 2 D0(
), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë hf ;vi = 0 ¤«ï ¢á¥å v 2 V .

�¥¬¬  3.3 ([9], á. 26) (¥à ¢¥áâ¢® �ã ª à¥). �ãáâì 
 � R3 | ®¡« áâì ª« áá  C0;1, p > 1.
�ãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï A(
; p), ¯à¨ ª®â®à®© ¤«ï ª ¦¤®© u 2 D0(
) â ª®©,
çâ® gradu 2 fLp(
)g3,  ©¤¥âáï â ª®¥ ç¨á«® C� > 0, çâ®

ku� C�kLp(
) � A(
; p)k grad ukfLp(
)g3 :
�«¥¤®¢ â¥«ì®, v = gradQ, £¤¥ Q 2 Lp(
) ®¯à¥¤¥«¥  á â®ç®áâìî ¤®  ¤¤¨â¨¢®© ª®áâ âë.
�á«¨ p > 3, â® gradx(Q0(un) � s) áâà¥¬¨âáï ª gradx(Q0(u) � s) ¢ ¯à®áâà áâ¢¥ à á¯à¥¤¥«¥¨©,

¯®íâ®¬ã ¬®¦® ¯®«®¦¨âì Q = (Q0(u) � s). �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ à ¢¥áâ¢¥ (3.12), ¯®«ãç¨¬
(3.11).

�«¥¤áâ¢¨¥¬ â¥®à¥¬ 3.3, 3.4 ï¢«ï¥âáï

�¥¬¬  3.4. �ãáâì 
 � R3 | ®âªàëâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢®, §¢¥§¤®¥ ®â®á¨â¥«ì®

¥ª®â®à®© â®çª¨. �«ï ¢á¥å u 2 Hp(div; 
) [Q1(u) � s] 2 Hp(rot; 
). �«ï ¢á¥å u 2 Hp(rot; 
)
äãªæ¨ï Q, ®¯à¥¤¥«ï¥¬ ï â¥®à¥¬®© 3:4, «¥¦¨â ¢ ¯à®áâà áâ¢¥ �®¡®«¥¢  W 1;p(
).

4. �®ª § â¥«ìáâ¢® ®á®¢ëå ¥à ¢¥áâ¢. �«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2.1 ¯®«®¦¨¬
u 2 fD(
)g3, v 2 fD(
)g3. �á¯®«ì§ãï ¯à¥¤áâ ¢«¥¨¥ 3.9 ¤«ï u, ¯®«ãç¨¬Z




(u(x) � v(x))dx =
Z



(v(x) � rotx[Q1(u)� s])dx+
Z



(v � s)Q2(divu)dx =

=
Z



(rotv(x) � [Q1(u)� s])dx+
Z



(v � s)Q2(divu)dx+
Z
�

([v(x) � [Q1(u)� s]] � n(x))d�:

�®á«¥¤¨© ¨â¥£à «, ¯®«ãç¨¢è¨©áï ¢ à¥§ã«ìâ â¥ ¯à¨¬¥¥¨ï â®¦¤¥áâ¢ 

(rot a � b) = (rotb � a) + div[a� b]

¨ â¥®à¥¬ë � ãáá {�áâà®£à ¤áª®£®, à ¢¥ ã«î §  áç¥â ¢ë¡®à  v. �á¯®«ì§ãï ¥à ¢¥áâ¢® ��¥«ì-
¤¥à  á ¯®ª § â¥«ï¬¨ p ¨ q ¨ ®æ¥ª¨ ¤«ï Qm, ¯®«ãç¨¬����

Z



(u(x) � v(x))dx
���� � k rotvkfLq(
)g3kQ1(u)kfLp(
)g3 + kvkfLq(
)g3kQ2(divu)kLp(
) �

� C1(k rotvkfLq(
)g3kukfLp(
)g3 + kvkfLq(
)g3kdivukLp(
));
£¤¥ C1 = C1(
; p).

�®£« á® â¥®à¥¬¥ ® ¯«®â®áâ¨ ¨ ®¯à¥¤¥«¥¨î ¯à®áâà áâ¢  H0
q (rot; 
)  ©¤¥ ï ®æ¥ª 

á¯à ¢¥¤«¨¢  ¤«ï u 2 Hp(div; 
), v 2 H0
q (rot; 
) ¨ â¥®à¥¬  2.1 ¤®ª §  .

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 2.2, 2.3 ¢®§ì¬¥¬ v 2 fD(
)g3, u 2 fD(
)g3. �§ ¯à¥¤áâ ¢«¥¨ï
(3.11) ¤«ï v ¨ ®æ¥ª¨ ¤«ï Q1 ¯®«ãç ¥¬

k gradx(Q0(v) � s)kfLp(
)g3 � kvkfLp(
)g3 + kQ1(rotv)kfLp(
)g3 � kvkfLp(
)g3 +C1(
; p)k rot vkfLp(
)g3 :
�®£« á® «¥¬¬¥ 3.3  ©¤¥âáï â ª®¥ ç¨á«® C� > 0, § ¢¨áïé¥¥ ®â v, çâ®

k(Q0(v) � s)� C�kLp(
) � A(
; p)k gradx(Q0(v) � s)kfLp(
)g3 �
� A(
; p)kvkfLp(
)g3 +A(
; p)C1(
; p)k rotvkfLp(
)g3 : (4.1)

30



� «¥¥, Z



(u(x) � v(x))dx =
Z



(u(x) � gradxf(Q0(u) � s)� C�g)dx+

+
Z



(u � [Q1(rotu)� s])dx = �
Z



((Q0(u) � s)� C�) divudx+

+
Z


(u � [Q1(rotu)� s])dx +

Z
�
((Q0(u) � s)� ��)und�:

�®á«¥¤¨© ¨â¥£à «, ¯®«ãç¥ë© ¢ à¥§ã«ìâ â¥ ¯à¨¬¥¥¨ï â®¦¤¥áâ¢ 

bdiva = div ba� (grad b � a)
¨ â¥®àe¬ë � ãáá {�áâà®£à ¤áª®£®, à ¢¥ ã«î §  áç¥â ¢ë¡®à  u. �à¨¬¥ïï ¥à ¢¥áâ¢® ��¥«ì-
¤¥à  á ¯®ª § â¥«ï¬¨ p ¨ q, ®æ¥ª¨ ¤«ï Qm ¨ ¥à ¢¥áâ¢® 4.1, ¯®«ãç¨¬����

Z


(u(x) � v(x))dx

���� � kdivukLq(
)(A(
; p)kvkfLp(
)g3 +
+A(
; p)C1(
; p)k rot vkfLp(
)g3) + kukfLq(
)g3kQ1(rotu)kLp(
) �

� C2(kdivukLq(
)kvkfLp(
)g3 + kdivukLq(
)k rotvkfLp(
)g3 + kukfLq(
)g3k rotvkfLp(
)g3);
£¤¥ C2 = max(A(
; p); C1(
; p); A(
; p)C1(
; p)).

C ¯®¬®éìî ¯à¥¤¥«ì®£® ¯¥à¥å®¤ , â¥®à¥¬ë ® ¯«®â®áâ¨ ¨ ®¯à¥¤¥«¥¨ï ¯à®áâà áâ¢ H0
q (div; 
)

ãáâ ®¢¨¬ á¯à ¢¥¤«¨¢®áâì ®æ¥ª¨ (2.2) ¤«ï u 2 H0
q (div; 
), v 2 Hp(rot; 
). �¥®à¥¬  2.2, â ª¨¬

®¡à §®¬, ¤®ª §  .
�á«¨ p > 3, ¨§ ¯à¥¤áâ ¢«¥¨ï 3.12 ¤«ï v ¨ ®æ¥®ª ¤«ï Q1, Q0 ¨¬¥¥¬Z




(u(x) � v(x))dx =
Z



(u(x) � gradx(Q0(u) � s))dx +
Z



(u � [Q1(rotu)� s])dx =

= �
Z


(Q0(u) � s) divudx+

Z


(u � [Q1(rotu)� s])dx;����

Z



(u(x) � v(x))dx
���� � C0(
; p)kdivukLq(
)kvkfLp(
)g3 +

+kukfLq(
)g3kQ1(rotu)kfLp(
)g3 �
� C3(kdivukLq(
)kvkfLp(
)g3 + kukfLq(
)g3k rotvkfLp(
)g3);

£¤¥ C3 = C0(
; p).
� ª ª ª fD(
)g3 ¯«®â® ¢ ¯à®áâà áâ¢¥ Hp(rot; 
),   ¬®¦¥áâ¢® fD(
)g3 | ¢ ¯à®áâà áâ¢¥

H0
q (div; 
), â¥®à¥¬  2.3 ¤®ª §  .

5. �¥ª®â®àë¥ á«¥¤áâ¢¨ï ®á®¢ëå ¥à ¢¥áâ¢ ¤«ï á«ãç ï p = 2. �¡®§ ç¨¬H(rot; 
) =
H2(rot; 
), H(div; 
) = H2(div; 
).

�®áª®«ìªã ¥à ¢¥áâ¢  (2.1), (2.2) ¯à¨ p = q = 2 ®æ¥¨¢ îâ áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï äãª-
æ¨© ¢ fL2(
)g3, ¨§ ¨å á«¥¤ãîâ ¨§¢¥áâë¥ ãá«®¢¨ï ®àâ®£® «ì®áâ¨ á®«¥®¨¤ «ìëå ¨ ¯®â¥-
æ¨ «ìëå ¢¥ªâ®àëå ¯®«¥© ¢ fL2(
)g3 (á¬. [1]{[8]) ¤«ï §¢¥§¤ëå ®¡« áâ¥©.

� «¥¥, ¨§ ¥à ¢¥áâ¢ (2.1), (2.2) ¯à¨ v = u ¢ëâ¥ª îâ á«¥¤áâ¢¨ï â¥®à¥¬ 2.1, 2.2. �ãáâì 
 � R3

| ®âªàëâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢® á ¤¨ ¬¥âà®¬ d(
) > 0, §¢¥§¤®¥ ®â®á¨â¥«ì® ¥ª®â®à®©
â®çª¨.

�¥®à¥¬  5.1. �ãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C4, § ¢¨áïé ï â®«ìª® ®â ®¡« áâ¨


, â ª ï, çâ® ¯à¨ «î¡ëå u 2 H(div; 
)
T
H0(rot; 
) ¡ã¤¥â ¢ë¯®«ïâìáï ¥à ¢¥áâ¢®

kukfL2(
)g3 � C4(k rotukfL2(
)g3 + kdivukL2(
)):
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�¥®à¥¬  5.2. �ãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C5, § ¢¨áïé ï â®«ìª® ®â ®¡« áâ¨


, â ª ï, çâ® ¯à¨ «î¡ëå u 2 H0(div; 
)
T
H(rot; 
) ¡ã¤¥â ¢ë¯®«ïâìáï ¥à ¢¥áâ¢®

kukfL2(
)g3 � C5(k rotukfL2(
)g3 + kdivukL2(
)):

�®ª § â¥«ìáâ¢®. �¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (2.2), £¤¥ v = u, â. ¥.����
Z



u2dx

���� � C2(kukfL2(
)g3(k rotukfL2(
)g3 + kdivukL2(
)) + k rotukfL2(
)g3kdivukL2(
)):

�¡®§ ç¨¢ z = kukfL2(
)g3 , a = kdivukL2(
), b = k rotukfL2(
)g3 ¨ à §à¥è¨¢ ¥à ¢¥áâ¢®

z2 � C2(a+ b)z �C2ab � 0

®â®á¨â¥«ì® z � 0, ¯®«ãç¨¬

z � C2(a+ b) +
p
C2

2(a+ b)2 + 4C2ab

2
� C2(a+ b) +

p
(a+ b)2(C2

2 + 2C2)
2

�

� (a+ b)
C2 +

p
C2

2 + 2C2

2
� (a+ b)(C2 + 1

2
);

®âªã¤  ¨ á«¥¤ã¥â âà¥¡ã¥¬ ï ®æ¥ª  á ª®áâ â®© C5 = C2 + 1=2.

�ãáâì â¥¯¥àì 
 � R3 | ®âªàëâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢® (¥ ®¡ï§ â¥«ì® §¢¥§¤®¥).
�¡®§ ç¨¬ ç¥à¥§ ker(div; 
), ker(rot; 
) ï¤à  ®¯¥à â®à®¢ div ¨ rot á®®â¢¥âáâ¢¥®, ker?(div; 
),

ker?(rot; 
) | ®àâ®£® «ìë¥ ¤®¯®«¥¨ï ª ¨¬ ¢ fL2(
)g3.
�¥¬¬  5.1. ker?(div; 
) á®¢¯ ¤ ¥â á § ¬ëª ¨¥¬ ¢ fL2(
)g3 ¬®¦¥áâ¢  fgrad';' 2 D(
)g.
�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ § ¬ëª ¨¥ ¬®¦¥áâ¢  fgrad';' 2 D(
)g ¢ fL2(
)g3 ç¥à¥§M .

�ãáâì ' 2 D(
), v 2 ker(div; 
),
R



(v � grad')dx = 0 ¯® ®¯à¥¤¥«¥¨î divv, â. ¥. grad' 2
ker?(div; 
). � ª ª ª ker?(div; 
) | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® fL2(
)g3, â® M � ker?(div; 
).

�¡à â®, ¯ãáâì M | á®¡áâ¢¥®¥ ¯®¤¯à®áâà áâ¢® ¢ ker?(div; 
). �®£¤   ©¤¥âáï ¥ã«¥¢®©
í«¥¬¥â z 2 ker?(div; 
), ®àâ®£® «ìë© M . � ç áâ®áâ¨,

R



(z � grad')dx = 0 ¤«ï ¢á¥å ' 2 D(
),
â. ¥. z 2 ker(div; 
), ¨, á«¥¤®¢ â¥«ì®, z = 0. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â «¥¬¬ã.

� «®£¨ç® ¤®ª §ë¢ ¥âáï

�¥¬¬  5.2. ker?(rot; 
) á®¢¯ ¤ ¥â á § ¬ëª ¨¥¬ ¢ fL2(
)g3 ¬®¦¥áâ¢  frot ; 2 fD(
)g3g.
�¥®à¥¬  5.3 (â¥®à¥¬  �£ ). � ¦¤®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® 
 � Rn á ¤¨ ¬¥âà®¬ d(
)>0

¯à¨ ¤«¥¦¨â ¥ª®â®à®¬ã ®âªàëâ®¬ã è àã BR(y) = fx 2 Rn : jx� yj � Rg, £¤¥

R =

s
n

2(n+ 1)
d(
): (5.1)

�¥®à¥¬  5.4. �ãáâì 
 � R3 | ®âªàëâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢® á ¤¨ ¬¥âà®¬ d(
) > 0.
�®£¤  ¯à¨ ¢á¥å u 2 H0(div; 
)

T
ker?(div; 
) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®Z


u2(x)dx � d2(
)

16

Z


jdivu(x)j2dx:

�®ª § â¥«ìáâ¢®. �ãáâì u 2 H0(div; 
)
T
ker?(div; 
). �®£¤  áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®-

áâ¨ f'ng 2 D(
), f ng 2 fD(
)g3 ¯à®¡ëå äãªæ¨© â ª¨¥, çâ® ku � grad'nkfL2(
)g3 ! 0,
ku� nkH(div;
) ! 0 ¯à¨ n!1.

�® â¥®à¥¬¥ �£   ©¤¥âáï y 2 R3, ¯à¨ ª®â®à®¬ 
 � BR(y), £¤¥ R ®¯à¥¤¥«ï¥âáï á®®â®è¥-
¨¥¬ (5.1).
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�¯à¥¤¥«¨¬ ¤«ï ª ¦¤®£® n = 1; 2; : : : ¯à®¡ë¥ äãªæ¨¨ 'nR 2 D(BR(y)),  
n
R 2 fD(BR(y))g3

á®®â®è¥¨ï¬¨

'nR =

(
'n; ¥á«¨ x 2 
;

0; ¥á«¨ x 2 BR(y) n 
;
 
n
R =

(
 
n; ¥á«¨ x 2 
;

0; ¥á«¨ x 2 BR(y) n 
:

�®£« á® (3.2) ¯à¨ ¢á¥å x 2 BR(y) ¨¬¥¥¬

div n
R(x) = divx

�Z 1

0

� 2(x� y) div n
R(�x+ (1 � �)y)d�

�
:

�¬®¦ ï íâ® à ¢¥áâ¢®   'nR ¨ ¨â¥£à¨àãï ¯® è àã BR(y), ¯®«ãç¨¬Z
BR(y)

'nR(x) div 
n
R(x)dx =

Z
BR(y)

'nR(x) divx

�Z 1

0
� 2(x� y) div n

R(�x+ (1� �)y)d�
�
dx

¨«¨ ����
Z

BR(y)

( n
R(x) � grad'nR(x))dx

���� =

=
����
Z

BR(y)

(grad'nR(x) �
Z 1

0

� 2(x� y) div n
R(�x+ (1� �)y)d�)dx

���� �
� Z
BR(y)

(grad'nR(x))
2dx

�1=2� Z
BR(y)

�Z 1

0

� 2(x� y) div n
R(�x+ (1� �)y)d�

�2

dx

�1=2

:

� á¨«ã (3.7)

����
Z

BR(y)

( n
R(x) � grad'nR(x))dx

���� � Rp
6

� Z
BR(y)

(grad'nR(x))
2dx

�1=2� Z
BR(y)

(div n
R(x))

2dx

�1=2

¨«¨ ����
Z



( n
R(x) � grad'nR(x))dx

���� � Rp
6

�Z



(grad'nR(x))
2dx

�1=2�Z



(div n
R(x))

2dx

�1=2

:

�¥à¥å®¤ï ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ n!1 ¨ ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (5.1), ¯®«ãç¨¬
¥à ¢¥áâ¢® Z



u2(x)dx � d(
)

4

�Z


u2(x)dx

�1=2�Z


jdivu(x)j2dx

�1=2

;

¨§ ª®â®à®£® á«¥¤ã¥â âà¥¡ã¥¬ ï ®æ¥ª .

�¥®à¥¬  5.5. �ãáâì 
 � R3 | ®âªàëâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢® á ¤¨ ¬¥âà®¬ d(
) > 0.
�®£¤  ¯à¨ ¢á¥å u 2 H0(rot; 
)

T
ker?(rot; 
) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

Z


u2(x)dx � 3d2(
)

16

Z


j rotu(x)j2dx:

�®ª § â¥«ìáâ¢®. �ãáâì u 2 H0(rot; 
)
T
ker?(rot; 
). �®£¤  áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®-

áâ¨ f'ng 2 fD(
)g3, f ng 2 fD(
)g3 ¯à®¡ëå äãªæ¨© â ª¨¥, çâ® ku � rot'nkfL2(
)g3 ! 0,
ku� nkH(rot;
) ! 0 ¯à¨ n!1.

�® â¥®à¥¬¥ �£   ©¤¥âáï y 2 R3, ¯à¨ ª®â®à®¬ 
 � BR(y), £¤¥ R =
p
3d(
)=2

p
2.
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�¯à¥¤¥«¨¬ ¤«ï ª ¦¤®£® n = 1; 2; : : : ¯à®¡ë¥ äãªæ¨¨ 'n
R 2 fD(BR(y))g3,  n

R 2 fD(BR(y))g3
á®®â®è¥¨ï¬¨

'n
R =

(
'n; ¥á«¨ x 2 
;

0; ¥á«¨ x 2 BR(y) n 
;
 n
R =

(
 
n; ¥á«¨ x 2 
;

0; ¥á«¨ x 2 BR(y) n 
:
�®£« á® (3.1) ¯à¨ ¢á¥å x 2 BR(y) ¨¬¥¥¬

rot n
R(x) = rotx

�Z 1

0

� [rot n
R(�x+ (1� �)y) � (x� y)]d�

�
:

�¬®¦ ï íâ® à ¢¥áâ¢® áª «ïà®   'n
R ¨ ¨â¥£à¨àãï ¯® è àã BR(y), ¯®«ãç¨¬����

Z
BR(y)

('n
R(x) � rot n

R(x))dx
���� =

=
����
Z

BR(y)

�
'n
R(x) � rotx

�Z 1

0
� [rot n

R(�x+ (1� �)y) � (x� y)]d�
��

dx

���� =

=
����
Z

BR(y)

�
rot'n

R(x) � rot
�Z 1

0

� [rot n
R(�x+ (1� �)y)� (x� y)]d�

��
dx

���� �

�
� Z
BR(y)

(rot'n
R(x))

2dx

�1=2� Z
BR(y)

�Z 1

0

� [rot n
R(�x+ (1� �)y)� (x� y)]d�

�2

dx

�1=2

:

� á¨«ã (3.8)����
Z

BR(y)

('n
R(x) � rot n

R(x))dx
���� � Rp

2

� Z
BR(y)

(rot'n
R(x))

2dx

�1=2� Z
BR(y)

�Z 1

0
(rot n

R(x))d�
�2

dx

�1=2

;

®âªã¤  ����
Z



('n
R(x) � rot n

R(x))dx
���� � Rp

2

�Z



(rot'n
R(x))

2dx

�1=2�Z



(rot n
R(x))

2dx

�1=2

:

�¥à¥å®¤ï ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ n ! 1 ¨ ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ 5.1,
¯®«ãç¨¬ ®æ¥ªã

Z



u2(x)dx �
p
3d(
)
4

�Z



(rotu(x))2dx
�1=2�Z




u2(x)dx
�1=2

;

¨§ ª®â®à®© á«¥¤ã¥â ¤®ª §ë¢ ¥¬®¥ ¥à ¢¥áâ¢®.
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