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�áá«¥¤ã¥âáï § ¤ ç  ® á®¡áâ¢¥ëå ª®«¥¡ ¨ïå ¡ «ª¨ á ¯à¨á®¥¤¨¥ë¬   ª®æ¥ £ à¬®-
¨ç¥áª¨¬ ®áæ¨««ïâ®à®¬. � â¥¬ â¨ç¥áª¨ § ¤ ç  á®áâ®¨â ¢ ®âëáª ¨¨ á®¡áâ¢¥ëå § ç¥¨© ¨
á®¡áâ¢¥ëå äãªæ¨© ªà ¥¢®© § ¤ ç¨ ç¥â¢¥àâ®£® ¯®àï¤ª  á® á¯¥ªâà «ìë¬ ¯ à ¬¥âà®¬, ¥«¨-
¥©® ¢å®¤ïé¨¬ ¢ £à ¨ç®¥ ãá«®¢¨¥ ¢ â®çª¥ ¯à¨á®¥¤¨¥¨ï ®áæ¨««ïâ®à . �®ª § ® áãé¥áâ¢®-
¢ ¨¥ áç¥â®£® ¬®¦¥áâ¢  ª®¥ç®ªà âëå ¯®«®¦¨â¥«ìëå á®¡áâ¢¥ëå § ç¥¨© ¢ à¨ æ¨®-
®© ¯®áâ ®¢ª¨ ¤¨ää¥à¥æ¨ «ì®© § ¤ ç¨. �«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï ¥«¨¥©®© § ¤ ç¨  
á®¡áâ¢¥ë¥ § ç¥¨ï áâà®¨âáï áå¥¬  ¬¥â®¤  ª®¥çëå í«¥¬¥â®¢. �áâ ®¢«¥  áå®¤¨¬®áâì ¯à¨-
¡«¨¦¥ëå à¥è¥¨© ª â®çë¬. �¥§ã«ìâ âë áâ âì¨ ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ë ¯à¨ ¨áá«¥¤®¢ ¨¨
¨ à¥è¥¨¨ ¥«¨¥©ëå § ¤ ç   á®¡áâ¢¥ë¥ § ç¥¨ï, ®¯¨áë¢ îé¨å á®¡áâ¢¥ë¥ ª®«¥¡ ¨ï
¬¥å ¨ç¥áª¨å ª®áâàãªæ¨© á ã¯àã£® ¯à¨á®¥¤¨¥ë¬¨ £àã§ ¬¨ [1]{[3].

1. �®áâ ®¢ª  ¬¥å ¨ç¥áª®© § ¤ ç¨

�ä®à¬ã«¨àã¥¬ § ¤ çã ® á®¡áâ¢¥ëå ª®«¥¡ ¨ïå á¨áâ¥¬ë ¡ «ª {®áæ¨««ïâ®à. �ãáâì ®áì ¡ «-
ª¨ ¤«¨ë l § ¨¬ ¥â ¢ à ¢®¢¥á®¬ £®à¨§®â «ì®¬ ¯®«®¦¥¨¨ ®âà¥§®ª [0; l] ®á¨ Ox. �¡®§ ç¨¬
ç¥à¥§ � ¨ E «¨¥©ãî ¯«®â®áâì ¨ ¬®¤ã«ì ã¯àã£®áâ¨ ¬ â¥à¨ «  ¡ «ª¨, ç¥à¥§ S ¨ J | ¯«®é ¤ì
¯®¯¥à¥ç®£® á¥ç¥¨ï ¡ «ª¨ ¨ ¬®¬¥â ¨¥àæ¨¨ á¥ç¥¨ï ®â®á¨â¥«ì® á¢®¥© £®à¨§®â «ì®© ®á¨.
�à¥¤¯®«®¦¨¬, çâ® ª®¥æ ¡ «ª¨ x = 0 § ¤¥«  ¦¥áâª®,   ª®¥æ x = l á¢®¡®¤¥. � â®çª¥ x = l ¡ «-
ª¨ ã¯àã£® ¯à¨á®¥¤¨¥ £àã§ ¬ ááëM (£ à¬®¨ç¥áª¨© ®áæ¨««ïâ®à) á ª®íää¨æ¨¥â®¬ ¦¥áâª®áâ¨
¯®¤¢¥áª¨ K.

�¡®§ ç¨¬ ç¥à¥§ w(x; t) ®âª«®¥¨¥ ®â ¯®«®¦¥¨ï à ¢®¢¥á¨ï â®çª¨ x ®á¨ ¡ «ª¨ ¢ ¬®¬¥â
¢à¥¬¥¨ t, ç¥à¥§ �(t) | ®âª«®¥¨¥ ®â ¯®«®¦¥¨ï à ¢®¢¥á¨ï £àã§  ¬ ááë M ¢ ¬®¬¥â ¢à¥¬¥¨
t. �â¨ äãªæ¨¨ á¢ï§ ë á«¥¤ãîé¨¬¨ á®®â®è¥¨ï¬¨ ([1], á. 89; [2], á. 17):

EJwxxxx(x; t) + �Swtt(x; t) = 0; x 2 (0; l); t > 0; (1)

w(0; t) = wx(0; t) = 0; t > 0; (2)

EJwxxx(l; t) +M�tt(t) = wxx(l; t) = 0; t > 0; (3)

M�tt(t) +K(�(t) +w(l; t)) = 0; t > 0: (4)

�®¡áâ¢¥ë¥ ª®«¥¡ ¨ï á¨áâ¥¬ë ¡ «ª {®áæ¨««ïâ®à å à ªâ¥à¨§ãîâáï äãªæ¨ï¬¨ w(x; t) ¨
�(t) ¢¨¤ 

w(x; t) = u(x)v(t); x 2 [0; l]; �(t) = c0u(l)v(t); t > 0;

£¤¥ v(t) = a0 cos
p
�t+ b0 sin

p
�t, t > 0; a0, b0, c0, � | ¯®áâ®ïë¥ ¢¥«¨ç¨ë.

�§ ãà ¢¥¨ï (4)  å®¤¨¬ c0 = {=(� � {), { = K=M . �à ¢¥¨ï (1){(3) ¯à¨¢®¤ïâ ª § ¤ ç¥
  á®¡áâ¢¥ë¥ § ç¥¨ï:  ©â¨ ç¨á«  � ¨ ¥ã«¥¢ë¥ äãªæ¨¨ u(x), x 2 [0; l], â ª¨¥, çâ®

EJuIV(x) = ��Su(x); x 2 (0; l); (5)

u(0) = u0(0) = 0; u00(l) = 0; EJu000(l) =
�{

�� {

Mu(l): (6)
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2. � ¤ ç    á®¡áâ¢¥ë¥ § ç¥¨ï ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥

�¡®§ ç¨¬, ª ª ®¡ëç®, ç¥à¥§ L2(0; l) ¨W 2
2 (0; l) ¯à®áâà áâ¢  �¥¡¥£  ¨ �®¡®«¥¢ ,  ¤¥«¥ë¥

á®®â¢¥âáâ¢¥® ®à¬ ¬¨

juj0 =
�Z l

0

u2 dx

�1=2

; kuk2 =
�Z l

0

((u00)2 + (u0)2 + u2)dx
�1=2

:

�®«®¦¨¬ �� = (0;{), �+ = ({;1), � = (0;1), H = L2(0; l), V = fv : v 2 W 2
2 (0; l); v(0) =

v0(0) = 0g. � ¬¥â¨¬, çâ® ¯à®áâà áâ¢® V ª®¬¯ ªâ® ¢«®¦¥® ¢ H, «î¡ ï äãªæ¨ï ¨§ V ï¢«ï¥âáï
¥¯à¥àë¢®© ¨ ¨¬¥¥â ¥¯à¥àë¢ãî ¯à®¨§¢®¤ãî   ®âà¥§ª¥ [0; l]. � ¯à®áâà áâ¢¥ V ®à¬®©,
íª¢¨¢ «¥â®© ®à¬¥ k � k2, ï¢«ï¥âáï ¯®«ã®à¬  juj2 = ju00j0. �¯à¥¤¥«¨¬ ¡¨«¨¥©ë¥ ä®à¬ë

a(u; v) = EJ

Z l

0

u00v00 dx; u; v 2 V ; b(u; v) = �S

Z l

0

uv dx; u; v 2 H;

c(u; v) =Mu(l)v(l); u; v 2 V:

�¡®¡é¥ ï ¯®áâ ®¢ª  ¤¨ää¥à¥æ¨ «ì®© § ¤ ç¨   á®¡áâ¢¥ë¥ § ç¥¨ï (5){(6) § ª«î-
ç ¥âáï ¢  å®¦¤¥¨¨ � 2 �, u 2 V n f0g, uIV 2 H, â ª¨å, çâ®

EJuIV = ��Su; u00(l) = 0; EJu000(l) =
�{

�� {

Mu(l):

�â  § ¤ ç  íª¢¨¢ «¥â  á«¥¤ãîé¥© ¢ à¨ æ¨®®© § ¤ ç¥   á®¡áâ¢¥ë¥ § ç¥¨ï:  ©â¨ � 2
�, u 2 V n f0g â ª¨¥, çâ®

a(u; v) +
�{

�� {

c(u; v) = �b(u; v) 8 v 2 V: (7)

�¥®à¥¬  1. � ¤ ç  (7) ¨¬¥¥â áç¥â®¥ ¬®¦¥áâ¢® á®¡áâ¢¥ëx § ç¥¨© ª®¥ç®© ªà â-

®áâ¨ �k, k = 1; 2; : : : ,

0 < �1 � �2 � � � � � �k � � � � ; lim
k!1

�k =1:

�â¨¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬ ®â¢¥ç îâ ®à¬¨à®¢ ë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ uk, b(uk; uk)=1,
uk(l) 6= 0, k = 1; 2; : : :

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®¯¨à ¥âáï   à¥§ã«ìâ âë à ¡®âë [4] ¤«ï ¢ à¨ æ¨®®© § ¤ ç¨ (7)
  ¨â¥à¢ « å �� ¨ �+.

3. �®¥ç®í«¥¬¥â ï  ¯¯à®ªá¨¬ æ¨ï § ¤ ç¨

�âà¥§®ª [0; l] à §®¡ì¥¬ â®çª ¬¨ xi = ih, i = 0; 1; : : : ; N , h = l=N ,   ¨â¥à¢ «ë ek = (xk�1; xk),
k = 1; 2; : : : ; N , ¨ ¢¢¥¤¥¬ ¯à®áâà áâ¢® íà¬¨â®¢ëå ª®¥çëå í«¥¬¥â®¢ ¯®àï¤ª  n ([5], á. 86): Vh =
fvh : vh 2 C1([0; l]) \ V; vh 2 Pn(ek); k = 1; 2; : : : ; Ng, £¤¥ C1([0; l]) | ¯à®áâà áâ¢® ¥¯à¥àë¢®
¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©   ®âà¥§ª¥ [0; l], Pn(e) | ¯à®áâà áâ¢® ¯®«¨®¬®¢ áâ¥¯¥¨ n  
¬®¦¥áâ¢¥ e. � ¤ çã (7) ¡ã¤¥¬  ¯¯à®ªá¨¬¨à®¢ âì ª®¥ç®¬¥à®© § ¤ ç¥©:  ©â¨ �h 2 �, uh 2
Vh n f0g â ª¨¥, çâ®

a(uh; vh) +
�h{

�h � {

c(uh; vh) = �hb(uh; vh) 8 vh 2 Vh: (8)

�¥®à¥¬  2. �«ï ä¨ªá¨à®¢ ®£® æ¥«®£® m � 1 ¯à¨ ¤®áâ â®ç® ¬ «ëå h § ¤ ç  (8) ¨¬¥¥â
m á®¡áâ¢¥ëå § ç¥¨© ª®¥ç®© ªà â®áâ¨ �hk, k = 1; 2; : : : ;m,

0 < �h1 � �h2 � � � � � �hm:

�â¨¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬ ®â¢¥ç îâ ®à¬¨à®¢ ë¥ á®¡áâ¢¥ë¥ äãªæ¨¨ uhk, b(u
h
k ; u

h
k)=1,

uhk(l) 6= 0, k = 1; 2; : : : �¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  �k � �hk, k = 1; 2; : : : ;m.
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�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1 á ãç¥â®¬ à¥§ã«ìâ â®¢ à -
¡®âë [4].

�¥®à¥¬  3. �ãáâì �k | á®¡áâ¢¥®¥ § ç¥¨¥ § ¤ ç¨ (7) ¨ �hk | á®¡áâ¢¥®¥ § ç¥-

¨¥ áå¥¬ë ¬¥â®¤  ª®¥çëå í«¥¬¥â®¢ (8). �®£¤  ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì �hk ! �k ¯à¨

h ! 0, ¯à¨ç¥¬ ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¨ ®à¬¨à®¢ ëå ¯à¨¡«¨¦¥ëå á®¡áâ¢¥ëå äãªæ¨©

uhk, b(u
h
k ; u

h
k) = 1, ®â¢¥ç îé¨å ¯à¨¡«¨¦¥ë¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬ �hk, ¬®¦® ¢ë¤¥«¨âì

¯®¤¯®á«¥¤®¢ â¥«ì®áâì, áå®¤ïéãîáï ¢ ¯à®áâà áâ¢¥ V ª ®à¬¨à®¢ ®© á®¡áâ¢¥®© äãªæ¨¨

uk, b(uk; uk) = 1, § ¤ ç¨ (7). �á«¨ �k | ¯à®áâ®¥ á®¡áâ¢¥®¥ § ç¥¨¥, â® áå®¤¨¬®áâì ¨¬¥¥â

¬¥áâ® ¤«ï ¢á¥© ¯®á«¥¤®¢ â¥«ì®áâ¨ uhk, â. ¥. u
h
k ! uk ¢ V ¯à¨ h! 0.

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§ à¥§ã«ìâ â®¢ à ¡®âë [4].
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