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�à¨¬¥­¨¬ äã­ªâ®à (�; �)�;q ª ¯ à¥ ¯à®áâà ­áâ¢ �¥á®¢  Bsi
pi
. �¥§ã«ìâ â å®à®è® ¨§¢¥áâ¥­ [1]

¢ ¤¢ãå á«ãç ïå:  ) ¯à¨ ¢ë¡à ­­®¬ � ¯ à ¬¥âà q ¯à¨­¨¬ ¥â ®¤­® ®¯à¥¤¥«¥­­®¥ §­ ç¥­¨¥ q =
q� := (1 � �)=p0 + �=p1; ¡) ¯ à ¬¥âà q 2 (0;1] ¬®¦¥â ¡ëâì «î¡ë¬, ­® p0 = p1. �®«ãç îé¨¥áï ¢
à¥§ã«ìâ â¥ ¨­â¥à¯®«ïæ¨®­­ë¥ ¯à®áâà ­áâ¢  ¡ë«¨ ­ ©¤¥­ë �¨âà¥ ¢ 60-å £®¤ å [2].

�à¨ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå si=1=pi+b, i = 0; 1, 8q2(0;1] ¯à®áâà ­áâ¢  (Bs0
p0
(T ); Bs1

p1
(T ))�;q

(T | ¥¤¨­¨ç­ ï ®ªàã¦­®áâì ­  C) ¨§ãç «¨áì ¢ [3] ¨ [4]. �­â¥à¯®«ïæ¨ï ¤«ï ¯ à (BMO;B) ¢
á«ãç ¥ q = q� := �=q1 ¨áá«¥¤®¢ « áì ¢ [5]. � ª®­¥æ, á¢®¤ªã à¥§ã«ìâ â®¢ ¯® ¨­â¥à¯®«ïæ¨¨ ¢ ¯ à å
®¡é¥£® ¢¨¤  (B;B) ¨ (BMO;B) ¯à¨ q = q� ¬®¦­® ­ ©â¨ ¢ ([6], ¯. 3.9.4).

� [7] ¤ ­® ®¯¨á ­¨¥ ¯à®áâà ­áâ¢ (Bs0
p0
; Bs1

p1
)�;q ¢ á«ãç ¥, ª®£¤  1 < pi < 1, �1 < si < 1,

8q 2 (0;1]. �®à¬ë ¯à®áâà ­áâ¢ �¥á®¢  § ¤ îâáï ¯à¨ íâ®¬ á ¯®¬®éìî ¯®á«¥¤®¢ â¥«ì­®áâ¨ á¢¥à-
â®ª. �¥à¥å®¤ ª ®¡é¥¬ã á«ãç î 0 < pi <1 § âàã¤­¥­ â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬, çâ® ¯à¨ pi < 1 ¨¬¥¥â
¬¥áâ® lsipi [Lpi ] =2 S0, ¨ ®¡ëç­® ¨á¯®«ì§ã¥¬ ï ª®­áâàãªæ¨ï à¥âà ªæ¨¨ ­¥ ¨¬¥¥â á¬ëá« . � ¤ ­­®©
à ¡®â¥ ¯®«ãç¥­® ®¯¨á ­¨¥ ¯à®áâà ­áâ¢ (Bs0

p0
; Bs1

p1
)�;q = BLs;k

p;q ¢ ®¡é¥¬ á«ãç ¥. �®ª § ­®, çâ® ¯à®-
áâà ­áâ¢  â¨¯  BL ­ á«¥¤ãîâ ¬­®£¨¥ á¢®©áâ¢  ¯à®áâà ­áâ¢ �¥á®¢ . � ç áâ­®áâ¨, ®­¨ ®¡à §ãîâ
á¨áâ¥¬ã ¯à®áâà ­áâ¢, \§ ¬ª­ãâãî ®â­®á¨â¥«ì­® â¥®à¥¬ ¢«®¦¥­¨ï".

1. �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ®¡®§­ ç¥­¨ï

�¢ §¨­®à¬®© ­ §®¢¥¬ äã­ªæ¨®­ « k � k, ®¡« ¤ îé¨© ®¡ëç­ë¬¨ á¢®©áâ¢ ¬¨ ­®à¬ë, §  ¨á-
ª«îç¥­¨¥¬ ­¥à ¢¥­áâ¢  âà¥ã£®«ì­¨ª , ª®â®à®¥ § ¬¥­¥­® ¡®«¥¥ á« ¡ë¬ ­¥à ¢¥­áâ¢®¬ kf + gk �

fkfk+ kgkg, £¤¥ ¯®áâ®ï­­ ï 
 > 1.

� §®¢¥¬ ª¢ §¨­®à¬¨à®¢ ­­®© (¡ ­ å®¢®©) à¥è¥âª®© ª¢ §¨­®à¬¨à®¢ ­­®¥ (¡ ­ å®¢®) ¯à®-
áâà ­áâ¢® äã­ªæ¨© E, ª¢ §¨­®à¬  (­®à¬ ) ª®â®à®£® ®¡« ¤ ¥â á¢®©áâ¢®¬ ¬®­®â®­­®áâ¨

jf(x)j � jg(x)j 8x) k f j E k � k g j E k:

�ãáâì ¤ ­ë ¤¢¥ ª¢ §¨­®à¬¨à®¢ ­­ë¥ à¥è¥âª¨ E(X) ¨ G(Y ),   â ª¦¥ äã­ªæ¨ï ¤¢ãå ¯¥à¥-
¬¥­­ëå f(x; y), x 2 X, y 2 Y . �¬¥è ­­®© ª¢ §¨­®à¬®© ­ §®¢¥¬ äã­ªæ¨®­ « k f j G[E] k =

 k f(x; y) j E(X) k j G(Y )



.
�ãáâì F | ®¯¥à â®à �ãàì¥, S | ¯à®áâà ­áâ¢® �¢ àæ  ¨ S0 | ¯à®áâà ­áâ¢® ã¬¥à¥­­ëå à á-

¯à¥¤¥«¥­¨© ­  Rn. �¡®§­ ç¨¬ ç¥à¥§ �(Rn) á®¢®ªã¯­®áâì ¢á¥å á¨áâ¥¬ äã­ªæ¨© ' = f'j(x)g1j=0 �
S(Rn) â ª¨å, çâ®

supp'0 � fx : jxj � 2g;

supp'j � fx : 2j�1 � jxj � 2j+1g; j = 1; 2; 3; : : : ;

¤«ï ª ¦¤®£® ¬ã«ìâ¨¨­¤¥ªá  � áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì­®¥ ç¨á«® c�, ¯à¨ ª®â®à®¬

2jj�jjD�'j(x)j � c�
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¤«ï ¢á¥å j = 0; 1; 2; : : : ¨ ¢á¥å x 2 Rn ¨
1P
j=0

'j(x) = 1 ¤«ï ª ¦¤®£® x 2 Rn.

�ãáâì lsq | ¯à®áâà ­áâ¢® ç¨á«®¢ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©; Lp;q(X;!; �) | ¯à®áâà ­áâ¢® �®-
à¥­æ  á ¢¥á®¬ ! ­  ¬­®¦¥áâ¢¥ X á ¬¥à®© �; Bs

p;q;(r)(Rn) | ¯à®áâà ­áâ¢® �¥á®¢ , Bs
p := Bs

p;p;(p);
F s
p;q;(r)(Rn) | ¯à®áâà ­áâ¢® �¨§®àª¨­ {�à¨¡¥«ï á ª¢ §¨­®à¬ ¬¨

k(aj)1j=0 j l
s
qk = kaj2js j lqk;

kf j Lp;qk =
�Z 1

0

(t1=p(f)�(�)(t))q
dt

t

�1=q

;

£¤¥ f�(�) | ­¥¢®§à áâ îé ï à ¢­®¨§¬¥à¨¬ ï ®â­®á¨â¥«ì­® ¬¥àë � ¯¥à¥áâ ­®¢ª  äã­ªæ¨¨ f ;

kf j Bs
p;q;(r)k = kF�1'jFf j l

s
q[Lp;r]k; ('j) 2 �;

kf j F s
p;q;(r)k = kF�1'jFf j Lp;r[lsq ]k; ('j) 2 �:

�¤¥áì ¯à¥¤¯®« £ ¥âáï, çâ® �1 < s <1, 0 < p <1, 0 < q; r �1.
�à¨ ¨­â¥à¯®«ïæ¨¨ ¯ à ¯à®áâà ­áâ¢ �¥á®¢  ¯®«ãç îâáï ¯à®áâà ­áâ¢ 

BLs;k
p;q := ff 2 S0 : kf j BLk = k(F�1'jFf) j Ls;k

p;qk <1g;

£¤¥ Ls;k
p;q := Lp;q(2j(s�k=p); mn � (2jk�)) | ¯à®áâà ­áâ¢® �®à¥­æ  Lp;q, á®áâ®ïé¥¥ ¨§ äã­ªæ¨©,

®¯à¥¤¥«¥­­ëå ­  Rn �N , N = f0; 1; 2; 3; : : : g, á ¢¥á®¬ 2j(s�k=p), mn | «¥¡¥£®¢  ¬¥à  ­  Rn, 2jk�
|  â®¬¨ç¥áª ï ¬¥à  ­  N á ¬¥à®©  â®¬  fjg, à ¢­®© 2jk, k | ã£«®¢®© ª®íää¨æ¨¥­â ¯àï¬®©,
¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ (1=p0; s0) ¨ (1=p1; s1).

2. �­â¥à¯®«ïæ¨ï ¢ ª« áá¥ ª¢ §¨­®à¬¨à®¢ ­­ëå ¯à®áâà ­áâ¢ �¥á®¢ 

� íâ®¬ à §¤¥«¥ ¤®ª § ­  ¨­â¥à¯®«ïæ¨®­­ ï â¥®à¥¬  ¤«ï ¯à®áâà ­áâ¢ Bs
p(Rn),  ­ «®£¨ç­ ï

â¥®à¥¬¥ 1 ¨§ [7]. �â«¨ç¨¥ á®áâ®¨â ¢ â®¬, çâ® §¤¥áì ¡ã¤¥â à áá¬®âà¥­ ®¡é¨© á«ãç ©, ª®£¤  0 <
p < 1. �à¨ íâ®¬ ¢®§­¨ª îâ âàã¤­®áâ¨, á¢ï§ ­­ë¥ á â¥¬, çâ® ®¡ëç­® ®¯¥à â®à à¥âà ªæ¨¨ ­¥
®¯à¥¤¥«¥­ ­  ¯à®áâà ­áâ¢¥ lsp[Lp], p < 1. �¤¥áì ¯à¨¢¥¤¥­® ¤®ª § â¥«ìáâ¢®, ®á­®¢ ­­®¥ ­  â®¬,
çâ® ¤«ï K-¬¥â®¤  ¤®áâ â®ç­® ¤®ª § âì ¤¥©áâ¢¨¥ à¥âà ªæ¨¨ ­¥ ­  ¢á¥¬ ¯à®áâà ­áâ¢¥ lsp[Lp],   ­ 
¡®«¥¥ ã§ª®¬ ¬­®¦¥áâ¢¥.

�¥®à¥¬  1. �ãáâì �1 < s0; s1 < 1, 0 < � < 1, 0 < p0; p1 < 1, p0 6= p1, 0 < q � 1,

k | ã£«®¢®© ª®íää¨æ¨¥­â ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ (1=p0; s0) ¨ (1=p1; s1). �á«¨ s =
(1� �)s0 + �s1 ¨ 1=p = (1� �)=p0 + �=p1, â®

(Bs0
p0
(Rn); B

s1
p1
(Rn))�;q = BLs;k

p;q:

�®ª § â¥«ìáâ¢® à §®¡ì¥¬ ­  ­¥áª®«ìª® ç áâ¥©.
1) �à®¨­â¥à¯®«¨àã¥¬ á¢ï§ ­­ë¥ á ¯à®áâà ­áâ¢ ¬¨ �¥á®¢  ª¢ §¨­®à¬¨à®¢ ­­ë¥ áâàãªâãàë.

� áá¬ âà¨¢ ï áâàãªâãàë lsp[Lp] ª ª ¯à®áâà ­áâ¢  Lp ­  Rn � N á ¢¥á®¬ 2js, j 2 N , ¯à¨¬¥­¨¬
ä®à¬ã«ã �à¥©â £  [8]. �®¤à®¡­ë¥ ¢ëç¨á«¥­¨ï ¬®¦­® ­ ©â¨ ¢ [7]. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ à -
¢¥­áâ¢ 

(ls0p0 [Lp0 ]; l
s1
p1
[Lp1 ])�;q = Ls;k

p;q = Lp;q(2
j(s�k=p); mn � (2jk�));

k(gj) j Ls;k
p;qk =

�Z 1

0

(t1=p(gj(x)2j(s�k=p))�(�))q
dt

t

�1=q

; � = mn � (2jk�):

2) �ãáâì H | ¯®¤¬­®¦¥áâ¢® ª¢ §¨­®à¬¨à®¢ ­­®© áâàãªâãàë A. �¥à¥§ M(H) ®¡®§­ ç¨¬
¬­®¦¥áâ¢® ff 2 A;9g 2 H; jgj � jf jg.

�ãáâì L0 ¨ L1 | ª¢ §¨­®à¬¨à®¢ ­­ë¥ áâàãªâãàë, B0 ¨ B1 | ª¢ §¨­®à¬¨à®¢ ­­ë¥ ¯à®-
áâà ­áâ¢ , T 2 L(Bi; Li), ¯à¨ç¥¬ kf j Bik = kTf j Lik, i = 0; 1. �¥à¥§ T (H) ®¡®§­ ç¨¬ ®¡à §
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¬­®¦¥áâ¢  H ¯à¨ ®â®¡à ¦¥­¨¨ T . �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â «¨­¥©­ë© ®¯¥à â®à R, ®¯à¥¤¥-
«¥­­ë© ­  M(T (B0 + B1)), ®£à ­¨ç¥­­ë© ­  Li \M(T (B0 + B1)), i = 0; 1, ¨ RT = I. �à ¢­¨¬
K-äã­ªæ¨®­ «ë K(t; f; B0; B1) ¨ K(t; T f; L0; L1). �ç¥¢¨¤­®,

K(t; f; B0; B1) = inf
f0+f1=f

(kTf0 j L0k+ tkTf1 j L1k) �

� inf
g0+g1=Tf

(kg0 j L0k+ tkg1 j L1k) = K(t; T f; L0; L1):

� ¤àã£®© áâ®à®­ë, ¨­ä¨¬ã¬ ¢ ¯®á«¥¤­¥¬ K-äã­ªæ¨®­ «¥ ¤®áâ¨£ ¥âáï ­  í«¥¬¥­â å g0; g1 2

M(T (B0+B1)), ¯®íâ®¬ã ®¯¥à â®à R ®¯à¥¤¥«¥­ ­  ­¨å ¨ Rg0+Rg1 = R(Tf) = f . �ç¥¢¨¤­®, kRg0 j
B0k + tkRg1 j B1k � C(kg0 j L0k + tkg1 j L1k). �«¥¤®¢ â¥«ì­®, K(t; f;B0; B1) � C inf

g0+g1=Tf
(kRg0 j

B0k+ tkRg1 j B1k � CK(t; T f; L0; L1). �â ª, ¢ íâ®¬ á«ãç ¥

K(t; f;B0; B1) ' K(t; T f; L0; L1) ¨ kf j (B0; B1)�;qk ' kTf j (L0; L1)�;qk: (1)

3) � áá¬®âà¨¬ «î¡ãî ¯ àã ¯à®áâà ­áâ¢ (Bs0
p0
; Bs1

p1
). �¯à¥¤¥«¨¬ ®¯¥à â®àë Tf := fF�1'jFfg

1
j=0;

R(ffjg1j=0) =
1P

S0j=0
F�1'jFfj , 'j 2 �. �®ª ¦¥¬, çâ® ®¯¥à â®à R ®¯à¥¤¥«¥­ ­ M(T (Bs0

p0
; Bs1

p1
)). �«ï

íâ®£® ¨á¯®«ì§ã¥¬ â¥®à¥¬ã ¢«®¦¥­¨ï 2.7.1 [1], ¢ ª®â®à®© ãâ¢¥à¦¤ ¥âáï, çâ® Bs
p;q(Rn) � Bs0

p0;q(Rn)
¯à¨ 0 < p0 � p1 � 1, 0 < q � 1, �1 < s0 � s < 1 ¨ s � n=p = s0 � n=p0. �ç¥¢¨¤­® â ª¦¥,
Bs
p;q � Bs�

p;q ¯à¨ s� < s, Bs
p;q � Bs

p;q� ¯à¨ q < q�. �®íâ®¬ã Bs
p = Bs

p;p � Bs0

p0;p � Bs0

p0;p0 = Bs0

p0 ¯à¨
s0 � s � n=p + n=p0, p � p0. �«ï ¯à®¨§¢®«ì­®© ¯ àë ¯à®áâà ­áâ¢ (Bs0

p0
; Bs1

p1
) ¯®«®¦¨¬ s = s0,

p = p0 ¨«¨ s = s1, p = p1,   p0 = max(pi; 2), s0 = min(si � n=pi + n=p0), i = 0; 1. �®£¤  Bsi
pi
� Bs0

p0 ¨
1 < p0 <1. �®«¥¥ â®£®, Bs0

p0
+Bs1

p1
� Bs0

p0 , ¨ T (B
s0
p0
+Bs1

p1
) � ls

0

p0 [Lp0 ],M(T (Bs0
p0
+Bs1

p1
)) � ls

0

p0 [Lp0 ]. �®íâ®-
¬ã ®¯¥à â®à R ®¯à¥¤¥«¥­ ­  M(T (Bs0

p0
+Bs1

p1
)). � ª ¢¨¤­® ¨§ ¯. 2), â¥¯¥àì ¤®áâ â®ç­® ã¡¥¤¨âìáï,

çâ® ®¯¥à â®à R ®£à ­¨ç¥­ ­  lsipi [Lpi ] \M(T (Bs0
p0
+Bs1

p1
)).

4) �®ª ¦¥¬ ®£à ­¨ç¥­­®áâì ®¯¥à â®à  R, áç¨â ï s = s0, p = p0 ¨«¨ s = s1, p = p1. �«ï
¤®ª § â¥«ìáâ¢  ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 1.6.3 [1].

�¥®à¥¬  �.�ãáâì 0 < p < 1, 0 < q � 1, 
 = f
kg
1
k=0 | ¯®á«¥¤®¢ â¥«ì­®áâì ª®¬¯ ªâ-

­ëå ¯®¤®¡« áâ¥© ¢ Rn ¨ dk > 0 | ¤¨ ¬¥âà 
k. �á«¨ { > n=2 + n=min(p; q), â® áãé¥áâ¢ã¥â

¯®áâ®ï­­ ï C â ª ï, çâ® ­¥à ¢¥­áâ¢®

kF�1MkFfk j Lp(lq)k � C sup
`
kM`(d`�) j H{

2 k kfk j Lp(lq)k

¢ë¯®«­ï¥âáï ¤«ï ¢á¥å á¨áâ¥¬ ffkg
1
k=0 2 L


p (lq) ¨ ¤«ï ¢á¥å ¯®á«¥¤®¢ â¥«ì­®áâ¥© fMk(x)g1k=0 �
H{

2 . �¤¥áì

ffkg
1
k=0 2 L


p (lq)) fk 2 L
k

p = ff 2 Lp : suppFf � 
k; kf j L

k

p k = kf j Lpk <1g:

�ë¡¥à¥¬ §­ ç¥­¨ï ¯ à ¬¥âà®¢ q, {, r, ¯®«®¦¨¢ q := p, { := n=2 + n=p, r | «î¡®¥ ç¨á«®,
¡®«ìè¥¥ {. � ¤ ¤¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ffjg 2M(T (Bs0

p0
+Bs1

p1
)) ¨ ®æ¥­¨¬ ­®à¬ã

kR(fj) j B
s
pk =




�F�1'kF
� 1X

j=0

F�1'jFfj
��1

k=0

��� lsp[Lp]



 =

=



�F�12ks'kF

� 1X
j=0

F�1'jFfj
��1

k=0

���Lp[lp]



 =

=



�

1X
j=0

F�12ks'k'jFfj
�1
k=0

���Lp[lp]



 � k(F�12ks'k'k�1Ffk�1) j Lp[lp]k+

+ k(F�12ks'k'kFfk) j Lp[lp]k+ k(F�12ks'k'k+1Ffk+1) j Lp[lp]k:
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�æ¥­¨¬, ¨á¯®«ì§ãï â¥®à¥¬ã �,

k(F�12ks'k'k+"Ffk+")1k=max(�";0) j Lp[lp]k; " = �1; 0; 1:

�«ï â®£® çâ®¡ë fk+" 2 L
k

p [lp], ­ã¦­® ¯®«®¦¨âì 
k = fx 2 Rn : jxj � 2k+"+1g ¨ dk = 2k+"+1. �®£¤ 

k(F�12ks'k'k+"Ffk+") j Lp[lp]k � C sup
k
k'k(dk�)'k+"(dk�) j H{

2 k k(fk+")2
ks j Lp[lp]k �

� C sup
k
k'k(2

k+"+1x)'k+"(2
k+"+1x) j W r

2 k k(fk)
1
k=0 j Lp[l

s
p]k:

�æ¥­¨¬

k'k(2
k+"+1x)'k+"(2

k+"+1x) j W r
2 k =

� X
j�j�r

kD�('k(2
k+"+1x)'k+"(2

k+"+1x)) j L2k
�1=2

�

� C
� X
j�j+j
j�r

kD�('k(2
k+"+1x))D
('k+"(2

k+"+1x)) j L2k
2
�1=2

:

�®«®¦¨¬ 2k+"+1x = u, â®£¤ 

jD�
x('k(2

k+"+1x))j = j2(k+"+1)j�jD�
u('k(u))j � C:

�­ «®£¨ç­® ¯®ª §ë¢ ¥âáï, çâ® jD

x('k+"(2k+"+1x))j � C�. �à¨ íâ®¬ ¯®áâ®ï­­ë¥ C ¨ C� ­¥ § ¢¨áïâ

®â k. �à®¬¥ â®£®, 'k(2k+"+1x) = 0 ¨ 'k+"(2k+"+1x) = 0, ¥á«¨ jxj > 2. �«¥¤®¢ â¥«ì­®, ­¥§ ¢¨á¨¬®
®â k

kD�'k(2k+"+1x)'k+"(2k+"+1x) j L2k � C:

�®íâ®¬ã sup
k
k'k(dk�)'k+"(dk�) j H{

2 k <1, ¨ ¬ë ¯®«ãç ¥¬, çâ® ®¯¥à â®à R ®£à ­¨ç¥­ ­  lsipi [Lpi ]\

M(T (Bs0
p0
+Bs1

p1
)). � á¨«ã (1) íâ® ®§­ ç ¥â

kf j (Bs0
p0
; Bs1

p1
)�;qk ' kTf j (ls0p0 [Lp0 ]; l

s1
p1
[Lp1 ])�;qk = kTf j Ls;k

p;qk = kf j BLs;k
p;qk: �

� ¬¥ç ­¨¥. �§ à ¢¥­áâ¢  (1) ¨ ¤ «ì­¥©è¥£® ¤®ª § â¥«ìáâ¢  á«¥¤ã¥â

K(t; f;Bs0
p0
; Bs1

p1
) ' K(t; F�1'jFf; l

s0
p0
[Lp0 ]; l

s1
p1
[Lp1 ]):

�®¦­® ¯à¨¬¥­¨âì ¯®«ãç¥­­ë© à¥§ã«ìâ â ¤«ï ®¯¨á ­¨ï ¨­â¥à¯®«ïæ¨¨ ¢ ¯ à¥ ¯à®áâà ­áâ¢

BMO(Rn) ¨ Bs
p(Rn). �¯à¥¤¥«¨¬ ¯à®áâà ­áâ¢® BMO(Rn) :=

n
f 2 Lloc

1 (Rn) : kf j BMOk =

sup
Q

�
1
jQj

R
Q

jf � fQjdx
�
<1

o
, £¤¥ Q | n-¬¥à­ë© ªã¡ ¨ fQ := 1

jQj

R
Q

f dx.

� [5] ¤®ª § ­®, çâ®

(BMO; Bs1
p1;q1;(r1)

)�;q = Bs
p;q;(q)

¯à¨ s1 6= 0, 1=p = �=p1, 1=q = �=q1, s = �s1, p1; q1; r1 2 (0;1). � ç áâ­®áâ¨, ¯®« £ ï q1 = p1 = r1,
¯®«ãç¨¬ ä®à¬ã«ã

(BMO; Bs1
p1
)�;q = Bs

p:

� ¬¥â¨¬, çâ® íâ¨ ¨­â¥à¯®«ïæ¨®­­ë¥ ä®à¬ã«ë ¯®§¢®«ïîâ ­ ©â¨ ¯à®áâà ­áâ¢® (�; �)�;q, â®«ìª®
¥á«¨ q = �=q1, â. ¥. â®«ìª® ¯à¨ ®¤­®¬ §­ ç¥­¨¨ ¨§ ¢á¥£® ¨­â¥à¢ «  (0;1). �«¥¤ãîé ï â¥®à¥¬ 
¯®§¢®«ï¥â á¤¥« âì íâ® ¯à¨ «î¡®¬ q 2 (0;1].

�¥®à¥¬  2. �ãáâì s1 6= 0, 1=p = �=p1, s = �s1, p1 2 (0;1), k = p1s1, q 2 (0;1], � 2 (0; 1).
�®£¤ 

(BMO; Bs1
p1
)�;q = BLs;k

p;q:
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�®ª § â¥«ìáâ¢®. �®áâà®¨¬ á¨áâ¥¬ã ª®®à¤¨­ â ­  ¯«®áª®áâ¨, ¢ ª®â®à®© ¯à®áâà ­áâ¢  Bs
p

¡ã¤¥¬ ¨§®¡à ¦ âì â®çª ¬¨ (1=p; s). � íâ®¬ á«ãç ¥ á®®â­®è¥­¨ï 1=p = �=p1, s = �s1 ®§­ ç îâ,
çâ® â®çª  (1=p; s) «¥¦¨â ­  ®âà¥§ª¥, á®¥¤¨­ïîé¥¬ â®çª¨ 0(0; 0) ¨ A(1=p1; s1), ¯à¨ç¥¬ ¤¥«¨â ¥£®
¢ ®â­®è¥­¨¨ (1 � �):�. �®¦­® áª § âì, çâ® á â®çª¨ §à¥­¨ï â¥®à¨¨ ¨­â¥à¯®«ïæ¨¨ ¯à®áâà ­áâ¢®
BMO á®®â¢¥âáâ¢ã¥â ¯à®áâà ­áâ¢ã B0

1. �ë¡¥à¥¬ ¯ à ¬¥âàë �0 ¨ �2 â ª, çâ®¡ë 0 < �0 < � < �2 <
1. �® â¥®à¥¬¥ ® à¥¨â¥à æ¨¨ ¯à¨ 1=p0 = �0=p1, 1=p2 = �2=p1, s0 = �0s1, s2 = �2s1 ¨ á®®â¢¥âáâ¢ãîé¥¬
� 2 (0; 1) ¯®«ãç¨¬ à ¢¥­áâ¢®

(BMO; Bs1
p1
)�;q = ((BMO; Bs1

p1
)�0;p0 ; (BMO; Bs1

p1
)�2;p2)�;q = (Bs0

p0
; Bs2

p2
)�;q = BLs;k

p;q ;

£¤¥ k | ã£«®¢®© ª®íää¨æ¨¥­â ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ A0(1=p0; s0) ¨ A2(1=p2; s2). � 
íâ®© ¦¥ ¯àï¬®© «¥¦ â â®çª¨ 0(0; 0) ¨ A1(1=p1; s1). �¥£ª® ¢¨¤¥âì, çâ® ¥¥ ã£«®¢®© ª®íää¨æ¨¥­â
k = s1p1.

3. �¥®à¥¬ë ¢«®¦¥­¨ï ¤«ï ¯à®áâà ­áâ¢ BL

�à®áâà ­áâ¢  â¨¯  BL \­ á«¥¤ãîâ" àï¤ á¢®©áâ¢, å à ªâ¥à­ëå ¤«ï ¯à®áâà ­áâ¢ �¥á®¢ . � -
¯à¨¬¥à, ¤«ï ­¨å ¬®¦­® ¤®ª § âì â¥®à¥¬ë ¢«®¦¥­¨ï. �­â¥à¯®«¨àãï ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë ®
¢«®¦¥­¨ïå ¯à®áâà ­áâ¢ B(Rn), ¯®«ãç¨¬ á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  3. �ãáâì 0 < p0 � p1 < 1, 0 < q � 1, �1 < s1 < s0 < 1, �1 < k0; k1 < 1.

�®£¤ 

 ) BLs0;k0
p0;q0

(Rn) � BLs1;k1
p1;q1

(Rn) ¯à¨ s0 > s1 � n=p1 + n=p0;
¡) BLs0;n

p0;q0
(Rn) � BLs1;n

p0;q0
(Rn) ¯à¨ s0 � n=p0 = s1 � n=p;

¢) Bs0
p0
(Rn) � BLs1;k1

p1;q1
(Rn); BLs0;k0

p0;q0
(Rn) � Bs1

p1
(Rn) ¯à¨ s0 > s1 � n=p1 + n=p0;

£) BLm+n=p;n
p;q � Cm(Rn), 0 < p � 1, 0 < q < 1, m = 0; 1; 2; : : :

¤) BLs;k
p;q(Rn) � Cm(Rn) ¯à¨ s > m+ n=p;

¥) BLs0;k
p;q (Rn) � Rs(Rn) := Bs

1;1(Rn), s > 0, 0 < p <1, 0 < q � 1, s0 > s+ n=p.

�à¥¤áâ ¢¨¬ ¯à®áâà ­áâ¢® Rn ª ª ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ Rn = Rn�1 � R1, x 2 Rn ) x =
fx0; xng, x0 = fx1; x2; x3; : : : ; xn�1g. �§¢¥áâ­®, çâ® ¤«ï äã­ªæ¨© ¨§ ¯à®áâà ­áâ¢  �¥á®¢  Bs

p(Rn)
¨¬¥îâ á¬ëá« á«¥¤ë f(x0; 0), @f

@xn
(x0; 0); : : : ; @

rf
@xr

n

(x0; 0) ¯à¨ ãá«®¢¨¨, çâ®

s > r + 1=p max(0; (n � 1)(1=p � 1)): (2)

�«ï «î¡®£® ¯à®áâà ­áâ¢  BLs;k
p;q(Rn) â ª®£®, çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (2), ¬®¦­® ­ ©â¨

â ª®¥ ¯à®áâà ­áâ¢® Bs0

p0 , ¤«ï ª®â®à®£® ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (2) ¨ BLs;k
p;q(Rn) � Bs

p(Rn). � íâ®¬
á«ãç ¥ äã­ªæ¨¨ ¨§ BLs;k

p;q(Rn) ¨¬¥îâ á«¥¤ë ­  Rn�1, ¯à¨­ ¤«¥¦ é¨¥ S0. �¯à¥¤¥«¨¬ ­  BLs;k
p;q(Rn)

®¯¥à â®à

<f :=
n
f(x0; 0);

@f

xn
(x0; 0); : : : ;

@rf

@xrn
(x0; 0)

o
:

� áá¬®âà¨¬ ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ ª¢ §¨­®à¬¨à®¢ ­­ëå ¯à®áâà ­áâ¢
rQ

j=0
Bj . �¯à¥¤¥«¨¬ ­ 

­¥¬ ª¢ §¨­®à¬ã



(fj)rj=0

��� rQ
j=0

Bj




 := rP
j=0

kfj j Bjk.

�¥®à¥¬  4. �á«¨ 0 < p < 1, 0 < q < 1, s > r + 1=p max(0; (n � 1)(1=p � 1)), â® < |

à¥âà ªæ¨ï

BLs;k
p;q(Rn) ­ 

rY
j=0

BLs�1=p�j;k�1
p;q (Rn�1):
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�®ª § â¥«ìáâ¢®. � ª ª ª ¢ â¥®à¥¬¥ 2.7.2 [1] ãª § ­®, çâ® ®¯¥à â®à < ï¢«ï¥âáï à¥âà ª-

æ¨¥© BLs
p(Rn) ­ 

rQ
j=0

Bs�1=p�j
p;q (Rn�1), â® ®ç¥¢¨¤­®, ®¯¥à â®à < { à¥âà ªæ¨ï (BLs

p(Rn))�;q ­ 
� rQ
j=0

Bs�1=p�j
p;q (Rn�1)

�
�;q
. �  ¯à®¨§¢¥¤¥­¨¨

rQ
j=0

Bj § ¤ ¤¨¬ ­®à¬ë




(gj)
���

rY
j=0

Bj




 :=X
k(gj) j Bjk:

� ¬¥â¨¬, çâ®
P
k(gj) j Bjk ' max k(gj) j Bjk. �«ï «î¡®£® ­ ¡®à  (B0

j ; B
1
j ) ®ç¥¢¨¤­®,

K
�
t; (gj);

rY
j=0

B0
j ;

rY
j=0

B1
j

�
=

rX
j=0

K(t; gj ; Bj) ' maxK(t; gj ; Bj):

�®£¤ 

��;q(K(t; (gj); B0
j ; B

1
j )) = ��;q

� 1X
j=0

K(t; (gj); B0
j ; B

1
j )
�
�

�
rX

j=0

��;q(K(t; (gj); B0
j ; B

1
j )) ' max��;q(K(t; (gj); B0

j ; B
1
j )) �

� ��;q(maxK(t; gj ; B
0
j ; B

1
j )) � ��;q

� rX
j=0

K(t; gj ; B
0
j ; B

1
j )
�
:

�âáî¤  á«¥¤ã¥â

��;q

�
K
�
t; (gj);

rY
j=0

B0
j ;

rY
j=0

B1
j

��
'

rX
j=0

��;q(K(t; gj ; B
0
j ; B

1
j )) =




(gj)
���

rY
j=0

(Bj)�;q



:

�ë¡¥à¥¬ ¯ àã â®ç¥ª (1=pi; si), i = 0; 1, â ª, çâ®¡ë, ¢®-¯¥à¢ëå, s > r+1=p max(0; (n� 1)(1=p�
1)), ¢®-¢â®àëå, â®çª  (1=p; s) ¤®«¦­  «¥¦ âì ¢ á¥à¥¤¨­¥ ®âà¥§ª  á ª®­æ ¬¨ ¢ â®çª å (1=pi; si),
­ ª®­¥æ, ¢-âà¥âì¨å, ¯ãáâì ã£«®¢®© ª®íää¨æ¨¥­â ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ (1=pi; si), ¡ã¤¥â
à ¢¥­ k. � íâ®¬ á«ãç ¥ k = (s1 � s0)=(1=p1 � 1=p0). �®¤áç¥â ã£«®¢®£® ª®íää¨æ¨¥­â  ¯àï¬®©,
¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ (1=pi; si�1=pi� j), ¯à¨¢®¤¨â ª à¥§ã«ìâ âã kj = k�1. �®íâ®¬ã ®¯¥à â®à
< ®â®¡à ¦ ¥â BLs;k

p;q(Rn) = (Bs0
p0
; Bs1

p1
)1=2;q ­ 

rY
j=0

Bs�1=p�j;k�1
p;q (Rn�1) =

� rY
j=0

Bs0�1=p0�j;k�1
p0

(Rn�1);
rY

j=0

Bs1�1=p�j;k�1
p1

(Rn�1)
�
1=2;q

¨ ï¢«ï¥âáï à¥âà ªæ¨¥©.
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