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� [1], [2] ¡ë« à §à ¡®â  ¬¥â®¤ æ¥âà®¢ ¤«ï à¥è¥¨ï § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨-
à®¢ ¨ï. �âëáª ¨¥ ¬¨¨¬ã¬  äãªæ¨¨ ¯à¨  «¨ç¨¨ ®£à ¨ç¥¨© á¢®¤¨«®áì ª  å®¦¤¥¨î
¡¥§ãá«®¢®£® ¬¨¨¬ã¬  ¯®á«¥¤®¢ â¥«ì® áâà®ïé¨åáï äãªæ¨© ¬ ªá¨¬ã¬ . �â  ¨¤¥ï ¯®«ãç¨« 
à §«¨çë¥ à¥ «¨§ æ¨¨ (á¬.,  ¯à., ¡¨¡«¨®£à ä¨î ¢ [3]). �à¨ ¯ à ¬¥âà¨§ æ¨¨ ¬¥â®¤  æ¥âà®¢ [4],
¢ ¬¥â®¤ å á  ¤ ¯â æ¨¥© ¯ à ¬¥âà  [5]{[7], ¢  «£®à¨â¬ å á ¥¯®«®© ¬¨¨¬¨§ æ¨¥© äãªæ¨¨ ¬ ª-
á¨¬ã¬  [8] ¯¥à¢® ç «ìë© á¬ëá« \æ¥âà " â¥àï«áï. � ¥ª®â®àëå  «£®à¨â¬ å §  áç¥â ¢ë¡®à 
¯ à ¬¥âà®¢ ¨áç¥§ «  ¨ ¯®âà¥¡®áâì  å®¦¤¥¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨ à¥è¥¨© ¢á¯®¬®£ â¥«ìëå
§ ¤ ç. �áâ ¢ « áì â®«ìª® ¨¤¥ï ®âëáª ¨ï ¬¨¨¬ ªá  ¥ª®â®à®© ¢á¯®¬®£ â¥«ì®© äãªæ¨¨. �â 
¨¤¥ï ¨á¯®«ì§ã¥âáï ¨ ¢ ¤ ®© áâ âì¥. �®áâà®¥  «£®à¨â¬, ª®â®àë© ¯®§¢®«ï¥â ¢¥áâ¨ ¤¢ãáâ®à®-
¥¥ ¯à¨¡«¨¦¥¨¥ ª à¥è¥¨î, çâ® ¤ ¥â ¢®§¬®¦®áâì  å®¤¨âì à¥è¥¨¥ á § ¤ ®© â®ç®áâìî § 
ª®¥ç®¥ ç¨á«® ¨â¥à æ¨©. �à¥¤«®¦¥ë â ª¦¥  «£®à¨â¬, ¯®§¢®«ïîé¨© ª®¬¡¨¨à®¢ âì ª« áá¨-
ç¥áª¨© ¬¥â®¤ æ¥âà®¢ [1] á ¤àã£¨¬¨ ¨ ¯ à ¬¥âà¨§®¢ ë© ¬¥â®¤ ¢¥è¨å æ¥âà®¢.

1. �¢®©áâ¢  äãªæ¨¨ ¬ ªá¨¬ã¬  ¨ ¥¥ ¬¨¨¬ã¬®¢

� ¯ à £à ä¥  å®¤ïâáï á¢®©áâ¢  äãªæ¨© ¬ ªá¨¬ã¬  ¢ â®¬ ¢¨¤¥, ¢ ª®â®à®¬ ®¨ ¯® ¤®¡ïâáï
¤«ï ¯®áâà®¥¨ï  «£®à¨â¬®¢. �áî¤ã ¢ ¯ à £à ä¥ áç¨â ¥âáï, çâ® äãªæ¨¨ '(x),  (x) ®¯à¥¤¥«¥-
ë ¢ n-¬¥à®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ Rn, äãªæ¨ï maxf'(x);  (x)g  §ë¢ ¥âáï äãªæ¨¥©
¬ ªá¨¬ã¬ , ®¯à¥¤¥«¥®© äãªæ¨ï¬¨ '(x),  (x).

�¥¬¬  1. �ãáâì �(x) = maxf'(x);  (x)g, z� = arg inff�(x); x 2 Rng, G = fx : x 2
Rn;  (x) � 0g, G 6= ;.

1: �á«¨ '(z) � 0 ¤«ï ª ª®©-«¨¡® â®çª¨ z 2 G, â® z� 2 G ¨ '(z�) � 0.
2: �á«¨ z� =2 G, â® '(x) > 0 ¨ '(x) � '(z�) ¤«ï «î¡®© â®çª¨ x 2 G.

�®ª § â¥«ìáâ¢® ¯¥à¢®£® ¯ãªâ  ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥¨ï äãªæ¨¨ �(x), â. ª. �(z�) �
�(z) � 0.

�®ª ¦¥¬ ¢â®à®¥ ãâ¢¥à¦¤¥¨¥. � ª ª ª ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨ï¬¨ «¥¬¬ë z� =2 G, â® ¢ á¨«ã
¯¥à¢®£® ãâ¢¥à¦¤¥¨ï '(x) > 0 ¤«ï ¢á¥å x 2 G. �® â®£¤  ¯® ®¯à¥¤¥«¥¨î äãªæ¨¨ ¬ ªá¨¬ã¬  ¨
ãá«®¢¨ï¬ «¥¬¬ë ¤«ï «î¡ëå x 2 G ¢ë¯®«ï¥âáï '(x) = �(x) � �(z�) � '(z�) �.

�¥¬¬  2. �ãáâì  ) z� | â®çª  «®ª «ì®£® ¬¨¨¬ã¬  äãªæ¨¨ �(x), äãªæ¨¨ '(x),  (x)
¥¯à¥àë¢ë ¢ â®çª¥ z�, ¡) '(z�) >  (z�). �®£¤  z� | â®çª  «®ª «ì®£® ¬¨¨¬ã¬  äãªæ¨¨

'(x).

�®ª § â¥«ìáâ¢®. �® ãá«®¢¨ï¬ «¥¬¬ë áãé¥áâ¢ãîâ â ª¨¥ ®ªà¥áâ®áâ¨ !1, !2 â®çª¨ z�, çâ®
�(x) � �(z�) ¤«ï ¢á¥å x 2 !1, ¨ '(x) >  (x) ¤«ï ¢á¥å x 2 !2. �®£¤  ¤«ï ¢á¥å x ¨§ ®ªà¥áâ®áâ¨
! = !1 \ !2 ¢ë¯®«ïîâáï ãá«®¢¨ï '(x) = �(x) � �(z�) = '(z�).

�«¥¤áâ¢¨¥. �á«¨ ¢ë¯®«¥® ãá«®¢¨¥  ) «¥¬¬ë 2 ¨ z� ¥ ï¢«ï¥âáï â®çª®© «®ª «ì®£® ¬¨-
¨¬ã¬  äãªæ¨© '(x),  (x), â® '(z�) =  (z�).
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�®ª § â¥«ìáâ¢® «¥£ª® ¯à®¢®¤¨âáï ®â ¯à®â¨¢®£®. �

�¡®§ ç¨¬ ç¥à¥§M ¬®¦¥áâ¢® äãªæ¨©, ®¯à¥¤¥«¥ëå ¢ Rn, ¤«ï ª®â®àëå ª ¦¤ë© «®ª «ì-
ë© ¬¨¨¬ã¬, ¥á«¨ ® áãé¥áâ¢ã¥â, ï¢«ï¥âáï  ¡á®«îâë¬.

�¥¬¬  3. �ãáâì äãªæ¨¨ '(x),  (x) ®¯à¥¤¥«¥ë ¢ Rn, ¬®¦¥áâ¢® G ¨§ Rn ¥ ¯ãáâ®,

�1(x) = maxf'(x);  (x)g; z1 = arg inff�1(x); x 2 Rng; (1)

�2(x) = maxf�('(x) � '(z1)); � (x)g; £¤¥ �; � > 0; z2 = arg inff�2(x); x 2 Rng: (2)

�¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï

1: �á«¨ z1 2 G, '(x) �  (x) ¤«ï ¢á¥å x 2 G, â® z1 = arg inff'(x); x 2 Gg.
2: �á«¨ z1 =2 G, z2 2 G, G = fx : x 2 Rn;  (x) � 0g, â® z2 = arg inff'(x); x 2 Gg.
3: �á«¨ z1; z2 =2 G, G = fx : x 2 Rn;  (x) � 0g, äãªæ¨¨ '(x),  (x) ¥¯à¥àë¢ë ¢ Rn,  2M ,

â®

'(z1) �  (z1) �
�

�
('(z2)� '(z1)) �  (z2) > 0: (3)

�®ª § â¥«ìáâ¢®. � ª ª ª '(x) �  (x) ¤«ï ¢á¥å x 2 G, â® �1(x) = '(x) ¤«ï «î¡®£® x 2 G.
�®£¤ , ãç¨âë¢ ï (1), ãáâ ®¢¨¬, çâ® '(z1) = �1(z1) � �1(x) = '(x) ¤«ï ¢á¥å x 2 G, ¨ ¯¥à¢®¥
ãâ¢¥à¦¤¥¨¥ ¤®ª § ®.

�¡®§ ç¨¬ '1(x) = �('(x) � '(z1)),  1(x) = � (x). � ª ª ª z1 =2 G, â® ¯® ¢â®à®¬ã ãâ¢¥à-
¦¤¥¨î «¥¬¬ë 1 ¤«ï ¢á¥å x 2 G ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® '(x) � '(z1). �® â®£¤  '1(x) � 0,
  § ç¨â, ¨ '1(x) �  1(x) ¤«ï ¢á¥å x 2 G. �âáî¤  ¢ á¨«ã (2) ¨ ¯¥à¢®£® ãâ¢¥à¦¤¥¨ï «¥¬¬ë
z2 = arg inff'1(x); x 2 Gg. �«¥¤®¢ â¥«ì®, ¢â®à®¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¤®ª § ®.

�®ª ¦¥¬ âà¥âì¥ ãâ¢¥à¦¤¥¨¥. �¥à ¢¥áâ¢ 

 (z1) > 0;  (z2) > 0 (4)

à ¢®á¨«ìë ãá«®¢¨ï¬ z1; z2 =2 G. �¡¥¤¨¬áï, çâ® ¥ ¬®¦¥â ¢ë¯®«ïâìáï ¨ ®¤® ¨§ ¥à ¢¥áâ¢

'(z1) <  (z1);
�

�
('(z2)� '(z1)) <  (z2): (5)

�¥©áâ¢¨â¥«ì®, z1, z2, ï¢«ïïáì â®çª ¬¨  ¡á®«îâëå ¬¨¨¬ã¬®¢ äãªæ¨© �1(x), �2(x), ¢ á¨«ã
«¥¬¬ë 2 ¡ë«¨ ¡ë ¯à¨ ãá«®¢¨ïå (5) â®çª ¬¨ «®ª «ìëå ¬¨¨¬ã¬®¢ äãªæ¨¨  (x). �® â. ª.
 2M , â® z1, z2 ¡ë«¨ ¡ë ¨ â®çª ¬¨  ¡á®«îâ®£® ¬¨¨¬ã¬  äãªæ¨¨  (x). � â®£¤  ¥à ¢¥áâ¢ 
(4) ¯à®â¨¢®à¥ç â â®¬ã, çâ® ¬®¦¥áâ¢® G ¥ ¯ãáâ®. � ª¨¬ ®¡à §®¬, ¤®ª § ë ¯¥à¢®¥ ¨ âà¥âì¥
¨§ ¥à ¢¥áâ¢ (3). �¡¥¤¨¬áï,  ª®¥æ, ¢ á¯à ¢¥¤«¨¢®áâ¨ ¢â®à®£® ¨§ ¥à ¢¥áâ¢ (3). �® ãá«®¢¨î
(2) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® �2(z2) � �2(z1). �à¨ íâ®¬ �2(z1) = maxf�('(z1)�'(z1)); � (z1)g =
maxf0; � (z1)g = � (z1) ¢ á¨«ã (4). �®£¤  �2(z2) = maxf�('(z2) � '(z1)); � (z2)g � �2(z1) =
� (z1) ¨ ¢ á¨«ã ®¯à¥¤¥«¥¨ï äãªæ¨¨ ¬ ªá¨¬ã¬  ¨§ íâ®£® ¥à ¢¥áâ¢ , ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â
¢â®à®¥ ¨§ ¥à ¢¥áâ¢ (3).

�«¥¤áâ¢¨¥. �ãáâì �(x) = maxf'(x);  (x)g, G = fx : x 2 Rn;  (x) � 0g ¨ '(x) �  (x) ¤«ï
¢á¥å x 2 G, x� = arg inff�(x); x 2 Rng. �á«¨ �(x�) � 0, â®

1. x� 2 G,
2. x� = arg inff'(x); x 2 Gg,
3. '(x�) = �(x�).

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥¨î äãªæ¨¨ ¬ ªá¨¬ã¬  ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® �(x�) �
 (x�). �âáî¤  ¨ ¨§ ¥à ¢¥áâ¢  �(x�) � 0 á«¥¤ã¥â x� 2 G. �® â®£¤  ¢ á¨«ã ¯¥à¢®£® ãâ¢¥à¦¤¥¨ï
«¥¬¬ë 3 á¯à ¢¥¤«¨¢® ¨ ¢â®à®¥ ãâ¢¥à¦¤¥¨¥ á«¥¤áâ¢¨ï. � ª®¥æ, �(x) = '(x) ¤«ï ¢á¥å x 2 G ¯®
ãá«®¢¨î. � ç áâ®áâ¨, ¢ á¨«ã ¯¥à¢®£® ãâ¢¥à¦¤¥¨ï á«¥¤áâ¢¨ï ¢ë¯®«ï¥âáï ¨ âà¥âì¥.
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2. �®áâ ®¢ª  § ¤ ç¨ ¨ ª®¬¡¨¨à®¢ ë©  «£®à¨â¬
¯à¨¡«¨¦¥¨ï ¯® ¢ãâà¥¨¬ â®çª ¬

�ãáâì ¢áî¤ã ¢ ¤ «ì¥©è¥¬ äãªæ¨¨ f(x), fi(x), i 2 H = f1; 2; : : : ;mg, ®¯à¥¤¥«¥ë ¨ ¥-
¯à¥àë¢ë ¢ Rn, D = fx : x 2 Rn; fi(x) � 0; i 2 Hg = fx : x 2 Rn; g(x) � 0g, £¤¥
g(x) = maxffi(x); 1 � i � mg, ¬®¦¥áâ¢® D0 = fx : x 2 Rn; g(x) < 0g ¥ ¯ãáâ® ¨ ¥£® § ¬ëª ¨¥
D0 á®¢¯ ¤ ¥â á D. �à¨ ¨á¯®«ì§®¢ ¨¨ á¨¬¢®«  inf áç¨â ¥âáï, çâ® á®®â¢¥âáâ¢ãîé ï â®ç ï
¨¦ïï £à ì äãªæ¨¨   ãª § ®¬ ¬®¦¥áâ¢¥ ¤®áâ¨£ ¥âáï, f� = infff(x); x 2 Dg, ç¥à¥§ x�

®¡®§ ç¨¬ ª ªãî-«¨¡® â®çªã ¨§ D� = fx : x 2 D; f(x) = f�g. �à¥¡ã¥âáï  ©â¨ infff(x); x 2 Dg.
�à¥¤¯®« £ ¥âáï, çâ® ¬®¦¥áâ¢® D ã¤®¢«¥â¢®àï¥â ãá«®¢¨î à¥£ã«ïà®áâ¨, â. ¥. áãé¥áâ¢ã¥â â ª ï
â®çª  y 2 D, çâ® g(y) < 0.

�«ï ¬¨¨¬¨§ æ¨¨ äãªæ¨¨ f(x)   ¬®¦¥áâ¢¥ D ¯à¥¤« £ ¥âáï  «£®à¨â¬, ¯®§¢®«ïîé¨© ª®¬-
¡¨¨à®¢ âì ¬¥â®¤ æ¥âà®¢ á ª ª¨¬-«¨¡® ¬¥â®¤®¬ ¬¨¨¬¨§ æ¨¨ ¯à¨  «¨ç¨¨ ®£à ¨ç¥¨©.

�«£®à¨â¬ 1. �ë¡¨à ¥âáï â®çª  x0 2 D, ç¨á«  0 < p � 1, t0 � f(x0). �á«¨  ©¤¥ë xk, tk
(k � 0), â® xk+1, tk+1  å®¤ïâáï ¯® á«¥¤ãîé¥© áå¥¬¥.

1. �âà®¨âáï äãªæ¨ï Fk(x) = maxff(x)� tk; g(x)g, k � 0.
2. � å®¤¨âáï zk+1 = arg inffFk(x); x 2 Rng.
3. �  xk+1 ¯à¨¨¬ ¥âáï â®çª  ¨§ D, ¤«ï ª®â®à®© f(xk+1) � f(zk+1).
4. �ë¡¨à ¥âáï ç¨á«® tk+1 = tk � rk(tk � f(xk+1)), k � 0, £¤¥ p � rk � 1.
5. �áãé¥áâ¢«ï¥âáï ¯¥à¥å®¤ ª ¯. 1 ¯à¨ k, § ¬¥¥®¬   k + 1.

�¥¬¬  4. �«ï ¯®á«¥¤®¢ â¥«ì®áâ¥© fxkg, ftkg, ¯®áâà®¥ëå ¯®  «£®à¨â¬ã 1, ¢ë¯®«ïîâ-
áï ãá«®¢¨ï

f(xk+1) � tk+1 � tk 8k � 0: (6)

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï ¥ª®â®à®£® k � 0 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® f(xk) � tk. �®-
áª®«ìªã f(xk)�tk � 0 ¨ g(xk) � 0, â® á®£« á® «¥¬¬¥ 1 ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  f(zk+1)�tk � 0,
g(zk+1) � 0. �â®à®¥ ¨§ íâ¨å ¥à ¢¥áâ¢ ®§ ç ¥â, çâ® zk+1 2 D,   ¢ á¨«ã ¯¥à¢®£® ¨§ ¨å ¨ ¯. 3
 «£®à¨â¬  ¢ë¯®«ïîâáï ãá«®¢¨ï f(xk+1) � f(zk+1) � tk, xk+1 2 D. � á®®â¢¥âáâ¢¨¨ á ¯. 4 ç¨á«®
tk+1 ï¢«ï¥âáï ¢ë¯ãª«®© ª®¬¡¨ æ¨¥© ç¨á¥« f(xk+1) ¨ tk. �«¥¤®¢ â¥«ì®, ¢ë¯®«ï¥âáï (6). � â. ª.
t0 � f(x0), â® ãá«®¢¨¥ (6) ¯® ¨¤ãªæ¨¨ ¢ë¯®«ï¥âáï ¤«ï ¢á¥å k � 0.

�¡®á®¢ë¢ ¥â áå®¤¨¬®áâì  «£®à¨â¬ 

�¥®à¥¬  1. �ãáâì f(x) ¨ g(x) ¥¯à¥àë¢ë   Rn, ¬®¦¥áâ¢® D0 = fx : x 2 D; f(x) � t0g
®£à ¨ç¥®, ¬®¦¥áâ¢® D0 = fx : x 2 Rn; g(x) < 0g ¥ ¯ãáâ® ¨ ¥£® § ¬ëª ¨¥ D0 á®¢¯ ¤ ¥â á

D. �®£¤  ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, ¯®áâà®¥®© ¯®  «£®à¨â¬ã 1, lim
k!1

f(xk) = f�.

�®ª § â¥«ìáâ¢®. � á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 4 ¯®á«¥¤®¢ â¥«ì®áâì ftkg ®£à ¨ç¥  á¨§ã,
ã¡ë¢ ¥â, áå®¤¨âáï ¨

0 = lim
k!1

(tk � tk+1) = lim
k!1

rk(tk � f(xk+1)) � p lim
k!1

(tk � f(xk+1)) � 0:

� ª¨¬ ®¡à §®¬,

lim
k!1

(tk � f(xk+1)) = 0: (7)

�¡®§ ç¨¬  = lim
k!1

tk. � ª ª ª tk � f(xk) � f(x�) ¤«ï ¢á¥å k ¢ á¨«ã «¥¬¬ë 4, â®

 � lim
k!1

f(xk) � lim
k!1

f(xk) � f(x�): (8)

�¡¥¤¨¬áï, çâ®  = f(x�). �¥©áâ¢¨â¥«ì®, ¥á«¨ ¤®¯ãáâ¨âì, çâ®  > f(x�), â® áãé¥áâ¢ã¥â
â ª ï ®ªà¥áâ®áâì ! â®çª¨ x�, çâ®  > f(x) ¤«ï ¢á¥å x 2 !. �® ¯®áª®«ìªã x� 2 D ¨ D0 = D,
â® ¢ !  ©¤¥âáï â®çª  y ¨§ D0. �«¥¤®¢ â¥«ì®, f(y) <  ¨ g(y) < 0. �®£¤  ãç¨âë¢ ï, çâ®
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f(xk+1) � f(zk+1) á®£« á® ¯. 3  «£®à¨â¬  ¨ çâ® zk+1 = arg inffFk(x); x 2 Rng, ¯®á«¥¤®¢ â¥«ì®
¯®«ãç¨¬

f(xk+1)� tk � f(zk+1)� tk � maxff(zk+1)� tk; g(zk+1)g = Fk(zk+1) � Fk(y) = maxff(y)� tk; g(y)g:

� â. ª. ¯®á«¥¤®¢ â¥«ì®áâì ftkg ã¡ë¢ îé ï, â® ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  á«¥¤ã¥â

f(xk+1)� tk � maxff(y)� tk; g(y)g � maxff(y)� ; g(y)g = const < 0;

çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (7). � ª¨¬ ®¡à §®¬,  = f(x�) ¨ ¢ á¨«ã (8) â¥®à¥¬  ¤®ª §  .

�à ¢¨¢ ï ¯à¥¤«®¦¥ë©  «£®à¨â¬ á ¨§¢¥áâë¬¨, § ¬¥â¨¬, çâ® ¯à¨ t0 = f(x0), xk+1 = zk+1 ¨
rk = 1 ¤«ï ¢á¥å k  «£®à¨â¬ 1 á®¢¯ ¤ ¥â á ¬¥â®¤®¬ æ¥âà®¢ (á¬. [1]). � [3] ¯à¥¤«®¦¥  «£®à¨â¬ á
ã¯à ¢«ïîé¨¬¨ ¯ à ¬¥âà ¬¨ tk = �f(xk)+(1��)tk�1 á ä¨ªá¨à®¢ ë¬ � 2 (0; 1]. �  «£®à¨â¬¥ 1
¯à¥¤ãá¬ âà¨¢ ¥âáï ¢®§¬®¦®áâì ¨§¬¥¥¨ï ¯ à ¬¥âà  � ¨ ¥£® à®«ì ¨£à îâ ç¨á«  rk 2 [p; 1], £¤¥
0 < p � 1. � ª ª ª ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 1 ¤«ï «î¡ëå k ¢ë¯®«ï¥âáï ¢ª«îç¥¨¥ zk+1 2 D, â®
¯. 3 ®§ ç ¥â, çâ® ¢®§¬®¦® ª®¬¡¨¨à®¢ ¨¥  «£®à¨â¬®¢ ¬¥â®¤  æ¥âà®¢ á ¨§¢¥áâ®© \äãªæ¨¥©
à ááâ®ï¨ï" ( ¯à., [3], á. 79{80) á «î¡ë¬ à¥« ªá æ¨®ë¬ ¬¥â®¤®¬ ¬¨¨¬¨§ æ¨¨ äãªæ¨¨ ¯à¨
 «¨ç¨¨ ®£à ¨ç¥¨© ¨ ¤ ¦¥ á «î¡ë¬ ¢®§¬®¦ë¬ á¯®á®¡®¬ ¯¥à¥å®¤  ¢ ¯à¥¤¥« å ¬®¦¥áâ¢ 
D ®â â®çª¨ zk+1 ª â®çª¥ á ¬¥ìè¨¬ § ç¥¨¥¬ äãªæ¨¨ f(x). � ç áâ®áâ¨, ¥á«¨ äãªæ¨ï f(x)
¤¨ää¥à¥æ¨àã¥¬  ¨ ¢¥ªâ®à s = �f 0(zk+1) ï¢«ï¥âáï ¢®§¬®¦ë¬  ¯à ¢«¥¨¥¬ ¢ â®çª¥ xk, â®
«¥£ª®  ©â¨ â ª®¥ ç¨á«® � > 0, çâ® xk+1 = xk + �s 2 D ¨ f(xk+1) < f(zk+1). �®¦¥â ®ª § âìáï
 ¯à ¢«¥¨¥¬ ã¡ë¢ ¨ï ¤«ï äãªæ¨¨ f(x) ¢ â®çª¥ zk+1 ¨ ¢¥ªâ®à s = zk+1 � zk.

�«¥¤ãîé¨¥ ¤¢¥ «¥¬¬ë ¯®§¢®«ïâ áà ¢¨âì § ç¥¨ï æ¥«¥¢®© äãªæ¨¨ ¢ ¨â¥à æ¨®ëå â®ç-
ª å, ¯®áâà®¥ëå ¯® ¬¥â®¤ã æ¥âà®¢ [1] ¨  «£®à¨â¬ã 1, á ¥ª®â®àë¬¨  ç «ìë¬¨ ãá«®¢¨ï¬¨.

�¥¬¬  5. �ãáâì äãªæ¨¨ '(x),  (x) ®¯à¥¤¥«¥ë ¨ ¥¯à¥àë¢ë ¢ Rn, â®çª  z 2 Rn, F (x) =
maxf'(x) � '(z);  (x)g, F (x) = maxf'(x) � t;  (x)g,

t > '(z); (9)

y1 = arg inffF (x); x 2 Rng; (10)

y2 = arg inffF (x); x 2 Rng: (11)

�®£¤ 

F (y2) � F (x) 8x 2 Rn: (12)

�á«¨ ª â®¬ã ¦¥ y1, y2 ¥ ï¢«ïîâáï â®çª ¬¨ «®ª «ìëå ¬¨¨¬ã¬®¢ äãªæ¨© '(x),  (x),
â®

'(y1) < '(y2): (13)

�®ª § â¥«ìáâ¢®. � á¨«ã (11) ¨ (9) ¤«ï «î¡®£® x 2 Rn ¯®«ãç ¥¬

F (y2) � F (x) = maxf'(x) � t;  (x)g � maxf'(x) � '(z);  (x)g = F (x)

¨ ¥à ¢¥áâ¢® (12) ¤®ª § ®.
�®ª ¦¥¬ (13). � ª ª ª ¯® ãá«®¢¨ï¬ «¥¬¬ë y1, y2 ¥ ï¢«ïîâáï â®çª ¬¨ «®ª «ìëå ¬¨¨¬ã-

¬®¢ äãªæ¨© '(x)� const ¨  (x), â® ¢ á®®â¢¥âáâ¢¨¨ á® á«¥¤áâ¢¨¥¬ ª «¥¬¬¥ 2 ¨¬¥¥¬

'(y1)� '(z) =  (y1) = F (y1); (14)

'(y2)� t =  (y2) = F (y2): (15)

�§ (9) ¨ (15) ¯®«ãç ¥¬ '(y2)�'(z) > '(y2)�t =  (y2). � â. ª. äãªæ¨¨ '(x),  (x) ¥¯à¥àë¢ë, â®
 ©¤¥âáï â ª ï ®ªà¥áâ®áâì ! â®çª¨ y2, çâ® '(x) � '(z) >  (x) ¤«ï ¢á¥å x 2 !. �«¥¤®¢ â¥«ì®,

43



F (x) = '(x) � '(z) ¤«ï ¢á¥å x 2 !. �âáî¤ ,   â ª¦¥ ¨§ (14) ¨ (10) ¢ëâ¥ª ¥â '(y1) � '(z) =
F (y1) � F (x) = '(x)� '(z) ¤«ï ¢á¥å x 2 !. � ª¨¬ ®¡à §®¬,

'(y1) � '(x) 8x 2 !: (16)

�á«¨ ¤®¯ãáâ¨âì, çâ® '(y2) � '(y1), â® ¨§ (16) ¡ã¤¥â á«¥¤®¢ âì, çâ® '(y2) � '(x) ¤«ï ¢á¥å x 2 !.
�® íâ® § ç¨â, çâ® y2 | â®çª  «®ª «ì®£® ¬¨¨¬ã¬  äãªæ¨¨ '(x), çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨ï¬
«¥¬¬ë. � ª¨¬ ®¡à §®¬, ¤®ª § ® (13).

�¥¬¬  6. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fukg, fxkg ¯®áâà®¥ë ¯® ¬¥â®¤ã æ¥âà®¢ ¨  «£®à¨â-

¬ã 1 á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ f(x0) < t0, x0 = u0; xk+1 = zk+1 ¨ uk, xk ¥ ï¢«ïîâáï â®çª ¬¨

«®ª «ìëå ¬¨¨¬ã¬®¢ äãªæ¨© f(x), g(x) ¤«ï «î¡®£® k � 0. �®£¤ 

f(uk) < f(xk) ¤«ï ¢á¥å k = 1; 2; : : : (17)

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï ¥ª®â®à®£® k � 1 ¢ë¯®«ï¥âáï f(uk) < f(xk). �®£¤  ¢ á¨«ã
¥à ¢¥áâ¢  (6) ¨¬¥¥¬

f(uk) < tk: (18)

�âáî¤  ¨ ¨§ «¥¬¬ë 5 ¥à ¢¥áâ¢® (17) ¢ë¯®«ï¥âáï ¤«ï ®¬¥à  k +1. � â. ª. ¢ë¯®«¥¨¥ ¥à -
¢¥áâ¢  f(u1) < f(x1) ¢ëâ¥ª ¥â ¨§ ãá«®¢¨© «¥¬¬ë ¨ «¥¬¬ë 5, â® ¥à ¢¥áâ¢® (17) ¯® ¨¤ãªæ¨¨
¢ë¯®«ï¥âáï ¤«ï ¢á¥å k � 1.

�¡®§ ç¨¬ ç¥à¥§ 
(uk) ®ªà¥áâ®áâì â®çª¨ uk â ªãî, çâ® f(x) < f(xk) ¤«ï ¢á¥å x 2 
(uk).

�¥®à¥¬  2. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 6 ¨ ¯®á«¥¤®¢ â¥«ì®áâì fu0kg â ª®¢ , çâ®

u0k 2 
(uk) \D ¤«ï ¢á¥å k � 0. �®£¤  lim
k!1

f(u0k) = f�.

�®ª § â¥«ìáâ¢®. � ª ª ª ¯® ãá«®¢¨ï¬ â¥®à¥¬ë u0k 2 D ¤«ï ¢á¥å k � 0, â® f(xk) > f(u0k) �
f� 8k � 0. � ¤àã£®© áâ®à®ë, lim

k!1
f(xk) = f�. �â® ¨ ®§ ç ¥â, çâ® lim

k!1
f(u0k) = f�.

� ª¨¬ ®¡à §®¬, â¥®à¥¬  2 ¯®ª §ë¢ ¥â, çâ® ¢ ¬¥â®¤¥ æ¥âà®¢ ¥â ¥®¡å®¤¨¬®áâ¨   ª ¦¤®¬
¨â¥à æ¨®®¬ è £¥ ¬¨¨¬¨§¨à®¢ âì ¢á¯®¬®£ â¥«ìãî äãªæ¨î ¬ ªá¨¬ã¬  ¤® ª®æ ,   ¤®áâ -
â®ç® ¢ ª ç¥áâ¢¥ á«¥¤ãîé¥© ¨â¥à æ¨®®© â®çª¨ ¡à âì â®çªã ¨§ ¬®¦¥áâ¢  D, ¯à¨ ¤«¥¦ éãî
¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨  ¡á®«îâ®£® ¬¨¨¬ã¬  ¢á¯®¬®£ â¥«ì®© äãªæ¨¨ ¬ ªá¨¬ã¬ .

3. � à ¬¥âà¨§®¢ ë© ¬¥â®¤ ¢¥è¨å æ¥âà®¢

� ¤ ®¬ ¯ à £à ä¥ áç¨â ¥âáï, çâ® f(x) � g(x) ¤«ï ¢á¥å x 2 D. �â® ãá«®¢¨¥ ¢ë¯®«ï¥â-
áï,  ¯à¨¬¥à, ¥á«¨ f(x) | ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ ï ª¢ ¤à â¨ç ï äãªæ¨ï. �®£¤  ¤«ï
¬¨¨¬¨§ æ¨¨ äãªæ¨¨ f(x)   ¬®¦¥áâ¢¥ D ¯à¥¤« £ ¥âáï ¨ ®¡®á®¢ë¢ ¥âáï

�«£®à¨â¬ 2. �âà®¨âáï äãªæ¨ï F (x) = maxff(x); g(x)g ¨ ¯ãáâì x0 = arg inffF (x); x 2 Rng.
�á«¨ x0 2 D, â® x0 = arg infff(x); x 2 Dg á®£« á® «¥¬¬¥ 3.

�ãáâì x0 =2 D. �®£¤  ä¨ªá¨àãîâáï ¯®á«¥¤®¢ â¥«ì®áâ¨

f�kg; k = 0; 1; 2; : : : ; �k > 0; �k+1 > �k 8k; lim
k!1

�k = +1;

f�kg; k = 0; 1; 2; : : : ; �k > 0; �k+1 < �k 8k; lim
k!1

�k = 0:

�á«¨  ©¤¥  â®çª  xk, â® ¯¥à¥å®¤ ª xk+1 ®áãé¥áâ¢«ï¥âáï ¯® á«¥¤ãîé¥© áå¥¬¥.

1. �âà®¨âáï äãªæ¨ï Fk(x) = maxf�k(f(x)� f(xk)); �kg(x)g, k � 0.
2. � å®¤¨âáï xk+1 = arg inffFk(x); x 2 Rng.
3. �áãé¥áâ¢«ï¥âáï ¯¥à¥å®¤ ª ¯. 1 ¯à¨ k, § ¬¥¥®¬   k + 1.
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�á¯®¬®£ â¥«ì ï äãªæ¨ï ¬ ªá¨¬ã¬  ¢¨¤  maxf�(f(x)� f(x0)); �g(x)g, £¤¥ �; � > 0 ¨ x0 2
D, ¢¯¥à¢ë¥ ¡ë«  ¢¢¥¤¥  ¢ [4]. � ¬ ¦¥ ¡ë« ®¡®á®¢  ä ªâ, çâ® ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â
â ª®¥ ¤®áâ â®ç® ¡®«ìè®¥ � > 0 (¤®áâ â®ç® ¬ «®¥ � > 0), çâ® ¤«ï «î¡®£® � � � (0 < � � �) ¨
â®çª¨ x1 = arg inffmaxf�(f(x)� f(x0)); �g(x)g; x 2 Rng ¡ã¤¥â á¯à ¢¥¤«¨¢® jf(x1)� f�j < ", çâ®
£®¢®à¨â ® â®¬, çâ® ¬®¦® ¯®¤®¡à âì â ª®¥ ç¨á«® � > 0 (� > 0), çâ®   ¯¥à¢®¬ ¦¥ ¨â¥à æ¨®®¬
è £¥ ¬ë ¯®«ãç¨¬ "-à¥è¥¨¥. � [7] íâ®â ä ªâ ¡ë« ¤®ª §  ¨ ¤«ï äãªæ¨¨maxf�(f(x)�); �g(x)g,
 | ¯à®¨§¢®«ì® § ä¨ªá¨à®¢ ®¥ ç¨á«®.

�«¥¤ãîé ï «¥¬¬  ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì à¥§ã«ìâ âë «¥¬¬ë 3 ¤«ï äãªæ¨© Fk(x), ¯®áâà®-
¥ëå ¯®  «£®à¨â¬ã 2.

�¥¬¬  7. �ãáâì äãªæ¨¨ f(x), g(x) ®¯à¥¤¥«¥ë ¢ Rn, â®çª¨ z; z0 2 Rn, '(x) = �0(f(x) �
f(z)),  (x) = �0g(x), �0; �0 > 0;

F 0(x) = maxf'(x);  (x)g;

F 00(x) = maxf�00(f(x)� f(z0)); �00g(x)g; £¤¥ �00; �00 > 0:

�®£¤ 

F 00(x) = maxf�('(x)� '(z0)); � (x)g; £¤¥ � = �00=�0; � = �00=�0:

�®ª § â¥«ìáâ¢®.

F 00(x) = maxf�00(f(x)� f(z0)); �00g(x)g =

= max
�
�00

�0
(�0(f(x)� f(z))� �0(f(z0)� f(z)));

�00

�0
�0g(x)

�
= maxf�('(x) � '(z0)); � (x)g: �

� ªâ à®áâ  ¯®á«¥¤®¢ â¥«ì®áâ¨ ff(xk)g ¢ ¬¥â®¤¥ ¢¥è¨å æ¥âà®¢ ¨§¢¥áâ¥ ( ¯à., [3], á. 75).
�â®â ä ªâ ¨¬¥¥â ¬¥áâ® ¨ ¢ ¯ à ¬¥âà¨§®¢ ®¬ ¬¥â®¤¥ ¢¥è¨å æ¥âà®¢.

�¥¬¬  8. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fxkg ¯®áâà®¥  ¯®  «£®à¨â¬ã 2. �á«¨ ¤«ï ¥ª®â®-

à®£® k � 0 xk =2 D ¨ f(xk+1) 6= f�, â® ¨¬¥¥â ¬¥áâ®

1: xk+1 =2 D.
�á«¨ ª â®¬ã ¦¥ g 2M , â®

2: f(xk+1) > f(xk).

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® x0 =2 D, ® x1 2 D. �®£¤  ¢ á¨«ã ¢â®à®£® ãâ¢¥à¦¤¥¨ï
«¥¬¬ë 3 f(x1) = f�, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨ï¬ «¥¬¬ë. � ç¨â, x1 =2 D. �«ï ¢á¥å k � 1 ¯¥à¢®¥
ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¤®ª §ë¢ ¥âáï   «®£¨ç®.

� á¨«ã «¥¬¬ë 7 ¨ âà¥âì¥£® ãâ¢¥à¦¤¥¨ï «¥¬¬ë 3

�k�k�1

�k�1�k

(�k�1(f(xk+1)� f(xk�1))� �k�1(f(xk)� f(xk�1))) > 0:

� ª ª ª �k; �k�1; �k; �k�1 > 0, â® f(xk+1) � f(xk�1) � f(xk) + f(xk�1) > 0 ¨«¨ f(xk+1) > f(xk) ¨
¢â®à®¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¤®ª § ®.

�å®¤¨¬®áâì  «£®à¨â¬  ®¡®á®¢ë¢ ¥â

�¥®à¥¬  3. �ãáâì g 2M . �®£¤  ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, ¯®áâà®¥®© ¯®  «£®à¨â¬ã

2, ¢ë¯®«ï¥âáï lim
k!1

f(xk) = f�.

�®ª § â¥«ìáâ¢®. �á«¨ ¤«ï ¥ª®â®à®£® k � 0 xk 2 D, â® ¯® «¥¬¬¥ 3 f(xk) = f� ¨, á«¥¤®¢ -
â¥«ì®, â¥®à¥¬  á¯à ¢¥¤«¨¢ .

�ãáâì â¥¯¥àì ¤«ï «î¡®£® k � 0 xk =2 D. �®ª ¦¥¬, çâ® ¨¬¥¥â ¬¥áâ®

f� � f(xk): (19)
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�à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ®¬¥à k, ¤«ï ª®â®à®£® f(xk) > f�. �® â®£¤ 

Fk�1(xk) = maxf�k�1(f(xk)� f(xk�1)); �k�1g(xk)g >

> maxf�k�1(f(x
�)� f(xk�1)); �k�1g(x

�)g = Fk�1(x
�);

çâ® ¯à®â¨¢®à¥ç¨â ¯. 2  «£®à¨â¬  2. � ç¨â, ¥à ¢¥áâ¢® (19) á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å k. �âáî¤  ¨
¨§ ¢â®à®£® ãâ¢¥à¦¤¥¨ï «¥¬¬ë 8 § ª«îç ¥¬, çâ®

lim
k!1

(f(xk+1)� f(xk)) = 0: (20)

�§ âà¥âì¥£® ãâ¢¥à¦¤¥¨ï «¥¬¬ë 3 á«¥¤ã¥â

0 < g(xk+1) � g(xk) ¤«ï «î¡®£® k � 0: (21)

�®¯ãáâ¨¬, çâ® lim
k!1

g(xk) = C > 0. �§ (20) á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â â ª®© ®¬¥à k, çâ®

�k(f(xk+1) � f(xk)) < �kg(xk+1) ¨ Fk(xk+1) = �kg(xk+1). �®£¤  áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì

(xk+1) â®çª¨ xk+1, çâ® ¤«ï «î¡®£® x 2 
(xk+1) ¢ë¯®«ï¥âáï �k(f(x)�f(xk)) < �kg(x) ¨ Fk(x) =
�kg(x). � á®®â¢¥âáâ¢¨¨ á ¯. 2  «£®à¨â¬  �kg(xk+1) = Fk(xk+1) � Fk(x) = �kg(x) ¤«ï ¢á¥å x 2

(xk+1). � ª ª ª �k > 0 8k � 0 ¨ g 2M , â® xk+1 | â®çª   ¡á®«îâ®£® ¬¨¨¬ã¬  äãªæ¨¨ g(x)
¨ g(xk+1) > 0 | ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® ¬®¦¥áâ¢® D ¥ ¯ãáâ®. �«¥¤®¢ â¥«ì®,

lim
k!1

g(xk) = 0: (22)

�§ ¥à ¢¥áâ¢ (20), (22) ¨ ¢â®à®£® ãâ¢¥à¦¤¥¨ï «¥¬¬ë 3 ¢ëâ¥ª ¥â, çâ® lim
k!1

f(xk) = f�.

� ¬¥ç ¨¥. �á«¨ ãá«®¢¨¥ f(x) � g(x) ¤«ï ¢á¥å x 2 D ¥ ¢ë¯®«ï¥âáï ¤«ï äãªæ¨¨ f(x),
â®£¤  ¢®§¬®¦® ã¤ áâáï ®âëáª âì â ªãî ª®áâ âã  > 0, çâ® f(x) +  � g(x) ¤«ï ¢á¥å x 2 D ¨
¬¨¨¬¨§¨à®¢ âì äãªæ¨î f1(x) = f(x)+, ¯à¨ç¥¬ Arg infff(x); x 2 Dg = Arg infff1(x); x 2 Dg.

4. �«£®à¨â¬ á ¤¢ãáâ®à®¨¬ ¯à¨¡«¨¦¥¨¥¬ ª ¬¨¨¬ã¬ã

�ãáâì äãªæ¨ï f(x) â ª®¢ , çâ® f(x) � g(x), ¤«ï ¢á¥å x 2 D. �«ï ¬¨¨¬¨§ æ¨¨ äãªæ¨¨
f(x)   ¬®¦¥áâ¢¥ D ¯à¥¤« £ ¥âáï

�«£®à¨â¬ 3. �âà®¨âáï äãªæ¨ï F (x) = maxff(x); g(x)g ¨ ¯ãáâì x0 = arg inffF (x); x 2 Rng.
�á«¨ x0 2 D, â® x0 = arg infff(x); x 2 Dg á®£« á® «¥¬¬¥ 3, ¥á«¨ ¦¥ x0 =2 D, â®£¤  ¢ë¡¨à ¥âáï
â®çª  y0 2 D, ç¨á«  �, � â ª¨¥, çâ® 0 < � � � < 1, ä¨ªá¨àãîâáï ¯®á«¥¤®¢ â¥«ì®áâ¨

f�kg; k = 0; 1; 2; : : : ; �k > 0; �k+1 > �k 8k; lim
k!1

�k = +1;

f�kg; k = 0; 1; 2; : : : ; �k > 0; �k+1 < �k 8k; lim
k!1

�k = 0:

�á«¨  ©¤¥ë xk, yk (k � 0), â® ¯¥à¥å®¤ ª xk+1, yk+1 ®áãé¥áâ¢«ï¥âáï ¯® á«¥¤ãîé¥© áå¥¬¥.

1. �ë¡¨à ¥âáï ç¨á«® �k = �kf(xk) + (1� �k)f(yk), £¤¥ �k 2 [�; �].
2. �âà®¨âáï äãªæ¨ï Fk(x) = maxf�k(f(x)� �k); �kg(x)g, k � 0.
3. � å®¤¨âáï zk+1 = arg inffFk(x); x 2 Rng.
4. �á«¨ zk+1 2 D, â® yk+1 = zk+1, xk+1 = xk. �á«¨ zk+1 =2 D, â® ¯®« £ ¥¬ xk+1 = zk+1,
yk+1 = yk.

5. �áãé¥áâ¢«ï¥âáï ¯¥à¥å®¤ ª ¯. 1 ¯à¨ k, § ¬¥¥®¬   k + 1.

� ¬¥ç ¨¥. � ª ª ª á®£« á®  «£®à¨â¬ã 3 f(yk) � f� ¤«ï ¢á¥å k,   ¢ â®çª å xk ¤®áâ¨£ îâ
 ¡á®«îâ®£® ¬¨¨¬ «ì®£® § ç¥¨ï äãªæ¨¨ ¢¨¤  maxf'(x);  (x)g ¨ xk =2 D ¤«ï ¢á¥å k, â®
á®£« á® ¢â®à®¬ã ¨§ ãâ¢¥à¦¤¥¨© «¥¬¬ë 1 ¤«ï ¢á¥å x 2 D ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® '(x) �
'(xk). �á¥ íâ® ¨ ®§ ç ¥â, çâ®

f(yk) � f� � f(xk) 8k; x� 2 D�: (23)
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�¯à¥¤¥«¨¬ ¤¢  ¬®¦¥áâ¢  ¨¤¥ªá®¢ K1 = fk : k � 0; zk+1 2 Dg ¨ K2 = fk : k � 0; zk+1 =2 Dg.

�¥¬¬  9. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, fykg ¯®áâà®¥ë ¯®  «£®à¨â¬ã 3, f(yk) 6= f�

¤«ï ¢á¥å k � 0 ¨ g 2M . �®£¤  ¨¬¥îâ ¬¥áâ®

1: f(yk+1) � �k ¤«ï ¢á¥å k 2 K1; (24)
2: f(xk+1) � �k ¤«ï ¢á¥å k 2 K2. (25)

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â â ª®© ®¬¥à k 2 K1, çâ® f(yk+1) > �k.
� íâ®¬ á«ãç ¥ g(yk+1) � 0 < �k(f(yk+1) � �k)) = Fk(yk+1) � Fk(x) ¤«ï ¢á¥å x 2 Rn. �âáî¤ 
g(x) � 0 < Fk(x) = �k(f(x)� �k) ¤«ï ¢á¥å x 2 D. � â. ª. �k > 0 ¤«ï ¢á¥å k � 0, â® ¨§ ¯®á«¥¤¨å
¤¢ãå á®®â®è¥¨© f(yk+1) � f(x) ¤«ï ¢á¥å x 2 D, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨ï¬ «¥¬¬ë. �¥à¢®¥
ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¤®ª § ®.

�®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â â ª®© ®¬¥à k 2 K2, çâ® f(xk+1) < �k. �®£¤  �kg(xk+1) > 0 >
�k(f(xk+1)��k). � ©¤¥âáï â ª ï ®ªà¥áâ®áâì 
 â®çª¨ xk+1, çâ® ¤«ï ¢á¥å x 2 
 ¡ã¤¥â ¢ë¯®«ïâìáï
�k(f(x) � �k) < �kg(x). �âáî¤  Fk(x) = �kg(x) ¤«ï ¢á¥å x 2 
. � ª ª ª Fk(xk+1) � Fk(x) ¤«ï
¢á¥å x 2 Rn, â® ¨¬¥¥¬ �kg(xk+1) = Fk(xk+1) � Fk(x) = �kg(x) ¤«ï ¢á¥å x 2 
. �® ãá«®¢¨ï¬
«¥¬¬ë g 2 M , á«¥¤®¢ â¥«ì®, xk+1 | â®çª   ¡á®«îâ®£® ¬¨¨¬ã¬  äãªæ¨¨ g(x), ª â®¬ã ¦¥
g(xk+1) > 0 | ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® ¬®¦¥áâ¢® D ¥ ¯ãáâ® ¨ ¢â®à®¥ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë
¤®ª § ®.

�«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï «¥¬¬ë 9, â®£¤  ¨¬¥îâ ¬¥áâ®
1. f(yk) � f(yk+1) ¤«ï ¢á¥å k � 0; (26)
2. f(xk+1) � f(xk) ¤«ï ¢á¥å k � 0. (27)

�®ª § â¥«ìáâ¢®. �á«¨ yk+1 = yk, â® ¥à ¢¥áâ¢® (26) ¢ë¯®«ï¥âáï. � ¯à®â¨¢®¬ á«ãç ¥
yk+1 = arg inffFk(x); x 2 Rng ¨ k 2 K1. �®£¤  ¥à ¢¥áâ¢® (26) ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥¨ï ç¨á« 
�k ¨ ¥à ¢¥áâ¢ (23), (24).

�¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢  (27) ¤®ª §ë¢ ¥âáï   «®£¨ç®.

�¥¬¬  10. �ãáâì ç¨á«  1, 2, �, �, ", a1, a2 â ª®¢ë, çâ® 0 < � � � < 1, 1 � " < a1 �
1 < 2 � a2 < 2 + " ¨ " � minf�(2 � 1); (1� �)(2 � 1)g. �®£¤ 

1 < �a1 + (1� �)a2 < 2 ¤«ï ¢á¥å � 2 [�; �]: (28)

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© «¥¬¬ë ¯®á«¥¤®¢ â¥«ì® ¯®«ãç ¥¬

�a1+(1��)a2 = a1+(1��)(a2�a1) > 1�"+(1��)(2�1) � 1�(1��)(2�1)+(1��)(2�1) = 1

¨ ¯¥à¢®¥ ¨§ ¥à ¢¥áâ¢ (28) ¤®ª § ®.
�¯à ¢¥¤«¨¢®áâì ¢â®à®£® ¨§ ¥à ¢¥áâ¢ (28) ¤®ª §ë¢ ¥âáï   «®£¨ç®.

�¥®à¥¬  4. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, fykg ¯®áâà®¥ë ¯®  «£®à¨â¬ã 3, f(yk) 6= f�

¤«ï ¢á¥å k � 0 ¨ g 2M . �®£¤  lim
k!1

f(yk) = f� = lim
k!1

f(xk).

�®ª § â¥«ìáâ¢®. �§ ¥à ¢¥áâ¢ (23), (26), (27) á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ff(xk)g
¢®§à áâ ¥â ¨ ®£à ¨ç¥  á¢¥àåã,   ¯®á«¥¤®¢ â¥«ì®áâì ff(yk)g ã¡ë¢ ¥â ¨ ®£à ¨ç¥  á¨§ã. � -
ç¨â, ¯®á«¥¤®¢ â¥«ì®áâ¨ ff(xk)g, ff(yk)g áå®¤ïâáï. �¡®§ ç¨¬ 1 = lim

k!1
f(xk), 2 = lim

k!1
f(yk).

�®£¤  á ãç¥â®¬ ¢ëè¥áª § ®£® ¨¬¥¥¬

f(yk) � 2 � 1 � f(xk) ¤«ï ¢á¥å k � 0: (29)

�à¥¤¯®«®¦¨¬, çâ® 1 < 2. �§ áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¥© ff(xk)g, ff(yk)g á«¥¤ã¥â, çâ®
¤«ï " = minf�(2 � 1); (1 � �)(2 � 1)g > 0 áãé¥áâ¢ã¥â â ª®© ®¬¥à N , çâ® ¤«ï ¢á¥å k � N
¢ë¯®«ï¥âáï jf(yk) � 2j < " ¨ jf(xk) � 1j < " ¨«¨ á ãç¥â®¬ ¥à ¢¥áâ¢  (29) f(yk) < 2 + " ¨
f(xk) > 1 � " ¤«ï ¢á¥å k � N .
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�®£¤  ¨§ «¥¬¬ë 10 ¨ ¨§ ¥à ¢¥áâ¢ (29) ¤«ï «î¡®£® k � N ¢ë¯®«ï¥âáï f(xk+1) � 1 < �k =
�kf(xk) + (1 � �k)f(yk) < 2 � f(yk+1). �á«¨ k 2 K1, â® ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯à®â¨¢®à¥ç¨â
¥à ¢¥áâ¢ã (24),   ¥á«¨ k 2 K2, â® ¯à®â¨¢®à¥ç¨â (25).

�«¥¤®¢ â¥«ì®, 1 = 2. � ¨§ ¥à ¢¥áâ¢  (23) ¨¬¥¥¬ lim
k!1

f(yk) = f� = lim
k!1

f(xk).

�«¥¤áâ¢¨¥. �ãáâì ¤«ï ¥ª®â®à®£® ®¬¥à  p � 0 ¢ë¯®«ï¥âáï zp+1 2 D ¨ f(xp) < f� (zp+1 =2 D
¨ f(yp) > f�). �®£¤  áãé¥áâ¢ã¥â â ª®© ®¬¥à k > p, çâ® zk+1 =2 D (zk+1 2 D).

�®ª § â¥«ìáâ¢®. �ãáâì zp+1 2 D ¨ f(xp) < f�. �®¯ãáâ¨¬, çâ® ¤«ï ¢á¥å k > p ¢ë¯®«ï¥âáï
zk+1 2 D. �â® ®§ ç ¥â, çâ® f(xk+1) = f(xk) =  ¤«ï 8k � p. �§ â¥®à¥¬ë 4 ¨ ¯. 1  «£®à¨â¬  3
á«¥¤ã¥â, çâ® lim

k!1
�k = lim

k!1
f(yk). �® á ¤àã£®© áâ®à®ë, ¤«ï ¢á¥å k > p

f(yk)� �k = f(yk)� (1� �k)f(yk)� �kf(xk) = �k(f(yk)� f(xk)) � �(f� � ) = const > 0

| ¯®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.
�«ãç ©, ª®£¤  zp+1 =2 D ¨ f(yp) > f�, ¤®ª §ë¢ ¥âáï   «®£¨ç®.

� ¬¥ç ¨¥. �«£®à¨â¬ 3 ®¡¥á¯¥ç¨¢ ¥â ¯® § ¤ ®¬ã " > 0 ¢ë¯®«¥¨¥ ¥à ¢¥áâ¢  jf(yk)�
f(xk)j < ",  ç¨ ï á ¥ª®â®à®£® ®¬¥à  k. �® «¥£ª® ¯à®¢¥àï¥âáï ¢ ¯à®æ¥áá¥ ¢ëç¨á«¥¨© ¨
£ à â¨àã¥â ¢ á¨«ã (23) ¡«¨§®áâì § ç¥¨© f(xk), f(yk) ª ¬¨¨¬ «ì®¬ã § ç¥¨î äãªæ¨¨
f(x)   ¬®¦¥áâ¢¥ D á â®ç®áâìî ¤® ".

�á¥ ¯à¥¤« £ ¥¬ë¥  «£®à¨â¬ë, ª ª ®¡ëç® ¢ ¬¥â®¤ å æ¥âà®¢, ï¢«ïîâáï ¯à¨æ¨¯¨ «ìë¬¨.
�«ï â®£® çâ®¡ë ®¨ áâ «¨ ç¨á«¥® à¥ «¨§ã¥¬ë¬¨,   äãªæ¨¨ f(x), g(x) ¤®«¦ë ¡ëâì  -
«®¦¥ë ¤®¯®«¨â¥«ìë¥ âà¥¡®¢ ¨ï, ¯®§¢®«ïîé¨¥ ¯à¨¬¥¨âì â¥ ¨«¨ ¨ë¥ ç¨á«¥ë¥ ¬¥â®¤ë
 å®¦¤¥¨ï  ¡á®«îâ®£® ¬¨¨¬ã¬  ¢á¯®¬®£ â¥«ì®© äãªæ¨¨ ¬ ªá¨¬ã¬ .
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