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�¢ï§­ë¥ ¬¨­¨¬ «ì­ë¥ ¯®¢¥àå­®áâ¨ ¯®áâ®ï­­®© £ ãáá®¢®© ªà¨¢¨§­ë ¢ ¯à®áâà ­áâ¢¥­­ëå
ä®à¬ å ª« áá¨ä¨æ¨à®¢ ­ë ¢ à ¡®â¥ �. �à ©¥­â  [1]. �§®¬¥âà¨ç¥áª¨¥ ¯®£àã¦¥­¨ï ®¡« áâ¥© n-
¬¥à­®£® ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® ¢ 2n� 1-¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® E2n�1 à áá¬ âà¨-
¢ «¨áì ¢ [2]{[4]. � [2] ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¡ §¨á  ¢ ­®à¬ «ì­®¬ à áá«®¥­¨¨ Ln ¢ E2n�1 á
­ã«¥¢ë¬¨ ª®íää¨æ¨¥­â ¬¨ ªàãç¥­¨ï, ¢ [3] ¢¢¥¤¥­ë ª®®à¤¨­ âë ¢ Ln á ¯®¬®éìî  á¨¬¯â®â¨-
ç¥áª¨å ­ ¯à ¢«¥­¨©, ¢ [4] ¤®ª § ­  ¢®§¬®¦­®áâì ¢¢¥¤¥­¨ï «®ª «ì­ëå ª®®à¤¨­ â ¢ ¢¨¤¥ «¨­¨©
ªà¨¢¨§­ë ­  ®¡« áâ¨ D ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® Ln ¨§®¬¥âà¨ç¥áª¨ ¯®£àã¦¥­­®© ¢ E2n�1. �
[5] à áá¬®âà¥­ë ¨§®¬¥âà¨ç¥áª¨¥ ¯®£àã¦¥­¨ï Ln ¢ En+m,m � n�1, á ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨¥¬:
­®à¬ «ì­ ï á¢ï§­®áâì ¯®£àã¦¥­¨ï ¯«®áª ï. �â® ãá«®¢¨¥ à ¢­®á¨«ì­® áãé¥áâ¢®¢ ­¨î n £« ¢­ëå
­ ¯à ¢«¥­¨© ¢ ª ¦¤®© â®çª¥ ¯®£àã¦¥­­®© ®¡« áâ¨ D ¯à®áâà ­áâ¢  Ln+m. � ¯®¬®éìî £« ¢­ëå
­ ¯à ¢«¥­¨© ¬®¦­® ¢¢¥áâ¨ ®àâ®£®­ «ì­ë¥ ª®®à¤¨­ âë u1; : : : ; un ¢ ®¡« áâ¨ D, ¢ ª®â®àëå «¨-
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� ¬¥â¨¬, çâ®
nP
i=1

sin2 �i � 1. �á­®¢­®© à¥§ã«ìâ â ¤ ­­®© áâ âì¨ á®áâ ¢«ï¥â

�¥®à¥¬ . �¡« áâì D ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® Ln ­¥«ì§ï ¨§®¬¥âà¨ç¥áª¨ ¢ ª« áá¥ C3

¯®£àã§¨âì ¢ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® En+m, m � n� 1, ¢ ¢¨¤¥ ¬¨­¨¬ «ì­®£® ¯®¤¬­®£®®¡à §¨ï
á ¯«®áª®© ­®à¬ «ì­®© á¢ï§­®áâìî.

� ¬¥ç ­¨¥. � á«ãç ¥ m = n � 1 âà¥¡®¢ ­¨¥ ¯«®áª®áâ¨ ­®à¬ «ì­®© á¢ï§­®áâ¨ ¨§«¨è­¥ ¨
¯®«ãç ¥âáï ¨­®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¨§ [3] ¢ á«ãç ¥, ª®£¤  ®¡ê¥¬«îé¥¥ ¯à®áâà ­áâ¢®
¥¢ª«¨¤®¢®.

�à¥¤¢ à¨â¥«ì­® ¤®ª ¦¥¬ «¥¬¬ã.

�¥¬¬ . �«ï ¢¥ªâ®à  áà¥¤­¥© ªà¨¢¨§­ë H ¯®¤¬­®£®®¡à §¨ï Ln ¢ En+m ¢ë¯®«­ï¥âáï à ¢¥­-
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�®ª § â¥«ìáâ¢®. �¥ªâ®à áà¥¤­¥© ªà¨¢¨§­ëH ¢ ª®®à¤¨­ â å «¨­¨© ªà¨¢¨§­ë ¨ ¢ ãª § ­­®¬
¢ëè¥ ¯ à ««¥«ì­®¬ ¡ §¨á¥ ­®à¬ «ì­®£® à áá«®¥­¨ï à ¢¥­

H =
1
n

X
i;j;p;

gijL
(p)
ij �p =

1
n

mX
p=1

� nX
i=1

L
(p)
ii

sin2 �i

�
�p:

�á¯®«ì§ãï ®àâ®£®­ «ì­®áâì áâ®«¡æ®¢ ãª § ­­®© ¬ âà¨æë, ¨¬¥¥¬

n2H2 =
nX
i=1

1

sin4 �i

� mX
p=1

(L(p)
ii )

2

�
+ 2

X
i<j

1

sin2 �i sin
2 �j

mX
p=1

L
(p)
ii L

(p)
jj =

=
nX
i=1

1
sin4 �i

(cos2 �i sin
2 �i) + 2

X
i<j

1
sin2 �i sin

2 �j
(� sin2 �i sin

2 �j) =

=
nX
i=1

ctg2 �i � 2C2
n =

nX
i=1

1
sin2 �i

� n2: �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â ¬¨­¨¬ «ì­®¥ ¯®£àã¦¥­¨¥ Ln ¢ En+m

á ¯«®áª®© ­®à¬ «ì­®© á¢ï§­®áâìî. �á¯®«ì§ãï ¢ëà ¦¥­¨¥ ¤«ï H2, ¯®«ãç¥­­®¥ ¢ «¥¬¬¥, ¨ ­¥à -
¢¥­áâ¢® ¬¥¦¤ã áà¥¤­¨¬ £ à¬®­¨ç¥áª¨¬ ¨ áà¥¤­¨¬  à¨ä¬¥â¨ç¥áª¨¬, ¨¬¥¥¬
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�à¨ íâ®¬ á«ãç © à ¢¥­áâ¢  ¢®§¬®¦¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
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= �(u1; : : : ; un) sin
2 �i; i = 1; : : : ; n:

�á«¨ ¯®£àã¦¥­¨¥ ¬¨­¨¬ «ì­®, â® H2 � 0 ¢ ®¡« áâ¨ D, â®£¤ 
nP
i=1

sin2 �i = 1 ¨, á«¥¤®¢ â¥«ì­®,

sin2 �i � 1
n
, i = 1; : : : ; n, çâ® ¯à®â¨¢®à¥ç¨â ­¥¥¢ª«¨¤®¢®áâ¨ ¬¥âà¨ª¨ ds2.

�«¥¤áâ¢¨¥. �ãáâì Mn | á¢ï§­®¥ ¬¨­¨¬ «ì­®¥ ¯®¤¬­®£®®¡à §¨¥ ¯®áâ®ï­­®© á¥ªæ¨®­­®©
ªà¨¢¨§­ë K á ¯«®áª®© ­®à¬ «ì­®© á¢ï§­®áâìî ¢ En+m (m � n � 1). �®£¤  K � 0 ¨ Mn ¥áâì
®¡« áâì n-¯«®áª®áâ¨ ¢ En+m.

�¥©áâ¢¨â¥«ì­®, ª ª ¯®ª § ­® ¢ [3], ¨§ ãà ¢­¥­¨© � ãáá  ¨ ¬¨­¨¬ «ì­®áâ¨ á«¥¤ã¥â, çâ®K � 0,
¯à¨ç¥¬, ¥á«¨K = 0, â®Mn ï¢«ï¥âáï ¢¯®«­¥ £¥®¤¥§¨ç¥áª¨¬ ¯®¤¬­®£®®¡à §¨¥¬. �«ãç © ¦¥K < 0
­¥¢®§¬®¦¥­ ¯® ¤®ª § ­­®© ­ ¬¨ â¥®à¥¬¥.
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