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� ¤ ­­®© áâ âì¥ ¨áá«¥¤ã¥âáï áå®¤¨¬®áâì áå¥¬ë à¥è¥­¨ï  ¡áâà ªâ­®£® £¨¯¥à¡®«¨ç¥áª®£®
ãà ¢­¥­¨ï ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ á ¯¥à¥¬¥­­ë¬¨ ®¯¥à â®à­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ï¢«ïî-
é¥©áï ª®¬¡¨­ æ¨¥© áå¥¬ë � «�¥àª¨­  ¯® ¯à®áâà ­áâ¢ã ¨ âà¥åá«®©­®© à §­®áâ­®© áå¥¬ë á ¢¥á ¬¨
¯® ¢à¥¬¥­¨. � ª¨¥-«¨¡® á¯¥æ¨ «ì­ë¥ ãá«®¢¨ï ­  ª®­¥ç­®¬¥à­ë¥ ¯®¤¯à®áâà ­áâ¢ , ¢ ª®â®àëå
¤®«¦­ë ¯à¨­¨¬ âì §­ ç¥­¨ï ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï, ®âáãâáâ¢ãîâ. �áâ ­ ¢«¨¢ îâáï  á¨¬¯â®-
â¨ç¥áª¨¥ í­¥à£¥â¨ç¥áª¨¥ ®æ¥­ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ à áá¬ âà¨¢ ¥¬®© ¢ëç¨á«¨â¥«ì­®© áå¥¬ë.
� ª®­æ¥ áâ âì¨ ¯®ª § ­®, çâ® ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ¯à¨¬¥­¨¬ë ª ¨áá«¥¤®¢ ­¨î áå®¤¨¬®áâ¨
áå¥¬ ¯à®¥ªæ¨®­­®-à §­®áâ­®£® ¬¥â®¤  à¥è¥­¨ï ­ ç «ì­®-ªà ¥¢ëå § ¤ ç ¤«ï £¨¯¥à¡®«¨ç¥áª¨å
ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  á ¤¨áªà¥â¨§ æ¨¥© ¯® ¯à®áâà ­áâ¢ã ¬¥â®¤®¬ ª®­¥ç­ëå í«¥¬¥­â®¢.

�á­®¢­ë¥ à¥§ã«ìâ âë à ¡®âë á®¤¥à¦ âáï ¢ â¥®à¥¬ å 4{6. �¥®à¥¬  4 ®â­®á¨âáï ª á«ãç î
¥áâ¥áâ¢¥­­®© £« ¤ª®áâ¨ â®ç­®£® à¥è¥­¨ï ¨áå®¤­®£® ãà ¢­¥­¨ï,   â¥®à¥¬ë 5, 6 | ª á«ãç ï¬
¯®¢ëè¥­­®© £« ¤ª®áâ¨ â®ç­®£® à¥è¥­¨ï. � ¤¢ãå ¯®á«¥¤­¨å â¥®à¥¬ å ¤ ­ë ®æ¥­ª¨, ­¥ã«ãçè -
¥¬ë¥ ¯® ¯®àï¤ªã. �«¨§ª¨¥ à¥§ã«ìâ âë ¤«ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  á ª®-
íää¨æ¨¥­â ¬¨, ­¥ § ¢¨áïé¨¬¨ ®â ¢à¥¬¥­¨, ¨ á¨¬¬¥âà¨ç­ëå áå¥¬ ¡ë«¨ ¯®«ãç¥­ë ¢ [1]. �«ï
¯®«ã¤¨áªà¥â­®£® ¬¥â®¤  � «�¥àª¨­  ®æ¥­ª¨,  ­ «®£¨ç­ë¥ ãáâ ­®¢«¥­­ë¬ §¤¥áì, ¡ë«¨ ¯®«ãç¥­ë
¢ [2]. �«ï  ¡áâà ªâ­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢ á«ãç ¥ ç¨áâ® ­¥ï¢­®© à §­®áâ­®© áå¥¬ë ¯®
¢à¥¬¥­¨ à¥§ã«ìâ âë, ¯®¤®¡­ë¥ à¥§ã«ìâ â ¬ ¤ ­­®© à ¡®âë, ãáâ ­ ¢«¨¢ «¨áì ¢ [3], [4].

� áâ âì¥ ¨á¯®«ì§ãîâáï áâ ­¤ àâ­ë¥ ®¡®§­ ç¥­¨ï ¢¨¤  L(X;Y ), Ck([0; T ];X), Lp(0; T ;X), £¤¥
X ¨ Y | «¨­¥©­ë¥ ­®à¬¨à®¢ ­­ë¥ ¯à®áâà ­áâ¢ , [0; T ] | ®âà¥§®ª ®á¨ R (­ ¯à., [5], á. 579),  
â ª¦¥ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: B(X) | ¯à®áâà ­áâ¢® ¡¨«¨­¥©­ëå ä®à¬ ' : X � X ! R, ¤«ï
ª®â®àëå k'kB(X) = sup

kx1kX=kx2kX=1

j'(x1; x2)j < 1; W k;p(0; T ;X), k 2 N, p = 1 ¨«¨ p = 1, | ¯à®-

áâà ­áâ¢® äã­ªæ¨© ¨§ Ck�1([0; T ];X), ¯à®¨§¢®¤­ë¥ k-£® ¯®àï¤ª  ª®â®àëå, ¯®­¨¬ ¥¬ë¥ ¢ á¬ëá«¥
à á¯à¥¤¥«¥­¨© ([5], á. 20), ¯à¨­ ¤«¥¦ â Lp(0; T ;X). �à®¬¥ â®£®, ¨á¯®«ì§ãîâáï ®¡®§­ ç¥­¨ï ¢¨¤ by, �y, yt, yt, y �

t
, ytt, ¯à¨­ïâë¥ ¢ â¥®à¨¨ à §­®áâ­ëå áå¥¬ ([6], cá. 613, 614; [7], á. 10).

1. �áå®¤­ ï § ¤ ç 

�ãáâì H | ¢¥é¥áâ¢¥­­®¥ á¥¯ à ¡¥«ì­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥-
¤¥­¨¥¬ (�; ��)H ¨ ­®à¬®© k � kH , T > 0 | § ¤ ­­®¥ ç¨á«®. �ã¤¥¬ à áá¬ âà¨¢ âì § ¤ çã �®è¨ ¤«ï
 ¡áâà ªâ­®£® £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï

u00(t) +A(t)u(t) +B(t)u(t) = f(t); t 2 [0; T ]; (1.1)

u(0) = u0(0) = 0; (1.2)

£¤¥ u : [0; T ]! H|¨áª®¬ ï äã­ªæ¨ï,A(t), B(t), t 2 [0; T ], | § ¤ ­­ë¥ ®¯¥à â®àë, f : [0; T ]! H
| § ¤ ­­ ï äã­ªæ¨ï. �á¥ ®¯¥à â®àë A(t), t 2 [0; T ], | ­¥®£à ­¨ç¥­­ë¥, á ¬®á®¯àï¦¥­­ë¥
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¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¥ ¢ H ¨ ¨¬¥îâ ®¡éãî ®¡« áâì ®¯à¥¤¥«¥­¨ï D � H; ®¯¥à â®à
(A(0))�1, ®¡à â­ë© ª A(0), ª®¬¯ ªâ¥­ ¢ H. � á¨«ã â¥®à¥¬ë � ©­æ  ([8], á. 177) ¢á¥ ®¯¥à â®àë
(A(t))1=2, t 2 [0; T ], â ª¦¥ ¨¬¥îâ ®¡éãî ®¡« áâì ®¯à¥¤¥«¥­¨ï, ª®â®àãî ®¡®§­ ç¨¬ ç¥à¥§ V .
�¢¥¤¥¬ ­  D ­®à¬ã k � kD = kA(0) � kH , â¥¬ á ¬ë¬ ¯à¥¢à â¨¬ D ¢ ¡ ­ å®¢® ¯à®áâà ­áâ¢®.
�à¨¬¥¬, çâ® ¤«ï «î¡ëå v 2 D ¨ t 2 [0; T ]

kvkD � a1kA(t)vkH ; (1.3)

kA(t)vkH � a2kvkD; (1.4)

£¤¥ a1, a2 | ª®­áâ ­âë, ­¥ § ¢¨áïé¨¥ ®â v ¨ t. �¡®§­ ç¨¬ í­¥à£¥â¨ç¥áª®¥ áª «ïà­®¥ ¯à®¨§¢¥-
¤¥­¨¥ ¨ í­¥à£¥â¨ç¥áªãî ­®à¬ã, ¯®à®¦¤¥­­ë¥ ®¯¥à â®à®¬ A(t), á®®â¢¥âáâ¢¥­­® ç¥à¥§ a(t; �; ��) ¨
k�k(t), â. ¥. a(t; v; w) = ((A(t))1=2v; (A(t))1=2w)H , kvk(t) = k(A(t))1=2vkH , t 2 [0; T ], v; w 2 V . �­ ¡¤¨¢
V áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ (�; ��)V = a(0; �; ��) ¨ á®®â¢¥âáâ¢¥­­® ­®à¬®© k � kV = k � k(0), ¯à¥¢à -
â¨¬ íâ® ¬­®¦¥áâ¢® ¢ á¥¯ à ¡¥«ì­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®. �ã¤¥¬ áç¨â âì, çâ® äã­ªæ¨ï
\t ! a(t; �; ��)" ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã W 2;1(0; T ;B(V )), äã­ªæ¨ï \t ! B(t)" | ¯à®áâà ­-
áâ¢ã W 1;1(0; T ;L(V ;H)), a f 2W 1;1(0; T ;H).

�á¥ áä®à¬ã«¨à®¢ ­­ë¥ §¤¥áì ãá«®¢¨ï ¢áî¤ã ¢ ¤ «ì­¥©è¥¬ áç¨â îâáï ¢ë¯®«­¥­­ë¬¨ ¡¥§
á¯¥æ¨ «ì­ëå ®£®¢®à®ª. �á¥ ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï, ­ « £ ¥¬ë¥ ­¨¦¥ ­  ®¯¥à â®àë A(t), B(t)
¨ äã­ªæ¨î f , áç¨â îâáï ¢ë¯®«­¥­­ë¬¨ â®«ìª® â®£¤ , ª®£¤  ®¡ íâ®¬ áª § ­® ï¢­®.

�â¬¥â¨¬ ¤«ï ¤ «ì­¥©è¥£® ­¥ª®â®àë¥ á«¥¤áâ¢¨ï ¯à¨­ïâëå ãá«®¢¨©. �§ (1.3), (1.4) ¯® â¥®à¥¬¥
� ©­æ  á«¥¤ã¥â, çâ® ¤«ï «î¡ëå v 2 D ¨ t 2 [0; T ]

kvkV � a1=21 kvk(t); (1.5)

kvk(t) � a
1=2
2 kvkV : (1.6)

� ª ª ª \t! a(t; �; ��)" 2 W 2;1(0; T ;B(V )), â® § ¢¥¤®¬® \t! a(t; �; ��)" 2 C1([0; T ];B(V )), ¯®íâ®¬ã
áãé¥áâ¢ã¥â â ª ï ª®­áâ ­â  a3, çâ® ¤«ï «î¡ëå t 2 [0; T ], v; w 2 V

ja0(t; v; w)j � a3kvkV kwkV ; (1.7)

£¤¥ \t ! a0(t; �; ��)" | ¯à®¨§¢®¤­ ï ¯¥à¢®£® ¯®àï¤ª  äã­ªæ¨¨ \t ! a(t; �; ��)". � ª ª ª \t !
B(t)" 2 W 1;1(0; T ;L(V ;H)), â® § ¢¥¤®¬® \t ! B(t)" 2 C0([0; T ];L(V ;H)), ¯®íâ®¬ã áãé¥áâ¢ã¥â
â ª ï ª®­áâ ­â  b0, çâ® ¤«ï «î¡ëå t 2 [0; T ], v 2 V

kB(t)vkH � b0kvkV : (1.8)

�¥®à¥¬  1. � ¤ ç  (1:1), (1:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u 2 W 2;1(0; T ;H) \
W 1;1(0; T ;V ) \ L1(0; T ;D), ã¤®¢«¥â¢®àïîé¥¥ ãà ¢­¥­¨î (1:1) ¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; T ] ¨ ­ -

ç «ì­ë¬ ãá«®¢¨ï¬ (1:2) ­¥¯®áà¥¤áâ¢¥­­®.

�®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ (1.1), (1.2) ¢ ãª § ­­®¬ á¬ëá«¥ ¯à®¢®¤¨âáï
¯® ¨§¢¥áâ­®© áå¥¬¥ á ¨á¯®«ì§®¢ ­¨¥¬ ¯®«ã¤¨áªà¥â­ëå  ¯¯à®ªá¨¬ æ¨© � «�¥àª¨­  ([5], cá. 22{27,
30{32; [9], á.213{220). �®ª § â¥«ìáâ¢® ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï  ­ «®£¨ç­®, ­ ¯à¨¬¥à, ¤®ª § -
â¥«ìáâ¢ã â¥®à¥¬ë 2.1 ¢ ([9], £«. IV, á. 206).

�¨¦¥ ¢ â¥®à¥¬ å 5, 6 ¯à¥¤¯®« £ ¥âáï, çâ® à¥è¥­¨¥ u § ¤ ç¨ (1.1), (1.2) ®¡« ¤ ¥â ®¯à¥¤¥«¥­-
­®© ¯®¢ëè¥­­®© £« ¤ª®áâìî. �à¥¡ã¥¬ ï ¢ íâ¨å â¥®à¥¬ å (ä ªâ¨ç¥áª¨ ­¥áª®«ìª® ¡®«¥¥ ¢ëá®ª ï)
£« ¤ª®áâì à¥è¥­¨ï § ¤ ç¨ (1.1), (1.2) ¨¬¥¥â ¬¥áâ® ¯à¨ ­ ¤«¥¦ é¥¬ ãá¨«¥­¨¨ ãá«®¢¨© ­  ®¯¥-
à â®àë A(t), B(t) ¨ äã­ªæ¨î f . �ä®à¬ã«¨àã¥¬ §¤¥áì á®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï :

1) \t! A(t)" 2W 1;1(0; T ;L(D;H));
2) \t! a(t; �; ��)" 2W 3;1(0; T ;B(V ));
3) \t! B(t)" 2W 2;1(0; T ;L(V ;H));
4) f 2W 2;1(0; T ;H);
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5) f(0) 2 V .

�®£¤  u 2W 3;1(0; T ;H) \W 2;1(0; T ;V ) \W 1;1(0; T ;D).

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï :

1) \t! A(t)" 2W 2;1(0; T ;L(D;H));
2) \t! a(t; �; ��)" 2W 4;1(0; T ;B(V ));
3) \t! B(t)" 2W 3;1(0; T ;L(V ;H));
4) f 2W 3;1(0; T ;H);
5) f(0) 2 D, f 0(0) 2 V .

�®£¤  u 2W 4;1(0; T ;H) \W 3;1(0; T ;V ) \W 2;1(0; T ;D).

�¥å­¨ª  ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 2, 3 ¡«¨§ª  ¨á¯®«ì§ã¥¬®© ¢ ([5], á. 30{32; [9], á. 216{220).

2. �å¥¬  ¯à®¥ªæ¨®­­®-à §­®áâ­®£® ¬¥â®¤ 

� ¤ ¤¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì fVng1n=1 ª®­¥ç­®¬¥à­ëå ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  V . �à¨-
¬¥¬ ®¡®§­ ç¥­¨ï: An(t), t 2 [0; T ], | ¤¥©áâ¢ãîé¨© ¢ Vn ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ¨§ â®¦¤¥áâ¢ 
(An(t)vn; wn)H = a(t; vn; wn), vn; wn 2 Vn; Pn ¨ Qn | ®àâ®¯à®¥ªâ®àë ­  Vn á®®â¢¥âáâ¢¥­­® ¢ H ¨
¢ V ; E | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à ¢ V ; Rn = E � Qn. �ã¤¥¬ áç¨â âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì
¯®¤¯à®áâà ­áâ¢ fVng1n=1 ¯à¥¤¥«ì­® ¯«®â­  ¢ V , â. ¥. ¤«ï «î¡®£® v 2 V kRnvkV ! 0 ¯à¨ n! 1.
� «¥¥, ®¡®§­ ç¨¬ !� = fk�g1k=0 \ [0; T ] (!� | á¥âª  ­  ®âà¥§ª¥ [0; T ] á è £®¬ � ¨ ã§« ¬¨ k� ,
k = 0; 1; 2; : : : ), !� = !� n f0;max!�g, £¤¥ � | «î¡®¥ ç¨á«® ¨§ ]0; T=2].

� ä¨ªá¨àã¥¬ ­¥ª®â®àë¥ �1; �2; �3; �4 2 R, �1 � �2. � áá¬®âà¨¬ áå¥¬ã ¯à®¥ªæ¨®­­®-à §­®áâ-
­®£® ¬¥â®¤  ¤«ï § ¤ ç¨ (1.1), (1.2):

ytt +An(t)y
(�1;�2)(t) + PnB(t)y

(�3;�4)(t) = Pnf(t); t 2 !� ; (2.1)

y(t) 2 Vn; t 2 !� ; y(0) ¨ y(�) § ¤ ­ë. (2.2)

�¤¥áì n 2 N, � 2]0; T=2], y(�i;�i+1) = �iby+ (1� �i � �i+1)y+ �i+1�y, i = 1 ¨«¨ i = 3. �á¥ à áá¬ âà¨-
¢ ¥¬ë¥ ¯ àë §­ ç¥­¨© (n; �) ¢áî¤ã ¢ íâ®© à ¡®â¥ áç¨â ¥¬ â ª¨¬¨, çâ®�

�1 + �2
2

�
1 + "

4

�
� 2An(t) +E � 0; t 2 !� ; (2.3)

£¤¥ " > 0 | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â n, � ¨ t, ®¯¥à â®à­®¥ ­¥à ¢¥­áâ¢® ¯®­¨¬ ¥âáï ¢ á¬ëá«¥
áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¯à®áâà ­áâ¢  H. �á«®¢¨ï �1 � �2 ¨ (2.3) ¯®«ãç îâáï, ¥á«¨ § ¯¨á âì
¤«ï £« ¢­®© ç áâ¨ ãà ¢­¥­¨ï (2.1) (¡¥§ ç«¥­  PnB(t)y(�3;�4)(t)) ¨§¢¥áâ­ë¥ ¢ â¥®à¨¨ ®¯¥à â®à­®-
à §­®áâ­ëå áå¥¬ ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨ ([6], á. 363; [7], á. 235). �ç¥¢¨¤­®, ¥á«¨ �1 + �2 > 1=2, â®
ãá«®¢¨¥ (2.3) ¢ë¯®«­¥­® ¯à¨ «î¡ëå n ¨ � á ª®­áâ ­â®© " = 2(�1 + �2)� 1.

�¥¬¬  1. �à¨ «î¡®¬ ¢ë¡®à¥ ¤®¯ãáâ¨¬®©, â. ¥. ã¤®¢«¥â¢®àïîé¥© (2:3), ¯ àë §­ ç¥­¨©

(n; �) 2 N�]0; T=2], £¤¥ � ¤®áâ â®ç­® ¬ «® (� � �1, £¤¥ �1 > 0 { ª®­áâ ­â , ­¥ § ¢¨áïé ï

®â n), ¨ § ¤ ­­ëå ­ ç «ì­ëå §­ ç¥­¨© y(0); y(�) 2 Vn § ¤ ç  (2:1), (2:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥ y : !� ! Vn.

�¯à ¢¥¤«¨¢®áâì íâ®© «¥¬¬ë ¢ëâ¥ª ¥â ¨§ â®£®, çâ® ¯à¨ «î¡®¬ ¢ë¡®à¥ ¤®¯ãáâ¨¬®© ¯ àë (n; �),
£¤¥ � ¤®áâ â®ç­® ¬ «® ¢ ãª § ­­®¬ á¬ëá«¥, ®¯¥à â®à­ë© ª®íää¨æ¨¥­â ��2E+�1An(t)+�3PnB(t)
¯à¨ by(t) ¢ (2.1) ¯®«®¦¨â¥«¥­ ¢ á¬ëá«¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¯à®áâà ­áâ¢  H ¤«ï «î¡®£®
t 2 !� , ¢ ç¥¬ ­¥âàã¤­® ã¡¥¤¨âìáï, ¨á¯®«ì§ãï ãá«®¢¨ï �1 � �2, (2.3) ¨ ­¥à ¢¥­áâ¢® (1.8).

�¥è¥­¨¥ § ¤ ç¨ (2.1), (2.2), á®®â¢¥âáâ¢ãîé¥¥ ­¥ª®â®à®© ¯ à¥ §­ ç¥­¨© (n; �), ã¤®¢«¥â¢®àïî-
é¥© âà¥¡®¢ ­¨ï¬ «¥¬¬ë 1, ¨ ­¥ª®â®àë¬ § ¤ ­­ë¬ ­ ç «ì­ë¬ §­ ç¥­¨ï¬ y(0), y(�) 2 Vn, ¡ã¤¥¬
âà ªâ®¢ âì ª ª ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1.1), (1.2), ¯®áâà®¥­­®¥ ¯à®¥ªæ¨®­­®-à §­®áâ­ë¬
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¬¥â®¤®¬. � «¥¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì á«¥¤ãîé¨¥ ¤¢  ¢ à¨ ­â  ­ ç «ì­ëå ãá«®¢¨© ª áå¥¬¥ (2.1),
(2.2):

y(0) = y(�) = 0 (2.4)

«¨¡® (¯à¨ f(0) 2 V )

y(0) = 0; y(�) =
� 2

2
Qnf(0): (2.5)

�à¨¢¥¤¥¬ ­ã¦­ãî ¤«ï ¤ «ì­¥©è¥£® ®æ¥­ªã á¥â®ç­ëå ¯à®¨§¢®¤­ëå à¥è¥­¨ï § ¤ ç¨ (2.1),
(2.2) ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢.

�¥¬¬  2. �à¨ «î¡®¬ ¢ë¡®à¥ ¤®¯ãáâ¨¬®©, â. ¥. ã¤®¢«¥â¢®àïîé¥© (2:3), ¯ àë §­ ç¥­¨©

(n; �) 2 N�]0; T=2], £¤¥ � ¤®áâ â®ç­® ¬ «® (� � �2, �2 2 ]0; �1] | ª®­áâ ­â , ­¥ § ¢¨áïé ï

®â n; �1 | ª®­áâ ­â , ãª § ­­ ï ¢ «¥¬¬¥ 1), ¤«ï à¥è¥­¨ï § ¤ ç¨ (2:1), (2:2) á ­ ç «ì­ë¬¨
ãá«®¢¨ï¬¨ (2:4) «¨¡® ¯à¨ f(0) 2 V á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (2:5) ¢ë¯®«­¥­  ®æ¥­ª 

max
t2!�[f0g

kytkV +max
t2!�

kyttkH �M; (2.6)

£¤¥ M | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â n ¨ � .

�à¨ ¤®ª § â¥«ìáâ¢¥ íâ®© «¥¬¬ë ¨á¯®«ì§ã¥âáï â¥å­¨ª  á¥â®ç­ëå í­¥à£¥â¨ç¥áª¨å ®æ¥­®ª ([6],
ác. 356{363, 370, 371; [7], cá. 225, 226, 233{236, 266, 267).

3. �á­®¢­ë¥ à¥§ã«ìâ âë

�®«®¦¨¬ �n = kRnkL(D;V ), n 2 N. �ã¤¥¬ ®æ¥­¨¢ âì áª®à®áâì áå®¤¨¬®áâ¨ áå¥¬ë ¯à®¥ªæ¨®­­®-
à §­®áâ­®£® ¬¥â®¤  (2.1), (2.2) ¤«ï § ¤ ç¨ (1.1), (1.2) ¢ â¥à¬¨­ å ¢¥«¨ç¨­ �n ¨ � . �§ ¯à¨­ïâëå
ãá«®¢¨© ¯à¥¤¥«ì­®© ¯«®â­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®¤¯à®áâà ­áâ¢ fVng1n=1 ¢ V ¨ ª®¬¯ ªâ­®áâ¨
®¯¥à â®à  (A(0))�1 ¢ H á«¥¤ã¥â, çâ® �n ! 0 ¯à¨ n!1. �® ¬­®£¨å á«ãç ïå ¯à¨ ª®­ªà¥â­®¬ ¢ë-
¡®à¥ ¯®¤¯à®áâà ­áâ¢ Vn ¢¥«¨ç¨­ã �n ¬®¦­® ®æ¥­¨âì á¢¥àåã (¯® ªà ©­¥© ¬¥à¥  á¨¬¯â®â¨ç¥áª¨)
­¥ª®â®à®© ¨§¢¥áâ­®© ¢¥«¨ç¨­®©, áâà¥¬ïé¥©áï ª ­ã«î ¯à¨ n ! 1. � ª®­æ¥ áâ âì¨ ãª § ­  â¨-
¯¨ç­ ï  á¨¬¯â®â¨ç¥áª ï ®æ¥­ª  á¢¥àåã ¢¥«¨ç¨­ë �n ¢ ¯à¨«®¦¥­¨¨ ª ¯¥à¢®© ­ ç «ì­®-ªà ¥¢®©
§ ¤ ç¥ ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ¯à¨ ¤¨áªà¥â¨§ æ¨¨ § ¤ ç¨ ¯® ¯à®-
áâà ­áâ¢ã ¬¥â®¤®¢ ª®­¥ç­ëå í«¥¬¥­â®¢.

�æ¥­ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ áå¥¬ë (2.1), (2.2) ¤ ­ë ¢ â¥®à¥¬ å 4{6. �¥®à¥¬  4 ®â­®á¨âáï
ª á«ãç î ¥áâ¥áâ¢¥­­®© £« ¤ª®áâ¨ â®ç­®£® à¥è¥­¨ï u § ¤ ç¨ (1.1), (1.2), â¥®à¥¬ë 5 ¨ 6 | ª
á«ãç ï¬ ¯®¢ëè¥­­®© £« ¤ª®áâ¨ â®ç­®£® à¥è¥­¨ï. �® ¢á¥å íâ¨å â¥®à¥¬ å ¨¬¥¥âáï ¢ ¢¨¤ã, çâ®
n!1, � ! 0 â ª¨¬ ®¡à §®¬, çâ® ¯ à  §­ ç¥­¨© (n; �) ®áâ ¥âáï ¤®¯ãáâ¨¬®© (ã¤®¢«¥â¢®àïîé¥©
(2.3)). � ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 6, £¤¥ à¥çì ¨¤¥â ® áå¥¬¥ á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (2.5), ãá«®¢¨¥
f(0) 2 V , ­¥®¡å®¤¨¬®¥ ¤«ï â®£®, çâ®¡ë ¢â®à®¥ ­ ç «ì­®¥ ãá«®¢¨¥ (2.5) ¨¬¥«® á¬ëá«, ®¯ãé¥­®,
â. ª. o­® ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ï¢­® ãª § ­­ëå ãá«®¢¨© íâ®© â¥®à¥¬ë.

�¥®à¥¬  4. �ª®à®áâì áå®¤¨¬®áâ¨ áå¥¬ë (2:1), (2:2) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (2:4) å à ª-
â¥à¨§ã¥âáï ®æ¥­ª®©

max
t2!�[f0g; �2[0;1]

[kyt � u0(t+ ��)kH + ky(t)� u(t+ ��)kV ] � o(�1=2n ) +O(� 1=2): (3.1)

�¥®à¥¬  5. �ãáâì u 2 W 1;1(0; T ;D) ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ 1) â¥®à¥¬ë 2. �®£¤  áª®à®áâì

áå®¤¨¬®áâ¨ áå¥¬ë (2:1), (2:2) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (2:4) å à ªâ¥à¨§ã¥âáï ®æ¥­ª®©

max
t2!�[f0g; �2[0;1]

[kyt � u0(t+ ��)kH + ky(t)� u(t+ ��)kV ] = O(�n + �): (3.2)
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�¥®à¥¬  6. �ãáâì u 2 W 3;1(0; T ;H) \W 2;1(0; T ;V ) \W 2;1(0; T ;D). �ãáâì â ª¦¥ ¢ë¯®«-

­¥­ë ãá«®¢¨ï 3) ¨ 4) â¥®à¥¬ë 2 ¨ ãá«®¢¨¥ 1) â¥®à¥¬ë 3. �®£¤  áª®à®áâì áå®¤¨¬®áâ¨ á¨¬¬¥-

âà¨ç­®© (�1 = �2, �3 = �4) áå¥¬ë (2:1), (2:2) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (2:5) å à ªâ¥à¨§ã¥âáï
®æ¥­ª®©

max
t2!�[f0g

kyt � u0(t+ �
2
)kH +max

t2!�
ky(t)� u(t)kV = O(�n + � 2): (3.3)

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. �à¨¬¥¬ ®¡®§­ ç¥­¨ï: Qn(t) | ®àâ®¯à®¥ªâ®à V ­  Vn ¢ á¬ë-
á«¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï a(t; �; ��), Rn(t) = E � Qn(t), z(t) = y(t) � u(t) (t 2 !�), Z(t; �) =
kztk

2
H+((�1+�2)=2�1=4)kQn(�)(bz(t)�z(t))k2(t)+(1=4)kQn(�)(bz(t)+z(t))k2(t) (t 2 !� [f0g, � = t ¨«¨

� = t+�), Z(t) = kztk
2
H+kbz(t)k2V +kz(t)k2V (t 2 !� [f0g), u(�i;�i+1)(t) = �ibu(t)+(1��i��i+1)u(t)+

�i+1�u(t) (t 2 !� , i = 1 ¨«¨ i = 3). � «¥¥ ¯®« £ ¥¬ � � �2, £¤¥ �2 | ª®­áâ ­â , ãª § ­­ ï ¢
«¥¬¬¥ 2. �¥à¥§ ci, i = 1; 2; : : : ; 20, ­¨¦¥ ¢ íâ®¬ ¤®ª § â¥«ìáâ¢¥ ¨ ¢ ¤®ª § â¥«ìáâ¢ å â¥®à¥¬ 5, 6
®¡®§­ ç¨¬ à §«¨ç­ë¥ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë, ­¥ § ¢¨áïé¨¥ ®â à áá¬ âà¨¢ ¥¬ëå §­ ç¥­¨©
n, � ¨ t 2 !� .

� £®â®¢¨¬ ¤«ï ¤ «ì­¥©è¥£® ­¥ª®â®àë¥ ¢á¯®¬®£ â¥«ì­ë¥ ®æ¥­ª¨. �ãáâì t|«î¡®© ã§¥« á¥âª¨
!� , v | «î¡®© í«¥¬¥­â ¯à®áâà ­áâ¢  V . �  ®á­®¢¥ «¥¬¬ë �¡í­ {�¨âè¥ ([10], á. 139) á ¯®¬®éìî
(1.3) ¨ (1.6) ¯®«ãç ¥¬

kRn(t)vkH � a1a2�nkRnvkV : (3.4)

�âáî¤ , ®ç¥¢¨¤­®, á«¥¤ã¥â

kRn(t)vkH � a1a2�nkvkV : (3.5)

�à¨ ¨¬¥îé¥©áï £« ¤ª®áâ¨ äã­ªæ¨¨ u (u 2W 2;1(0; T ;H) \W 1;1(0; T ;V ), á¬. â¥®à¥¬ã 1)

kuttkH � c1; (3.6)

max
�2[t��;t+� ]

ku(t)� u(�)kV � c2�; (3.7)

ku(t)� u(�i;�i+1)(t)kV � c3�; i = 1 ¨«¨ i = 3; (3.8)

ku(�)kH � c4�
2: (3.9)

� á¨«ã (2.6), (3.6)

kzttkH � c5: (3.10)

�®£« á­® (3.7)

kutkV � c2; (3.11)

ku(�)kV � c2�: (3.12)

�§ (3.7) â ª¦¥ á«¥¤ã¥â

ku �

t
kV � c2: (3.13)

�§ (3.5), (3.11) ¨ (3.5), (3.13) á®®â¢¥âáâ¢¥­­® á«¥¤ãîâ ®æ¥­ª¨

kRn(t)utkH � c6�n; (3.14)

kRn(t)u �

t
kH � c6�n: (3.15)

�á¯®«ì§ãï (3.15), ¯®«ãç ¥¬

kQn(t)z �
t
kH �

1
2
(kztkH + kztkH) + c6�n; (3.16)

kQn(t)z �
t
kH � max

�2!�[f0g
kzt(�)kH + c6�n: (3.17)
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� ¯®¬®éìî (1.5), (1.6), (2.6) ¨ (3.13) ¢ë¢®¤¨¬ ®æ¥­ªã

kQn(t)z �
t
kV � c7: (3.18)

�¥à¥©¤¥¬ ­¥¯®áà¥¤áâ¢¥­­® ª ¢ë¢®¤ã ®æ¥­ª¨ (3.1). � ¬¥­¨¬ ¢ ãà ¢­¥­¨¨ (1.1) ®¡®§­ ç¥­¨¥ t
­  t1 ¨ ¯®ç«¥­­® ¯à®¨­â¥£à¨àã¥¬ íâ® ãà ¢­¥­¨¥ á­ ç «  ¯® t1 2 [t2; t2+ � ], £¤¥ t2 | «î¡®¥ ç¨á«®
¨§ [t� �; t], t| «î¡®© ã§¥« á¥âª¨ !� ,   § â¥¬ ¯® t2 2 [t� �; t]. �®«ãç¥­­®¥ á®®â­®è¥­¨¥ ¯®ç«¥­­®
ã¬­®¦¨¬ ­  ��2 ¨ ¢ëçâ¥¬ ¨§ (2.1). �­®¢ì ¯®«ãç¥­­®¥ à ¢¥­áâ¢® ¯®ç«¥­­® ã¬­®¦¨¬ áª «ïà­® ¢
H ­  2�Qn(t)z �

t
¨, ¯à¨¬¥­ïï ¯à¨¥¬ë ¢ë¢®¤  ®á­®¢­®£® í­¥à£¥â¨ç¥áª®£® â®¦¤¥áâ¢  ¢ ([6], cá. 356,

357), ¯à¥®¡à §ã¥¬ ª ¢¨¤ã

Z(t; t) = Z(t� �; t) +
7X

i=1

si + 2� 2(�2 � �1)kQn(t)z �
t
k2(t); (3.19)

£¤¥

s1 = �2�(ztt; Rn(t)u �

t
)H ;

s2 = 2
�
��1

Z t

t��

Z t2+�

t2

a(t1; u(t1); Qn(t)z �
t
)dt1dt2 � �a(t; u(t); Qn(t)z �

t
)
�
;

s3 = 2�a(t; u(t)� u(�1;�2)(t); Qn(t)z �
t
);

s4 = 2
�
��1

Z t

t��

Z t2+�

t2

B(t1)u(t1)dt1dt2 � �B(t)u(t); Qn(t)z �
t

�
H

;

s5 = 2�(B(t)(u(t) � u(�3;�4)(t)); Qn(t)z �
t
)H ;

s6 = �2�(B(t)z(�3;�4)(t); Qn(t)z �
t
)H ;

s7 = 2
�
�f(t)� ��1

Z t

t��

Z t2+�

t2

f(t1)dt1dt2; Qn(t)z �
t

�
H

:

�à¨¬¥­ïï í«¥¬¥­âë â¥å­¨ª¨ ¢ë¢®¤  í­¥à£¥â¨ç¥áª®£® ­¥à ¢¥­áâ¢  ¢ ([6], cá. 362, 363) ¨ «¥¬¬ã 2
¨§ [11], ãç¨âë¢ ï ¯à¨ íâ®¬ (1.5){(1.7), ¯®«ãç ¥¬

Z(t� �; t) � Z(t� �; t� �) + c8�(kz(t)k
2
V + k�z(t)k2V ): (3.20)

� ¯®¬®éìî (3.10) ¨ (3.4) ®æ¥­¨¬

s1 � c9�n

Z t+�

t��

kRnu
0(�)kV d�: (3.21)

�à¥¤áâ ¢¨¬ s2 ¢ ¢¨¤¥

s2 = 2��1

Z t

t��

Z t2+�

t2

Z t1

t

d

d�
a(�; u(�); Qn(t)z �

t
)d� dt1dt2:

�ç¨âë¢ ï (1.7), (1.6), â®â ä ªâ, çâ® u 2W 1;1(0; T ;V ), ¨ (3.18), ¯®«ãç¨¬ ®æ¥­ªã

s2 � c10�
2: (3.22)

� á¨«ã (1.6), (3.8) á i = 1 ¨ (3.18) ¨¬¥¥¬

s3 � c11�
2: (3.23)
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� ãç¥â®¬ ¯à¨­ïâ®£® ¢ x 1 ãá«®¢¨ï \t ! B(t)" 2 W 1;1(0; T ;L(V ;H)), ¨á¯®«ì§ãï ¥£® á«¥¤áâ¢¨¥ |
­¥à ¢¥­áâ¢® (1.8), â®â ä ªâ, çâ® u 2W 2;1(0; T ;H), ¨ ­¥à ¢¥­áâ¢® (3.17), ¯®«ãç ¥¬

s4 = 2��1

�Z t

t��

Z t2+�

t2

Z t1

t

d

d�
B(�)u(�)d� dt1dt2; Qn(t)z �

t

�
H

�

� c12�

� Z t+�

t��

kB0(�)kL(V ;H)d� + �

�
( max
�2!�[f0g

kzt(�)kH + �n): (3.24)

�§ (1.8), (3.8) á i = 3 ¨ (3.17) á«¥¤ã¥â

s5 � c13�
2( max
�2!�[f0g

kzt(�)kH + �n): (3.25)

� ¯®¬®éìî (1.8) ¨ (3.16) ¢ë¢®¤¨¬ ­¥à ¢¥­áâ¢®

s6 � c14�(Z(t) + �Z(t) + �nmax
�2!�

kz(�)kV ): (3.26)

�ç¨âë¢ ï ¯à¨­ïâ®¥ ¢ x 1 ãá«®¢¨¥ f 2W 1;1(0; T ;H) ¨ ¯à¨¬¥­ïï (3.17), ¯®«ãç ¥¬

s7 = 2��1

�Z t

t��

Z t2+�

t2

Z t

t1

f 0(�)d�dt1dt2; Qn(t)z �
t

�
H

�

� �

Z t+�

t��
kf 0(�)kHd�( max

�2!�[f0g
kzt(�)kH + c6�n): (3.27)

�æ¥­¨¬ á¢¥àåã ¯à ¢ãî ç áâì (3.19), ¨á¯®«ì§ãï (3.20){(3.27) ¨ ãá«®¢¨¥ �1 � �2, ¢ á¨«ã ª®-
â®à®£® ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (3.19) ­¥¯®«®¦¨â¥«ì­®. �®«ãç¥­­ë¥ ­¥à ¢¥­áâ¢ ,
á®®â¢¥âáâ¢ãîé¨¥ t = �; 2�; : : : ; �, £¤¥ � | «î¡®© ã§¥« á¥âª¨ !� , ¯®ç«¥­­® á«®¦¨¬. �¥áª®«ìª®
ã¢¥«¨ç¨¢ ¯à ¢ãî ç áâì ¢­®¢ì ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢ , ¨¬¥¥¬

Z(�; �) � Z(0; 0) + C1

�
�nrn + � + (�n + �) max

�2!�[f0g
(Z(�))1=2 +

+ �
�X

t=�

(Z(t) + �Z(t))
�
; � 2 !� ; (3.28)

£¤¥ rn =
TR
0

kRnu
0(�)kV d�; ç¥à¥§ Ci, i = 1; 2; : : : ; 10, ¢ (3.28) ¨ ­¨¦¥ (¢ â®¬ ç¨á«¥ ¢ ¤®ª § â¥«ìáâ¢ å

â¥®à¥¬ 5, 6) ®¡®§­ ç îâáï à §«¨ç­ë¥ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë, ­¥ § ¢¨áïé¨¥ ®â n, � ¨ �.
�à¨¬¥­ïï â¥®à¥¬ã �¥¡¥£  ([12], á. 302) á ãç¥â®¬ â®£®, çâ® u 2W 1;1(0; T ;V ) ¨ ¯®á«¥¤®¢ â¥«ì­®áâì
¯®¤¯à®áâà ­áâ¢ fVng1n=1 ¯à¥¤¥«ì­® ¯«®â­  ¢ V , ¯®«ãç ¥¬

rn ! 0; n!1: (3.29)

�á¯®«ì§ãï (2.3), (3.14), (1.5), (1.6) ¨ â®â ä ªâ, çâ® u 2 L1(0; T ;D) (á¬. â¥®à¥¬ã 1), ¢ë¢®¤¨¬
­¥à ¢¥­áâ¢®

Z(�) � C2(Z(�; �) + �2n); � 2 !� : (3.30)

� ­­®¥ ­¥à ¢¥­áâ¢®  ­ «®£¨ç­® ¨§¢¥áâ­ë¬ ¢ â¥®à¨¨ à §­®áâ­ëå áå¥¬ ®æ¥­ª ¬ á­¨§ã ¤«ï á®-
áâ ¢­ëå ­®à¬ ([6], á. 370). � á¨«ã (3.9) ¨ (3.12) ¯à¨ à áá¬ âà¨¢ ¥¬ëå §¤¥áì ­ ç «ì­ëå ãá«®¢¨ïå
(2.4)

Z(0; 0) � C3�
2; (3.31)

Z(0) � C4�
2: (3.32)
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�§ (3.28), (3.30), (3.31) á«¥¤ã¥â

Z(�) � C5

�
�nrn + �2n + � + (�n + �) max

�2!�[f0g
(Z(�))1=2 + �

�X
t=�

(Z(t) + �Z(t))
�
; � 2 !� : (3.33)

�§ (3.33), (3.32) á ¯®¬®éìî «¥¬¬ë 4 ¨§ ([7], £«. III, x 1, á. 171) ¯®«ãç ¥¬, çâ® ¯à¨ ¤®áâ â®ç­®
¬ «ëå � (¯à¨ � � ��, £¤¥ �� > 0 | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â n)

Z(�) � C6(�nrn + �2n + �); � 2 !� [ f0g: (3.34)

�à¨ ¨¬¥îé¥©áï £« ¤ª®áâ¨ äã­ªæ¨¨ u

max
t2!�[f0g; �2[0;1]

kut � u0(t+ ��)kH = O(�): (3.35)

�§ (3.34) á ãç¥â®¬ (3.35), (3.7) ¨ (3.29) ¯®«ãç ¥¬ (3.1).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5. �¥©áâ¢ã¥¬ ¯® ®¡à §æã ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4, á â®© à §-
­¨æ¥©, çâ® ¢¬¥áâ® (3.21){(3.23) ¯®«ãç ¥¬ ¨ ¨á¯®«ì§ã¥¬ ®æ¥­ª¨

s1 � c9�
2
n

Z t+�

t��
ku0(�)kDd�; (3.36)

s2 � c15�

Z t+�

t��

(kA0(�)kL(D;H) + ku0(�)kD)d�( max
�2!�[f0g

kzt(�)kH + �n);

s3 � c16�

Z t+�

t��
ku0(�)kDd�( max

�2!�[f0g
kzt(�)kH + �n)

(¢ ç áâ­®áâ¨, (3.36) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ (3.21) ¯® ®¯à¥¤¥«¥­¨î �n ¯à¨ ¨¬¥îé¥¬áï ãá«®-
¢¨¨ u 2W 1;1(0; T ;D)). � à¥§ã«ìâ â¥ ¢¬¥áâ® (3.34) ¢ë¢®¤¨¬ ®æ¥­ªã Z(�) � C7(�2n+�

2), � 2 !�[f0g,
¨§ ª®â®à®© á ãç¥â®¬ (3.35) ¨ (3.7) ¯®«ãç ¥¬ (3.2).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 6. �­®¢ì ¤¥©áâ¢ã¥¬ ¢ ®á­®¢­®¬ ¯® ®¡à §æã ¤®ª § â¥«ìáâ¢  â¥®-
à¥¬ë 4. �«ï s2, s3, s4, s5 ¨ s7 ¯à¨ ãá«®¢¨ïå ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë ã¤ ¥âáï ãáâ ­®¢¨âì ®æ¥­ª¨

s2 � c17�
2

� Z t+�

t��

(kA00(�)kL(D;H) + ku00(�)kD)d� + �

�
( max
�2!�[f0g

kzt(�)kH + �n); (3.37)

s3 � c18�
2

Z t+�

t��

ku00(�)kDd�( max
�2!�[f0g

kzt(�)kH + �n); (3.38)

s4 � c19�
2

� Z t+�

t��

kB00(�)kL(V ;H)d� + �

�
( max
�2!�[f0g

kzt(�)kH + �n); (3.39)

s5 � c20�
3( max
�2!�[f0g

kzt(�)kH + �n); (3.40)

s7 �
� 2

3

Z t+�

t��

kf 00(�)kHd�( max
�2!�[f0g

kzt(�)kH + c6�n): (3.41)

�«ï Z(0; 0), Z(0) ¯à¨ à áá¬ âà¨¢ ¥¬ëå §¤¥áì ­ ç «ì­ëå ãá«®¢¨ïå (2.5) ¯®«ãç ¥¬ ®æ¥­ª¨

Z(0; 0) � C8(�2n + � 4); Z(0) � C9(�2n + � 4); (3.42)

¯à¨ íâ®¬ ¨á¯®«ì§ã¥¬ ä®à¬ã«ã � ª«®à¥­  ¤«ï u(�), ãá«®¢¨¥ u 2W 3;1(0; T ;H)\W 2;1(0; T ;V ) ¨
­¥à ¢¥­áâ¢® kRnvkH � �nkvkV , v 2 V (á«¥¤áâ¢¨¥ «¥¬¬ë �¡í­ {�¨âè¥), £¤¥ ¯®« £ ¥¬ v = f(0).
�à¨¬¥­ïï (3.37){(3.42) ¢¬¥áâ® (3.22){(3.25), (3.27), (3.31), (3.32),   â ª¦¥ (3.36) ¢¬¥áâ® (3.21),
¢ë¢®¤¨¬ ¢¬¥áâ® (3.34) ®æ¥­ªã

Z(�) � C10(�
2
n + � 4); � 2 !� [ f0g: (3.43)

28



� á¨«ã ãá«®¢¨ï u 2W 3;1(0; T ;H)

max
t2!�[f0g

kut � u0(t+ �
2
)kH = O(� 2): (3.44)

�§ (3.43) ¨ (3.44) á«¥¤ã¥â (3.3).

� ¬¥ç ­¨¥ 1. �«¥¤áâ¢¨¥¬ (3.2), (3.3) ï¢«ï¥âáï ®æ¥­ª 

max
t2!�

ky(t)� u(t)kV = O(�n + �p); (3.45)

£¤¥ p = 1 ¯à¨ ãá«®¢¨ïå â¥®à¥¬ë 5, p = 2 ¯à¨ ãá«®¢¨ïå â¥®à¥¬ë 6. �¦¥ ¢ á«ãç ¥ ¯à®áâ¥©è¥£®
ãà ¢­¥­¨ï (1.1) á ®¯¥à â®à®¬ A, ­¥ § ¢¨áïé¨¬ ®â t, ¨ á B(t) � 0 ¢¥à­® á«¥¤ãîé¥¥: ¯à¨ «î-
¡®¬ ¢ë¡®à¥ �1, �2 ®æ¥­ª  (3.45) á p = 1 ­¥ã«ãçè ¥¬  ¯® ¯®àï¤ªã ¢ ª« áá¥ â®ç­ëå à¥è¥­¨©,
®¡« ¤ îé¨å £« ¤ª®áâìî, âà¥¡ã¥¬®© ¢ â¥®à¥¬¥ 5, ª ª ®æ¥­ª  ¯®£à¥è­®áâ¨ áå¥¬ë (2.1), (2.2) á
­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (2.4); ¯à¨ «î¡®¬ ¢ë¡®à¥ � 2 R ®æ¥­ª  (3.45) á p = 2 ­¥ã«ãçè ¥¬  ¯®
¯®àï¤ªã ¢ ª« áá¥ â®ç­ëå à¥è¥­¨©, ®¡« ¤ îé¨å £« ¤ª®áâìî, âà¥¡ã¥¬®© ¢ â¥®à¥¬¥ 6, ª ª ®æ¥­ª 
¯®£à¥è­®áâ¨ á¨¬¬¥âà¨ç­®© áå¥¬ë (2.1), (2.2) á �1 = �2 = � ¨ á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (2.5) (®
¢ë¡®à¥ �3, �4 §¤¥áì ­¨ç¥£® ­¥ £®¢®à¨âáï, â. ª. ¢ ãª § ­­®¬ á«ãç ¥ ãà ¢­¥­¨¥ (2.1) ­¥ á®¤¥à¦¨â
ç«¥­  PnB(t)y(�3;�4)(t)). �¥¬ á ¬ë¬ ¨ ®æ¥­ª¨ (3.2), (3.3) ­¥ã«ãçè ¥¬ë ¯® ¯®àï¤ªã ¢ á®®â¢¥âáâ¢ã-
îé¨å ª« áá å ¢ëç¨á«¨â¥«ì­ëå áå¥¬ ¨ ¤®áâ â®ç­® £« ¤ª¨å â®ç­ëå à¥è¥­¨©.

� ¬¥ç ­¨¥ 2. � ª ¢¨¤­® ¨§ ¯à®¢¥¤¥­­ëå ¤®ª § â¥«ìáâ¢, ¥á«¨ f(0) 2 V , â® â¥®à¥¬ë 4 ¨ 5
®áâ îâáï ¢ á¨«¥ ¯à¨ § ¬¥­¥ ­ ç «ì­ëå ãá«®¢¨© (2.4) ­  (2.5).

�à¨¢¥¤¥¬ â¨¯¨ç­ãî  á¨¬¯â®â¨ç¥áªãî ®æ¥­ªã á¢¥àåã ¢¥«¨ç¨­ë �n ¤«ï á«ãç ï, ª®£¤  (1.1),
(1.2) | ¯¥à¢ ï ­ ç «ì­®-ªà ¥¢ ï § ¤ ç  ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ¢
æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ 
 � [0; T ], £¤¥ 
 � Rm, m 2 N, | ®£à ­¨ç¥­­ ï ®¡« áâì á £« ¤ª®©
£à ­¨æ¥©, ¨ ¤¨áªà¥â¨§ æ¨ï § ¤ ç¨ ¯® ¯à®áâà ­áâ¢ã ¯à®¢®¤¨âáï ¬¥â®¤®¬ ª®­¥ç­ëå í«¥¬¥­â®¢.
�ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï ¯à®áâà ­áâ¢ �®¡®«¥¢ , ¯à¨­ïâë¥ ¢ ([10], á. 22). � ¤ ­­®¬ á«ãç ¥
H = L2(
), A(t) (t 2 [0; T ]) | í««¨¯â¨ç¥áª¨¥ ®¯¥à â®àë ¢â®à®£® ¯®àï¤ª  á £« ¤ª¨¬¨ ª®íää¨æ¨-
¥­â ¬¨, § ¤ ­­ë¥ ­ D = H2(
)\H1

0 (
), â ª çâ® V = H1
0 (
), ­®à¬ë k�kD ¨ k�kH2(
) íª¢¨¢ «¥­â­ë

­  D ¢ á¨«ã ¢â®à®£® ®á­®¢­®£® ­¥à ¢¥­áâ¢  ¤«ï í««¨¯â¨ç¥áª¨å ®¯¥à â®à®¢ ([9], á. 118), ­®à¬ë
k�kV ¨ k�kH1(
) íª¢¨¢ «¥­â­ë ­  V ¢ á¨«ã í««¨¯â¨ç­®áâ¨ ®¯¥à â®à  A(0). �«ï ¬¥â®¤  ª®­¥ç­ëå
í«¥¬¥­â®¢ å à ªâ¥à­® á«¥¤ãîé¥¥  ¯¯à®ªá¨¬ æ¨®­­®¥ á¢®©áâ¢® ¯®¤¯à®áâà ­áâ¢ Vn (­ ¯à., [10],
á. 135):

min
vn2Vn

kv � vnkH1(
) � ChnkvkH2(
);

£¤¥ v | «î¡ ï äã­ªæ¨ï ¨§ H2(
)\H1
0 (
), C | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â v ¨ n, hn | ¬ ªá¨-

¬ «ì­ë© ¨§ ¤¨ ¬¥âà®¢ ª®­¥ç­ëå í«¥¬¥­â®¢, ¯®à®¦¤ îé¨å ¯®¤¯à®áâà ­áâ¢® Vn. �âáî¤  ¢ á¨«ã
áª § ­­®£® ®¡ íª¢¨¢ «¥­â­®áâ¨ ­®à¬ á«¥¤ã¥â �n = O(hn), n 2 N. �®¢¬¥é ï íâã ®æ¥­ªã á ®á­®¢-
­ë¬¨ à¥§ã«ìâ â ¬¨ ¤ ­­®© à ¡®âë, ¯®«ãç ¥¬ ®æ¥­ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ áå¥¬ ¯à®¥ªæ¨®­­®-
à §­®áâ­®£® ¬¥â®¤  à¥è¥­¨ï ¯¥à¢®© ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï
¢â®à®£® ¯®àï¤ª  á ¤¨áªà¥â¨§ æ¨¥© ¯® ¯à®áâà ­áâ¢ã ¬¥â®¤®¬ ª®­¥ç­ëå í«¥¬¥­â®¢ ¢ â¥à¬¨­ å
¢¥«¨ç¨­ hn ¨ � .
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