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1. �¢¥¤¥­¨¥. �®áâ ­®¢ª  § ¤ ç¨

�à®¡«¥¬  ¯®áâà®¥­¨ï,  ­ «¨§  ¨ à¥ «¨§ æ¨¨ ¢ëç¨á«¨â¥«ì­ëå ¬¥â®¤®¢ ®¯â¨¬ «ì­®£® ã¯à -
¢«¥­¨ï ¨áá«¥¤®¢ « áì ¢ à ¡®â å ¬­®£¨å  ¢â®à®¢ (­ ¯à., [1]{[10]). � à¨ æ¨®­­ ï á¯¥æ¨ä¨ª  § ¤ ç
®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¯®à®¤¨«  ¡®«ìè®¥ à §­®®¡à §¨¥ ¨¤¥©, ¯®¤å®¤®¢ ¨ ¬¥â®¤®¢ ç¨á«¥­­®£®
à¥è¥­¨ï. �ë¤¥«¨¬ ®¡è¨à­ë© ª« áá ¬¥â®¤®¢, ª®â®àë¥ ª®­áâàã¨àãîâáï ¯® á«¥¤ãîé¥© áâ ­¤ àâ-
­®© áå¥¬¥:

1) ¯®áâà®¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¯®¨áª  ­ ¯à ¢«¥­¨ï á¯ãáª  (¢á¯®¬®£ â¥«ì­®£® ã¯à -
¢«¥­¨ï);

2) ¯à®æ¥¤ãà  ¢ àì¨à®¢ ­¨ï ¨áå®¤­®£® ã¯à ¢«¥­¨ï ­  ®á­®¢¥ ¢á¯®¬®£ â¥«ì­®£® á ¨á¯®«ì§®¢ -
­¨¥¬ ­¥ª®â®àëå ¯ à ¬¥âà®¢;

3) ¯®¨áª ¯ à ¬¥âà®¢ ¢ àì¨à®¢ ­¨ï á æ¥«ìî ã¬¥­ìè¥­¨ï äã­ªæ¨®­ «  ª ç¥áâ¢ .
� à ¬ª å § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï à¥ «¨§ æ¨ï íâ®© áå¥¬ë ­  íâ ¯ å 1, 2 ¤®¯ãáª ¥â

­¥¬ «® ¢ à¨ ­â®¢ (á« ¡ ï, ¨£®«ìç â ï, ä §®¢ ï  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨®­ «®¢ ¢¬¥áâ¥ á á®®â-
¢¥âáâ¢ãîé¨¬ ¢ àì¨à®¢ ­¨¥¬). � ª ¯à ¢¨«®, ¢á¯®¬®£ â¥«ì­ ï § ¤ ç  ¤«ï ¡®«ìè¨­áâ¢  ¬¥â®¤®¢
­¥ á®¤¥à¦¨â ¯ à ¬¥âà®¢ ¢ àì¨à®¢ ­¨ï, â. ¥. íâ ¯ë 1, 2 ­¥§ ¢¨á¨¬ë.

�¥¬ ­¥ ¬¥­¥¥, ¯à¥¤áâ ¢«ïîâ ¨­â¥à¥á ¬¥â®¤ë, ¢ ª®â®àëå íâ ¯ë 1, 2 ®¡ê¥¤¨­ïîâáï, â. ¥. ¢®
¢á¯®¬®£ â¥«ì­ãî § ¤ çã ¢ª«îç ¥âáï ¯à®æ¥¤ãà  ¢ àì¨à®¢ ­¨ï ¢¬¥áâ¥ á ¯ à ¬¥âà ¬¨. �â® á¢ï-
§ ­® á â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬, çâ® ¢á¯®¬®£ â¥«ì­ ï § ¤ ç  à¥è ¥âáï ¢ ­¥ª®â®à®© ¤®¯ãáâ¨¬®©
®ªà¥áâ­®áâ¨ ­®¬¨­ «ì­®£® ã¯à ¢«¥­¨ï, ª®â®à ï ª®­áâàã¨àã¥âáï ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥. �¥-
«¥á®®¡à §­®áâì «®ª «ì­®£® à¥è¥­¨ï ¢¯®«­¥ ¯®­ïâ­  | «î¡ë¥  ¯¯à®ªá¨¬ æ¨¨, ¢®®¡é¥ £®¢®àï,
å®à®è® ¬®¤¥«¨àãîâ ¨áå®¤­ë© äã­ªæ¨®­ « «¨èì ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ¨§ãç ¥¬®£® ¯à®æ¥á-
á . �à¨ íâ®¬ âà¥â¨© íâ ¯ ãª § ­­®© áå¥¬ë ¯à¥¤¯®« £ ¥â ¯®¨áª ¯à¨¥¬«¥¬®© ®ªà¥áâ­®áâ¨ §  áç¥â
¢ àì¨à®¢ ­¨ï ¯ à ¬¥âà®¢.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ § ¤ ç å ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï ¯®¤®¡­ë¥ ¯à®æ¥¤ãàë
à¥è¥­¨ï ­ §ë¢ îâ ¬¥â®¤ ¬¨ ¤®¢¥à¨â¥«ì­®© ®¡« áâ¨ [11]. � § ¤ ç å ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï
¨§¢¥áâ­ë© ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­®© «¨­¥ à¨§ æ¨¨ ¨§ [2] ¯®áâà®¥­ ¢ à ¬ª å ¨¬¥­­® â ª®© áâàãª-
âãàë.

� ¤ ­­®© à ¡®â¥ ¨§ãç ¥âáï ®¡ëª­®¢¥­­ ï § ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¡¥§ ä §®¢ëå ¨
â¥à¬¨­ «ì­ëå ®£à ­¨ç¥­¨©. �¨­ ¬¨ç¥áª ï á¨áâ¥¬  «¨­¥©­® § ¢¨á¨â ®â ã¯à ¢«¥­¨ï, ª®â®à®¥
®£à ­¨ç¥­® á ¯®¬®éìî ¢ë¯ãª«®£® ª®¬¯ ªâ­®£® ¬­®¦¥áâ¢ . � ª ç¥áâ¢¥  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨-
®­ «  ¨á¯®«ì§ã¥âáï ä §®¢ ï ¢ à¨ æ¨ï á ¬®¤¨ä¨æ¨à®¢ ­­®© á®¯àï¦¥­­®© á¨áâ¥¬®©. �®à¬¨à®-
¢ ­¨¥ á¥¬¥©áâ¢  ¤®¯ãáâ¨¬ëå ®ªà¥áâ­®áâ¥© ¯à®¨§¢®¤¨âáï ­  ®á­®¢¥ ¢ë¯ãª«®© ª®¬¡¨­ æ¨¨ ã¯à -
¢«¥­¨©. � à¥§ã«ìâ â¥ ¢á¯®¬®£ â¥«ì­ ï § ¤ ç  ®â­®á¨â¥«ì­® ¯ àë \ã¯à ¢«¥­¨¥, á®áâ®ï­¨¥" ­®á¨â

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò05-01-00187) ¨ ¯à®£à ¬¬ë \�­¨¢¥àá¨â¥âë �®áá¨¨" (¯à®¥ªâ òãà.03.01.064).
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¡¨«¨­¥©­ë© å à ªâ¥à ¨ á®¤¥à¦¨â ¯ à ¬¥âà ¢ë¯ãª«®© ª®¬¡¨­ æ¨¨, å à ªâ¥à¨§ãîé¨© ®ªà¥áâ-
­®áâì ¡ §®¢®£® ã¯à ¢«¥­¨ï. �¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¯à¥¤« £ ¥âáï ¯à®¢®¤¨âì á ¯®¬®-
éìî ¬¥â®¤  ¯à¨à é¥­¨© [9], ª®â®àë© ï¢«ï¥âáï ­ ¨¡®«¥¥ íää¥ªâ¨¢­ë¬ ¤«ï ¡¨«¨­¥©­ëå § ¤ ç.
�®ª §ë¢ ¥âáï á¢®©áâ¢® «®ª «ì­®£® ã«ãçè¥­¨ï ¤«ï ã¯à ¢«¥­¨©, ­¥ ã¤®¢«¥â¢®àïîé¨å ¯à¨­æ¨¯ã
¬ ªá¨¬ã¬ . � æ¥«®¬, ¯à¥¤« £ ¥¬ë© ¬¥â®¤ ¡¨«¨­¥ à¨§ æ¨¨ á ¯ à ¬¥âà®¬ ®âªàë¢ ¥â ¤®¯®«­¨-
â¥«ì­ë¥ ¢®§¬®¦­®áâ¨ ¤«ï ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï.

�¯à¥¤¥«¨¬ ®á­®¢­ãî § ¤ çã ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (§ ¤ ç  A) á«¥¤ãîé¨¬¨ á®®â­®è¥­¨-
ï¬¨:

�(u) = '(x(t1))! min;

_x = f(x; u; t); x(t0) = x0; u(t) 2 U; t 2 T = [t0; t1]:

�¤¥áì t | ¢à¥¬ï (­¥§ ¢¨á¨¬ ï ¯¥à¥¬¥­­ ï), u(t) 2 Rr | ¢¥ªâ®à-äã­ªæ¨ï ã¯à ¢«ïîé¨å ¯¥à¥-
¬¥­­ëå (ã¯à ¢«¥­¨¥), x(t) 2 Rn | ¢¥ªâ®à-äã­ªæ¨ï ä §®¢ëå ¯¥à¥¬¥­­ëå (á®áâ®ï­¨¥).

�­¥á¥¬ ­¥®¡å®¤¨¬ë¥ ¯à¥¤¯®«®¦¥­¨ï:
1) æ¥«¥¢ ï äã­ªæ¨ï '(x) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ­  Rn;
2) ¢¥ªâ®à-äã­ªæ¨ï f(x; u; t) ¯à ¢ëå ç áâ¥© ä §®¢®© á¨áâ¥¬ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ 

¯® x 2 Rn; «¨­¥©­® § ¢¨á¨â ®â u 2 Rr ¨ ªãá®ç­®-­¥¯à¥àë¢­  ¯® t 2 T ;
3) ¬­®¦¥áâ¢® U � Rr ¢ë¯ãª«® ¨ ª®¬¯ ªâ­®, ­ ç «ì­®¥ á®áâ®ï­¨¥ x0 ¨ ¯à®¬¥¦ãâ®ª ã¯à ¢«¥-

­¨ï T § ¤ ­ë.
�« áá ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© V ¢ § ¤ ç¥ A ¢¢¥¤¥¬ ª ª ¬­®¦¥áâ¢® ªãá®ç­®-­¥¯à¥àë¢­ëå

¢¥ªâ®à-äã­ªæ¨© u(t); ã¤®¢«¥â¢®àïîé¨å ¯®â®ç¥ç­®¬ã ®£à ­¨ç¥­¨î u(t) 2 U , t 2 T . �à¥¤¯®-
«®¦¨¬, çâ® ª ¦¤®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ u(t), t 2 T , ¢ á¨«ã ä §®¢®© á¨áâ¥¬ë ¯®à®¦¤ ¥â
¥¤¨­áâ¢¥­­ãî ªãá®ç­®-¤¨ää¥à¥­æ¨àã¥¬ãî âà ¥ªâ®à¨î x(t) = x(t; u), ª®â®à ï ®¯à¥¤¥«¥­  ­  T .

�â¬¥â¨¬ â¨¯®¢ë¥ ª®­áâàãªæ¨¨ ¤«ï § ¤ ç¨ A:
H( ; x; u; t) = h ; f(x; u; t)i | äã­ªæ¨ï �®­âàï£¨­ ,
_ = �Hx( ; x; u; t),  (t1) = �'x(x(t1)) | á®¯àï¦¥­­ ï á¨áâ¥¬ .
�ãáâì u(t), t 2 T , | ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ á ä §®¢®© âà ¥ªâ®à¨¥© x(t) ¨ à¥è¥­¨¥¬  (t)

á®¯àï¦¥­­®© á¨áâ¥¬ë. � ª ¨§¢¥áâ­®, ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¢ § ¤ ç¥ A ¯à¥¤áâ ¢«ï¥âáï á®®â­®è¥-
­¨¥¬

u(t) = argmax
v2U

hHu( (t); x(t); t); vi; t 2 T;

¨ ¯®«ãç ¥âáï ­  ®á­®¢¥ ¨£®«ìç â®©  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨®­ «  � ­  ¯ à¥ u;w 2 V

�(w)� �(u) = �0�(u;w) + o(�); (1)

�0�(u;w) = �

Z
T

hHu( (t); x(t); t); w(t) � u(t)idt;

� = mesft 2 T : w(t) 6= u(t)g:

�®«¥¥ ¢ëá®ª¨© ãà®¢¥­ì  ¯¯à®ªá¨¬ æ¨¨ æ¥«¥¢®£® äã­ªæ¨®­ «  ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî ä §®¢®©
¢ à¨ æ¨¨ á«¥¤ãîé¨¬ ¯à¥¤áâ ¢«¥­¨¥¬ ([9], á. 80):

�(w)� �(u) = ��(u;w) + �(k�xk); (2)

��(u;w) = �

Z
T

hHu( (t; u; w); x(t); t); w(t) � u(t)idt;

�(k�xk) = o'(k�x(t1)k) �
Z
T

oH(k�x(t)k)dt;

£¤¥ �x(t) = x(t; w) � x(t) | ¯à¨à é¥­¨¥ ä §®¢®© âà ¥ªâ®à¨¨, o', oH | ®áâ â®ç­ë¥ ç«¥­ë
á®®â¢¥âáâ¢ãîé¨å ¯à¨à é¥­¨©.

�®¯àï¦¥­­ ï ¢¥ªâ®à-äã­ªæ¨ï  (t; u; w) ¢ ¤ ­­®¬ á«ãç ¥ ã¤®¢«¥â¢®àï¥â ¬®¤¨ä¨æ¨à®¢ ­­®©
á¨áâ¥¬¥

_ = �Hx( ; x(t); w(t); t);  (t1) = �'x(x(t1));
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¢ ª®â®à®© ä §®¢ ï âà ¥ªâ®à¨ï x(t) ¨ ã¯à ¢«¥­¨¥ w(t) ­¥ á®£« á®¢ ­ë. � ª ï áâàãªâãà  á®¯àï-
¦¥­­®© á¨áâ¥¬ë ¯®¢ëè ¥â ª ç¥áâ¢®  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨®­ «  ¢ áà ¢­¥­¨¨ á® áâ ­¤ àâ­ë¬
á«ãç ¥¬ (1). � ¯à¨¬¥àã, ¢ § ¤ ç å A, «¨­¥©­ëå ¯® á®áâ®ï­¨î x,  ¯¯à®ªá¨¬ æ¨ï (2) ï¢«ï¥âáï
â®ç­®© (�(k�xk) = 0), çâ® ­¥ ¨¬¥¥â ¬¥áâ  ¤«ï ¯à¥¤áâ ¢«¥­¨ï (1).

2. �¥â®¤ à¥è¥­¨ï

�à®¢¥¤¥¬ ¯®áâà®¥­¨¥ ¨ ®¡®á­®¢ ­¨¥ ¨â¥à æ¨®­­®£® ¬¥â®¤  ­  ®á­®¢¥ ¡¨¢ à¨ æ¨¨ ��(u;w).
�à¥¦¤¥ ¢á¥£®, ¯à¥¤áâ ¢¨¬ ¥¥ ¢ â¥à¬¨­ «ì­®© ä®à¬¥, ¨á¯®«ì§ãï ä §®¢ãî ¢ à¨ æ¨î y(t), t 2 T ,
¢¬¥áâ¥ á á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬®©. � à¥§ã«ìâ â¥

��(u;w) = h'x(x(t1)); y(t1)i;

_y = (fx(x(t); w(t); t)y + fu(x(t); t))(w(t) � u(t)); y(t0) = 0:

� ­­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­® ­  ®á­®¢¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï áª «ïà­®£®
¯à®¨§¢¥¤¥­¨ï h (t; u; w); y(t)i, t 2 T .

�®­ïâ­®, çâ®  ¯¯à®ªá¨¬ æ¨ï �w�(u) � ��(u;w) ¤¥©áâ¢ã¥â ¢¯®«­¥ ã¤®¢«¥â¢®à¨â¥«ì­® â®«ì-
ª® ­  ã¯à ¢«¥­¨ïå w ¨§ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ¡ §®¢®£® ã¯à ¢«¥­¨ï u. � íâ®© á¢ï§¨ à áá¬®âà¨¬
¡¨¢ à¨ æ¨î ��(u;w) ­  á¥¬¥©áâ¢¥ ã¯à ¢«¥­¨© w�(t; v) = u(t) + �(v(t) � u(t)) á ä¨ªá¨à®¢ ­­ë¬
¯ à ¬¥âà®¬ � 2 (0; 1] ¨ ¤®¯ãáâ¨¬ë¬¨ ã¯à ¢«¥­¨ï¬¨ v(t). �«ï ¤ ­­®£® � ¢¥ªâ®à-äã­ªæ¨¨ w�(t; v)
á v 2 V ®¡à §ãîâ ­¥ª®â®àãî ¤®¯ãáâ¨¬ãî ®ªà¥áâ­®áâì ¨áå®¤­®£® ã¯à ¢«¥­¨ï u(t).

�¨ªá¨àãï � 2 (0; 1], áä®à¬ã«¨àã¥¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã ­  ¬­®¦¥áâ¢¥ ã¯à ¢«¥­¨© v 2 V
(§ ¤ ç  B�)

F�(v) = h'x(x(t1)); y(t1)i ! min; v 2 V;

_y = (fx(x(t); w�(t; v); t)y + fu(x(t); t))(w�(t; v) � u(t)); y(t0) = 0:

� ãç¥â®¬ â®£®, çâ® ¬ âà¨ç­ ï äã­ªæ¨ï fx(x; u; t) «¨­¥©­® § ¢¨á¨â ®â u, ¯®«ãç¥­­ ï á¨áâ¥¬ 
ï¢«ï¥âáï ¡¨«¨­¥©­®© ®â­®á¨â¥«ì­® á®¢®ªã¯­®áâ¨ fy | ä §®¢®¥ á®áâ®ï­¨¥, v | ã¯à ¢«¥­¨¥g.

�¨á«¥­­®¥ à¥è¥­¨¥ ¡¨«¨­¥©­®© § ¤ ç¨ B� ¬®¦­® íää¥ªâ¨¢­® à¥ «¨§®¢ âì, ­ ¯à¨¬¥à, á
¯®¬®éìî ¬¥â®¤  ¯à¨à é¥­¨© ([9], á. 22). �à®¢¥¤¥¬ ®¯¨á ­¨¥ ¬¥â®¤  ¢ ¤ ­­®© á¨âã æ¨¨.

�¢¥¤¥¬ äã­ªæ¨î �®­âàï£¨­  h ¨ á®¯àï¦¥­­ãî p-á¨áâ¥¬ã ¤«ï § ¤ ç¨ B�

h(p; y; v; t) = hp; _yi = hHx(p; x(t); w�(t; v); t); yi +

+hHu(p; x(t); t); w�(t; v)� u(t)i = hHx(p; x(t); u(t); t); yi +

+�hHxu(p; x(t); t)(v(t) � u(t)); yi + �hHu(p; x(t); t); v(t) � u(t)i;

_p = �hy(p; y; v; t) = �Hx(p; x(t); w�(t; v); t); p(t1) = �'x(x(t1)):

�â¬¥â¨¬, çâ® à¥è¥­¨¥ p�(t; v) íâ®© á¨áâ¥¬ë á®¢¯ ¤ ¥â á á®¯àï¦¥­­®© ¢¥ªâ®à-äã­ªæ¨¥©
 (t; u; w�(t; v)).

�¯à¥¤¥«¨¬ h-¬ ªá¨¬¨§¨àãîé¥¥ ã¯à ¢«¥­¨¥ ¢ § ¤ ç¥ B�

v�(p; y; t) = argmax
v2U

hHu(p; x(t); t) +Hux(p; x(t); t)y; vi:

�â¥à æ¨®­­ ï áå¥¬  ¬¥â®¤  ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤.
�ãáâì ­  k-© ¨â¥à æ¨¨ ¯®«ãç¥­  ¤®¯ãáâ¨¬ ï ¯ à  (vk(t); yk(t)).
�ä®à¬¨àã¥¬ ã¯à ¢«¥­¨¥ wk

�(t; p) = u(t) + �(v�(p; yk(t); t) � u(t)) ¨ ­ ©¤¥¬ à¥è¥­¨¥ pk(t) á®-
¯àï¦¥­­®© á¨áâ¥¬ë

_p = �Hx(p; x(t); wk
�(t; p); t); p(t1) = �'x(x(t1))

¢ á®¢®ªã¯­®áâ¨ á ã¯à ¢«¥­¨¥¬ vk(t) = v�(pk(t); yk(t); t), t 2 T .
�ä®à¬¨àã¥¬ ã¯à ¢«¥­¨¥

wk
�(t; y) = u(t) + �(v�(pk(t); y; t) � u(t))
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¨ ­ ©¤¥¬ à¥è¥­¨¥ yk+1(t) á¨áâ¥¬ë ¢ ¢ à¨ æ¨ïå

_y = fx(x(t); wk
�(t; y); t)y + �fu(x(t); t)(v�(pk(t); y; t)� u(t)); y(t0) = 0

¢¬¥áâ¥ á ã¯à ¢«¥­¨¥¬ vk+1(t) = v�(pk(t); yk+1(t); t), t 2 T .
� ¨â®£¥ ¯®«ãç ¥¬ ¤®¯ãáâ¨¬ãî ¯ àã (vk+1(t); yk+1(t)), çâ® ¨ § ¢¥àè ¥â ¨â¥à æ¨î.
�¢®©áâ¢® ¬®­®â®­­®áâ¨ ¨ áå®¤¨¬®áâì ¬¥â®¤  å à ªâ¥à¨§ãîâáï á®®â­®è¥­¨ï¬¨

F�(vk) � F�(vk) � F�(vk+1); F�(vk)� F�(vk+1)! 0; k !1;

¯à¨ç¥¬ ª ¦¤®¥ ã«ãçè¥­¨¥ ¯® äã­ªæ¨®­ «ã F�(v) ¤ ¥âáï æ¥­®© à¥è¥­¨ï «¨èì ®¤­®© § ¤ ç¨
�®è¨.

�¯à¥¤¥«¨¬ ãá«®¢¨¥ ®áâ ­®¢ª¨ ¬¥â®¤  F�(vk) � F�(vk+1) = 0 ¨ ¤®¯®«­¨â¥«ì­® ¯à¥¤¯®«®¦¨¬
¢ë¯®«­¥­¨¥ ãá«®¢¨ï à¥£ã«ïà­®áâ¨ vk = vk+1.

� ä¨ªá¨àã¥¬ à¥§ã«ìâ¨àãîé¥¥ ã¯à ¢«¥­¨¥ ¢ à ¬ª å à¥è¥­¨ï § ¤ ç¨ B�: v�(t) = vk+1(t),
t 2 T (á­¨¬¥¬ § ¢¨á¨¬®áâì ®â ¨â¥à æ¨®­­®£® ¨­¤¥ªá  k ¨ ¯®¤ç¥àª­¥¬ § ¢¨á¨¬®áâì ¯®«ãç¥­­®£®
ã¯à ¢«¥­¨ï ®â ¯ à ¬¥âà  �).

�â¬¥â¨¬, çâ® ¢ á¨«ã ãá«®¢¨ï à¥£ã«ïà­®áâ¨ ã¯à ¢«¥­¨¥ v�(t) ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ª-
á¨¬ã¬  ¢ § ¤ ç¥ B�.

�®áâà®¨¬ ®ç¥à¥¤­®¥ ã¯à ¢«¥­¨¥ ¢ à ¬ª å à¥è¥­¨ï § ¤ ç¨ A

u�(t) = u(t) + �(v�(t)� u(t)); t 2 T; (3)

¨ ®¯à¥¤¥«¨¬ ¢ë¡®à ¯ à ¬¥âà  � 2 (0; 1] ãá«®¢¨¥¬ ã«ãçè¥­¨ï �(u�) � �(u). �à®áâ¥©è¥© â ªâ¨-
ª®© â ª®£® ¢ë¡®à  ¬®¦¥â ¡ëâì á¯®á®¡ ¯®«®¢¨­­®£® ¤¥«¥­¨ï:

¥á«¨ �(u�) > �(u), â® � :=
1
2
�.

�®«¥¥ £«ã¡®ª ï áå¥¬  ¯¥à¥áç¥â  � à¥ «¨§ã¥âáï, ­ ¯à¨¬¥à, á«¥¤ãîé¨¬ ®¡à §®¬ [12].
�ãáâì F�(v�) < 0, â. ¥. v� 6= u. �¢¥¤¥¬ ®â­®è¥­¨¥

�� =
�(u�)� �(u)

F�(v�)

¨ ­ §­ ç¨¬ ¯ à ¬¥âàë

0 < �1 < �2 < 1; 0 < 
1 < 1 < 
2:

� ¯à¨¬¥à, ¬®¦­® ¢§ïâì

�1 = 0;25; �2 = 0;75; 
1 = 0;25; 
2 = 2:

� ªâ¨ª  ¯¥à¥áç¥â  � ¨¬¥¥â ¢¨¤
1) ¥á«¨ �� < �1, â® � := 
1�;
2) ¥á«¨ �1 � �� < �2, â® � := �;
3) ¥á«¨ �� � �2, â® � := minf1; 
2�g.

3. �¡®á­®¢ ­¨¥ á¢®©áâ¢  ¬®­®â®­­®áâ¨

�à®¢¥¤¥¬ ®¡®á­®¢ ­¨¥ ¬¥â®¤  ¢ ç áâ¨ £ à ­â¨à®¢ ­­®£® «®ª «ì­®£® ã«ãçè¥­¨ï.

�¥®à¥¬ . �á«¨ ã¯à ¢«¥­¨¥ u 2 V ­¥ ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  ¢ § ¤ ç¥ A, â®

¤«ï ¤®áâ â®ç­® ¬ «ëå � 2 (0; 1] ¨¬¥¥â ¬¥áâ® áâà®£®¥ ã«ãçè¥­¨¥ �(u�) < �(u).
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�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ­¥¢ï§ªã ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ã¯à ¢«¥­¨ï u 2 V ¢ § ¤ ç¥ A

�(u) =
Z
T

hHu( (t); x(t); t); u(t)� u(t)idt;

u(t) = argmax
v2U

hHu( (t); x(t); t); vi; t 2 T:

�¯à ¢«¥­¨¥ v�(t) ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  ¢ § ¤ ç¥ B�. �â® §­ ç¨â, çâ®

v�(t) = argmax
v2U

hHu(p�(t); x(t); t) +Hux(p�(t); x(t); t)y�(t); vi; (4)

£¤¥ âà ¥ªâ®à¨¨ y�(t), p�(t) ®¯à¥¤¥«ïîâáï ãà ¢­¥­¨ï¬¨

_y = fx(x(t); u�(t); t)y + �fu(x(t); t)(v�(t)� u(t)); y(t0) = 0; (5)

_p = �Hx(p; x(t); u�(t); t); p(t1) = �'x(x(t1)): (6)

� á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© ¯à¨à é¥­¨ï (2) ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥

�(u�)� �(u) = ��

Z
T

hHu(p�(t); x(t); t); v�(t)� u(t)idt + �(k��x(t)k); (7)

��x(t) = x(t; u�)� x(t); t 2 T:

� à ¬ª å ¢ àì¨à®¢ ­¨ï (3) á¯à ¢¥¤«¨¢  ®æ¥­ª  [7]

k�x�(t)k � C

Z
T

kfu(x(t); t)kku�(t)� u(t)kdt � C1�:

�«¥¤®¢ â¥«ì­®, ®áâ â®ª � ¨¬¥¥â ¯®àï¤®ª o(�). �¡®§­ ç¨¬ ¢ (7)

��(u) =
Z
T

hHu(p�(t); x(t); t); v�(t)� u(t)idt

¨ ãáâ ­®¢¨¬ á¢ï§ì ��(u) á ­¥¢ï§ª®© �(u). � á¨«ã ãá«®¢¨ï ¬ ªá¨¬ã¬  (4) ¨¬¥¥¬
Z
T

hHu(p�(t); x(t); t); v�(t)idt �
Z
T

hHu(p�(t); x(t); t); u(t)idt�

�

Z
T

hHux(p�(t); x(t); t)y�(t); v�(t)� u(t)idt:

�  ®á­®¢ ­¨¨ ãà ¢­¥­¨© (5), (6) á ¯®¬®éìî áâ ­¤ àâ­ëå ¯à¨¥¬®¢ (¯¥à¥å®¤ ª ¨­â¥£à «ì­®©
ä®à¬¥, ®æ¥­ª  ¯® ­®à¬¥, á¢®©áâ¢® ®£à ­¨ç¥­­®áâ¨ ã¯à ¢«¥­¨©, «¥¬¬  �à®­ã®«« {�¥««¬ ­ )
§ ª«îç ¥¬

y�(t) = O1(�) � ky�(t)k � C1�; t 2 T;

p�(t) =  (t) +O2(�) � kp�(t)�  (t)k � C2�; t 2 T:

�®£¤  ¯à¥¤ë¤ãé¥¥ ­¥à ¢¥­áâ¢® ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥Z
T

hHu(p�(t); x(t); t); v�(t)idt �
Z
T

hHu( (t); x(t); t); u(t)idt +O3(�):

�áâ ¥âáï § ¬¥â¨âì, çâ®Z
T

hHu(p�(t); x(t); t); u(t)idt =
Z
T

hHu( (t); x(t); t); u(t)idt +O4(�):

� à¥§ã«ìâ â¥ ¯®«ãç ¥¬ âà¥¡ã¥¬ãî ®æ¥­ªã

��(u) � �(u) +O(�);

­  ®á­®¢ ­¨¨ ª®â®à®© ä®à¬ã«  ¯à¨à é¥­¨ï (7) ¯à¨­¨¬ ¥â ¢¨¤

�(u�)� �(u) � ���(u) + o(�):
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�® ãá«®¢¨î â¥®à¥¬ë �(u) > 0, ¯®íâ®¬ã «®ª «ì­®¥ ã«ãçè¥­¨¥ äã­ªæ¨®­ «  ®¡¥á¯¥ç¥­®.

� ¬¥ç ­¨¥ 1. �«ï áà ¢­¥­¨ï ¯à¨¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã ¬¥â®¤  ãá«®¢­®£® £à ¤¨-
¥­â , ª®â®à ï ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà  � ¨ ¢ â¥à¬¨­ «ì­®© ä®à¬ã«¨à®¢ª¥ ¨¬¥¥â ¢¨¤

F (v) = h'x(x(t1)); y(t1)i ! min; v 2 V;

_y = fx(x(t); u(t); t)y + fu(x(t); t)(v � u(t)); y(t0) = 0:

� ®â«¨ç¨¥ ®â B� ¯®«ãç¨«¨ ¯à®áâ¥©èãî § ¤ çã á ®¯â¨¬ «ì­ë¬ ã¯à ¢«¥­¨¥¬ u(t), ª®â®à®¥ ¯®à®-
¦¤ ¥â áâ ­¤ àâ­ë© ¬¥â®¤ ãá«®¢­®£® £à ¤¨¥­â 

u�(t) = u(t) + �(u(t)� u(t)); � 2 [0; 1]; t 2 T:

� ¬¥ç ­¨¥ 2. �ãáâì ¨áå®¤­ ï § ¤ ç  A ï¢«ï¥âáï ¡¨«¨­¥©­®© ®â­®á¨â¥«ì­® ¯ àë (u; x) á
«¨­¥©­ë¬ â¥à¬¨­ «ì­ë¬ äã­ªæ¨®­ «®¬, â. ¥.

�(u) = hd; x(t1)i ! min; u 2 V;

_x = (A0(t) +
rX

j=1

Aj(t)uj)x+B(t)u+ c(t); x(t0) = x0:

�«ï ¯ àë ¯à®æ¥áá®¢ (u(t); x(t)), (v(t); x(t; v)), t 2 T , áä®à¬ã«¨àã¥¬ § ¤ çã á ä §®¢ë¬ ¯à¨à é¥-
­¨¥¬ y(t) = x(t; v) � x(t) ¨ ã¯à ¢«¥­¨¥¬ v(t)

hd; y(t1)i ! min; v 2 V;

_y = fx(x(t); v(t); t)y + fu(x(t); t)(v(t) � u(t)); y(t0) = 0:

� ­­ë¥ § ¤ ç¨ íª¢¨¢ «¥­â­ë: ®¯â¨¬ «ì­ë¥ ã¯à ¢«¥­¨ï ¢ ­¨å á®¢¯ ¤ îâ. �áâ ¥âáï ¤®¡ -
¢¨âì, çâ® y-§ ¤ ç  ¯à¥¤áâ ¢«ï¥â á®¡®© § ¤ çã B� ¯à¨ � = 1. � ª¨¬ ®¡à §®¬, ¢ ¡¨«¨­¥©­®¬
á«ãç ¥ § ¤ ç¨ A ¨ B1 íª¢¨¢ «¥­â­ë.

� ¬¥ç ­¨¥ 3. � ¯à ªâ¨ç¥áª®© à¥ «¨§ æ¨¨ ¬¥â®¤ , ¯®-¢¨¤¨¬®¬ã, ­¥â ­¥®¡å®¤¨¬®áâ¨ ¯à®¢®-
¤¨âì à¥è¥­¨¥ § ¤ ç¨ B� ¤«ï ª ¦¤®£® â¥ªãé¥£® §­ ç¥­¨ï ¯ à ¬¥âà  � 2 (0; 1]. �¤¥áì ¬®¦­®
¯à¨¤¥à¦¨¢ âìáï á«¥¤ãîé¥© áå¥¬ë.

�ãáâì, ­ ¯à¨¬¥à, ¯®«ãç¥­ ¡ §®¢ë© ¯à®æ¥áá (u(t); x(t)) ¨ ¨¬¥¥âáï ­¥ª®â®à®¥ §­ ç¥­¨¥ �0. �¥-
è ï § ¤ çã B�0 , ­ ©¤¥¬ ã¯à ¢«¥­¨¥ v�0 ¨ ¯®áâà®¨¬ ã¯à ¢«¥­¨¥

u�0(t) = u(t) + �0(v�0(t)� u(t)); t 2 T:

�á«¨ ã«ãçè¥­¨¥ ¯® äã­ªæ¨®­ «ã ®âáãâáâ¢ã¥â (�(u�0) > �(u)), â® ¯à®æ¥¤ãàã ¨§¬¥­¥­¨ï � ®à£ -
­¨§ã¥¬ ­  ®á­®¢¥ á¥¬¥©áâ¢ 

u�(t) = u(t) + �(v�0(t)� u(t)); t 2 T; � 2 (0; �0):

� ª â®«ìª® ã«ãçè¥­¨¥ ¤®áâ¨£­ãâ® (�(u�1) < �(u)), ä®à¬¨àã¥âáï ­®¢ë© ¯à®æ¥áá á ã¯à ¢«¥­¨¥¬
u�1(t), ­  ¡ §¥ ª®â®à®£® à¥è ¥âáï § ¤ ç  B�1 , ¨ â. ¤.

� ª¨¬ ®¡à §®¬, ¢á¯®¬®£ â¥«ì­ ï § ¤ ç  B� à¥è ¥âáï â®«ìª® ¯®á«¥ § ¢¥àè¥­¨ï ¨â¥à æ¨¨
ã«ãçè¥­¨ï ®â­®á¨â¥«ì­® äã­ªæ¨®­ «  �(u) ¨ ä®à¬¨à®¢ ­¨ï ®ç¥à¥¤­®£® ¯à®æ¥áá  (u(t); x(t)),
t 2 T .
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