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�­ãâà¥­­ïï § ¤ ç , á®®â¢¥âáâ¢ãîé ï à áá¬ âà¨¢ ¥¬®© ¢ ¤ ­­®© áâ âì¥, ¡ë«  ¢¯¥à¢ë¥ ¯®-
áâ ¢«¥­  �.�.�®­ å®¢ë¬ (á¬. [1]). � [2] ¡ë«  ¤®ª § ­  à §à¥è¨¬®áâì ¢­ãâà¥­­¥© § ¤ ç¨ ­ 
à¨¬ ­®¢ëå ¯®¢¥àå­®áâïå, ¨áá«¥¤®¢ ­ å à ªâ¥à ­¥¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¢ § ¢¨á¨¬®áâ¨ ®â £¥®-
¬¥âà¨¨ ¨§¢¥áâ­®© ç áâ¨ £à ­¨æë (¯® ¯®¢®¤ã ¨áâ®à¨¨ ¢®¯à®á  á¬. ¯®¤à®¡­¥¥ [1], [2]).

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤  ­¥¨§¢¥áâ­ ï ®¡« áâì Dz ¢ ¯«®áª®áâ¨ z á®¤¥à-
¦¨â ¡¥áª®­¥ç­® ã¤ «¥­­ãî â®çªã. � á«ãç ¥, ª®£¤  ¨§¢¥áâ­ ï ç áâì £à ­¨æë ¨áª®¬®© ®¡« áâ¨
¯®«¨£®­ «ì­ , ¯®«ãç¥­® ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï z(�), � 2 D� , £¤¥ D� | ¢¥àå­ïï
¯®«ã¯«®áª®áâì ¢ �-¯«®áª®áâ¨. � ª ¨ ¢® ¢­ãâà¥­­¥© § ¤ ç¥, ¯à¨ ¤®ª § â¥«ìáâ¢¥ à §à¥è¨¬®áâ¨
¢®§­¨ª ¥â ¯à®¡«¥¬  ®¯à¥¤¥«¥­¨ï  ªæ¥áá®à­ëå ¯ à ¬¥âà®¢, ­® §¤¥áì íâ  âàã¤­ ï ¨ ¨­â¥à¥á­ ï
§ ¤ ç  ­¥ ¨áá«¥¤ã¥âáï. �á­®¢­®¥ ¢­¨¬ ­¨¥ ã¤¥«ï¥âáï ®¤­®§­ ç­®áâ¨ äã­ªæ¨¨ z(�), ª®â®à ï
®¯à¥¤¥«ï¥âáï ¯®«ãç¥­­ë¬ ¨­â¥£à «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬. �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®-
¢¨¥¬ íâ®© ®¤­®§­ ç­®áâ¨ ï¢«ï¥âáï à ¢¥­áâ¢® ­ã«î ¢ëç¥â  ¯à®¨§¢®¤­®© äã­ªæ¨¨ dz(�)=d� ¢
â®çª¥ �0, ª®â®à ï á®®â¢¥âáâ¢ã¥â ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ ¢ ¯«®áª®áâ¨ z.

�â® à ¢¥­áâ¢® ¬®¦­® à áá¬ âà¨¢ âì ª ª ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ¯¥à¥¬¥­­®© �0. �® ¢­¥è-
­¥© ®¡à â­®© ªà ¥¢®© § ¤ ç¥ ¯® ¯ à ¬¥âàã s á®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨¥ ¢¯¥à¢ë¥ ¯®«ãç¨«
�.�. � å®¢ [4], ª®â®àë© ¤®ª § « ¥£® à §à¥è¨¬®áâì. � ¤ «ì­¥©è¥¬ ãà ¢­¥­¨¥ � å®¢  ¨ ¥£® ®¡®¡-
é¥­¨ï à áá¬ âà¨¢ «¨áì ¬­®£¨¬¨  ¢â®à ¬¨ (á¬., ­ ¯à., [3]{[5]), ª®â®àë¥ ¨§ãç «¨ ¢®¯à®áë ¥¤¨­-
áâ¢¥­­®áâ¨ à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï, áâàãªâãàã ¬­®¦¥áâ¢  ¥£® ª®à­¥© ¨ ¯à. � ç áâ­®áâ¨, ¢
[6] ¯®ª § ­®, çâ® ãà ¢­¥­¨¥ � å®¢  ¢® ¢­¥è­¥© ®¡à â­®© ªà ¥¢®© § ¤ ç¥ ¯® ¯ à ¬¥âàã s ¨¬¥¥â
ª®­¥ç­®¥ ç¨á«® à¥è¥­¨©.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ áâ âì¨ ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® à §à¥è¨¬®áâ¨  ­ «®£  ãà ¢­¥­¨ï
� å®¢  ¤«ï ¢­¥è­¥© á¬¥è ­­®© ®¡à â­®© ªà ¥¢®© § ¤ ç¨ ¯® ¯ à ¬¥âàã x ¢ á«ãç ¥ ¯®«¨£®­ «ì-
­®© ¨§¢¥áâ­®© ç áâ¨ £à ­¨æë. �à®¬¥ â®£®, á ¨á¯®«ì§®¢ ­¨¥¬ à¥§ã«ìâ â®¢ ¨§ â¥®à¨¨ ¯®«¨ ­ «¨-
â¨ç¥áª¨å äã­ªæ¨© ¨áá«¥¤®¢ ­  «®ª «ì­ ï áâàãªâãà  ¬­®¦¥áâ¢  à¥è¥­¨© íâ®£® ãà ¢­¥­¨ï.

1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì Dz | ®¤­®á¢ï§­ ï ¦®à¤ ­®¢  ®¡« áâì ­  áä¥à¥ �¨¬ ­ , á®¤¥à¦ é ï ¢­ãâà¨ á¥¡ï
1, á £à ­¨æ¥© Lz, ª®â®à ï á®áâ®¨â ¨§ ¨§¢¥áâ­®© ¤ã£¨ L1

z ¨ ¨áª®¬®© ¤ã£¨ L2
z. � ¤ «ì­¥©è¥¬

¡ã¤¥¬ áç¨â âì, çâ® L1
z | ¯®«¨£®­ á ¢¥àè¨­ ¬¨ zk = xk + iyk, k = 1; : : : ; n. �à¥¤¯®« £ ¥âáï, çâ®

L2
z â ª®¢ , çâ® «î¡ ï ¯àï¬ ï, ¯ à ««¥«ì­ ï ¬­¨¬®© ®á¨, ¯¥à¥á¥ª ¥â ¥¥ ­¥ ¡®«¥¥, ç¥¬ ¢ ®¤­®©

â®çª¥, ¨ x1 = a < b = xn (à¨á. 1).
�à¥¡ã¥âáï ­ ©â¨ L2

z ¨  ­ «¨â¨ç¥áªãî ¢ ®¡« áâ¨ Dz äã­ªæ¨î w(z), ª®­ä®à¬­® ®â®¡à ¦ î-
éãî Dz ­  ¦®à¤ ­®¢ã ®¡« áâì Dw ¨ ã¤®¢«¥â¢®àïîéãî á«¥¤ãîé¨¬ ªà ¥¢ë¬ ãá«®¢¨ï¬.

� ¡®â  ¢â®à®£®  ¢â®à  ¯®¤¤¥à¦ ­  £à ­â®¬ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

ò02-01-00914.

48



B ¯«®áª®áâ¨ w = ' + i ¤ã£¥ L2
z á®®â¢¥âáâ¢ã¥â ¤ã£  L2

w á ãà ¢­¥­¨¥¬ ' = f1(x),  = f2(x),
£¤¥ w(x) = f1(x) + if2(x), x 2 [a; b], | £à ­¨ç­ë¥ §­ ç¥­¨ï ¨áª®¬®©  ­ «¨â¨ç¥áª®© äã­ªæ¨¨
w(z) ­  L2

z ¨ x = Re z. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® äã­ªæ¨ï w(x) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ 
¨ w0(x) 6= 0, a � x � b. �à ¢­¥­¨¥ ¤ã£¨ L1

w, ¤®¯®«­ïîé¥© L2
w ¤® § ¬ª­ãâ®£® ª®­âãà  Lw,

�('; ) = 0 áç¨â ¥âáï § ¤ ­­ë¬. �à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨ï �('; ) ¤¢ ¦¤ë ­¥¯à¥àë¢­®
¤¨ää¥à¥­æ¨àã¥¬  ¨ £« ¤ª¨¥ ¤ã£¨ L1

w ¨ L2
w ®¡à §ãîâ ¢ â®çª å áâëª  w1 ¨ wn ­¥­ã«¥¢ë¥ ã£«ë

�
1 ¨ �
n.

�¨á. 1.

�®­ä®à¬­® ®â®¡à §¨¬ ¢¥àå­îî ¯®«ã¯«®áª®áâì D� = fIm � > 0g ­  Dw äã­ªæ¨¥© w = !(�)
â ª, çâ®¡ë â®çª¨ 1, t1 = �1, tn = 1, «¥¦ é¨¥ ­  ¢¥é¥áâ¢¥­­®© ®á¨, ¯¥à¥å®¤¨«¨ á®®â¢¥âáâ¢¥­­®
¢ ä¨ªá¨à®¢ ­­ãî â®çªã w0 2 L1

w, w1 ¨ wn. �ãáâì tk | â®çª¨ ­  £à ­¨æ¥ D� , á®®â¢¥âáâ¢ãîé¨¥
¢¥àè¨­ ¬ «®¬ ­®© L1

z, k = 1; : : : ; n. �à ¢­¨¢ ï £à ­¨ç­ë¥ §­ ç¥­¨ï äã­ªæ¨© w(x) = f1(x) +
if2(x) ¨ w = !(t) ­  ãç áâª å, á®®â¢¥âáâ¢ãîé¨å L2

w, ¯®«ãç¨¬ á®®â­®è¥­¨¥ f1(x) + if2(x) = !(t),
¨§ ª®â®à®£® ­ ©¤¥¬ § ¢¨á¨¬®áâì x = H(t). �¨ää¥à¥­æ¨àãï ¥¥ ¯® t, ¯®«ãç¨¬

dx(t)
dt

=
!0(t)

w0(H(t))
= h(t); jtj < 1; (1)

£¤¥ h(t) = H 0(t) � 0 ¯à¨ t 2 (�1; 1), â. ª. äã­ªæ¨ï x(t) ¬®­®â®­­® ã¡ë¢ ¥â. �á«¥¤áâ¢¨¥ ¤®áâ â®ç-
­®© £« ¤ª®áâ¨ ¤ã£¨ L2

w äã­ªæ¨ï d!=dt ­  (�1; 1) ®á®¡¥­­®áâ¥© ­¥ ¨¬¥¥â, â. ¥. 0 6= jd!=dtj < 1
¯à¨ jtj < 1. � ª¨¬ ®¡à §®¬, �1 < h(t) < 0, jtj < 1.

�ç¨âë¢ ï ¯®¢¥¤¥­¨¥ ¯à®¨§¢®¤­®© ®â®¡à ¦ îé¥© äã­ªæ¨¨ d!=dt ¢ ã£«®¢ëå â®çª å t1 ¨ tn
(á¬., ­ ¯à., [1]), ¯à¥¤áâ ¢¨¬ h(t) ¢ ¢¨¤¥ h(t) = h�(t)(t� t1)
1�1(t� tn)
n�1, £¤¥ h�(t) | £�¥«ì¤¥à®¢ 
äã­ªæ¨ï ­  [�1; 1], �1 < h�(t) < 0, t 2 [�1; 1].

�ãáâì ãà ¢­¥­¨ï ¯àï¬ëå, ­  ª®â®àëå «¥¦ â áâ®à®­ë ¯®«¨£®­ , ¨¬¥îâ ¢¨¤ akx � bky = ck,
k = 1; : : : ; n� 1. �®£¤ 

akx(t)� bky(t) = ck; t 2 (tk; tk+1); k = 1; : : : ; n� 1: (2)
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�â¬¥â¨¬, çâ® §¤¥áì ç¥à¥§ (tk; tk+1) ®¡®§­ ç¥­  ç áâì £à ­¨æë D� ¢ à áè¨à¥­­®© ª®¬¯«¥ªá­®©
¯«®áª®áâ¨ ®â â®çª¨ tk ¤® â®çª¨ tk+1, ¯à®å®¤¨¬ ï ¢ ¯®«®¦¨â¥«ì­®¬ ­ ¯à ¢«¥­¨¨.

�ãáâì �0 | â®çª  ¢ D� , á®®â¢¥âáâ¢ãîé ï â®çª¥ 1 ¢ ¯«®áª®áâ¨ z. � ©¤¥¬ äã­ªæ¨î z =
F (�), ®â®¡à ¦ îéãî ¢¥àå­îî ¯®«ã¯«®áª®áâì D� ­  ®¡« áâì Dz, ª®â®à ï ­  ¢¥é¥áâ¢¥­­®© ®á¨
ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬ (1), (2). �á«¨ ®­  ¨§¢¥áâ­ , â® ¨§¢¥áâ­® ¨ ãà ¢­¥­¨¥ z = F (t),
�1 � t � 1 ª®­âãà  L2

z,   äã­ªæ¨ï w(z) ¢®ááâ ­ ¢«¨¢ ¥âáï ¯® ä®à¬ã«¥ w = !(F�1(z)), £¤¥
� = F�1(z) | äã­ªæ¨ï, ®¡à â­ ï ª z = F (�). �à®¢¥¤¥¬ ¨§ â®ç¥ª z1 ¨ zn ¢¢¥àå ¢¥àâ¨ª «ì­ë¥
«ãç¨ l1 ¨ ln ¨ ®¡®§­ ç¨¬ ç¥à¥§ ��1, ��n ã£«ë, ®¡à §®¢ ­­ë¥ ¯¥à¢ë¬ ¨ (n�1)-¬ §¢¥­ìï¬¨ «®¬ ­®©
L1
z á íâ¨¬¨ «ãç ¬¨. �ãáâì ��k | ¢­ãâà¥­­¨¥ ã£«ë ®¡« áâ¨Dz ¢ â®çª å zk, k = 2; : : : ; n�1 (à¨á. 1).
�®  ­ «®£¨¨ á ¢­ãâà¥­­¥© § ¤ ç¥© (á¬. [2]) ­¥âàã¤­® ¯®ª § âì, çâ® ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬

à §à¥è¨¬®áâ¨ § ¤ ç¨ ï¢«ï¥âáï á«¥¤ãîé¥¥ ®£à ­¨ç¥­¨¥ ­  ¨§¢¥áâ­ãî ç áâì £à ­¨æë: «®¬ ­ ï
L1
z, ¤®¯®«­¥­­ ï «ãç ¬¨ l1 ¨ ln, ï¢«ï¥âáï £à ­¨æ¥© ¤¢ã«¨áâ­®© ¬­®£®ã£®«ì­®© à¨¬ ­®¢®© ¯®-

¢¥àå­®áâ¨ ¡¥§ â®ç¥ª ¢¥â¢«¥­¨ï, ¯à¨ç¥¬

nX
k=1

(�k � 1) = 3:

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì íâ® ãá«®¢¨¥ ¢ë¯®«­¥­­ë¬.

2. �®áâà®¥­¨¥ ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨ï

�¨ää¥à¥­æ¨àãï, § ¯¨è¥¬ (1), (2) ¢ ¢¨¤¥

ak
dx(t)
dt

� bk
dy(t)
dt

= 0; t 2 [tk; tk+1]; k = 1; : : : ; n� 1;

dx(t)
dt

= h(t); t 2 [�1; 1]:

�â  § ¤ ç  ï¢«ï¥âáï ªà ¥¢®© § ¤ ç¥© �¨«ì¡¥àâ  á à §àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¤«ï äã­ªæ¨¨
dz(�)=d� ¢ ¯®«ã¯«®áª®áâ¨

Re[(a(t) + ib(t))dz(t)=dt] = c(t); t 2 (�1;1);

£¤¥

a(t) =

(
ak; t 2 [tk; tk+1]; k = 1; n� 1;

1; t 2 [�1; 1];

b(t) =

(
bk; t 2 [tk; tk+1]; k = 1; n� 1;

0; t 2 [�1; 1];

c(t) =

(
0; jtj > 1;

h(t); t 2 [�1; 1]:
�¥è¥­¨¥ ¨é¥¬ ¢ ª« áá¥ äã­ªæ¨© dz(�)=d�, ®£à ­¨ç¥­­ëå ¢ ¢¥àè¨­ å ¯®«¨£®­  á ã£« ¬¨,

¡�®«ìè¨¬¨ �, ­¥®£à ­¨ç¥­­ëå ¢ ®áâ «ì­ëå ¨ ¨¬¥îé¨å ¯®«îá ¢â®à®£® ¯®àï¤ª  ¢ â®çª¥ �0.
�¥à¥¯¨è¥¬ § ¤ çã �¨«ì¡¥àâ  ¢ ¢¨¤¥ Re[(a(t)+ib(t))�(t)] = c(t)jt��0j4, £¤e �(�) = (���0)2(��

�0)
2dz(�)=d�.

�ãáâì �1 < 1, �n < 1. �ã­ªæ¨ï �(�) =
nQ

k=1
(� � tk)�k�1 ¬®¦¥â ¡ëâì ¢§ïâ  §  ª ­®­¨ç¥áªãî

äã­ªæ¨î ®¤­®à®¤­®© § ¤ ç¨, ¨ à¥è¥­¨¥ § ¯¨è¥âáï â ª

�(�) =
dz(�)
d�

(� � �0)2(� � �0)
2 =

�(�)
�i

Z 1

�1

h(t)jt� �0j4
�(t)(t� �)

dt+ P (�)�(�);
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£¤¥ P (�) | ­¥ª®â®àë© ¬­®£®ç«¥­. �¥âàã¤­® ¢¨¤¥âì, çâ® ­  ¡¥áª®­¥ç­®áâ¨ j�(�)j � j�jd, £¤¥
d =

nP
k=1

(�k � 1) = 3.

�â®¡ë ¨áª®¬ë© ª®­âãà ¡ë« ª®­¥ç¥­, á«¥¤ã¥â ¯®«®¦¨âì P (�) � 0, â. ª.

�(�)

(� � �0)2(� � �0)2
� 1
�
; � !1:

�â ª,

z = F (�) = z1 +
1
�i

Z �

�1

�(�)d�

(� � �0)2(� � �0)2

Z 1

�1

h(t)jt� �0j4
�(t)(t� �)

dt (3)

| ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ ¢ ª« áá¥ ®£à ­¨ç¥­­ëå äã­ªæ¨© z = z(�), ¥á«¨ aj < 1, j = 1; n.
�ãáâì â¥¯¥àì â®«ìª® ®¤­® ¨§ �j , j = 1; n, ­ ¯à¨¬¥à, �n, ¡®«ìè¥ ¥¤¨­¨æë. � ­®­¨ç¥áª ï

äã­ªæ¨ï ¬®¦¥â ¡ëâì ¢§ïâ  ¢ ¢¨¤¥ �(�)(� � tn)�1, ¨ â®£¤  ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï
¨¬¥¥â ¢¨¤

dz(�)
d�

=
�(�)

(� � �0)2(� � �0)2

�
1
�i

Z 1

�1

h(t)jt� �0j4
�(t)(t � �)

dt+
iK

� + 1

�
; (4)

£¤¥ K | ¢¥é¥áâ¢¥­­®¥ ç¨á«® (¬®¦­® ¯®ª § âì, çâ® K � 0). �á«¨ ¦¥ �1 > 1 ¨ �n > 1, â® ¨¬¥¥¬

dz(�)
d�

=
�(�)

(� � �0)2(� � �0)2

�
1
�i

Z 1

�1

h(t)jt� �0j4
�(t)(t � �)

dt+
iK1

� + 1
+

iK2

� � 1

�
; (5)

£¤¥ K1, K2 ¢¥é¥áâ¢¥­­ë. �á«¨ ¯®«®¦¨âì K = 0 ¢ (4) ¨«¨ K1 = K2 = 0 ¢ (5), â® ¯®«ãç¨¬ à¥è¥­¨¥
§ ¤ ç¨, ª®â®à®¥ ¯® ¢¨¤ã á®¢¯ ¤ ¥â á (3). � ª¨¬ ®¡à §®¬, (3) ï¢«ï¥âáï ç áâ­ë¬ à¥è¥­¨¥¬ § ¤ ç¨
¨ ¢ á«ãç ïå, ª®£¤  ¯® ªà ©­¥© ¬¥à¥ ®¤¨­ ¨§ ¯ à ¬¥âà®¢ �1, �n ¡®«ìè¥ ¥¤¨­¨æë.

3. � §à¥è¨¬®áâì ãà ¢­¥­¨ï � å®¢ 

�á«®¢¨¥¬ ®¤­®§­ ç­®áâ¨ äã­ªæ¨¨ z(�), ®¯à¥¤¥«¥­­®© ä®à¬ã«®© (3), ¡ã¤¥â á«ã¦¨âì à ¢¥­-
áâ¢® c�1 = 0, £¤¥ c�1 | ¢ëç¥â äã­ªæ¨¨ dz(�)=d� ¢ â®çª¥ � = �0. �¬¥¥¬

res
�=�0

dz(�)
d�

= lim
�!�0

d

d�

�
(� � �0)2

dz(�)
d�

�
= lim

�!�0

d

d�

�
1

(� � �0)2
�(�)
�i

Z 1

�1

h(t)jt� �0j4
�(t)(t� �)

dt

�
=

=
�(�0)

(�0 � �0)2
1
�i

�
� 2

�0 � �0

Z 1

�1

h(t)jt� �0j4
�(t)(t� �0)

dt+

+
nX
j=1

�j
�0 � tj

Z 1

�1

h(t)jt � �0j4
�(t)(t� �0)

dt+
Z 1

�1

h(t)jt� �0j4
�(t)(t� �0)

�
;

£¤¥ �j = �j � 1, j = 1; : : : ; n.
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

M(�0) =
Z 1

�1

h(t)jt� �0j4
�(t)(t� �0)

dt; N(�0) =
Z 1

�1

h(t)jt� �0j4
�(t)(t� �0)2

dt:

�à¨à ¢­ï¥¬ ¢ëç¥â res�=�0 dz(�)=d� ª ­ã«î

�(�0)

(� � �0)2

��
� 2

�0 � �0
+

nX
k=1

�k
�0 � tk

�
M(�0) +N(�0)

�
= 0:

�á­®, çâ® �(�) =
nQ

k=1
(� � tk)�k 6= 0 ¯à¨ � 6= tk, k = 1; n. �®ª ¦¥¬, çâ® M(�0) 6= 0, �0 2 D� .

�¬¥¥¬

M(�) =
Z 1

�1

h(t)jt� �0j4
�(t)

dt

t� �0
=
Z 1

�1

h(t)jt� �0j2(t� �0)
�(t)

dt;

51



á«¥¤®¢ â¥«ì­®,

ImM(�0) = Im �0

Z 1

�1

h(t)jt� �0j2
�(t)

dt 6= 0; �0 2 D� :

�âáî¤  ¢¨¤­®, çâ®M(�0) 6= 0, �0 2 D� . � ª¨¬ ®¡à §®¬, ¨¬¥¥¬ á«¥¤ãîé¥¥ ãá«®¢¨¥ ®¤­®§­ ç­®áâ¨
äã­ªæ¨¨ z(�):

F (�0) = �N(�0)
M(�0)

+
2

�0 � �0
�

nX
j=1

�j
�0 � tj

= 0: (6)

� §®¢¥¬ (6) ãà ¢­¥­¨¥¬ � å®¢  ¤«ï ¢­¥è­¥© á¬¥è ­­®© ®¡à â­®© ªà ¥¢®© § ¤ ç¨ ¯® ¯ à -
¬¥âàã x. �ëïá­¨¬, áãé¥áâ¢ã¥â «¨ à¥è¥­¨¥ ¤ ­­®£® ãà ¢­¥­¨ï ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨. �«ï
íâ®£® à áá¬®âà¨¬ ®ªàã¦­®áâì à ¤¨ãá  R (R | ¤®áâ â®ç­® ¡®«ìè®¥ ç¨á«®) á æ¥­âà®¬ ¢ ­ ç «¥
ª®®à¤¨­ â. �à®¢¥¤¥¬ å®à¤ã T1 ¯ à ««¥«ì­® ®á¨ O� ç¥à¥§ â®çªã ie�0, £¤¥ e�0 | ä¨ªá¨à®¢ ­­®¥
¤®áâ â®ç­® ¬ «®¥ ç¨á«®. (�­ ç¥­¨ï R ¨ e�0 ¡ã¤ãâ ¢ë¡à ­ë ­¨¦¥.) �®à¤  T1 ¤¥«¨â ®ªàã¦­®áâì
­  ¤¢¥ ç áâ¨. � áá¬®âà¨¬ âã ç áâì T2, ª®â®à ï «¥¦¨â æ¥«¨ª®¬ ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨. �ãáâì
Q | ªàã£®¢®© á¥£¬¥­â, ®£à ­¨ç¥­­ë© T1 ¨ T2.

�¥¢ ï ç áâì (6) ®¯à¥¤¥«ï¥â ­¥ª®â®à®¥ ¢¥ªâ®à­®¥ ¯®«¥ ­  ¯«®áª®áâ¨. �®¤áç¨â ¥¬ ¥£® ¢à é¥-
­¨¥ ­  @Q = T1 [ T2. �¥âàã¤­® ã¡¥¤¨âìáï, çâ® äã­ªæ¨ï N(�0)=M(�0) ­¥¯à¥àë¢­  ¯® �0 ¢ D� ¨
N(�0) � a0�

2
0, M(�0) � �a0�0�20 ¯à¨ �0 !1, £¤¥

a0 =
Z 1

�1

h(t)
�(t)

dt:

(� ª ª ª äã­ªæ¨¨ h ¨ � ­¥¯à¥àë¢­ë, ­¥ ®¡à é îâáï ¢ ­ã«ì ­  (�1; 1) ¨ ¨¬¥îâ ¯®áâ®ï­­ë©
 à£ã¬¥­â ­  íâ®¬ ¨­â¥à¢ «¥, â® a0 6= 0.) �«¥¤®¢ â¥«ì­®, N(�0)=M(�0) � �1=�0, �0 !1. �­ ç¨â,
áãé¥áâ¢ã¥â ª®­áâ ­â  C > 0 â ª ï, çâ®����N(�0)

M(�0)

���� � C; �0 2 D� :

1. � áá¬®âà¨¬ ¯®¢¥¤¥­¨¥ F (�0) ¯à¨ �0 2 T1.
 ) �ãáâì �0 = �0+ie�0 2 T1 ¨ ¤«ï ­¥ª®â®à®£® k ¢¥«¨ç¨­  j�0�tkj < ", £¤¥ " = 1

3
min

1�j�n�1
jtj+1�tjj.

�®£¤  ���� �k
�0 � tk

���� = ���� �k
�0 � tk + ie�0

���� � e�e�0 ;
£¤¥ e� = max

j
j�j j < 1. �¬¥¥¬

����X
j 6=k

�j
�0 � tj

���� �X
j 6=k

���� �j
�0 � tj + ie�0

���� �X
j 6=k

1q
(�0 � tj)2 + e�20 =

=
X
j 6=k

1q
(�0 � tk + tk � tj)2 + e�20 �

X
j 6=k

1q
(jtk � tj j � j�0 � tkj)2 + e�20 �

�
X
j 6=k

1p
"2(3jk � jj � 1)2 + e�20 < n� 1p

2"
:

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥

F1(�0) =
N(�0)
M(�0)

�
nX
j=1

�j
�0 � tj

:
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�ãáâì e�0 ­ áâ®«ìª® ¬ «®, çâ® e�0 < 1�~�

C+(n+1)=(
p
2")
. �®£¤  C + n�1p

2"
< 1�~�

~�0
¨

jF1(�0)j =
����N(�0)
M(�0)

�
nX
j=1

�j
�0 � tj

���� � C +
����X
j 6=k

�j
�0 � tj

����+ ���� �k
�0 � tk

���� � C +
n� 1p
2!

+
e�e�0 < 1e�0 :

¡) �ãáâì â¥¯¥àì �0 ­¥ ¯®¯ ¤ ¥â ­¨ ¢ ®¤­ã ¨§ "-®ªà¥áâ­®áâ¥© â®ç¥ª tj , j = 1; n. �®£¤ ���� nX
j=1

�j
�0 � tj

���� � n

"
:

�á«¨ e�0 < (C + n=!)�1, â®

jF1(�0)j � C + n=" < 1=e�0:
� ª¨¬ ®¡à §®¬, ¥á«¨ e� < min

�
1�~�

C+(n�1)=(p2") ; (C + n=")�1
�
, â® jF1(�0)j < 1=e�0 ª ª ¢ á«ãç ¥  ),

â ª ¨ ¢ á«ãç ¥ ¡). �§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â, çâ® §­ ç¥­¨ï äã­ªæ¨¨

F (�0) =
N(�0)
M(�0)

+
1
i�0

�
nX
j=1

�j
�0 � tj

= � i

�0
+ F1(�0)

¯à¨ �0 2 T1 «¥¦ â ¢ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨, á«¥¤®¢ â¥«ì­®,���� Z
T1

d argF (�0)
���� � �: (7)

2. �ãáâì �0 = Rei' 2 T2. �¥«¨ç¨­ã R ¯®ª  ­¥ ä¨ªá¨àã¥¬ ¨ ¢ë¡¥à¥¬ ¯®§¦¥. �®£¤ ���� �j
�0 � tj

� �j
�0

���� = ���� �jtj
Rei'(Rei' � tj)

���� � j�j j jtj j
R(R� 1)

<
1

(R � 1)2
:

�ç¨âë¢ ï, çâ®
nP
j=1

�j = 3 ¨

N(�0)=M(�0) = �1=�0 +O(R�2); R = j�0j ! 1;

à ¢­®¬¥à­® ¯® ' = arg �0, ¬®¦¥¬ § ¯¨á âì F (�0) = F2(�0) +O(R�2), £¤¥

F2(�0) =
1
i�0

� 2
�0

=
�0 � 2i�0
i�0�0

=
�0
i�0�0

= � i�20
�0R2

;

®âªã¤ 

argF2(�0) = �2'� �=2; jF2(�0)j � R�1:

� ª¨¬ ®¡à §®¬, F (�0) = F2(�0) + o(F2(�0)), R = j�0j ! 1, à ¢­®¬¥à­® ¯® ' = arg �0. � ª ª ª
2�R
0

d arg F2(Rei') = 2�, â® ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å R ¨ ¬ «ëå e�0
Z
T2

d arg F (�0) > �: (8)

�§ (7) ¨ (8) á«¥¤ã¥â, çâ®
R
@Q

d argF (�0) 6= 0.

� ª¨¬ ®¡à §®¬, ¢à é¥­¨¥ ¢¥ªâ®à­®£® ¯®«ï, ®¯à¥¤¥«ï¥¬®£® «¥¢®© ç áâìî à ¢¥­áâ¢  (6), ­ 
@Q ®â«¨ç­® ®â ­ã«ï. �«¥¤®¢ â¥«ì­®, íâ® ¢¥ªâ®à­®¥ ¯®«¥ ¢ ­¥ª®â®à®© â®çª¥ �0 2 Q ®¡à é ¥âáï
¢ ­ã«ì. �â® ¤®ª §ë¢ ¥â à §à¥è¨¬®áâì ãà ¢­¥­¨ï � å®¢  (6) ¢ D� .
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4. �âàãªâãà  ¬­®¦¥áâ¢  ª®à­¥© ãà ¢­¥­¨ï � å®¢ 

� áá¬®âà¨¬ ãà ¢­¥­¨¥ � å®¢ 

�2
�0 � �0

Z 1

�1

h(t)jt� �0j4
�(t)(t� �0)

dt+
nX
j=1

�j
�0 � tj

Z 1

�1

h(t)jt� �0j4
�(t)(t� �0)

dt+
Z 1

�1

h(t)jt � �0j4
�(t)(t � �0)2

dt = 0: (9)

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ h(t)=�(t) = G(t). �à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ à ¢¥­áâ¢ 

jt� �0j4
(t� �0)

= (t� �0)(t� �0)
2(t� �0) = t3 + t2(��0 � 2�0) + t(�20 + 2�0�0)� �0�

2
0;

jt� �0j4
(t� �0)2

= t2 � 2�0t+ �20;

¯¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (9) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

�2
�0�0

�Z 1

�1
G(t)t3dt� (�0 + 2�0)

Z 1

�1
G(t)t2dt+ (�20 + 2�0�0)

Z 1

�1
G(t)t dt�

� �0�
2
0

Z 1

�1
G(t)dt

�
+

nX
j=1

�j
�0 � tj

�Z 1

�1
G(t)t3dt� (�0 + 2�0)

Z 1

�1
G(t)t2dt+

+ (�20 + 2�0�0)
Z 1

�1
G(t)t dt� �0�

2
0

Z 1

�1
G(t)dt

�
+

+
Z 1

�1
G(t)t2dt� 2�0

Z 1

�1
G(t)t dt+ �20

Z 1

�1
G(t)dt = 0:

�¡o§­açaï
1R
�1
G(t)tkdt = ak, k = 0; 1; 2; 3,   «¥¢ãî ç áâì ãà ¢­¥­¨ï (9) ç¥à¥§ F (�0), ¨ ¯à¨¢®¤ï

¯®¤®¡­ë¥ á« £ ¥¬ë¥, ¯®«ãç¨¬

F (�0) = �30

� nX
j=1

�j
�0 � tj

(a1 � a0�0)� a0

�
+ �20

�
3a0�0 � a0�

2
0 � 2a2

nX
j=1

�j
�0 � tj

�

� a1

nX
j=1

�j
�0 � tj

�0

�
+ �0

�
� 5a2 � 6a1�0 + 3a2

nX
j=1

�j
�0 � tj

+ 2a1
nX
j=1

�j
�0 � tj

�20 �

� a3

nX
j=1

�j
�0 � tj

�
� 2a3 + 3a2�0 + a3

nX
j=1

�j
�0 � tj

�0 � a2

nX
j=1

�j
�0 � tj

�20 :

�âáî¤  ¢¨¤­®, çâ® F (�0) | 4- ­ «¨â¨ç¥áª ï äã­ªæ¨ï ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ D� . �§ ¤®ª § ­-
­®£® ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ á«¥¤ã¥â, çâ® ¬­®¦¥áâ¢® E ­ã«¥© äã­ªæ¨¨ F (�0) ¢ D� ­¥¯ãáâ®.

�¥¬¬ . �­®¦¥áâ¢® E ­¥ ¨¬¥¥â ¯à¥¤¥«ì­ëå â®ç¥ª ­  £à ­¨æ¥ D�.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯®¢¥¤¥­¨¥ F (�0) ­  @D� . �®¢â®àïï à ááã¦¤¥­¨ï ¯. 1) ¨§ ¯à¥-
¤ë¤ãé¥£® ¯ à £à ä , ¯®«ãç¨¬, çâ® ¯à¨

Im �0 = �0 < min
�

1� e�
C(n� 1)=(2")

;
1

n=(2") + C

�
(10)

§­ ç¥­¨ï F (�0) «¥¦ â ¢ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨, â. ¥. jF (�0)j 6= 0 ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (10).
�ãáâì R = j�0j ! 1. �®£¤  F (�0) = F2(�0) + o(F2(�0)), R ! 1, à ¢­®¬¥à­® ¯® arg �0, £¤¥

F2(�0) = 1
i�0
� 2

�0
, jF2(Rei')j > R�1. �§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¢¨¤­®, çâ® jF2(�0)j 6= 0,   á«¥¤®¢ -

â¥«ì­®, ¨ jF (�0)j 6= 0 ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å R. �

�®á¯®«ì§ã¥¬áï ®¤­¨¬ à¥§ã«ìâ â®¬ ¨§ â¥®à¨¨ ¯®«¨ ­ «¨â¨ç¥áª¨å äã­ªæ¨©.
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�¥®à¥¬  A. ([7]). �ãáâì f(z) | n- ­ «¨â¨ç¥áª ï ¢ ­¥ª®â®à®© ®¡« áâ¨ D äã­ªæ¨ï, ®â-

«¨ç­ ï ®â â®¦¤¥áâ¢¥­­®£® ­ã«ï, ¨ E | ¬­®¦¥áâ¢® ¥¥ ­ã«¥© ¢ D. �á«¨ a | ­¥¨§®«¨à®¢ ­­ ï

â®çª  ¨§ E, â® ¢ ¤®áâ â®ç­® ¬ «®© ®ªà¥áâ­®áâ¨ � íâ®© â®çª¨ ¬­®¦¥áâ¢® E n fag ï¢«ï¥âáï
®¡ê¥¤¨­¥­¨¥¬ ­¥ ¡®«¥¥ ç¥¬ 2n� 2  ­ «¨â¨ç¥áª¨å ¤ã£.

�á¯®«ì§ãï íâ®â à¥§ã«ìâ â, ¯®«ãç¨¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬ . �­®¦¥áâ¢® E ª®à­¥© ãà ¢­¥­¨ï � å®¢  (6) ¢ D� ­¥¯ãáâ®, ª®¬¯ ªâ­® ¨ ­¥ ¨¬¥¥â

¯à¥¤¥«ì­ëå â®ç¥ª ­  £à ­¨æ¥ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨. �â® ¬­®¦¥áâ¢® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢

¢¨¤¥ E = E1 [ E2, E1 \ E2 6= ;, £¤¥ E1 á®áâ®¨â ¨§ ­¥ ¡®«¥¥ ç¥¬ ª®­¥ç­®£® ç¨á«  â®ç¥ª, E2

ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬ ­¥ ¡®«¥¥ ç¥¬ ª®­¥ç­®£® ç¨á«  ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï ¦®à¤ ­®¢ëå

 ­ «¨â¨ç¥áª¨å ¤ã£.

�á«¨ a| ­¥¨§®«¨à®¢ ­­ ï â®çª  ¬­®¦¥áâ¢  E, â® ¢ ¤®áâ â®ç­® ¬ «®© ®ªà¥áâ­®áâ¨ íâ®©
â®çª¨ ¬­®¦¥áâ¢® E n fag ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬ ­¥ ¡®«¥¥ ç¥¬ è¥áâ¨  ­ «¨â¨ç¥áª¨å ¤ã£.

�®ª § â¥«ìáâ¢®. �ã­ªæ¨ï F (�0) ¢ ãà ¢­¥­¨¨ � å®¢  ­¥¯à¥àë¢­ , á«¥¤®¢ â¥«ì­®, E { § -
¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢ D� . � ª ª ª E ­¥ ¨¬¥¥â ¯à¥¤¥«ì­ëå â®ç¥ª ­  £à ­¨æ¥ ¢¥àå­¥© ¯®«ã¯«®á-
ª®áâ¨, â® áãé¥áâ¢ã¥â ª®¬¯ ªâ K â ª®©, çâ® E 2 K. �­ ç¨â, E ®£à ­¨ç¥­®. �§ ®£à ­¨ç¥­­®áâ¨ ¨
§ ¬ª­ãâ®áâ¨ E á«¥¤ã¥â, çâ® E ª®¬¯ ªâ­® ¢ C . �«ï «î¡®© â®çª¨ a 2 E ¯® â¥®à¥¬¥ A áãé¥áâ¢ã¥â
®ªà¥áâ­®áâì � â ª ï, çâ® E \ � á®áâ®¨â «¨¡® ¨§ ¥¤¨­áâ¢¥­­®© â®çª¨ fag, «¨¡® ¨§ ®¡ê¥¤¨­¥­¨ï ­¥
¡®«¥¥ ç¥¬ è¥áâ¨  ­ «¨â¨ç¥áª¨å ¤ã£. �

�¨â¥à âãà 
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