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1. � á®®â¢¥âáâ¢¨¨ á ¨§¢¥áâ­®© â¥®à¥¬®© �.�®à¥«ï [1] ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ (xn)1n=0
¢¥é¥áâ¢¥­­ëå ¨«¨ ª®¬¯«¥ªá­ëå ç¨á¥« ­ ©¤¥âáï â ª ï ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï ­  R

äã­ªæ¨ï f , çâ® f (n)(0) = xn ¯à¨ ¢á¥å n 2 N0 (¬­®£®¬¥à­ë© ¥¥ ¢ à¨ ­â ¨¬¥¥âáï, ­ ¯à¨¬¥à,
¢ ([2], á. 34{35)). �á«¥¤ §  íâ®© à ¡®â®© ¬­®£¨¥  ¢â®àë [3]{[11] ¨áá«¥¤®¢ «¨  ­ «®£¨ç­ãî § ¤ çã
¯à¨ à §«¨ç­ëå  ¯à¨®à­ëå ®£à ­¨ç¥­¨ïå ­  ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ á®£« á®¢ ­­ë© ¬¥¦¤ã á®¡®©
à®áâ äã­ªæ¨¨ f ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (xn)1n=0. � ç áâ­®áâ¨, ¢ [8] ¨ [10] ®­  ¡ë«  ¨§ãç¥­  ¤«ï
¯à®áâà ­áâ¢ �¥à«¨­£  ¨ �ã¬ì¥ ã«ìâà ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨©, § ¤ ¢ ¥¬ëå ¢ à ¬ª å ¯®¤-
å®¤  �¥à«¨­£ {�ì®àª  á ¯®¬®éìî ¢¥á®¢®© äã­ªæ¨¨ !. � ªâ¨ç¥áª¨ íâ¨ ¯à®áâà ­áâ¢  § ¤ îâáï
¢¥á®¢ë¬¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬¨ (n!)1n=1 ¨

�
1
n
!
�1
n=1

á®®â¢¥âáâ¢¥­­® ¨ ¯à¥¤áâ ¢«ïîâ ¤¢  ¯à¥¤¥«ì-
­ëå á«ãç ï: ¬¨­¨¬ «ì­ë© (�¥à«¨­£ ) ¨ ¬ ªá¨¬ «ì­ë© (�ã¬ì¥). � [8], [10] ¤®ª § ­®, çâ®  ­ «®£
â¥®à¥¬ë �®à¥«ï ¤«ï ­¨å á¯à ¢¥¤«¨¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  lim sup

t!1

!(Kt)

!(t)
< K ¯à¨ ­¥-

ª®â®à®¬ K > 1. � ¬¥â¨¬, çâ® ¯à®áâà ­áâ¢  â¨¯  �ã¬ì¥ ¯à¨ !(t) = t1=� á®¢¯ ¤ îâ á å®à®è®
¨§¢¥áâ­ë¬¨ ª« áá ¬¨ �¥¢à¥ ¯®àï¤ª  � > 1, ¤«ï ª®â®àëå ãª § ­­ë©  ­ «®£ ¨¬¥¥â ¬¥áâ® (íâ®
¡ë«® ¨§¢¥áâ­® ¨ à ­ìè¥ [4], [5]).

� ¤ ­­®© áâ âì¥ ¯®«ãç¥­ ªà¨â¥à¨© á¯à ¢¥¤«¨¢®áâ¨  ­ «®£  â¥®à¥¬ë �®à¥«ï ¤«ï ¯à®áâà ­áâ¢
ã«ìâà ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© ­®à¬ «ì­®£® â¨¯ , § ¤ ¢ ¥¬ëå á ¯®¬®éìî ¢¥á®¢ëå ¯®á«¥-
¤®¢ â¥«ì­®áâ¥© ¢¨¤  (qn!)1n=1, £¤¥ (qn)

1
n=1, ¢®§à áâ ï ¨«¨ ã¡ë¢ ï, áâà¥¬¨âáï ª q 2 (0;1).

2. �¥¯à¥àë¢­ ï ­¥ã¡ë¢ îé ï äã­ªæ¨ï ! : [0;1)! [0;1) ­ §ë¢ ¥âáï ¢¥á®¢®© [10], ¥á«¨ ®­ 
ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

(�) áãé¥áâ¢ã¥â M > 0 â ª®¥, çâ® !(x+ y) �M(!(x) + !(y) + 1) ¯à¨ ¢á¥å x; y � 0;

(�)
1R
0

!(t)

1+t2
dt <1;

(
) ln t = o(!(t)) ¯à¨ t!1;
(�) '!(x) = !(ex) ¢ë¯ãª«  ­  [0;1):

� ª ®¡ëç­®, '�!(y) := supfxy � '!(x) j x � 0g | äã­ªæ¨ï, ¤¢®©áâ¢¥­­ ï ¯® �­£ã á '!.
�«ï äã­ªæ¨¨ f 2 C1(RN ) ¨ ç¨á¥« s; p 2 (0;1) ¯®«®¦¨¬

jf j!;s;p := sup
�2NN

0

sup
kxk�p

jf (�)(x)j exp
�
� s'�!(j�j=s)

�
;

£¤¥ f (�) := @j�jf
@x
�1

1
:::@x

�N

N

, � = (�1; : : : ; �N ), j�j = �1 + � � � + �N ¨ kxk = maxfjxij
�� 1 � i � Ng ¤«ï

«î¡®£® x = (x1; : : : ; xN ) 2 RN . �ãáâì ¤ «¥¥

E!;s;p(R
N ) := ff 2 C1(RN ) : jf j!;s;p <1g:

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

¯à®¥ªâ 02-01-00372.
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�«ï q 2 (0;1] ¨ q 2 [0;1) ®¯à¥¤¥«¨¬ á®®â¢¥âáâ¢¥­­® ¯à®áâà ­áâ¢ 

Eq(!)(R
N ) :=

\
p>0

\
0<s<q

E!;s;p(RN ) ¨ Eqf!g(R
N ) :=

\
p>0

[
s>q

E!;s;p(RN ):

�à¨ íâ®¬ E1(!)(R
N ) ­ §ë¢ îâ ¯à®áâà ­áâ¢®¬ �¥à«¨­£  ã«ìâà ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨©,  

E0f!g(R
N ) | �ã¬ì¥. �à¨ q 2 (0;1) Eq(!)(R

N ) ¨ Eqf!g(R
N ) ¥áâ¥áâ¢¥­­® ­ §ë¢ âì ¯à®áâà ­áâ¢ ¬¨

�¥à«¨­£  ¨ �ã¬ì¥ ­®à¬ «ì­®£® â¨¯ .
�¡®§­ ç¨¬ ç¥à¥§ � : f 7�! (f (�)(0))�2NN

0

®â®¡à ¦¥­¨¥ áã¦¥­¨ï, ¤¥©áâ¢ãîé¥¥ ¨§ C1(RN ) ¢
¯à®áâà ­áâ¢® � ¢á¥å ¯®á«¥¤®¢ â¥«ì­®áâ¥© ª®¬¯«¥ªá­ëå ç¨á¥«.

�«ï d = (d�)�2NN
0

2 � ¨ s 2 (0;1) ¯®«®¦¨¬

kdk!;s := sup
�2NN

0

jd�j exp
�
� s'�!(j�j=s)

�

¨ ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¥ ¯à®áâà ­áâ¢  ¯®á«¥¤®¢ â¥«ì­®áâ¥©:

E!;s := fd 2 �
�� kdk!;s <1g;

Eq(!) :=
\

0<s<q

E!;s ¤«ï q 2 (0;1] ¨ Eqf!g :=
[
s>q

E!;s ¤«ï q 2 [0;1):

�ç¥¢¨¤­®, çâ® ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå q ®¯¥à â®à áã¦¥­¨ï � ¤¥©áâ¢ã¥â ¨§ Eq� (R
N ) ¢ Eq� (§¤¥áì

¨ ¤ «¥¥ � ®¡®§­ ç ¥â (!) ¨«¨ f!g). � ª ã¦¥ ®â¬¥ç «®áì ¢ ¯. 1, ¢ [8] ¨ [10] ¡ë«¨ ãáâ ­®¢«¥-
­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­  !, ¯à¨ ª®â®àëå ®¯¥à â®àë � : E1(!)(R

N ) �! E1(!)
¨ � : E0f!g(R

N ) �! E0f!g áîàê¥ªâ¨¢­ë (¢ íâ®¬ á«ãç ¥ £®¢®àïâ, çâ® ¤«ï á®®â¢¥âáâ¢ãîé¥£® ¯à®-
áâà ­áâ¢  ã«ìâà ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© á¯à ¢¥¤«¨¢  ­ «®£ â¥®à¥¬ë �®à¥«ï). �á­®¢­®©
à¥§ã«ìâ â ¤ ­­®© áâ âì¨, ä®à¬ã«¨àã¥¬ë© ­¨¦¥, å à ªâ¥à¨§ã¥â ¢ â®¬ ¦¥ ®â­®è¥­¨¨ ¯à®áâà ­-
áâ¢  ­®à¬ «ì­®£® â¨¯ . �ã¤¥¬ ¯à¨ íâ®¬ ¯à¥¤¯®« £ âì, çâ® ¢¥á®¢ ï äã­ªæ¨ï ! ¢¬¥áâ® ãá«®¢¨ï
(�) ã¤®¢«¥â¢®àï¥â ¡®«¥¥ ¦¥áâª®¬ã âà¥¡®¢ ­¨î ¯®çâ¨ ¯®«ã ¤¤¨â¨¢­®áâ¨ á¢¥àåã, â. ¥. ¤«ï «î-
¡®£® p > 1 ¨¬¥¥âáï â ª®¥ C > 0, çâ® !(x + y) � p

�
!(x) + !(y)

�
+ C ¯à¨ ¢á¥å x; y � 0. �â¬¥â¨¬,

çâ® áâ¥¯¥­¨ ¦¥áâª®áâ¨ (�) ¨ íâ®£® ¯à¥¤¯®«®¦¥­¨ï ¢ ®¯à¥¤¥«¥­­®¬ á¬ëá«¥ à ¢­®á¨«ì­ë ®â­®-
á¨â¥«ì­® à áá¬ âà¨¢ ¥¬ëå ¯à®áâà ­áâ¢ | ¬ ªá¨¬ «ì­®£® ¨«¨ ¬¨­¨¬ «ì­®£® ¨ á®®â¢¥âáâ¢¥­­®
­®à¬ «ì­®£® â¨¯®¢.

�¥®à¥¬ . �ãáâì ! | ¯®çâ¨ ¯®«ã ¤¤¨â¨¢­ ï á¢¥àåã ¢¥á®¢ ï äã­ªæ¨ï. �«¥¤ãîé¨¥ ãâ¢¥à-

¦¤¥­¨ï íª¢¨¢ «¥­â­ë:
(i)  ­ «®£ â¥®à¥¬ë �®à¥«ï á¯à ¢¥¤«¨¢ ¤«ï ¢á¥å ¯à®áâà ­áâ¢ Eq(!)(R

N ) ¨ Eqf!g(R
N ), q 2 (0;1);

(ii)  ­ «®£ â¥®à¥¬ë �®à¥«ï á¯à ¢¥¤«¨¢ å®âï ¡ë ¤«ï ®¤­®£® ¨§ ¯à®áâà ­áâ¢ Eq(!)(R
N ) ¨«¨

Eqf!g(R
N ), q 2 (0;1);

(iii) ! | ¬¥¤«¥­­® ¬¥­ïîé ïáï äã­ªæ¨ï, â. ¥. lim
t!1

!(�t)
!(t)

= 1 ¤«ï «î¡®£® ¨«¨ (çâ® ¢ ¨áá«¥¤ã-

¥¬®¬ á«ãç ¥ ®¤­® ¨ â® ¦¥) ¤«ï ­¥ª®â®à®£® � > 1.

�à¨¬¥à ¬¨ ¯®«ã ¤¤¨â¨¢­ëå á¢¥àåã ¢¥á®¢, ã¤®¢«¥â¢®àïîé¨å (iii),   §­ ç¨â, ¨ (i), ï¢«ïîâáï
!(t) = ln�(1+ t), � > 1,   ­¥ ã¤®¢«¥â¢®àïîé¨å | !(t) = t1=�, � > 1. �®á«¥¤­¥¥ ®§­ ç ¥â, çâ® ¤«ï
¯à®áâà ­áâ¢ �¥¢à¥ ¯®àï¤ª  � ¨ ­®à¬ «ì­®£® â¨¯   ­ «®£ â¥®à¥¬ë �®à¥«ï ¬¥áâ  ­¥ ¨¬¥¥â.

�å¥¬  ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯à®¢®¤¨âáï ¬¥â®¤®¬, à §à ¡®â ­­ë¬ ¢ [8] ¤«ï ¯à®áâà ­áâ¢
¬¨­¨¬ «ì­®£® ¨ ¬ ªá¨¬ «ì­®£® â¨¯®¢. �ãâì íâ®£® ¬¥â®¤  § ª«îç ¥âáï ¢ ¯¥à¥å®¤¥ ª ¤¢®©áâ¢¥­-
­®© § ¤ ç¥, ª®â®à ï ä®à¬ã«¨àã¥âáï ¢ â¥à¬¨­ å æ¥«ëå ¢ C N äã­ªæ¨©, ¨ ¥¥ ¨áá«¥¤®¢ ­¨¨. �áâ -
­®¢¨¬áï ªà âª® ­  ª«îç¥¢ëå ¬®¬¥­â å ¤®ª § â¥«ìáâ¢ , ª®â®àë¥ ¨¬¥îâ áãé¥áâ¢¥­­®¥ ®â«¨ç¨¥
®â [8] ¨ ¬®£ãâ ¡ëâì ¯®«¥§­ë ¢ ¤àã£¨å ¢®¯à®á å.
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�á¯®«ì§®¢ ¢ ¢ë¯ãª«®áâì '!, á­ ç «  ãáâ ­ ¢«¨¢ ¥¬, çâ® ¢áïª ï ¢¥á®¢ ï äã­ªæ¨ï ! ®¡« -
¤ ¥â á¢®©áâ¢ ¬¨

lim
r&1

lim sup
t!1

!(rt)
!(t)

= 1; (1)

!(y=t) + !(yt) � 2!(y) ¤«ï ¢á¥å y � 1 ¨ t 2 [1; y]; (2)

lim
x!1

'�!(x)� r'�!(x=r)
x�

=1 ¤«ï ¢á¥å r > 1 ¨ � 2 (0; 1): (3)

� «¥¥, á ¯®¬®éìî (1), (2) ¤®ª §ë¢ ¥âáï, çâ® ãá«®¢¨¥ (iii) â¥®à¥¬ë à ¢­®á¨«ì­® ª ¦¤®¬ã ¨§
á«¥¤ãîé¨å ¤¢ãå:

(iii1) lim
(x;y)!1

y 6=0

jyj

�!(jx+ iyj)

1R
�1

!(jtj)
(t� x)2 + y2

dt = 1;

(iii2) lim
r!1

2
�!(r)

1R
0

!(rt)
t2 + 1

dt = 1.

�¬¥­­®, á­ ç «  ¯®ª §ë¢ ¥¬, çâ® ¨§ (iii) á«¥¤ã¥â

lim
y!1

4
�!(y)

Z 1

1

!(yt)
t2 + 1

dt = 1: (4)

� â¥¬ á ¯®¬®éìî ¯à®áâëå ®æ¥­®ª ¯®«ãç ¥¬ ¯à¨ y 6= 0

P!(x+ iy) :=
jyj

�

Z 1

�1

!(jtj)
(t� x)2 + y2

dt �
1
2
!(jxj+ jyj) +

2
�

Z 1

1

!
�
(jxj+ jyj)t

�
t2 + 1

dt:

� ª ¨§¢¥áâ­®, £ à¬®­¨ç¥áª®¥ ¯à®¤®«¦¥­¨¥ P!(x+ iy) äã­ªæ¨¨ !(x) á ¢¥é¥áâ¢¥­­®© ®á¨ ¢ ¢¥àå-
­îî (à ¢­®, ª ª ¨ ¢ ­¨¦­îî) ¯®«ã¯«®áª®áâì ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã P!(x+ iy) � !(jx+ iyj)
¤«ï ¢á¥å (x; y) 2 R2 c y 6= 0. �®íâ®¬ã, § ¬¥­¨¢ ¢ (4) y ­  jxj+ jyj, ¨¬¥¥¬

lim
(x;y)!1

y 6=0

P!(x+ iy)
!(jxj+ jyj)

= 1:

� á¨«ã (iii) lim
(x;y)!1

!(jxj+ jyj)
!(jx+ iyj)

= 1. �§ ¤¢ãå ¯à¥¤ë¤ãé¨å à ¢¥­áâ¢ ¢ëâ¥ª ¥â (iii1). �¬¯«¨ª æ¨ï

(iii1) ) (iii2) âà¨¢¨ «ì­ ,   (iii2) ) (iii) ¤®ª §ë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. �  ®á­®¢ ­¨¨
á¢®©áâ¢ (1), (2) ¢¥á®¢ëå äã­ªæ¨© ãáâ ­ ¢«¨¢ ¥âáï, çâ® (iii2) ¢«¥ç¥â

lim
y!1

!(y=2) + !(2y)
!(y)

= 2:

�¡®§­ ç¨¬ b := lim sup
y!1

!(2y)
!(y)

. � ª ª ª

2 = lim
y!1

!(y=2) + !(2y)
!(y)

� lim inf
y!1

!(y=2)
!(y)

+ lim sup
y!1

!(2y)
!(y)

=
1
b
+ b;

â® b = 1. �®£¤  lim
y!1

!(2y)
!(y)

= 1 ¢ á¨«ã ­¥ã¡ë¢ ­¨ï ! ¨, ®ç¥¢¨¤­®, ! | ¬¥¤«¥­­® ¬¥­ïîé ïáï

äã­ªæ¨ï.
� ª¨¬ ®¡à §®¬, ®áâ ¥âáï ¯à®¢¥à¨âì á¯à ¢¥¤«¨¢®áâì ¨¬¯«¨ª æ¨© (iii1) ) (i) ¨ (ii) ) (iii2)

(ïá­®, çâ® (i)) (ii)). �«ï íâ®£® ¯à¨ ¯®¬®é¨  ­ «®£  â¥®à¥¬ë �í«¨{�¨­¥à {�¢ àæ  ([12], â¥®-
à¥¬  3) ¢®¯à®á ® áîàê¥ªâ¨¢­®áâ¨ ®¯¥à â®à®¢ � : Eq� (R

N ) �! Eq� , 0 < q <1, ¯¥à¥ä®à¬ã«¨àã¥âáï
¢ â¥à¬¨­ å æ¥«ëå ¢ C N äã­ªæ¨©. �à¨ íâ®¬ ¤«ï à¥ «¨§ æ¨¨ ¬¥â®¤  ¨§ [8] ¨á¯®«ì§ãîâáï á¢®©áâ¢ 
(1), (3) ¢¥á®¢ëå äã­ªæ¨©. � «¥¥, â ª ¦¥, ª ª ¨ ¢ [8], ¯à¨¬¥­ïï ¯à¨­æ¨¯ �à £¬¥­ {�¨­¤¥«¥ä ,
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ãáâ ­ ¢«¨¢ ¥¬, çâ® (iii1)) (i). �«¥¤ã¥â ®â¬¥â¨âì, çâ® §¤¥áì áãé¥áâ¢¥­­ãî à®«ì ¨£à ¥â ¨á¯®«ì-
§®¢ ­¨¥ ãá«®¢¨ï (iii), à ¢­®á¨«ì­®£® (iii1), ª®â®à®¥ ¯®§¢®«ï¥â § ¬¥­¨âì ¤¢®©áâ¢¥­­ãî § ¤ çã ¢
C
N ­  ­®¢ãî § ¤ çã ¢ C .
� ª®­¥æ, ¨¬¯«¨ª æ¨ï (ii) ) (iii2) ¤®ª §ë¢ ¥âáï ¯à¨ ¯à¥¤¯®«®¦¥­¨¨ ® ¯®çâ¨ ¯®«ã ¤¤¨â¨¢-

­®áâ¨ á¢¥àåã ¢¥á®¢®© äã­ªæ¨¨ ! á ¯®¬®éìî ¯®áâà®¥­¨ï á¯¥æ¨ «ì­®£® á¥¬¥©áâ¢  ¯®«¨­®¬®¢.
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