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� à ¡®â¥ ¯®«ãç¥ë ®æ¥ª¨ ¢®§¬ãé¥¨ï á®¡áâ¢¥ëå § ç¥¨© ¥á¨¬¬¥âà¨ç®© ¬ âà¨æë A

à §¬¥àa n�n. �§¢¥áâ® (á¬.,  ¯à., [1], £«. 1, x 6), çâ® ¤«ï ¯®«ã¯à®áâ®£® á®¡áâ¢¥®£® § ç¥¨ï �
¬ âà¨æë A á¯à ¢¥¤«¨¢  ®æ¥ª 

j�� �"j � k(�)"+O("2); (0.1)

£¤¥ k(�) | «®ª «ì®¥ ç¨á«® ®¡ãá«®¢«¥®áâ¨ á®¡áâ¢¥®£® § ç¥¨ï � (k(�) |  ¨¬¥ìè ï ª®-
áâ â , ª®â®à ï ¬®¦¥â ¡ëâì ¯®áâ ¢«¥  ¢ ®æ¥ª¥ (0.1); ¤«ï �, ®â¢¥ç îé¥£® ¦®à¤ ®¢®© ª«¥âª¥
¯®àï¤ª  ¡®«ìè¥ ¥¤¨¨æë, ¯®«®¦¨¬ k(�) = 1). �¤¥áì �" ¥áâì á®¡áâ¢¥®¥ ç¨á«® ¢®§¬ãé¥®©
¬ âà¨æë A" : kA � A"k � ". �à¨ íâ®¬ ¥áâ¥áâ¢¥® ¯à¥¤¯®« £ ¥âáï, çâ® ¨§ ¢á¥å á®¡áâ¢¥ëå
ç¨á¥« ¬ âà¨æë A" ¨¬¥® �" ï¢«ï¥âáï ¢®§¬ãé¥¨¥¬ á®¡áâ¢¥®£® ç¨á«  �. � ª¨¬ ®¡à §®¬, ¢á¥
á®¡áâ¢¥ë¥ § ç¥¨ï ¤¥«ïâáï   å®à®è® ®¡ãá«®¢«¥ë¥ ¨ ¯«®å® ®¡ãá«®¢«¥ë¥ (á ¡®«ìè¨¬
k(�)). � ¬¥â¨¬, çâ®   «®£ «®ª «ì®£® ç¨á«  ®¡ãá«®¢«¥®áâ¨ ¬®¦® ¢¢¥áâ¨ ¨ ¤«ï ¯®«ã¯à®-
áâ®£® á®¡áâ¢¥®£® § ç¥¨ï, ® ¤«ï ¯à®áâ®âë ¨§«®¦¥¨ï íâ® ®¡®¡é¥¨¥ §¤¥áì ®¡áã¦¤ âìáï ¥
¡ã¤¥â.

� ª¦¥ å®à®è® ¨§¢¥áâ®, çâ® ¯à¨  «¨ç¨¨ ¯«®å® ®¡ãá«®¢«¥ëå â®ç¥ª á¯¥ªâà  ¬ âà¨æë A

å®à®è ï «®ª «ì ï ®¡ãá«®¢«¥®áâì á®¡áâ¢¥®£® § ç¥¨ï � ¥ ¯®§¢®«ï¥â ¢ ®¡é¥¬ á«ãç ¥
£ à â¨à®¢ âì ¬ «®áâì ¢¥«¨ç¨ë j���"j, ¯®áª®«ìªã ®æ¥ª  (0.1)  ç¨ ¥â à ¡®â âì â®«ìª® ¤«ï
" � "0, £¤¥ "0 § ¢¨á¨â ®â à á¯®«®¦¥¨ï ¨ ®¡ãá«®¢«¥®áâ¨ ®áâ «ìëå á®¡áâ¢¥ëå § ç¥¨©.
� ç¥¨¥ "0 ¬®¦¥â ®ª § âìáï ¯à ªâ¨ç¥áª¨ ã«¥¬, ¨ ¤«ï à¥ «¨§ãîé¥£®áï   ¯à ªâ¨ª¥ ãà®¢ï
¢®§¬ãé¥¨© ¤®¬¨¨àãîé¨¬ ç«¥®¬ ¢ ¯à ¢®© ç áâ¨ ®æ¥ª¨ (0.1) ®ª ¦¥âáï O("2). �âã á¨âã æ¨î
à¥ «¨§ã¥â

�à¨¬¥à 1. � áá¬®âà¨¬ â®çãî ¨ ¢®§¬ãé¥ãî ¬ âà¨æë

A =

0BBBBBBBB@

1 0 0 � � � 0 0
0 1:1 1 � � � 0 0
� � � � � �
� � � � � �

0 0 0 � � � 1:1 1
0 0 0 � � � 0 1:1

1CCCCCCCCA
; A" =

0BBBBBBBB@

1 " 0 � � � 0 0
0 1:1 1 � � � 0 0
� � � � � �
� � � � � �

0 0 0 � � � 1:1 1
" 0 0 � � � 0 1:1

1CCCCCCCCA
: (0.2)

�¤¥áì ¬ âà¨æ  A n-£® ¯®àï¤ª  ¨¬¥¥â ¯à®áâ®¥ á®¡áâ¢¥®¥ ç¨á«® �1 = 1 ¨ á®¡áâ¢¥®¥ ç¨á«®
�2 = 1:1, ®â¢¥ç îé¥¥ ¦®à¤ ®¢®© ª«¥âª¥ ¯®àï¤ª  n � 1. �¨á«® �1 ¯à¥¢®áå®¤® ®¡ãá«®¢«¥®:
k1(1) = 1. �®§¬ãé¥ ï ¬ âà¨æ  A" ®â«¨ç ¥âáï (n; 1)-¬ ¨ (1; 2)-¬ í«¥¬¥â ¬¨ ®â ¬ âà¨æë A,
ª ª íâ® ¯®ª § ® ¢ (0.2).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 00-01-00325.
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� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¬ âà¨æë A" ¨¬¥¥â ¢¨¤

(1� �)(1:1 � �)n�1 � (�1)n"2 = 0:

�ãáâì �"1 | ª®à¥ì íâ®£® ãà ¢¥¨ï. �«ï â®£® çâ®¡ë j1 � �"1j � 0:1, ¥®¡å®¤¨¬®, çâ®¡ë "2 =
j(1 � �"1)j � j(1:1 � �"1)

n�1j � 0:1 � 0:2n�1. �«¥¤®¢ â¥«ì®, ¤«ï " > "0 = 0:10:5 � 0:2(n�1)=2 ¡ã-
¤¥â ¢ë¯®«¥® ¥à ¢¥áâ¢® j1 � �"1j > 0:1. �¦¥ ¯à¨ áà ¢¨â¥«ì® ¥¡®«ìè¨å n ¢¥«¨ç¨  "0
¡ã¤¥â ¬¥ìè¥, ç¥¬ ãà®¢¥ì ¢®§¬ãé¥¨ï, ª®â®àë© ¤«ï ®¡ëç®© ¬ è¨®©  à¨ä¬¥â¨ª¨ ¬®¦¥â
£ à â¨à®¢ âì   «¨§ ®è¨¡®ª ®ªàã£«¥¨ï. �«ï ã«ãçè¥¨ï á¨âã æ¨¨ ¥®¡å®¤¨¬® ¯à¨¢«¥ª âì
¤®¯®«¨â¥«ìãî ¨ä®à¬ æ¨î ®¡ ¨áª®¬®¬ á®¡áâ¢¥®¬ § ç¥¨¨.

�à¨¬¥¨â¥«ì® ª à áá¬®âà¥®¬ã ¯à¨¬¥àã æ¥«ì à ¡®âë á®áâ®¨â ¢ â®¬, çâ®¡ë áä®à¬ã«¨à®-
¢ âì ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥, ¯à¨ ¢ë¯®«¥¨¨ ª®â®à®£® á¯à ¢¥¤«¨¢  ®æ¥ª  j1� �"j � C1" ¤«ï
" � "1, £¤¥ ª®áâ â  C1 ¥ ¢¥«¨ª ,   "1 ¬®£® ¡®«ìè¥ "0. � áâ âì¥ ¯®«ãç¥ë ®æ¥ª¨ (â¥®à¥¬ë
7 ¨ 8), ¯®§¢®«ïîé¨¥ ãâ¢¥à¦¤ âì, çâ® ¯à¨ ¤®áâ â®ç® è¨à®ª¨å ãá«®¢¨ïå ¬®¦® £ à â¨à®¢ âì
¡«¨§®áâì ¥¢®§¬ãé¥®£® ¨ ¢®§¬ãé¥®£® á®¡áâ¢¥ëå § ç¥¨©, ¥á«¨ ®¨ ®¡  «®ª «ì® å®à®-
è® ®¡ãá«®¢«¥ë, ¥§ ¢¨á¨¬® ®â ®¡ãá«®¢«¥®áâ¨ ®áâ «ìëå á®¡áâ¢¥ëå § ç¥¨©. � ª®£® à®¤ 
®æ¥ª¨  §®¢¥¬ ãá«®¢ë¬¨ ®æ¥ª ¬¨ ãáâ®©ç¨¢®áâ¨.

� ª¨¬ ®¡à §®¬, ¥á«¨ ¨§¢¥áâ® ( ¯à¨®à¨), çâ® ¨áª®¬®¥ á®¡áâ¢¥®¥ § ç¥¨¥ «®ª «ì® å®à®è®
®¡ãá«®¢«¥®, â® ¥£® ¬®¦®  ¯¯à®ªá¨¬¨à®¢ âì á å®à®è¥© â®ç®áâìî. �«ï íâ®£®,  ¯à¨¬¥à, ¤®-
áâ â®ç® ¯®áâà®¨âì à¥£ã«ïà¨§ãîé¨©  «£®à¨â¬, ®¯à¥¤¥«ïîé¨© á®¡áâ¢¥®¥ ç¨á«® �R" ¬ âà¨æë
AR", ¤«ï ª®â®à®© kAR" �A"k � ", ¨ â ª®©, çâ® �R" «®ª «ì® å®à®è® ®¡ãá«®¢«¥®. �®áâà®¥¨¥
à¥£ã«ïà¨§ãîé¨å  «£®à¨â¬®¢ ¡ã¤¥â à áá¬ âà¨¢ âìáï ¢ á«¥¤ãîé¨å à ¡®â å.

�«ï á¨¬¬¥âà¨ç®© ®¡®¡é¥®© § ¤ ç¨   á®¡áâ¢¥ë¥ § ç¥¨ï ¢ [2] ¡ë«¨ ¢¯¥à¢ë¥ ¯®«ãç¥ë
ãá«®¢ë¥ ®æ¥ª¨ ãáâ®©ç¨¢®áâ¨ ¨   ¨å ®á®¢¥ ¯®áâà®¥ ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ íâ®© á¯¥ªâà «ì®©
§ ¤ ç¨ (á¬. â ª¦¥ [3], £«. 3, x 4). �¥å¨ª  ¯®«ãç¥¨ï ®æ¥®ª ¢  è¥¬ á«ãç ¥ ®â«¨ç  ®â â®©,
ª®â®à ï ¨á¯®«ì§®¢ « áì ¢ [2], ¨ ®á®¢     ª« áá¨ç¥áª¨å ¬¥â®¤ å «®ª «¨§ æ¨¨ á®¡áâ¢¥ëå
§ ç¥¨© (á¬.,  ¯à., [1], £«. 2).

1. �á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï

� íâ®¬ ¯ à £à ä¥ ¢¢¥¤¥¬, á«¥¤ãï [1], ¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥¨ï, ®¡®§ ç¥¨ï, ¯à¨¢¥¤¥¬ ¨§-
¢¥áâë¥ à¥§ã«ìâ âë, ¥®¡å®¤¨¬ë¥ ¢ ¤ «ì¥©è¥¬, ¨ ¤®ª ¦¥¬ ®á®¢ë¥ â¥å¨ç¥áª¨¥ ãâ¢¥à¦¤¥¨ï
¤ ®© à ¡®âë. �à®¬¥ â®£®, ¯®«ãç¨¬ ®æ¥ª¨ ç¨á¥« ®¡ãá«®¢«¥®áâ¨ ¤«ï ¦®à¤ ®¢®© ª«¥âª¨.
�á®¢ë¢ ïáì   íâ¨å ®æ¥ª å, ¢ ç áâ®áâ¨, ¯®«ãç¨¬ ãá«®¢ë¥ ®æ¥ª¨ ¢®§¬ãé¥¨ï á®¡áâ¢¥®£®
§ ç¥¨ï � = 1 ¤«ï ¬ âà¨æ ¨§ ¯à¨¬¥à  1.

�ãáâì Rn | ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® n-¬¥àëå ¢¥ªâ®à®¢ á ®¡ëçë¬ áª «ïàë¬ ¯à®¨§¢¥¤¥-
¨¥¬ h; �; i. �®®â¢¥âáâ¢ãîéãî ®à¬ã ®¡®§ ç¨¬ k � k. � «¥¥,  àï¤ã á Rn, â ª¦¥ ¡ã¤ãâ ¨á¯®«ì§®-
¢ âìáï ¥¢ª«¨¤®¢ë ¯à®áâà áâ¢  Rm ¨ Rn�m, £¤¥ 1 � m < n. �¥ ¡ã¤¥¬ ¤¥« âì ¨ª ª¨å à §«¨ç¨©
¢ ®¡®§ ç¥¨ïå áª «ïàëå ¯à®¨§¢¥¤¥¨© ¨ ®à¬ ¢ íâ¨å âà¥å ¯à®áâà áâ¢ å. �ë¡®à ¯®¤å®¤ïé¥£®
áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¨«¨ ®à¬ë ¡ã¤¥â ïá¥ ¨§ ª®â¥ªáâ .

� ¤ ç    á®¡áâ¢¥ë¥ § ç¥¨ï § ª«îç ¥âáï ¢ ®¯à¥¤¥«¥¨¨ â¥å �, ¤«ï ª®â®àëå áãé¥áâ¢ãîâ
¥ã«¥¢ë¥ ¢¥ªâ®àë x ¨ y (á®®â¢¥âáâ¢¥® ¯à ¢ë© ¨ «¥¢ë© á®¡áâ¢¥ë© ¢¥ªâ®à) â ª¨¥, çâ®

Ax = �x; yTA = �yT : (1.1)

� «¥¥, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, áç¨â ¥¬, çâ® kxk = kyk = 1. � §®¢¥¬ f�; x; yg á®¡áâ¢¥®©
âà®©ª®© ¬ âà¨æë A, ¯ àã �; x | á®¡áâ¢¥®© ¯ à®© ¬ âà¨æë A.

� ¯®¬¨¬, çâ® ¢á¥£¤  áãé¥áâ¢ã¥â ¥¢ëà®¦¤¥ ï ¬ âà¨æ  P , ¯à¨¢®¤ïé ï ¬ âà¨æã A ª
ª ®¨ç¥áª®¬ã ¢¨¤ã

A = P�1DP; (1.2)
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£¤¥ D | ¡«®ç®-¤¨ £® «ì ï ¬ âà¨æ  á ¡«®ª ¬¨, ï¢«ïîé¨¬¨áï ¦®à¤ ®¢ë¬¨ ª«¥âª ¬¨ Ji(�i)

¯®àï¤ª®¢ mi

� kP
1
mi = n; k { ª®«¨ç¥áâ¢® ¦®à¤ ®¢ëå ª«¥â®ª

�
. �á«¨ ª«¥âª  �®à¤  , ®â¢¥ç -

îé ï á®¡áâ¢¥®¬ã ç¨á«ã �, ¨¬¥¥â à §¬¥à®áâì ¥¤¨¨æ , â® íâ® á®¡áâ¢¥®¥ ç¨á«®  §ë¢ ¥âáï
¯®«ã¯à®áâë¬. �á«¨ ¯®«ã¯à®áâ®¥ á®¡áâ¢¥®¥ ç¨á«® ®¤®ªà â®, â® ®®  §ë¢ ¥âáï ¯à®áâë¬. �
¯®á«¥¤¥¬ á«ãç ¥ «®ª «ì®¥ ç¨á«® ®¡ãá«®¢«¥®áâ¨ k(�) ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

k(�) = 1=js(�)j; s(�) � yTx;

á®¡áâ¢¥®£® ç¨á«  �.
�«®¡ «ìë¬ ç¨á«®¬ ®¡ãá«®¢«¥®áâ¨ ¤«ï ¤¨ £® «¨§ã¥¬®© (¢á¥ á®¡áâ¢¥ë¥ § ç¥¨ï ¯®-

«ã¯à®áâë¥) ¬ âà¨æë A  §®¢¥¬ ¢¥«¨ç¨ã

KA = min
P
kPk � kP�1k = min

P
condP;

£¤¥ P | ¬ âà¨æ  ¨§ à §«®¦¥¨ï (1.2), condP | ç¨á«® ®¡ãá«®¢«¥®áâ¨ (®â®á¨â¥«ì® ®¡à é¥-
¨ï) ¬ âà¨æë P . �â®á¨â¥«ì® ãá«®¢¨ï ¤¨ £® «¨§ã¥¬®áâ¨ § ¬¥â¨¬, çâ® ¤«ï «î¡®© ¬ âà¨æë
A ¢á¥£¤  áãé¥áâ¢ã¥â ª ª ã£®¤® ¬ «®¥ ¢®§¬ãé¥¨¥, ¤¥« îé¥¥ íâã ¬ âà¨æã ¤¨ £® «¨§ã¥¬®©.
�«ï ¤ «ì¥©è¥£® ã¤®¡® áç¨â âì, çâ® ã ¥¤¨ £® «¨§ã¥¬®© ¬ âà¨æë A ¢¥«¨ç¨  KA =1 (íâ®
á®£« è¥¨¥ ¥ ï¢«ï¥âáï ®¡é¥¯à¨ïâë¬). � ¥¥ â ª¦¥ ¡ë«® ¯à¨ïâ®, çâ® k(�i) =1, ¥á«¨ á®®â-
¢¥âáâ¢ãîé¥¥ á®¡áâ¢¥®¥ ç¨á«® ®â¢¥ç ¥â ¦®à¤ ®¢®© ª«¥âª¥ ¯®àï¤ª  ¡®«ìè¥ ¥¤¨¨æë.

�«ï áà ¢¥¨ï á ®æ¥ª ¬¨ á«¥¤ãîé¥£® ¯ à £à ä  ¯à¨¢¥¤¥¬ âà¨ ¨§¢¥áâëå (á¬.,  ¯à., [1],
£«. 2) â¥®à¥¬ë. �ãáâì ¢®§¬ãé¥¨¥ § ¤ ¥âáï ¬ âà¨æ¥© F ¨ ãà®¢¥¬ ¢®§¬ãé¥¨ï ":

A" = A+ "F; kFk � 1; (1.3)

£¤¥ ®à¬    ¯à®áâà áâ¢¥ ¬ âà¨æ ¥áâì á®®â¢¥âáâ¢ãîé ï ®à¬¥ ¢ Rn ¯®¤ç¨¥ ï ¬ âà¨ç ï
®à¬ .

�¥®à¥¬  1. �á«¨ � | ¯à®áâ®¥ á®¡áâ¢¥®¥ ç¨á«®, â® ¬®¦® â ª ¢ë¡à âì á®¡áâ¢¥®¥

ç¨á«® �" ¬ âà¨æë A", çâ® ¢ë¯®«ï¥âáï ®æ¥ª  (0:1), £¤¥ O("2) ¥áâì ¢¥«¨ç¨  ¯®àï¤ª  ¬ «®áâ¨
"2.

�¥®à¥¬  2 (� ãíà {� ©ª ). �ãáâì A | ¤¨ £® «¨§ã¥¬ ï ¬ âà¨æ  á á®¡áâ¢¥ë¬¨ § -

ç¥¨ï¬¨ �i, i = 1; 2; : : : ; n, a �"i , i = 1; 2; : : : ; n, | á®¡áâ¢¥ë¥ § ç¥¨ï ¬ âà¨æë A". �®£¤  ¤«ï

«î¡®£® i áãé¥áâ¢ã¥â ®¬¥à j â ª®©, çâ® á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

j�j � �"i j � kPFP�1k" � KA ":

�â¬¥â¨¬, çâ® å®âï ®æ¥ª¨, ¯à¨¢®¤¨¬ë¥ ¢ â¥®à¥¬¥ 2, ¨®£¤  ¢®§¬®¦® áãé¥áâ¢¥® ã«ãç-
è¨âì, ® ¯à¨¬¥à 1 ¯®ª §ë¢ ¥â, çâ® ¢ á¨âã æ¨¨, ª®£¤  «®ª «ì® å®à®è® ¨ «®ª «ì® ¯«®å® ®¡-
ãá«®¢«¥ë¥ á®¡áâ¢¥ë¥ § ç¥¨ï \¥¤®áâ â®ç® ®â¤¥«¥ë", ¥¢®§¬®¦® ¯®«ãç¨âì \å®à®èãî"
(£ à â¨àãîéãî ¡«¨§®áâì) ®æ¥ªã. �§ãç¥¨î íâ®© á¨âã æ¨¨ ¨ ¯®á¢ïé¥  ¤  ï à ¡®â .

�¥®à¥¬  3. �«ï ¤¨ £® «¨§ã¥¬®© ¬ âà¨æë A á ¯à®áâë¬¨ á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨ á¯à -

¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

max
i

k(�i) � KA �
nX
1

k(�i) � nmax
i

k(�i):

� ª¨¬ ®¡à §®¬, § ¤ ç    á®¡áâ¢¥ë¥ § ç¥¨ï ®ª §ë¢ ¥âáï £«®¡ «ì® ¯«®å® ®¡ãá«®¢«¥-
®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ã ¬ âà¨æë ¥áâì £àã¯¯  «®ª «ì® ¯«®å® ®¡ãá«®¢«¥ëå á®¡-
áâ¢¥ëå § ç¥¨©.
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� ¬¥ç ¨¥ 1. � ¯à¨ïâëå  ¬¨ á®£« è¥¨ïå ®â®á¨â¥«ì® § ç¥¨© ç¨á¥« ®¡ãá«®¢«¥®-
áâ¨ ¤«ï ¦®à¤ ®¢ëå ª«¥â®ª ¯®àï¤ª  ¡®«ìè¥ ¥¤¨¨æë â¥®à¥¬ë 1{3 ¬®¦® áç¨â âì ¢¥àë¬¨ ¨
¡¥§ ãá«®¢¨ï ¤¨ £® «¨§ã¥¬®áâ¨ ¬ âà¨æë A.

�§¢¥áâë â ª¦¥ á«¥¤ãîé¨¥ â¥®à¥¬ë (á¬.,  ¯à., [1], á. 72).

�¥®à¥¬  4. �ãáâì �; x | ¯à¨¡«¨¦¥ ï á®¡áâ¢¥ ï ¯ à  ¬ âà¨æë A, â. ¥. ¢ë¯®«¥ë

à ¢¥áâ¢ 

Ax = �x+ r; kxk = 1:

�®£¤  áãé¥áâ¢ã¥â ¬ âà¨æ  B : kA�Bk � " = krk, ¤«ï ª®â®à®© �; x ¥áâì â®ç ï á®¡áâ¢¥ ï
¯ à .

�¥®à¥¬  5. �ãáâì f�; x; yg | ¯à¨¡«¨¦¥ ï á®¡áâ¢¥ ï âà®©ª  ¬ âà¨æë A, â. ¥. ¢ë-

¯®«¥ë à ¢¥áâ¢ 

Ax = �x+ r; yTA = �yT + sT ; kxk = kyk = 1:

�ãáâì â ª¦¥ js(�)j = jyTxj 6= 0, " = maxfkrk; kskg. �®£¤  áãé¥áâ¢ã¥â ¬ âà¨æ  B : kA�Bk = ",

¤«ï ª®â®à®© f�; x; yg ¥áâì â®ç ï á®¡áâ¢¥ ï âà®©ª .

�®ª ¦¥¬ ®á®¢ë¥ â¥å¨ç¥áª¨¥ ãâ¢¥à¦¤¥¨ï ¤ ®© à ¡®âë. �ãáâì 1 �m < n|  âãà «ì-
®¥ ç¨á«®. � ¯¨è¥¬ ¢á¥ ¬ âà¨æë ¢ ¡«®ç®¬ ¢¨¤¥ á à §¬¥à ¬¨ ¡«®ª®¢ m�m, (n�m)� (n�m),
m� (n�m), (n�m)�m,   ª ¦¤ë© ¢¥ªâ®à à §®¡ì¥¬   ¤¢  à §¬¥à®áâ¥© m ¨ n�m (¯®ª ¦¥¬
íâ® à §¡¨¥¨¥   ¯à¨¬¥à¥ ¬ âà¨æë A ¨ ¢¥ªâ®à  x)

A =

 
A11 A12

A21 A22

!
; x =

 
x1

x2

!
; x1 2 Rn; x2 2 Rn�m:

�¡®§ ç¨¬ ç¥à¥§ Gm(�) ¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® § ¬ªãâëå ¬®¦¥áâ¢, «®ª «¨§ãîé¨å á®¡-
áâ¢¥ë¥ ç¨á«  ¡«®ª  A11 (íâ® § ç¨â, çâ® ¤«ï «î¡®©m�m ¬ âà¨æë B, ¤«ï ª®â®à®© kA11�Bk �
�, ee á®¡áâ¢¥ë¥ ç¨á«  ¢á¥£¤   å®¤ïâáï ¢ Gm(�)). � ¬¥â¨¬,  ¯à¨¬¥à, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë

3 ¢ ª ç¥áâ¢¥ Gm(�) ¬®¦® ¢§ïâì ¬®¦¥áâ¢®
mS
i=1
f� : j���ij � K11�g, £¤¥ K11 | £«®¡ «ì®¥ ç¨á«®

®¡ãá«®¢«¥®áâ¨ ¡«®ª  A11.
�®«®¦¨¬ M = maxfkA12k; kA21kg. �ãáâì â ª¦¥ ¤«ï ¡«®ª  A22 ¢ë¯®«ï¥âáï

�á«®¢¨¥ 1. Cãé¥áâ¢ãîâ ¯®áâ®ïë¥ smax, 0 < "1 < 1 â ª¨¥, çâ® ¤«ï ¢á¥å (n �m) � (n �m)
¬ âà¨æ �, ¤«ï ª®â®àëå k�k � "1, ¢ë¯®«¥® ¥à ¢¥áâ¢®

js(��)j � smax;

£¤¥ �� | ¯à®¨§¢®«ì®¥ á®¡áâ¢¥®¥ ç¨á«® ¬ âà¨æë A22 +�.

� ¯®¬¨¬, çâ® ¥á«¨ f�; x; yg | á®¡áâ¢¥ ï âà®©ª  ¬ âà¨æë A, â® js(�)j � jyTxj.

�¥¬¬  1. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ 1 ¨ á®¡áâ¢¥®¥ § ç¥¨¥ � ¬ âà¨æë A ¤®áâ â®ç®

«®ª «ì® å®à®è® ®¡ãá«®¢«¥®: js(�)j > smax. �®£¤  � 2 Gm(�), £¤¥

� = max
�

Mpjs(�)j � smax ; M 2

"1

�
:
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�®ª § â¥«ìáâ¢®. �ãáâì f�; x; yg | á®¡áâ¢¥ ï âà®©ª  ¬ âà¨æë A. �¥¯®áà¥¤áâ¢¥® ¨§
®¯à¥¤¥«¥¨ï á®¡áâ¢¥ëå ¢¥ªâ®à®¢ x, y, ¯®«ì§ãïáì ¡«®ç®© ä®à¬®© § ¯¨á¨ ¨ ¯à®¨§¢®¤ï ®à¬¨-
à®¢ªã ¢¥ªâ®à®¢, «¥£ª® ¯®«ãç¨âì â®¦¤¥áâ¢ 

(A22 � �) x2

kx2k = r1; kr1k �Mkx1k=kx2k;
(y2)T

ky2k (A
22 � �) = d1; kd1k �Mky1k=ky2k;

(1.4)

(y1)T

ky1k (A
11 � �) = d2; kd2k �Mky2k=ky1k: (1.5)

B®á¯®«ì§ã¥¬áï à ¢¥áâ¢®¬ (1.4) ¨ à áá¬®âà¨¬ ¤¢  á«ãç ï. �«ãç © ¯¥à¢ë©: ¢ë¯®«¥® ¥à ¢¥-
áâ¢®

max
�
M
ky1k
ky2k ; M

kx1k
kx2k

�
� "1: (1.6)

�®£¤  ¯® â¥®à¥¬¥ 5 ¨ ãá«®¢¨î 1 j(y2)Tx2j � smaxkx2kky2k � smax. �«¥¤®¢ â¥«ì®, kx1k ky1k �
j(y1)Tx1j � js(�)j� j(y2)Tx2j � s(�)�smax. �ãáâì ky1k � kx1k (á«ãç © ky1k < kx1k ®¡®á®¢ë¢ ¥âáï
  «®£¨ç®). �®£¤  ky1k � pjs(�)j � smax. �¥¯¥àì ¢®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢®¬ (1.5). �®áª®«ìªã
kd2k � �, â® � 2 Gm(�) ¯® â¥®à¥¬¥ 4.

� áá¬®âà¨¬ á«ãç ©, ª®£¤  ¥à ¢¥áâ¢® (1.6)  àãè ¥âáï. �ãáâì Mky1k=ky2k > "1 (¢ à¨ â
Mkx1k=kx2k > "1 ®¡®á®¢ë¢ ¥âáï   «®£¨ç®). �«¥¤®¢ â¥«ì®,

M
ky2k
ky1k <

M 2

"1
:

� «¥¥, á ¯®¬®éìî â¥å ¦¥ à ááã¦¤¥¨©, ª ª ¨ ¢ ¯¥à¢®¬ á«ãç ¥, ¨¬¥¥¬ � 2 Gm(�).

�¢¥¤¥¬ ª®áâ âë M1 = kA12k, M2 = kA21k. �«¥¤ãîé ï «¥¬¬  ¤ ¥â ®æ¥ª¨, ¢®®¡é¥ £®¢®àï,
åã¤è¨¥ ¯® áà ¢¥¨î á «¥¬¬®© 1. �¤ ª® ¯à¨¬¥¨¬®áâì «¥¬¬ë 1 âà¥¡ã¥â ¬ «®áâ¨M , ¢ â® ¢à¥¬ï
ª ª ¤«ï ¯à¨¬¥¨¬®áâ¨ á«¥¤ãîé¥© «¥¬¬ë ¤®áâ â®ç® ¬ «®áâ¨ M2.

�¥¬¬  2. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ 1 ¨ ¤«ï á®¡áâ¢¥®£® § ç¥¨ï � ¬ âà¨æë A ¢ë¯®«-

ï¥âáï ¥à ¢¥áâ¢® js(�)j > smax. �®£¤  � 2 Gm(�), £¤¥

� = max
�

M2

js(�)j � smax ;
M1M2

"1

�
:

�®ª § â¥«ìáâ¢®. �ãáâì f�; x; yg | á®¡áâ¢¥ ï âà®©ª  ¬ âà¨æë A. �¥¯®áà¥¤áâ¢¥® ¨§
®¯à¥¤¥«¥¨ï á®¡áâ¢¥ëå ¢¥ªâ®à®¢ x, y, ¯®«ì§ãïáì ¡«®ç®© ä®à¬®© § ¯¨á¨ ¨ ¯à®¨§¢®¤ï ®à¬¨-
à®¢ªã ¢¥ªâ®à®¢, ¨¬¥¥¬ â®¦¤¥áâ¢ 

(A22 � �) x2

kx2k = r1; kr1k �M2kx1k=kx2k;

(y2)T

ky2k (A
22 � �) = d1; kd1k �M1ky1k=ky2k;

(1.7)

(A11 � �)(x
1)T

kx1k = r2; kr2k �M1kx2k=kx1k;

(y1)T

ky1k (A
11 � �) = d2; kd2k �M2ky2k=ky1k:

(1.8)
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B®á¯®«ì§ã¥¬áï à ¢¥áâ¢®¬ (1.7) ¨ à áá¬®âà¨¬ ¤¢  á«ãç ï. �«ãç © ¯¥à¢ë©: ¢ë¯®«¥® ¥à ¢¥-
áâ¢®

max
�
M1

ky1k
ky2k ; M2

kx1k
kx2k

�
� "1: (1.9)

�®£¤  ¯® â¥®à¥¬¥ 5 ¨ ãá«®¢¨î 1 j(y2)Tx2j � smaxkx2kky2k � smax. �«¥¤®¢ â¥«ì®, ky1k �
kx1k ky1k � j(y1)Tx1j � js(�)j � j(y2)Tx2j � s(�)� smax. �¥¯¥àì ¢®á¯®«ì§ã¥¬áï ¢â®à®© áâà®çª®© ¢
(1.8). �®áª®«ìªã kd2k � �, â® � 2 Gm(�) ¯® â¥®à¥¬¥ 4.

� áá¬®âà¨¬ á«ãç ©, ª®£¤  ¥à ¢¥áâ¢® (1.9)  àãè ¥âáï. �®§¬®¦ë ¤¢  ¢ à¨ â . �á«¨
M1ky1k=ky2k > "1, â®

kd2k �M2

ky2k
ky1k <

M1M2

"1
:

�®íâ®¬ã á®¢  ¨¬¥¥¬ � 2 Gm(�). �á«¨ M2kx1k=kx2k > "1, â®

kr2k �M1

kx2k
kx1k <

M1M2

"1
:

� «¥¥, çâ®¡ë § ª®ç¨âì ¤®ª § â¥«ìáâ¢® «¥¬¬ë, ®áâ «®áì ¢®á¯®«ì§®¢ âìáï ¯¥à¢®© áâà®çª®© (1.8)
¨ â¥®à¥¬®© 4.

2. �¯à¨®àë¥ ãá«®¢ë¥ ®æ¥ª¨ ãáâ®©ç¨¢®áâ¨

� ¤ ®¬ ¯ à £à ä¥ ¯®«ãç¨¬ â¥®à¥¬ã ®¡ ®æ¥ª å ãáâ®©ç¨¢®áâ¨ ¢ ¯à¥¤¯®«®¦¥¨¨, çâ® â®ç-
 ï ¬ âà¨æ  A ¯à¨ ¤«¥¦¨â ¥ª®â®à®¬ã ª« ááã. � íâ®¬ á«ãç ¥ ¢®§¬®¦® ãª § âì ¯®¤®¡®¥
¯à¥®¡à §®¢ ¨¥ bA = P�1AP , à §¡¨âì ¬ âà¨æã bA   ¡«®ª¨ (á¬. à §¡¨¥¨¥ ¯¥à¥¤ «¥¬¬®© 1) ¨
¤«ï á®®â¢¥âáâ¢ãîé¥£® ¡«®ª  ¢ëç¨á«¨âì ª®áâ âë ¢ ãá«®¢¨¨ 1. �®£¤  ¯à¨¬¥¥¨¥ «¥¬¬ë 1 ª
¬ âà¨æ ¬ bA ¨ bA" = P�1A"P ¤ câ ãá«®¢ãî ®æ¥ªã ãáâ®©ç¨¢®áâ¨.

�à¨¢¥¤¥¬ ¯à¨¬¥àë ¡«®ª®¢ A22, ¤«ï ª®â®àëå ¢ë¯®«¥® ãá«®¢¨¥ 1, ¨  ©¤¥¬ ª®áâ âë "1,
smax. � ç¥¬ á ¦®à¤ ®¢®© ª«¥âª¨ Jn(b�) à §¬¥àa n� n. �¯à ¢¥¤«¨¢ 

�¥¬¬  3. �ãáâì Jn(b�) | ¦®à¤ ®¢  ª«¥âª , n � 2. �®£¤  ¤«ï ¢á¥å "2 � 1=n, ¤«ï ¢á¥å

n�n ¬ âà¨æ � : k�k � "2, ¤«ï «î¡®© á®¡áâ¢¥®© âà®©ª¨ f��; x; yg (kxk = kyk = 1) ¬ âà¨æë
Jn(b�) + � á¯à ¢¥¤«¨¢  ®æ¥ª  jyTxj � 2

p
2"2n.

�®ª § â¥«ìáâ¢®. �à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¤«ï ç¥â®£® n (¤«ï ¥ç¥â®£® n ¤®ª § â¥«ìáâ¢®

  «®£¨ç®). � ç «  ®æ¥¨¬ ¢¥«¨ç¨ã
� nP
n=2+1

jxij2
�1=2

.

�¢¨¤ã â¥®à¥¬ë 5 x; y ï¢«ïîâáï \¯®çâ¨" á®¡áâ¢¥ë¬¨ äãªæ¨ï¬¨ ¤«ï ¦®à¤ ®¢®© ª«¥âª¨,
â. ¥. Jn(�)x = r, yTJn(�) = d, � = b� � ��, supfkrk; kdkg � "2. � ª¨¬ ®¡à §®¬, x = [Jn(�)]�1r,
krk � "2. �¥âàã¤® ¢ë¯¨á âì ¢ ï¢®¬ ¢¨¤¥ ¬ âà¨æã [Jn(�)]�1 ¨ ¯à®¢¥à¨âì, çâ® ¤«ï «î¡®£®
1 < k � n á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

x1 =
r1
�
� r2
�2

+ � � �+ (�1)k rk�1
�k�1

+ (�1)k+1 xk
�k�1

: (2.1)

� ª¦¥ ®â¬¥â¨¬, çâ® ¯®áª®«ìªã �� ¥áâì á®¡áâ¢¥®¥ ç¨á«® ¬ âà¨æë Jn(b�)+� ¨ k�k � "2, â®
j�j = jb�� ��j � ("2)1=n < (1=n)1=n < 1.

�à®¤®«¦¨¬ ¤®ª § â¥«ìáâ¢® ®â ¯à®â¨¢®£®. �ãáâì áãé¥áâ¢ã¥â n=2 < k � n â ª®¥, çâ® ¢ë-
¯®«¥® ¥à ¢¥áâ¢® jxkj > 2("2)1=2. �®£¤  ¢¢¨¤ã (2.1), ®æ¥ª¨ j�j � ("2)1=n ¨ ¯à¥¤¯®«®¦¥¨ï
k � 1 � n=2

jx1j � 1
j�jk�1

�
jxkj �

k�1X
1

jrij
�
>

1

"1=22

[2("2)1=2 � "2 �
p
n ]:
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�®«ì§ãïáì ãá«®¢¨¥¬ «¥¬¬ë "2 � 1=n, ¯à®¤®«¦ ¥¬ íâ® ¥à ¢¥áâ¢® ¨ ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã
jx1j > 1, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î kxk = 1. � ª¨¬ ®¡à §®¬, jxkj � 2("2)1=2, k = n=2 + 1; : : : ; n.

�«¥¤®¢ â¥«ì®,
� nP
n=2+1

jxij2
�1=2
� p2"2n. � «®£¨ç® ¬®¦® ¯®«ãç¨âì ®æ¥ªã

� n=2P
1
jyij2

�1=2
�

p
2"2n. �§ ¥à ¢¥áâ¢  �®è¨{�ãïª®¢áª®£® ¯®«ãç¨¬

jyTxj �
���� n=2X

1

yixi

����+ ���� nX
n=2+1

yixi

���� � � n=2X
1

jyij2
�1=2

+
� nX
n=2+1

jxij2
�1=2

� 2
p
2"2n: �

� ª ç¥áâ¢¥ á«¥¤ãîé¥£® ¯à¨¬¥à  à áá¬®âà¨¬ ¡«®ç®-¤¨ £® «ìãî ¬ âà¨æã D,   ¤¨ £® «¨
ª®â®à®© áâ®ïâ ¦®à¤ ®¢ë ª«¥âª¨ Jk(�k) ¯®àï¤ª®¢ mk, k = 1; 2; : : : ; L, n = m1 +m2 + � � � +mL.
�ã¤¥¬ áç¨â âì, çâ® mk ã¯®àï¤®ç¥ë ¯® ¢®§à áâ ¨î ¨ m1 � 2.

�¥¬¬  4. �ãáâì D | ¡«®ç®-¤¨ £® «ì ï ¬ âà¨æ  á ¦®à¤ ®¢ë¬¨ ª«¥âª ¬¨   ¤¨ -

£® «¨, m1 � 2. �®£¤  ¤«ï ¢á¥å "2 � 1=n, ¤«ï ¢á¥å n � n ¬ âà¨æ � : k�k � "2, ¤«ï «î¡®©

á®¡áâ¢¥®© âà®©ª¨ f��; x; yg (kxk = kyk = 1) ¬ âà¨æë D +� á¯à ¢¥¤«¨¢  ®æ¥ª 

jyTxj � 2L
p
2"2n:

�®ª § â¥«ìáâ¢®. �«ï ¯à®áâ®âë ¨§«®¦¥¨ï ¯à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¤«ï á«ãç ï L = 2 (¢
®¡é¥¬ á«ãç ¥ ¢á¥ à ááã¦¤¥¨ï   «®£¨çë). �ã¤¥¬ ¯à¨ íâ®¬ à §¡¨¢ âì ¢á¥ ¢¥ªâ®àë   ¤¢¥
ç áâ¨ ¨ ¯®«ì§®¢ âìáï á®®â¢¥âáâ¢ãîé¨¬¨ ®¡®§ ç¥¨ï¬¨, ¢¢¥¤¥ë¬¨ ¯¥à¥¤ «¥¬¬®© 1.

�ãáâì f��; x; yg | á®¡áâ¢¥ ï âà®©ª  ¬ âà¨æë D + �. �æ¥¨¬ á¢¥àåã ¢¥«¨ç¨ã jyjTxj j,
j = 1; 2, o¡®§ ç¨¢ �j = minfkxjk; kyjkg. �á«¨ �j = 0, â® jyjTxj j = 0. � ¯à®â¨¢®¬ á«ãç ¥
á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

(Jj � ��) xj

kxjk = rj ; krjk � "2=�j ;

yjT

kyjT k (Jj � �
�) = dTj ; kdjk � "2=�j :

�á«¨ "2=�j � 1=mj , â® ¯® «¥¬¬¥ 3

jyjTxjj
kyjk kxjk � 2

q
2mj=�j :

�«¥¤®¢ â¥«ì®, jyjTxjj � 2
p
2n"2�j � 2

p
2n"2. � ¯à®â¨¢®¬ á«ãç ¥ �j < n"2 ¨ jyjTxj j � �j � n"2.

�¥£ª® ã¡¥¤¨âìáï, çâ® maxf2p2n"2; n"2g = 2
p
2n"2 ¯à¨ "2 � 1=n. �®£¤  jyTxj � PL

1 jyjTxj j �
2L
p
2n"2.

�¥à¥ä®à¬ã«¨àã¥¬ ¨§¢¥áâãî â¥®à¥¬ã (á¬. â¥®à¥¬ã 4.9 ¢ [1]), ¢ ª®â®à®© ¨â®£®¢ ï ®æ¥ª  ¥-
áª®«ìª® § £àã¡«¥  á ¨á¯®«ì§®¢ ¨¥¬ ¥à ¢¥áâ¢  kP�1"FPk � condP". �¢¥¤¥¬ ¥®¡å®¤¨¬ë¥
®¡®§ ç¥¨ï. �ãáâì ¢ à §«®¦¥¨¨ (1.2) ¬ âà¨æë A ¯¥à¢ë¥ m á®¡áâ¢¥ëå § ç¥¨© f�ig ®â-
¢¥ç îâ ¯à®áâë¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬,   ®áâ «ìë¥ á®¡áâ¢¥ë¥ § ç¥¨ï | ¦®à¤ ®¢ë¬
ª«¥âª ¬ ¯®àï¤ª®¢ 1 < m1 � m2 � : : : ml (ã¬¥à æ¨ï ¦®à¤ ®¢ëå ª«¥â®ª ¢á¥£¤  ¬®¦¥â ¡ëâì
¢ë¡à   â ª®©, çâ®¡ë ¨å ¯®àï¤ª¨ ¢®§à áâ «¨). � ª¦¥ ®¡®§ ç¨¬ condP = kPk�kP�1k,   ç¥à¥§
k = mL | ¨¤¥ªá ¬ âà¨æë.

�¥®à¥¬  6. �ãáâì P ¯à¨¢®¤¨â â®çãî ¬ âà¨æã A ª ª ®¨ç¥áª®© ä®à¬¥. �«ï ¢áïª®£®

á®¡áâ¢¥®£® § ç¥¨ï �"i ¢®§¬ãé¥®© ¬ âà¨æë A" áãé¥áâ¢ã¥â á®¡áâ¢¥®¥ § ç¥¨¥ �i ¬ -

âà¨æë A â ª®¥, çâ®

j�i � �"i jk=(1 + j�i � �"i jk�1) � condP":
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�á«¨ ®¡®§ ç¨âì ç¥à¥§ !(k; ")  ¨¬¥ìè¨© ¥®âà¨æ â¥«ìë© ª®à¥ì ãà ¢¥¨ï �k =
"(1 + �)k�1, â® ¬®¦® ãáâ ®¢¨âì ¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã á®¡áâ¢¥ë¬¨ § -
ç¥¨ï¬¨ ¬ âà¨æ A ¨ A": �i  ! �"i , i = 1; 2; : : : ; n, ¯à¨ ª®â®à®¬ j�i � �"i j � (2n� 1)!(k; condP").

�¨¤®, çâ® ¯à¨ ¬ «ëå " ¢¥«¨ç¨  j�i � �"i j ¨¬¥¥â ¯®àï¤®ª ¬ «®áâ¨ "1=k. �  ®á®¢¥ «¥¬¬ 1 ¨
4 ¯®«ãç¨¬ â¥®à¥¬ã, ¤ îéãî ãá«®¢ë¥ ®æ¥ª¨ ãáâ®©ç¨¢®áâ¨ ¤«ï ¬ âà¨æ, ª ®¨ç¥áª ï ä®à¬ 

ª®â®àëå á®¤¥à¦¨â ¦®à¤ ®¢ë ª«¥âª¨ ¯®àï¤ª  ¡®«ìè¥£® ¥¤¨¨æë. �®«®¦¨¬ Gm(�) =
mS
i=1
f� :

j�� �ij � �g.
�¥®à¥¬  7. �ãáâì P ¯à¨¢®¤¨â â®çãî ¬ âà¨æã A ª ª ®¨ç¥áª®© ä®à¬¥, ¯à¨ íâ®¬ ¯¥à-

¢ë¥ m á®¡áâ¢¥ëå § ç¥¨© f�ig, i = 1; 2; : : : ;m, ¯à®áâë¥, ®áâ «ìë¥ ®â¢¥ç îâ ¦®à¤ ®-

¢ë¬ ª«¥âª ¬ ¯®àï¤ª  ¡®«ìè¥ ¥¤¨¨æë, f�"; x"; y"g | á®¡áâ¢¥ ï âà®©ª  ¬ âà¨æë A", ¢®§-

¬ãé¥®© á®£« á® (1:3), s" = y"Tx" (ky"k = kx"k = 1). �®£¤  ¤«ï ¢á¥å " � js"j2=(32nL2 condP )
�" 2 Gm(�), £¤¥ � =

p
2 cond2 P"=

pjs"j.
�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ x"D = Px", y"D = y"TP�1. �®£¤  ¨§ á¢®©áâ¢ ¯à¥®¡à §®¢ ¨ï ¯®-

¤®¡¨ï (á¬. à ¢¥áâ¢  (1.1) ¨ (1.2)) á«¥¤ã¥â, çâ® x"D; y
"
D áãâì «¥¢ë© ¨ ¯à ¢ë© á®¡áâ¢¥ë¥ ¢¥ªâ®àë

¬ âà¨æë D" = D + "P�1FP . �¥âàã¤® ¯à®¢¥à¨âì, çâ®

js"j = jy"Dx"Dj = js"Dj � (kx"Dk � ky"Dk) � condP js"Dj; (2.2)

£¤¥ s"D | «®ª «ì®¥ ç¨á«® ®¡ãá«®¢«¥®áâ¨ á®¡áâ¢¥®£® ç¨á«  �" ¤«ï ¬ âà¨æë D".
� §®¡ì¥¬ ¬ âà¨æë D ¨ D + "P�1FP   ª«¥âª¨, ª ª íâ® ¯®ª § ® ¯¥à¥¤ «¥¬¬®© 1. �«ï

¡«®ª  D22 ¯® «¥¬¬¥ 4 ¢ë¯®«¥® ãá«®¢¨¥ 1 ¯à¨ "1 = " condP � 1=n, smax = 2L
p
2n" condP

(¢®á¯®«ì§®¢ «¨áì ¥à ¢¥áâ¢®¬ "kP�1FPk � " condP ).
�á¯®«ì§ãï (2.2), «¥£ª® ¯à®¢¥à¨âì, çâ® ¨§ ãá«®¢¨ï â¥®à¥¬ë " � js"j2=(32nL2 condP ) á«¥¤ã¥â

js"Dj � 2smax. �â® ¥ â®«ìª® ®¡¥á¯¥ç¨¢ ¥â ¯à¨¬¥¨¬®áâì «¥¬¬ë 1 ª ¬ âà¨æ ¬ D ¨ D", ® ¨
®æ¥ªã ¤«ï ¢¥«¨ç¨ë � � p2 condP"=pjs"Dj. � ¬¥â¨¬, çâ® ¡«®ªD11 ¥áâì ¤¨ £® «ì ï ¬ âà¨æ  ¨
¯®íâ®¬ã ¥£® £«®¡ «ì®¥ ç¨á«® ®¡ãá«®¢«¥®áâ¨ K11 = 1. �à®¤®«¦ ï ¥à ¢¥áâ¢® ¤«ï ¢¥«¨ç¨ë
�, á ãç¥â®¬ (2.2) ¨¬¥¥¬ ®æ¥ªã � � p2 cond2 P=pjs"j.

�à¨¬¥¨¬ â¥®à¥¬ã ª ¬ âà¨æ ¬A, A" ¨§ ¯à¨¬¥à  1. � íâ®¬ á«ãç ¥ condP = 1 (P | ¥¤¨¨ç ï
¬ âà¨æ ), m = 1.

�«¥¤áâ¢¨¥. �ãáâì A | ¬ âà¨æ  ¨§ ¯à¨¬¥à  1, A" | ¢®§¬ãé¥ ï ¢ á®®â¢¥âáâ¢¨¨ á (1.3)
¬ âà¨æ . �á«¨ f�"; x"; y"g | á®¡áâ¢¥ ï âà®©ª  ¢®§¬ãé¥®© ¬ âà¨æë A", â® ¤«ï ¢á¥å " �
js"j2=(32n) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® j1� �"j � p2"=pjs"j.

�«ï ª®ªà¥âëå § ç¥¨© ¯ à ¬¥âà®¢  ©¤¥¬ ®æ¥ªã ¨§ á«¥¤áâ¢¨ï. �ãáâì n = 11, " =p
0:1� 0:210 � 1�10�4. �¥§ ¯à¨¢«¥ç¥¨ï ¤®¯®«¨â¥«ì®© ¨ä®à¬ æ¨¨ ® å®à®è¥© ®¡ãá«®¢«¥®-

áâ¨ �" ¯à¨ íâ®¬ § ç¥¨¨ " ¨¬¥¥¬ sup j1��"j � 0:1, £¤¥ áã¯à¥¬ã¬ ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦ë¬ ¢®§-
¬ãé¥¨ï¬ kFk � 1. � «®¦¨¬ ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥ js"j � 1=2   ¬ âà¨æã A". �¥£ª® ¢¨¤¥âì,
çâ® ãá«®¢¨¥ " � js"j2=(32n) � 1=(4�32�11) ¢ë¯®«¥®. �®íâ®¬ã ®æ¥ª  ¨§ á«¥¤áâ¢¨ï ¯à¨¨¬ ¥â
¢¨¤ j1 � �"j < 3 � 10�4. �à®¢®¤ï   «®£¨çë¥ à áç¥âë ¤«ï n = 21, " =

p
0:1� 0:220 � 3 � 10�8,

¨¬¥¥¬ ®æ¥ªã j1 � �"j < 5 � 10�8. � ª¨¬ ®¡à §®¬,  ¯à¨®à ï ¨ä®à¬ æ¨ï js"j � 1=2 ¯®§¢®«ï¥â
¯®«ãç¨âì ®æ¥ª¨, «ãçè¨¥   ¥áª®«ìª® ¯®àï¤ª®¢ ¯® áà ¢¥¨î á ®æ¥ª ¬¨, ¥ ¨á¯®«ì§ãîé¨¬¨
¤®¯®«¨â¥«ìãî  ¯à¨®àãî ¨ä®à¬ æ¨î.

3. �¯®áâ¥à¨®àë¥ ãá«®¢ë¥ ®æ¥ª¨ ãáâ®©ç¨¢®áâ¨

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ¬ âà¨æë A ¨ A" ¢å®¤ïâ ¢ «¥¬¬ë 1 ¨ 2 á¨¬¬¥âà¨ç® (¨å ¬®¦®
¯®¬¥ïâì ¬¥áâ ¬¨). �®íâ®¬ã ¢®§¬®¦¥ ¨ ¤àã£®© ¯®¤å®¤, ª®£¤  æ¥âà «ì®© ¬ âà¨æ¥© ï¢«ï¥â-
áï ¢®§¬ãé¥ ï ¬ âà¨æ  A". � íâ®¬ á«ãç ¥ ãá«®¢¨¥ 1 ¥®¡å®¤¨¬® ¯à®¢¥àïâì ¤«ï ¡«®ª  A"22,
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ª®â®àë© ¨§¢¥áâ¥ ¨ ¤«ï ª®â®à®£® ¢®§¬®¦® áâà®¨âì ç¨á«¥ë¥  «£®à¨â¬ë ®æ¥ª¨ ª®áâ â ¢
ãá«®¢¨¨ 1. �ã¤¥¬ à áá¬ âà¨¢ âì á«ãç ©, ª®£¤  ¢®§¬ãé¥ ï ¬ âà¨æ  ¨¬¥¥â ¢¨¤

A" =

 
A"11 A"12

0 A"22

!
; (3.1)

£¤¥ ç¥à¥§ 0 ®¡®§ ç¥  ã«¥¢ ï ¬ âà¨æ  à §¬¥àa m� (n�m). �¡®§ ç¨¬ ç¥à¥§ G"
m(�) ®¡« áâì

«®ª «¨§ æ¨¨ á®¡áâ¢¥ëå ç¨á¥« ¡«®ª  A"11 (æ¥âà «ì®© ¬ âà¨æ¥© ï¢«ï¥âáï ¬ âà¨æ  A"11, ¢®§-
¬ãé¥ë¥ ¬ âà¨æë ¨¬¥îâ ¢¨¤ A"11 +�, k�k � �.) �¢¥¤¥¬

�á«®¢¨¥ 10. �ãé¥áâ¢ãîâ ¯®áâ®ïë¥ 0 < "1 < 1, smax â ª¨¥, çâ® ¤«ï ¢á¥å (m�m)�(n�m) ¬ -
âà¨æ �, ¤«ï ª®â®àëå k�k � "1 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® js(��)j � smax, £¤¥ �� | ¯à®¨§¢®«ì®¥
á®¡áâ¢¥®¥ ç¨á«® ¡«®ª  A"22 +�.

� áá¬®âà¨¬ á¨âã æ¨î, ¢ ª®â®à®© ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¬®¦¥â ¢®§¨ªãâì ¬ âà¨æ  ¢ ä®à-
¬¥ (3.1) ¨ ¤«ï ª®â®à®© ¬®¦® ¯à¥¤¯®« £ âì ¢ë¯®«¥ë¬ ãá«®¢¨¥ 10. �ãáâì ¨¬¥¥¬  «£®à¨â¬
®¯à¥¤¥«¥¨ï \¯®çâ¨ á®¡áâ¢¥®© âà®©ª¨" f�"; x"; y"g § ¤ ®© ¬ âà¨æë, ª®â®à ï ï¢«ï¥âáï å®-
à®è® ®¡ãá«®¢«¥®©, â. ¥. js"j = jy"Tx"j ¥ ¬ «®. �®£¤  á®£« á® â¥®à¥¬¥ 5 ¤«ï ¡«¨§ª®© ¬ âà¨æë
f�"; x"; y"g ¡ã¤¥â â®ç®© á®¡áâ¢¥®© âà®©ª®©. �¥ ¬¥ïï ®¡®§ ç¥¨©, ¯¥à¥©¤¥¬ ª íâ®© ¬ âà¨æ¥.
�à¨ íâ®¬ ¢á¥£¤  áãé¥áâ¢ã¥â ®àâ®£® «ì®¥ (ã¨â à®¥) ®â®¡à ¦¥¨¥ U , ª®â®à®¥ ¯¥à¥¢®¤¨â x"

¢ ¢¥ªâ®à (1; 0; : : : ; 0)T . �®¢¥àè¨¬ ¯à¥®¡à §®¢ ¨¥ ¯®¤®¡¨ï A" ! UA"UT (¥ ¬¥ïï ®¡®§ ç¥¨©,
áç¨â ¥¬, çâ® ¬ âà¨æ  A" ã¦¥ ¥áâì ¯à¥®¡à §®¢  ï ¬ âà¨æ ). � «¥¥  «£®à¨â¬ ®¯à¥¤¥«¥¨ï \¯®-
çâ¨ á®¡áâ¢¥®© âà®©ª¨" ¯à¨¬¥ï¥âáï ª ¡«®ªã A"22. �à®æ¥¤ãà  ¯®¢â®àï¥âáï ¤® â¥å ¯®à, ¯®ª 
¤«ï ¡«®ª  A"22 ¥ ¢ë¯®«¨âáï ãá«®¢¨¥ 10 á ¤®áâ â®ç® ¡®«ìè¨¬ "1 ¨ ¬ «ë¬ smax. �®§¨ª îé ï
¯à¨ íâ®¬ ¬ âà¨æ  ¨¬¥¥â ¢¨¤ (3.1) (á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥© A"11). � íâ®¬ á«ãç ¥ ¬®¦®
¯à¨¬¥¨âì áä®à¬ã«¨à®¢ ãî ¨¦¥ â¥®à¥¬ã, ª®â®à ï ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ «¥¬¬ë 2.
� ¯®¬¨¬, çâ® ç¥à¥§ M2 ®¡®§ ç ¥âáï kA"12k.

�¥®à¥¬  8. �ãáâì �| á®¡áâ¢¥®¥ § ç¥¨¥ ¥¨§¢¥áâ®© â®ç®© ¬ âà¨æë A â ª®©, çâ®

kA � A"k � ", ¨§¢¥áâ ï ¢®§¬ãé¥ ï ¬ âà¨æ  A" ¨¬¥¥â ¢¨¤ (3:1), ¤«ï ¡«®ª  A"22 ¢ë¯®«¥®

ãá«®¢¨¥ 10 á ª®áâ â ¬¨ "1, smax. �á«¨  ¯à¨®à¨ ¨§¢¥áâ®, çâ® js(�)j > smax, â® � 2 G"
m(C"),

£¤¥ C = maxf1=(js(�)j � smax); M2="1g.
�à¨¢¥¤¥¬ ¯à¨¬¥à, ¤«ï ª®â®à®£® ¯à¥¤ë¤ãé ï â¥®à¥¬  ¯à¨¬¥¨¬ .

�à¨¬¥à 2. �ãáâì

A" =

0BBBBBBBBBB@

1 0 0 0 � � � 0 1
0 1:2 0 0 � � � 0 0
0 0 1:1 1 � � � 0 0
� � � � � �
� � � � � �

0 0 0 0 � � � 1:1 1
0 0 0 0 � � � 0 1:1

1CCCCCCCCCCA
| ¢®§¬ãé¥ ï ¬ âà¨æ  à §¬¥àa n � n, ã ª®â®à®© ¤¢  «®ª «ì® å®à®è® ®¡ãá«®¢«¥ëå á®¡-
áâ¢¥ëå § ç¥¨ï 1:2 ¨ 1: k(1) = 1=

p
2, k(1:2) = 1. �®«®¦¨¬ m = 2. �® «¥¬¬¥ 4 ¤«ï ¡«®ª  A"22

ãá«®¢¨¥ 10 ¢ë¯®«¥®,  ¯à¨¬¥à, ¯à¨ "1 = 1=(64n), smax =
p
(n� 2)=n=4 < 1=4. �ãáâì  ¯à¨®à¨

¨§¢¥áâ®, çâ® ã â®ç®© ¬ âà¨æë A áãé¥áâ¢ã¥â � : js(�)j � 1=2 (k(�) � 2). �®£¤  ¯® â¥®à¥¬¥ 8
C � maxf1=(1=2�1=4); 1="1g = 64n. �«¥¤®¢ â¥«ì®, � 2 fb� : jb��1j � 64n"gSfb� : jb��1:2j � 64n"g.
�â¥à¥á® § ¬¥â¨âì, çâ®,  ¯à¨¬¥à, ¯à¨ n = 23, " =

p
0:1 � 0:220 � 3� 10�8 ªàã£¨ à §¤¥«ïîâáï:

� 2 fb� : jb��1j � 4:6�10�5gSfb� : jb��1:2j � 4:6�10�5g. �¥¬ ¥ ¬¥¥¥ ¥¢®§¬®¦® ãª § âì, ª ª®¬ã
¨§ ªàã£®¢ ¡ã¤¥â ¯à¨ ¤«¥¦ âì â®ç®¥ § ç¥¨¥ («¥£ª® ¯®áâà®¨âì ¤¢¥ ¬ âà¨æë A1 : kA1�A"k � ",
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A2 : kA2�A"k � " â ª¨¥, çâ® ã ¬ âà¨æë A1 å®à®è® ®¡ãá«®¢«¥ë¬ ¡ã¤¥â â®«ìª® ®¤® á®¡áâ¢¥-
®¥ § ç¥¨¥ | � = 1:2,   ã ¬ âà¨æë A2 ¥¤¨áâ¢¥ë¬ å®à®è® ®¡ãá«®¢«¥ë¬ á®¡áâ¢¥ë¬
§ ç¥¨¥¬ ¡ã¤¥â � = 1).
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